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Let W be a Coxeter group of rank
r with generators si and defining re-
lations

s2
i = 1,

(sisj)
mij = 1 for mij <∞,

where mij = mji are integers ≥ 2
or ∞, defined for 1 ≤ i 6= j ≤ r.
The classical Hecke algebra Hq(W )

of W is generated over C[q, q−1] by
the same generators si with deformed
defining relations:

(si − q)(si + q−1) = 0,

(sisj)
mij = 1 for mij <∞.

This algebra is a 1-parameter defor-
mation of the group algebra C[W ].
Moreover, it is a flat deformation:
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Hq(W ) is a free C[q, q−1]-module.
This “PBW” property is not obvi-
ous from the relations; its proof is
nontrivial and uses reduced presen-
tations of elements of W .
The goal of my talk is to show that

group algebras of many other dis-
crete groups admit similar flat defor-
mations, obtained by replacing rela-
tions of the form Tm = 1 by
(T − t1)...(T − tm) = 0. This in-
cludes a number of known types of
Hecke algebras (cyclotomic Hecke al-
gebras of complex reflection groups,
Cherednik’s double affine Hecke al-
gebras), as well as many new exam-
ples. In all cases, the proof of flat-
ness is a nontrivial problem, usually
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more difficult than in the case of clas-
sical Hecke algebras, because of ab-
sence of a good notion of a reduced
presentation. In this situation, geo-
metric methods are often helpful (D-
modules, constructible sheaves).
Remark. The results of this talk

are taken from several of my papers,
some of them joint with W.L.Gan,
A.Oblomkov, and E.Rains.

1. Orbifold Hecke algebras

Let X be a connected, simply con-
nected complex manifold, and G a
discrete group of automorphisms of
X . In this case the quotient X/G is
a complex orbifold. Let X ′ ⊂ X be
the set of points having trivial stabi-
lizer (it is a nonempty open subset of

X). Define the braid group G̃ of the
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orbifold X/G to be the fundamen-
tal group of the manifold X ′/G with
some base point x0. We have a sur-
jective homomorphism φ : G̃ → G,
which corresponds to gluing back the
points which have a nontrivial stabi-
lizer. Let K be the kernel of this
homomorphism.
For every g ∈ G, the fixed set Xg

of g in Y is smooth, and consists of
connected components X

g
j , possibly

of different dimensions. Such a com-
ponent is said to be a reflection
hypersurface if it has codimension
1 in X .
The kernel K can be described by

simple relations, corresponding to re-
flection hypersurfaces in X . Namely,
for a reflection hypersurface Y ⊂ X ,
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we have a conjugacy class CY in G̃
which corresponds to the loop inX ′/G
which goes counterclockwise around
the image of Y in X/G. Let TY
be a representative of CY . Also, let
GY ⊂ G be the stabilizer of a generic
point on Y ; this is a cyclic group
of some order nY . Then it follows
from basic topology (van Kampen’s
theorem) that the elements T

nY
Y be-

long toK, andK is the smallest nor-
mal subgroup of G̃ containing all of
them. In other words, the group G
is the quotient of the braid group G̃
by the relations

(1) T
nY
Y = 1.

Now let A0 = C[G], and let us de-
fine a (formal) deformation A of A0
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to be the quotient of the group alge-
bra of the braid group G̃ by a defor-
mation of relations (1). Namely, for
every reflection hypersurface Y ⊂
X we introduce formal parameters
τY,k, k = 1, ..., nY (which are con-
jugation invariant), and replace rela-
tions (1) by the relations

(2)

nY∏
k=1

(TY − e
2πik
nY

+τY,k) = 0.

The quotientA of C[G̃][[τ ]] by these
relations is called the orbifold Hecke
algebra of X/G, and denoted by
Hτ (X,G).

Theorem 1.1. If H2(X,C) = 0
then A = Hτ (X,G) is a flat de-
formation of C[G].
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Here by saying that A is flat we
mean that A = A0[[τ ]] as a C[[τ ]]-
module, with deformed multiplica-
tion.

2. Examples of orbifold
Hecke algebras

Example 2.1. Let h be a finite di-
mensional vector space, and W be a
complex reflection group in GL(h).
Then Hτ (h,W ) is the Hecke alge-
bra of W studied by Broué, Malle,
and Rouquier. It follows from The-
orem 1.1 that this Hecke algebra is
flat. This proof of flatness is in fact
the same as the original proof of this
result by Broué, Malle, and Rouquier
(based on the Dunkl-Opdam-Cherednik
operators). In the case when W is a
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real reflection group, we recover the
classical Hecke algebra of W .

Example 2.2. Let h be the Cartan
subalgebra of a simple Lie algebra g,
W its Weyl group, Q∨ the dual root
lattice, and Ŵ := W nQ∨ the cor-
responding affine Weyl group. Then
Hτ (h, Ŵ ) is the affine Hecke alge-
bra. Its flatness, which is a conse-
quence of Theorem 1.1, also follows
from the fact that Ŵ is a Coxeter
group.

Example 2.3. Let h,W,Q∨ be as
in the previous example, and τ ∈
C+. Consider the double affine Weyl

group
̂̂
W := Wn(Q∨⊕τQ∨). Then

Hτ (h,
̂̂
W ) is the double affine Hecke
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algebra of Cherednik (in the gener-
alized form due to Sahi and Stok-
man) and it is flat by Theorem 1.1.
This algebra “controls” the theory of
Macdonald and Koornwinder poly-
nomials. The fact that this algebra
is flat was proved by Cherednik (and
Sahi) using a different approach (q-
deformed Dunkl operators).

Example 2.4. Let H be a simply
connected complex Riemann surface
(i.e., Riemann sphere, Euclidean plane,
or Lobachevsky plane), and Γ be a
cocompact lattice in Aut(H). Let
Σ = H/Γ. Then Σ is a compact
complex Riemann surface. When Γ
contains elliptic elements (i.e., non-
trivial elements of finite order), Σ is
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an orbifold: it has special points Pi,
i = 1, ...,m with stabilizers Zni.
Let g be the genus of Σ, and al, bl, l =

1, ..., g, be the a-cycles and b-cycles
of Σ. Let cj be the counterclockwise
loops around Pj. Then Γ is gener-
ated by al, bl, cj with relations

c
nj
j = 1, c1c2...cm =

g∏
l=1

albla
−1
l b−1

l .

For each j, introduce formal param-
eters τkj, k = 1, ..., nj. Then the
Hecke algebraHτ (H,Γ) is generated
over C[[τ ]] by the same generators
al, bl, cj with defining relations

nj∏
k=1

(cj − e
2πik
nj

+τkj
) = 0,
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c1c2...cm =

g∏
l=1

albla
−1
l b−1

l .

Therem 1.1 says that this deforma-
tion is flat if H is a Euclidean plane
or a Lobachevsky plane, but it tells
us nothing about the case when H
is a sphere, since in that case the as-
sumption H2(X,C) = 0 is violated.
And indeed, it turns out that in these
cases Hτ (H,Γ) fails to be flat!
To see this, let us compute the de-

terminant of the product c1...cm in
the regular representation of this al-
gebra (which is finite dimensional if
H is the sphere). On the one hand,
it is 1, as c1...cm is a product of
commutators. On the other hand,
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the eigenvalues of cj in this represen-

tation are e
2πik
nj

+τkj
with multiplic-

ity |Γ|/nj. Computing determinants
as products of eigenvalues, we get
a nontrivial equation on τkj, which
means that the deformation Hτ is
not flat.
Thus, we see that Hτ (H,Γ) fails to

be flat in the following “forbidden”
cases:

g = 0, m = 2, (n1, n2) = (n, n);

m = 3, (n1, n2, n3) =

(2, 2, n), (2, 3, 3), (2, 3, 4), (2, 3, 5).

Remark. If g = 0, then finite di-
mensional representations ofHτ (H,Γ)
are (essentially) the same things as
solutions of the “multiplicative Deligne-
Simpson problem”.
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The case when H is the Euclidean
plane deserves special attention. If
there are elliptic elements, the re-
duces to the following configurations:
g = 0 and

m = 3, (n1, n2, n3) =

(3, 3, 3), (2, 4, 4), (2, 3, 6),

(cases E6, E7, E8) or

m = 4, (n1, n2, n3, n4) = (2, 2, 2, 2).

(case D4).
In these cases, the algebraHτ (H,Γ)

(for numerical τ ) has Gelfand-Kirillov
dimension 2, so it can be interpreted
in terms of the theory of noncom-
mutative surfaces. More specifically,
let ~ =

∑
j,k n

−1
j τkj. Also let n

be the largest of nj, and c be the
corresponding cj. Let e ∈ C[c] ⊂
Hτ (H,Γ) be the projector to an eigenspace
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of c. Consider the “spherical” subal-
gebra Bτ (H,Γ) := eHτ (H,Γ)e.

Theorem 2.5. (E.-Oblomkov-Rains)
(i) If ~ = 0 then the algebra Bτ (H,Γ)
is commutative, and its spectrum
is an affine del Pezzo surface. More
precisely, in the case (2,2,2,2) it
is a del Pezzo surface of degree 3
(=a cubic surface) with a trian-
gle of lines removed; in the cases
(3,3,3),(2,4,4),(2,3,6) it is a del
Pezzo surface of degrees 3,2,1 re-
spectively with a nodal rational curve
removed.
(ii) The algebra Bτ (H,Γ) for
~ 6= 0 is a quantization of the unique
algebraic symplectic structure on
the surface from (i) with Planck’s
constant ~.
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Remark. In the case (2, 2, 2, 2),
Hτ (H,Γ) is the Cherednik-Sahi al-
gebra of rank 1; it controls the the-
ory of Askey-Wilson polynomials.

Example 2.6. This is a “multivari-
ate” version of the previous example.
Namely, lettingH,Γ be as in the pre-
vious example, and N ≥ 1, we con-
sider the manifold X = HN with
the action of ΓN = SN n ΓN . If H
is a Euclidean or Lobachevsky plane,
then by Theorem 1.1 Hτ (XN ,ΓN )
is a flat deformation of the group al-
gebra C[ΓN ]. If N > 1, this alge-
bra has one more essential parame-
ter than forN = 1 (corresponding to
reflections in SN ). In the Euclidean

15



case, one expects that an appropri-
ate “spherical” subalgebra of this al-
gebra is a quantization of the Hilbert
scheme of a del Pezzo surface.

Example 2.7. (This is a general-
ization of double affine Hecke alge-
bras). Let L be a symplectic lattice
of rank 2n, and G a finite subgroup
of Sp(L). LetX = R⊗L be the cor-
responding symplectic vector space.
Let ω be the symplectic form on this
space. To make things simple, as-
sume that ω is a unique, up to scal-
ing, G-invariant symplectic form on
X . Pick a G-invariant Kähler struc-
ture on X , such that its imaginary
part is ω (this can be done by averag-
ing any Kähler structure with imag-
inary part ω over G). This makes X
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into a complex n-dimensional vector
space, on which G acts C-linearly.
Let Γ = G n L. Then Γ acts holo-
morphically on X , so we can define
the Hecke algebra Hτ (X,G). By
Theorem 1.1, this algebra is flat, and
its essential parameters are a com-
plex number q and a function on the
set of conjugacy classes of affine re-
flections inGnL, i.e., elements whose
fixed set in X has real codimension 2
(or complex codimension 1). This is
thus a trigonometric generalization
of symplectic reflection algebras, at-
tached to a finite subgroup of Sp(V ),
where V is a complex vector space.

Example 2.8. This is a multidimen-
sional version of Example 2.4. Let
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X be the n-dimensional complex hy-
perbolic space Hn

C, and Γ be a finitely
generated discrete group of motions
of X , i.e. a discrete subgroup of
PSU(n, 1). Then the Hecke algebra
Hτ (X,G) is flat (since H2(X,C) =
0). A nice example of this is the
algebras attached to Mostow groups
in PSU(2, 1): they are generated by
a, b, c with defining relations

P (a) = P (b) = P (c) = 0,

aba = bab, aca = cac, bcb = cbc,

where

P (x) =

p∏
j=1

(x− tj),

with tj = e
2πij
p +τj , and p = 3, 4, 5.
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3. Hecke algebras of even
subgroups of Coxeter

groups

A very interesting question about
the orbifold Hecke algebrasHτ (X,G)
is the following. Suppose instead of
making the variables τY,k formal, we
introduce variables tY,k := eτY,k, and
define the algebra H(X,G, t) by the
same generators and relations asHτ (X,G),
but over the ring R = C[t, t−1].
Question. Is the algebraH(X,G, t)

algebraically flat, i.e. free as an R-
module?
Algebraic flatness clearly implies the

flatness of the formal deformation
Hτ (X,G), and is in fact a much stronger
property. For this reason, it is un-
known in most cases, including even
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the case of a finite complex reflec-
tion group (where algebraic flatness
is a conjecture by Broué, Malle, and
Rouquier). However, in Example 2.4
(H is a Euclidean or hyperbolic plane,
and Γ acts on H), algebraic flatness
can be established. This is due to the
fact that in this case Γ is the group
of even elements in a Coxeter group,
and for such groups one can define
certain deformations which are alge-
braically flat.
Let W be a Coxeter group of rank
r, as defined above. Let W+ be the
subgroup of even elements of W . It
is easy to see that W+ is generated
by the elements aij := sisj, with
defining relations

aijaji = 1, aijajkaki = 1, a
mij
ij = 1.
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Define a deformation ofA0 = C[W+]
as follows. Introduce invertible pa-
rameters tij,k = t−1

ji,−k, k ∈ Z/mijZ
for mij <∞. Let R = C[tij,k], and
A be the R-algebra generated by aij
with defining relations

aijaji = 1, aijajkaki = 1,

mij∏
k=1

(aij − tij,k) = 0.

For any x ∈ W+, fix a reduced word
w(x) representing x. Let Tw(x) be
the element of A corresponding to
this word.

Theorem 3.1. (E.-Rains) (i) The
elements Tw(x) for x ∈ W+ span A
over R.
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(ii) These elements form a ba-
sis of A over R (so that A is al-
gebraically flat) if and only if W
has no finite parabolic subgroups of
rank 3, i.e. iff for each i, j, l,

1

mij
+

1

mjl
+

1

mli
≤ 1.

Note that the groups W+ for Cox-
eter groups of rank 3 (with m12 = p,
m23 = q, m31 = r) are triangle
groups Fp,q,r generated by rotations
around vertices of a triangle with an-
gles π/p, π/q, π/r by twice the an-
gle at the vertex. Such a group is fi-
nite iff this triangle lies on the sphere
(rather than on the Euclidean or hy-
perbolic plane), i.e. iff

1/p + 1/q + 1/r > 1.
22



Thus the only cases when algebraic
flatness ofA fails are the “forbidden”
triples (2,2,n),(2,3,3), (2,3,4),(2,3,5),
for which, as we know, flatness fails
already at the formal level.

4. About the proof of
Theorem 1.1

Let us conclude by saying a few words
about the proof of Theorem 1.1. We
will do so in the special case when
W is a finite group acting on a linear
representation h (which was our first
example). Let S ⊂ W be the set of
reflections. For s ∈ S let αs ∈ h∗ be
an eigenvector of s with eigenvalue
λs 6= 1, and α∨s ∈ h be the eigen-
vector of s with eigenvalue λ−1

s such
that (αs, α

∨
s ) = 2. Let c : S → C

be a W -equivariant function.
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Definition 4.1. The rational Chered-
nik algebra Hc(W, h) is the quotient
of CW n T (h⊕ h∗) by the relations

[x, x′] = [y, y′] = 0,

[y, x] = (y, x)−
∑
s∈S

cs(x, α
∨
s )(y, αs)s,

where x, x′ ∈ h∗, y, y′ ∈ h.

Note that if c = 0 then Hc(W, h) =
CWnD(h). Let hreg be the comple-
ment of the reflection hyperplanes,
and Hc(W, h)loc be the localization
ofHc(W, h) obtained by inverting the
elements αs, s ∈ S.

Theorem 4.2. (i) (the PBW the-
orem) The multiplication map

Sh∗ ⊗ CW ⊗ Sh→ Hc(W, h)

is an isomorphism.
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(ii) For any c there is an isomor-
phism Hc(W, h)loc

∼= CWnD(hreg).

The proof of this theorem is based
on representing Hc(W, h) by Dunkl
operators.
Now letMc be theHc(W, h)-module

defined by Mc = Hc(W, h) ⊗Sh C.
ThenMc is a flat deformation ofM0,
and its localization (Mc)loc is a mod-
ule over CW nD(hreg) which is free
of rank |W | as a module over C[hreg].
Hence it defines a local system on
hreg/W of rank |W |. The monodromy
of this system is a representation of
the braid group W̃ , and it is not hard
to show that it factors through the
Hecke algebra Hτ (h,W ) where τ is
an appropriate linear function of c.
This monodromy representation is a
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flat τ -deformation of the regular rep-
resentation of W to a representation
of Hτ (h,W ), which implies the re-
sult.
The general proof is based on simi-

lar ideas, although it is more compli-
cated and requires defining the sheaf
of Cherednik algebras attached to the
action of G on X . In general, there
is an obstruction to deforming M0 to
Mc, which lies in H2(X,C), which
is why the condition on vanishing of
H2(X,C) is needed.
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