
18.705 midterm exarn
Thursday, October 22, 20J.5, L.O5-2.25prn

NAME:

You may use your notes, homeworks, and Altman-Kleiman notes in a printed
form. You may use statements from the notes without proof.

You cannot use electronic equipment (except watches) during the exam.

1. (Each question is 3 points; each mistake or omission is -2 points; if you have
more than one mistake in one question, you get 0 for this question)

Consider the following rings:
(1) zIL/21
(2) The ring .r? of rational numbers which can be written as a fraction with odd

denominator.
(3) z,/2
(4) z/4
(5) V,/6
(6) z,/2 x z,l2
(7) zI\/41
$) zfrl
(s)Q["]/<12+r>
(to) Q[r]/ <12 -r>
(tt) Q[u]/ < 12(r - 1) >
(tz) zflrl)
List (without proof) the item numbers of ALL the rings above which are:

(a)domains: 1/ 2 r?t7 rSt 3t f.2t

(b) unique factorization domains: /, 2 13, 8) 2 t /2
(c) principal ideal domains: l, 2 / 3 / 3

(d) fields:

(e) local rings: 2 , 3,, 't , 9
(f) finitely gerreratecl rings (as V-algebras): /) 3, I rF,,6 /7, E

(g) finitely gencratcd Z-modules: V, 1 r, 6, 7
(h)reducedrings: I t 2,, 7, 9, 6rT, f, g, lA / la
(i) fiat, z-modutes:trIr7 , i, lZ / 9/ ,a/ / (

(j) free Z-modules: V, I

3r g



2. (Each question is 3 points; each mistake or omissiq_n i€ -2 points; if you have
more than one mistake in one question, you get 0 for this question)

Consider the following ideals in rings.
(1)A:Z,I:18,12>
(2) R : Z[al, I :1 2,r2 +r + 1 >
(3)ErZfrl,I:<2,r2+l>
(4) R: Zlrl, I :< 2,rz + r >
(5) A: Qk,yl, I :<-r,A )'
(6) R: Z/8, I -<-4t
(7) R : Q[r1, 12, ...], / :( nLtr2r... > (infinitely many variables)
(8) A : Z x Z, I : {(n,0),n e Z}
(9) R is the ring of rational functions f e A@) regular at 0, 1 :( o )
(10) n - C[o]], I :1 a(r+1) >
List (without proof)-the item numbers of ALL the ideals above which are:

(a) prime: 2, f t 7, I .5rlO
(b) maximal: 2tfr? ,9, ro

| / {/ trt Srro
(d) contained in the nilpotent radical nil(.B):

(e) radical (coincide with their radicals): 2 r?,f, a / 8./9/ /o
(f) projective R-modules: 9, lo
(g) finitely generated R-modules:

(h) free R-modules: [,lrl'
(i) flat R-modules: I 1 t,9, to
fi) contained in the Jacobson radical rad(.R): 9,ro

l/
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3. (a) (t0 points) Find the order of the group A:: (Q/Z) ez (Q/Z).
(b) (10 points) Compute the dimension of the C-vector space

y p (Clt,al/ < ry >) Oct,,ct (CI",yl/ < a - uz >).

Justify your answers.

(u) A=or (41 =t. fn/eclt fi" afnZrs,TeN
r -,r? @ + sV v'T sLeTi =qt, =Q

(,,,) V = Cfx,U.. , ,, ,vz) &.*,o* "f"/<rt, t_r.>
llre fr ( o* ,rp le,n.u<

L:^^^ 4 14 is aq R-l"-Jt'!n, n <A' qa ;"bil'

fL% yq y* : H/"*
/s t fu m@4,

% M cl V"t L> bf otn'(Loa '-o^

ai d, +^ 
U*UXions a/12 arn &4 - m@q :o)

?^J/

ffiur,,- 
-'f 

't=i&,rf-r|::: "tr^':;*'^', eo

L€aT. E
:d

^r",U=j
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4. (5 points each question) (a) For which positive in[eger n does there exist a
maximal ideal in Q[z] of codimension n over Q?

(b) For which positive integer n does there exist a maximal ideal in lR[r] of
codimension n over IR?

(c) Describe maximal ideals in IR[",9].

_,$::;,fiT:#$:T.1'Ji*:;,ryr:"iTTo",;-'.y;'.='i'wanduse'iha'i

(o) A ** C*' f"'/* ?r'l :< x 
n:27

// ''-V T/-'o is rta'xr-o(, +t4u 'flt'k| n-z> Z2*1{o) h=4 eA. T7-a 7nrihv.t ,nr.,*t (<

& /n't-ck /r'd 4/4*-;"* 4 R, >o il 'r /R *= q

L Rr_qr,+() = c, ,Rrr4r: {?

Gl,l. V I,*"€ R, 2r/ = {f | {6",U,>=oi

U L. d f*'{ *TU u^'1'gn}e f'"^h
(0,,7,)f (n,f,,) ) n={{ [ il^,,/. ): f&, 5)=oJ.

I

bt') hJ ln C zftJ & a ,4,44)[;'-,g-/ i/n4'

7/,"*, 9>t6flt /#o &t Zrt? irqu'f ^"F<14)'

7^z-, 11:zf er) tn€N. S' 'r?:o )a F:=Zfi'l[

t{*rrz F tJ q rul "/ ./-1i2"/*r;E| c f .o . *'o/
tve /.,'o*, a t*7-<2.fr^ot, F ftI >' F ot/"a 7 - fr
{t 1,tr €ry G?P--,r7* D 4'- F =6,
he lr ={y;r) / wb-,u r'2 =-l ^1 p. t^ %? on,.,
-(( Gi //6 (+ f {1 ^-4 1) at Z/,J r.r e e,6,

fl.ut /7,!:<rr* 
f *2 ry';t4 n'-o/
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,.iil':'"':lTJiliF2o;vLf'o;"?Jtr,'44;#i#;T,rH"*oraprime

W f =- < ^t6*',? - /'>- 9'n* { '' irrco(uu k,
c ^r" Tl:P is f n',-,.e F"t + ' tlJ4k )4 a/Jx'g

o/f = ( X 1Et- - 3) pffi * J), wt'-'z- 1F
i5 4e W -tni<-t 4 {'t f-o"tft"1 1'T

iluo , f R' 's '^'+ 4 f o',..' ;/24 iu R/

("^a gR'+ R )


