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1 Adiabatic processes (analysis)

Suppose the frequency ω in a harmonic oscillator drifts slowly:

ẍ+ ω(t)2x = 0 (1)

where ω(t) is some slowly varying function. The energy of the system is the sum of kinetic
and potential energies:

E =
ẋ2

2
+
ω2x2

2

It is constant in time for the harmonic oscillator itself. The question is this: what can be
said about the behavior of E when the frequency ω drifts slowly? Investigate this numerically,
using various functions ω(t). One such function should be of the form ω(t) = ω0 + εt, for a
small constant ε. Does the effect depend strongly on how the trajectory ω follows as it drifts
from one value to another?

Does E remain constant, or does it vary systematically with ω? If for example it increases
as ω increases, this means that the system absorbs energy as the oscillation is speeded
up. This is what would happen for example if you were to slowly shorten the length of a
pendulum. How does E vary with ω, if it does? Investigate this in as much detail as you
can, and account analytically for as many observed features as you can.

A further challenge would be to give rigorous meaning to the trends you describe here,
starting with a specific definition of what it means to say that ω(t) is a “slowly varying
function.”



2 Almost orthogonal vectors (combinatorics, geome-

try)

In n-dimensional space, there can be at most n mutually orthogonal unit vectors. This
projects asks what happens if we relax the assumption of orthogonality, asking only that the
angle between any two vectors should be close to right angles, so that the vectors remain far
apart.

Specifically, fix a dimension n and a number N > n of vectors. Try to find N vectors
v1, . . . , vN in Rn of unit length, such that

ε = max
i 6=j
{|vi · vj|2}

is as small as possible. Do the minimal configurations have nice geometric properties. In-
teresting cases of increasing complexity are (n = 3, N = 6), (n = 4, N = 12), and (n = 16,
N = 144). Generally, one can look at any n and, say, N = n+1. In that case, the question is
whether as n→∞, the optimal possible ε goes to zero (which would mean that the vectors
become almost orthogonal).

There are several variations on this. One could consider vectors in Cn. More intuitively,
one can ask for configurations of points on the sphere Sn−1 with large distance between any
two points, which means trying to minimize vi · vj rather than its absolute value. There are
some classical configurations for n = 3, or one can look at N = n + 1 for any n. Along yet
another direction, one can try to replace the “max angle” by some other notion of “energy”
for a configuration of points.



3 Asymmetric processes (probability theory)

Processes in which particles can move left or right, with a preference for one of the two
directions, appear in several places in mathematical biology. Two possible versions are as
follows:

Periodic. Consider k particles moving on a closed (periodic) chain of N positions. Each
position can be occupied by at most one particle, so there are

(
N
k

)
possible states of the

system. Fix an asymmetry parameter q ∈ [0, 1]. Take two states A and B, which differ by
exactly one particle in A moving one spot to the right. We then define the probability of
moving between those states as P (A,B) = 1/N , P (B,A) = q/N . If no such move occurs,
the system remains at the same state.

If we start the system at some given state, it will approach an equilibrium where each
state occurs with a fixed probability. One can ask various questions about this equilibrium.
The simplest question is, depending on the density k/N and the asymmetry q, with which
average speed the particles will move.

With boundary. Here, we consider a chain of N positions with endpoints. Particles will
enter from the left and leave on the right. The number of particles is variable, so we have
2N possible states. Fix parameters q, α, β ∈ [0, 1]. If A and B are two states as before,
then P (A,B) = 1/(N + 1), P (B,A) = q/(N + 1). In addition, if A and B are two states
such that the leftmost position is empty in A and is occupied in B (and otherwise nothing
changes), then P (A,B) = α/(N + 1) (but P (B,A) = 0). Similarly, if the rightmost position
is occupied in A and empty in B, then P (A,B) = β/(N + 1). A simple but still interesting
case is q = 0 (total asymmetry; particles can only move to the right).

For the boundary setup, one can again ask for the average speed, but there are also
other aspects such as the average particle density at equilibrium (as well as the probability
distribution of the number of particles). Are there “phase transitions” (high dependendies
on the parameters, in the limit where N is large)?

Finally, one can study related non-equilibrium questions, such as the evolution of pro-
cesses starting with a particular configuration (an infinite chain, say, of which the left half
is filled with particles).



4 Attraction (dynamical systems)

This problem asks you explore a deceptively simple dynamical system and discover some of
surprising properties. Consider the motion of four particles A,B,C and D in the plane. The
particles start at four random points in the plane. Each particle moves with unit speed. A
moves towards B, B towards C, C towards D and D towards A. What happens (qualitatively),
and how (quantitatively, in terms of, say, angles and log distances)?

The simplest case is when the starting positions form a square. Actually, the game
with three particles, but with various starting positions, is already quite interesting. Other
generalizations would be to play the game on a sphere or in higher-dimensional spaces.



5 Avoidance (combinatorics)

Let a1a2 · · · ak be a permutation π of {1, 2, . . . , k}, denoted π ∈ Sk. We say that a permu-
tation σ = b1b2 · · · bn ∈ Sn avoids π if no subsequence bi1bi2 · · · bik of σ has its terms in the
same relative order as π. For instance, the permutation σ = 5247613 does not avoid 3241
because for instance the subsequence 5461 is in the same relative order as 3241, i.e., the
smallest term is the last, the second-smallest term is the second, etc.

Let’s write sn(π) for the number of permutations σ ∈ Sn which avoid π. Determine this
sequence for various values of π. An interesting case in point is π = 312.

A useful tool for investigating pattern avoidance is a “generating tree.” If π is a permu-
tation, then the generating tree for the sequence Sn(π) is the infinite tree whose vertices are
all permutations σ ∈ Sn, for all n ≥ 1, such that σ avoids π. The children of σ ∈ Sn are the
permutations in Sn given by interposing (n+ 1) somewhere in the sequence σ in such a way
to continue to avoid π. Vertices in Σn are at “level” n.

A further exploration might put further restrictions on σ. For example, let n = 2m and
let Tn be the set of all permutations σ ∈ Sn for which 1, 3, 5, . . . , 2n− 1 appear in increasing
order, while 2i always is to the right of 2i− 1. For instance, when n = 4 there are just three
such permutations: 1234, 1324, 1342.

How many permutations are in Tn? Try some experiments with counting permutations
in Tn that avoid a given permutation or set of permutations. As a trivial example, there is
exactly one permutation in Tn that avoids 12. What about avoiding one of the six permuta-
tions in S3? Are there any obvious equivalences? In other words, if tn(π) denotes the number
of permutations σ ∈ Tn that avoid π, are there any obvious reasons why tn(π) = tn(ρ) for
two permutations π, ρ ∈ S3 and all n? What about “nonobvious equivalences”? What about
avoiding permutations in Sk for k > 3?

An interesting case is 312-avoidance in Tn.



6 Billiards (dynamical systems)

A billiard ball bounces off the edges of the table (according to Snell’s law; the ball itself is
supposed to be infinitely small). Suppose that the table is square, with two opposite sides
colored (b) black, and the other two (r) red. Let’s write down the sequence of colors which
appear as the ball hits the walls. What properties do such sequences have? For instance,
can the following piece of a sequence occur:

. . . brrrbrbrr . . .

One possible generalization is to other kinds of tables (rectangular; or higher-dimensional
cubes; and then, for instance, regular polygonal ones).



7 Chips (combinatorics, dynamical systems)

Each square of an infinite chess board contains a pile of poker chips. An earthquake redis-
tributes them: the tremor causes four chip in one pile that is at least four chips high to
move, one in each of the four compass directions. This process repeats.

Questions to consider: does this process reach a stable state (with fewer than four chips
on every square)? Is it independent of the order of redistribution? What can be said about
the steady state? There are various initial conditions that one may consider (e.g. all chips
on one square.) There are interesting variations of the rule, and of the underlying graph.



8 Geometry of the Zeros of Polynomials (combinatorics)

Richard Stanley has noted that there are many combinatorially defined polynomials whose
zeros form interesting patterns, though they have no obvious combinatorial interpreta-
tion. He has posted some examples on the web: www-math.mit.edu/~rstan/zeros www-
math.mit.edu/∼rstan/zeros.

For instance, his second example is the coefficient of xnyn in the series expansion of

(ex + ey − 1)q,

with q variable and n = 20. This is the chromatic polynomial of the complete bipartite
graph Kn,n, a polynomial in q. Most of its zeros seem to be distributed along a cuspidal
curve.

Experiment with the polynomials Kn,n. Many questions come to mind: Do the zeros lie
on a cuspidal curve? What is the best fit of a cubic curve to the zeros? As n increases, do
the zeros approach a cubic curve? What about the zeros that are nearly integers?

In Stanley’s first example, the zeros form something that resembles a cardioid. If you
prefer this picture, you could choose to work on these polynomials instead. Similar questions
can be asked: As n increases, what does the picture look like near the origin? Do the zeros
lie on a cardioid? What is the best fit of a cardioid to the zeros?

www-math.mit.edu/~rstan/zeros


9 Conics (algebra, number theory)

Let
q(x, y) = a1x

2 + a2xy + a3y
2 + a4x+ a5y + a6 (2)

be a quadratic polynomial in two variables with integer coefficients ai whose greatest common
divisor is 1. We’ll call the locus C of solutions of the equation q = 0 an affine conic. A point
of C is a solution (x0, y0) of this equation. If q does not factor into linear factors over the
complex numbers, the real locus of C is an ellipse, a hyperbola, a parabola, or it may be a
single point or empty. If q does factor, the conic is ‘degenerate’, and its real locus can be a
pair of lines, a single line, a single point, or empty. There always exist complex points of C
– points with complex coordinates.

Let p be a prime integer. Because the coefficients of q are integers, one can also solve
the equation q = 0 modulo p. If x0, y0 ∈ Z/pZ and q(x0, y0) = 0, the pair (x0, y0) is called
a point of C modulo p. There are obviously only finitely many such points; this gives us a
function of the prime p. What can you say about this function? How does it depend upon
the chosen conic? What should we mean by “nondegenerate” in this context? In surveying
conics, it may be useful to note that affine changes of coordinates preserves the number of
solutions.

You may want to think about the existence of solutions in other fields—the reals or the
rationals, for example.

It may be useful to think about the “projectivization” of our conic; that is, the equation

Q(X, Y, Z) = a1X
2 + a2XY + a3Y

2 + a4XZ + a5Y Z + a6Z
2

related to the orignal one by q(x, y) = Q(X, Y, 1). The new equation should be regarded as
taking place in the “projective plane”; that is, we assume not all three variables are zero,
and points (a, b, c) and (λa, λb, λc) for λ 6= 0 are identified.



10 Sums of cubes (number theory)

A famous anecdote: Once Hardy arrived to visit Ramanujan in the hospital, and remarked
that the license number of the taxi he came in was 1729, which was a very boring number.
“Not at all”, said Ramanujan, “that is the first integer that is the sum of two [positive] cubes
in two different ways”.

The first part of your assignment is to find the second such integer, if it exists. Then
experiment and try to answer some of the following questions: Should one expect that there
are infinitely many such integers? How about the sum of two fourth powers? two fifth
powers?

Some background in number theory, such as 18.781, is essential for this project.



11 Determinants equal to one (combinatorics, linear

algebra)

Consider the Young diagram of a partition of an integer, such as the partition (3, 3, 2, 1):

Enlarge the diagram with a path of squares from the bottom left to top right, and put a
1 in each of these new squares:

1 1
1

1 1
1
1

1

Now fill in the other squares with numbers subject to the following rule: Any k × k
subsquare which contains one of the border squares (with a 1 inside), considered as a matrix,
has determinant one.

1 1
1

1 1
1
1

12
5 2
14 2

3928
5

• Show that the array is uniquely determined, and that every square contains an integer.

• Can the integer inside a square be given an elegant combinatorial interpretation?

• Are there simple formulas for the numbers inside the squares for “nice” partitions λ?
For instance, what if λ is a rectangle? Or a “staircase” (n− 1, n− 2, . . . , 1)? Or more
generally, some other arithmetic progression, such as (10, 7, 4, 1) or (12, 9, 6, 3)?



• What if we let the entries in each square be a polynomial in q, so that the determinants
that were equal to 1 are now equal to powers of q? Can we choose the powers of q so
that the entries have a nice combinatorial interpretation? An example might be

q  +q
+2q+1

3 2
q+1 1 1

11

11

1

q+1

• (for students with sufficient algebraic background) The ring Q[q] is a PID (principal
ideal domain). This implies that every n× n matrix M over Q[q] has a Smith normal
form (SNF), that is, there exist n×n matrices P,Q over Q[q] whose inverses are defined
over Q[q] (so their determinants are units in Q[q], i.e., nonzero elements of Q) such
that PMQ is a diagonal matrix diag(d1, d2, . . . , dn), and moreover di divides di+1 in
Q[q]. Note that d1d2 · · · dn = c det(M), where c ∈ Q∗ = Q − {0}. What can be said
about the SNF of the matrices M from the previous item? Since detM is a power of q,
each di is also a power of q (up to an irrelevant scalar factor). What are these powers
of q? We can also ask whether M has an SNF over Z[q] (which is no longer a PID).

• Can we generalize further, so that the entries in each square are polynomials in several
variables x1, x2, . . . with a nice combinatorial interpretation, and the determinants are
monomials? Is there an analogue of SNF in this case, i.e., PMQ is a diagonal matrix?
(It’s no longer so natural to require di|di+1.)

• Can we modify the condition on the determinants? For instance, what happens if we
require every 2× 2 square to have determinant one?

1 1
1

1 1
1
1

12
5 2

513
21 8 3

2

• What if we allow more general shapes than the Young diagrams of partitions? Is there
a satisfactory generalization?



12 Diagonalizable matrices mod p (linear algebra)

There are pn
2

square matrices of size n over the field Fp with p elements. Approximately
what fraction of these are diagonalizable, for large n? Is there a corresponding (meaningful)
question about real matrices?



13 Eigenvalues of sums of matrices (linear algebra)

Fix n real numbers λ1, . . . , λn. (There may be repetitions.) Consider n × n Hermitian
matrices (complex matrices A equal to their conjugate-transposes) which have the λi as
eigenvalues. What possible diagonal entries can such a matrix have? If you choose A
randomly, how are the values of the diagonal entries distributed? (Of course this depends
on how you choose A “randomly.”)

In a different direction, here is a more complicated problem of the same kind. Fix
λ1, . . . , λn and µ1, . . . , µn. Take Hermitian matrices A and B whose eigenvalues are, respec-
tively, the λi and µi. What possible eigenvalues can A + B have? Of course, we are not
assuming that the matrices are simultaneously diagonalizable. In fact, this can be considered
as a test of how far simultaneous diagonalizability can fail.

There are several generalizations beyond that. One can look at more than two matrices.
Here’s a nonlinear version: given two unitary matrices U, V , and if we know the eigenvalues
of U and V , what can we say about the eigenvalues of UV ? Is there any relation between
this and our previous problem?



14 The Schrödinger equation with periodic potential

(analysis)

The one-dimensional Schrödinger equation for the wave-function ψ(x) is

ψ′′ + V ψ = λψ,

where V (x) is some function (the potential), and λ is a constant (the energy). The case of
periodic V appears, for instance, in the study of crystal lattices. In that case, one says that
an energy level λ is allowed if there are bounded solutions of the Schrödinger equation.

Examine the range of allowed λ. For which ones are the solutions periodic, and if so
what are their periods (is it the same as the period of V , or a multiple of it)? A simple (if
somewhat singular) case is when V (x) =

∑
n∈Z δ(x− n) is a sum of delta functions.

A further question is what happens if the potential V (x) is supposed to have a flaw in
its periodicity.



15 Factoring Polynomials Modulo p (algebra)

Let f(x) = xn + an−1x
n−1 + · · · + a1x + a0 be a monic polynomial with integer coefficients

ai. The computer can be asked to factor f in the field of integers modulo p. The way that
it factors depends on p. The question is how does it depend on p?

Project. The degrees of the factors of f modulo p give us a partition of the degree n of
f . For instance, if f is quadratic, then either it is irreducible modulo p or else it factors into
two linear factors. The partition is 2 = 2 or 2 = 1 + 1. Begin with quadratic polynomials,
and experiment until you can make a conjecture about them. (Are there polynomials that
are irreducible modulo p for every p? Are there polynomials that factor into linear factors
for every p?) Then try cubic polynomials.

Students who choose this project should have some background in number theory, in
particular, the law of quadratic reciprocity.



16 Fibonacci number base (number theory)

Everybody knows how to represent a number in binary, and how to add binary numbers.
Now suppose that we write numbers not as sums of powers 2k, but as sums of the Fibonacci
numbers

a0 = 0, a1 = 1, ak = ak−1 + ak.

For instance,
(10010100)Fib = a7 + a4 + a2 = 13 + 3 + 1 = 17.

It is not difficult to see that every positive integer can be written in this way. The represen-
tation is not unique, for instance 1000000 = 110000, but one can improve the situation by
asking for representations with the largest (or smallest) possible binary value.

Now, suppose you have two numbers written in “base Fibonacci”. Is there some good
algorithm for adding them, that isn’t much more complicated than adding two binary num-
bers? Here are some criteria that you might want an addition procedure to satisfy. You
might come up with other desirable criteria.

• It takes time linear in the number of digits (places).

• It processes each place at most a constant number of times.

• It processes the places in some canonical order (e.g., binary addition makes one pass
through the places, going from right to left).

How about subtraction? Multiplication?



17 Expansions of infinite products (combinatorics)

Let Fn denote the nth Fibonacci number, i.e., F1 = F2 = 1, Fn+1 = Fn + Fn−1 for n ≥ 2.
Consider the infinite product∏

n≥2

(1− xFn) = 1− x− x2 + x4 + x7 − x8 + x11 − x12 + · · · .

Try to guess the coefficients and find some generalizations or variations. For instance, how
many of the first Fn coefficients are nonzero?



18 Floating Bodies (analysis)

Hydrostatic pressure on the surface of a body submerged in water is proportional to depth,
and is equal in all directions. This produces a force field on the surface that is normal to
the surface and proportional to depth. Together with graviational attraction, this force field
determines the stable orientations of a floating body. The problem here is to deduce the
stable orientations.

It makes sense to begin with two-dimensional water, and to treat a selection of special
shapes, such as a rectangle or an ellipse.

Does the position of the center of mass relate to stability of an orientation? Same question
for the center of buoyancy, which is defined as the center of mass of the submerged portion
of the object.



19 Eigenvalues of matrices of roots of unity (analysis)

Let ζ denote the nth root of unity ζ = e2πi/n. Define the n×n matrix F by giving it ζ ij as its
i, j entry. The problem is to find the eigenvalues of F and the dimensions of its eigenspaces
(the space of eigenvectors for a given eigenvalue). It is a good idea to first look for some
partial information, such as the squares of the eigenvalues.

An interesting (more difficult) problem would be to find an explicit basis of eigenvectors.



20 Generating Matrices (linear algebra)

Let M denote the n2-dimensional space of real n×n matrices. A pair of n×n matrices X, Y
will often generate M , meaning that M is spanned by the monomials in X, Y :

I, X, Y, X2, XY, Y X, Y 2, X3, X2Y, XY X, ...

Example: Let X be the cyclic shift matrix0 1 0
0 0 1
1 0 0


and let Y be a diagonal matrix with distinct diagonal entries. Then the nine matrices

I, Y, Y 2, X, XY, XY 2, X2, X2Y, X2Y 2

form a basis of M .

The project here is to investigate the following question: How efficiently can we generate
M?

One way to measure efficiency is as follows. For any pair of n × n matrices X, Y which
generate M , let d(X, Y ) = d denote the smallest integer such that the monomials of degree
≤ d span M .

How does d depend upon n? We can ask for a

(1) (lower bound) What is the smallest integer δn such that there exists a generating pair
X, Y of n× n matrices with d(X, Y ) = δn? and for an

(2) (upper bound) What is the largest integer ∆n such that there exists a generating pair
X, Y of n× n matrices with d(X, Y ) = ∆n?

As a further refinement, one could consider, for fixed X, Y , the subspace Vi of M spanned
by monomials in X and Y of degree less than i. The growth function is the function on the
positive integers defined by

g(i) = dimVi − dimVi−1.

What can be said about this function (for various choices of X, Y )?



21 Gluing the Edges of a Polygon (combinatorics, topol-

ogy)

Take a region of the plane whose boundary is a regular polygon with 2n edges. A surface is
formed by gluing edges together in pairs. (Is that right?) To specify the gluing, you need
to match the edges in pairs, and for each pair declare whether the edges are to be glued so
that the two bits of region merge front to front or front to back.

What can you say about the surface that is formed from a given choice of gluing data?
Under what conditions is the surface orientable?

Given a surface type, what is the likelihood that it will occur? Special cases of this
question: what is the maximal possible genus? How likely is it to occur?



22 Graphing fleas (dynamical systems)

Take an infinite grid in the plane. Each vertex of the grid will be in some state (taken from
a fixed set S of possible states). We start with all vertices in the same state, and with a flea
at a fixed vertex and facing in a fixed direction.

The flea moves from vertex to vertex according to a pre-assigned rule. At every step, the
rule determines (1) a change of state at the vertex where the flea is in the current step, (2) a
change of direction, relative to the direction the flea was going. Formally, the rule is a map

S −→ S × {left, right, forward, back}.

Example. S = {black, white} and the rule is black 7→ (white, back), white 7→ (white, left).
This means the following. If the flea arrives at a black vertex, turn that vertex white and
go back to the vertex the flea came from; if the vertex is white, keep its color and turn left,
relative to the direction the flea came from.

For any fixed size of S, there are only finitely many possible rules. Examine experimen-
tally the motions that arise from these rules. What can one say about the general patterns?
The same game can be played on a one-dimensional lattice (an infinite line), a hexagonal
grid, a cubic grid in space, or on an infinite planar tree where each vertex has the same
number of edges; the last case is possibly the simplest one which shows nontrivial behaviour.
Here’s a sample question: given an infinite 3-valent tree, can one make a rule which causes
the flea to eventually visit all vertices?

You can also consider having several fleas live on the same grid (in which case they take
turns moving).



23 Greedy sequences of integers (combinatorics, num-

ber theory)

First consider the sequence a0, a1, a2, . . . of integers defined as follows: a0 = 0. Once an
has been defined, then an+1 is the least integer greater than an so that no three terms of
the sequence are in arithmetic progression. Thus the sequence begins 0, 1, 3, 4, 9, . . . . We
can’t have 5 as a term, since 3,4,5 are in arithmetic progression. We can’t have 6 because of
0,3,6, nor 7 because of 1,4,7, nor 8 because of 0,4,8. Is there a “nice” description of an? For
instance, can you quickly compute a1,000,000 without computing previous terms?

What if we change the initial conditions? For instance, instead of beginning with 0, the
sequence begins 0, k for some k ≥ 1. Thus if k = 5 we get 0, 5, 6, 8, 9, 14, . . . .

Avoiding a 3-term arithmetic progression is the same as avoiding a solution to x+y = 2z.
What if we change the equation x+ y = 2z to another equation or to a set of equations?



24 Noncommutative Polynomial Relations (algebra)

The Problem: Two operators x, y satisfy a certain noncommutative polynomial relation

f(x, y) = 0.

We wish to determine whether another noncommutative polynomial p(x, y) is zero as a
consequence, or whether two polynomials p, q become equal.

This problem does not have a general solution. It is roughly equivalent to what is called
the “word problem” for groups. However, it does admit a solution in many interesting cases.

Terminology: We’ll say that two polynomials p, q are congruent, and write p ≡ q, if their
equality is a consequence of our given relation. To be consistent, we also write the given
relation as f ≡ 0.

We must explain the consequences of f ≡ 0 specifically. They are that if u, v are any
polynomials, then the product ufv is congruent to zero, as is a finite sum of such products.
That is all. For instance, xy = 0 implies (y2x)(xy)x + (x + y)(xy) = 0. It does not imply
yx = 0.

In algebraic terms, the noncommutative polynomials form a ring P , and the problem can
be restated this way: Let I denote the 2-sided ideal generated by f . Determine whether or
not the residue of p in P/I is zero. Knowing a little about rings and ideals might be helpful
for thinking about this project, but is not necessary.

Example 1: Operating on differentiable functions of t, let y denote the operator d
dt

and let
x denote the operator ”multiply by t”. If u is a function of t,

yx(u) = d
dt

(tu) = u+ tdu
dt

= (1 + xy)u.

So these operators satisfy the relation yx− xy − 1 ≡ 0, or

yx ≡ xy + 1. (3)

This is the Heisenberg Relation. Using this relation, we find for instance,

y2x− yxy− y ≡ y(xy+ 1)− (xy+ 1)y− y ≡ yxy− xy2− y ≡ (xy+ 1)y− xy2− y = 0. (4)

So y2x− yxy − y ≡ 0 is a consequence of the Heisenberg relation.

Assignment, Part I Before going further: Using any method you like, try to solve the
problem in the following cases:

f = x2y, p = x4yx− x3yx2 + xyx4.

f = yx− xy + 1, p = yx2 − 2x.

f = yx− 2xy, p = yx2 − xyx.

f = y2 − x2, p = yx2 − x2y.



f = y2 − x+ 1, p = y3 − xy.

Terminology: A monomial is any string made up of the variables x, y. A polynomial is a
finite linear combination ΣcνMν of monomials.

Let m,m′ be monomials. If m = uv and m′ = vw, where u, v, w are submonomials and
v 6= 1, then m and m′ overlap. For instance yxy and xy3 overlap, as is shown by taking
u = y, v = xy, w = y2. We can also express the overlap of m,m′ in another way, by writing
mw = um′, which is (yxy)y2 = y(xy3) in the example. Monomials may overlap in more than
one way.

The monomials are ordered, first by total degree, and for monomials of the same degree,
by lexicographic order. The list of monomials in increasing order begins

1 < x < y < x2 < xy < yx < y2 < x3 < x2y < xyx < xy2 < · · · .

An essential property of this ordering is that if m < m′, and if a, b are monomials, then
amb < am′b.

A polynomial g is lower than a monomial m if every monomial that occurs in g is < m. To
reduce a polynomial means to replace some monomial that occurs in it by a lower polynomial.

Continuing the discussion: The Heisenberg relation is especially easy to analyze. Using
it, any polynomial can be reduced to a linear combination of the monomials xiyj. For
instance,

yxyx ≡ (xy + 1)(xy + 1) ≡ xyxy + 2xy + 1 ≡ x2y2 + 3xy + 1.

The problem is solved for the Heisenberg relation as follows: A polynomial p congruent
to zero if and only if the reduced polynomial obtained in the way we have illustrated is
identically zero, as happens in (2).

This example suggests a method that can be tried in other cases. Given a relation f ≡ 0,
we look for the highest monomial m that occurs in f , and we factor out its coefficient. We
then write f = m− φ, where φ is lower than m, and we rewrite the relation f ≡ 0 as

m ≡ φ. (5)

We will refer to m as the leading monomial. If m occurs as a submonomial of a monomial
M , say M = umv, then M ≡ uφv, and uφv is lower than M . So the relation (3) may allow
us to reduce a polynomial, while preserving congruence. If the reduced polynomial obtained
from a polynomial p by this procedure is zero, then p ≡ 0.

Example 2: f = y2 − x2. We write the relation f ≡ 0 as

y2 ≡ x2, (6)

and we use (4) to reduce polynomials, replacing the leading monomial y2, wherever it occurs,
by x2. For instance xy3xy2x ≡ x3yx4.

However, this reduction process doesn’t solve the problem completely. The reason is that
the leading monomial y2 overlaps itself: (y2)y = y(y2). Because of this, the monomial y3

can be reduced in two ways:
y3 = (y2)y ≡ x2y



and
y3 = y(y2) ≡ yx2.

Neither x2y nor yx2 can be reduced further using (4), and yet, as a consequence of (4),

x2y ≡ y3 ≡ yx2.

So yx2 − x2y ≡ 0. The reduction process doesn’t show this.

Having pinpointed this problem, we can eliminate it by adding the relation

yx2 ≡ x2y, (7)

to our original relation (4). This is legitimate because (5) is a consequence of (4). Using
the two relations (4),(5) to reduce our polyonomials, the final reduced form for y3 is x2y, no
matter how we start the reduction process.

Adding the second relation (5) has resolved the problem caused by the overlap (y2)y =
y(y2), but there are now two leading monomials y2 and yx2, and there is a new overlap:
(y2)x2 = y(yx2). So there are two ways to reduce y2x2:

(y2)x2 ≡ x4

and
y(yx2) ≡ yx2y ≡ x2yy ≡ x4

We were lucky: The reduction is independent of the intermediate steps.

Now the general setup: Consider a set of relations, written in the form

mi ≡ φi,

i = 1, 2, ..., where mi is a monomial and φ is a lower polynomial.

A polynomial p = ΣcνMν is reduced with respect to these relations, if no monomial mi

occurs as a submonomial of one of the monomials Mν that make up p. If a polynomial p is
not reduced, we replace occurences of monomials mi by φi as often as possible, ending up
with a reduced polynomial pred. The sequence of reduction steps will usually not be unique,
and the reduced polynomial pred obtained in the end needn’t be unique either.

The simplest examples of nonuniqueness are obtained from overlapsmiw = umj of leading
monomials. The obvious replacements to start with are miw ≡ φiw and umj ≡ uφj. Let’s
write g = φiw and h = uφj. Let gred and hred be reduced polynomials obtained from g, h
be some sequence of replacements. If gred = hred, we say that the overlap is consistent. We
don’t check all possible ways of reducting g and h.

Theorem. Consider a family of relations, written in the form mi ≡ φi, where mi is a
monomial and φ is a lower polynomial. The following are equivalent:

a) Every overlap miw = umj between leading monomials is consistent.

b) For any polynomial p, the reduced polynomial pred is independent of the sequence of re-
placements used.

c) For any polynomial p, p ≡ 0 if and only if pred = 0.



Definition: A set of relations mi = φi as above is a Gröbner basis if the equivalent conditions
of the theorem hold.

Assignment, Part II: Set up computer programs to do the following: Given a list of
relations in the form mi = φi,

a) Reduce a given polynomial p.

b) Check the leading monomials mi for overlaps.

c) For each overlap miw = umj, check for consistency.

Run your program for the following sets of relations:

y2 = x2.

y2 = x, yx = y.

yxy = xyx.

Continuation of the discussion: Suppose that some overlap of leading monomials is not
consistent. So in the above notation, gred 6= hred. Since the reduction process preserves
congruence,

gred ≡ miw = umj ≡ hred.

In this case, we can add a new relation gred − hred ≡ 0 to our list, writing it as always in
the form (3). We then look for another overlap. If we are lucky, this process of adding new
relations will terminate after finitely many steps, leaving us with a Gröbner basis. If we are
not lucky, the process will be infinite, or perhaps though theoretically finite, it will crash the
computer.

Assignment, Part III: Compute Gröbner bases for the relations suggested in Part II. Then
experiment with other relations. You might try some of these:

(a) yxy = x,

(b) y2 = ax2 + bx, where a and b are scalars,

(c) yxyx = xyxy.

Suggestion: Suppose that we have three variables x, y, z and three relations of the form

yx = φ1

zx = φ2

zy = φ3,

where φ3 is lower than zy, etc... So φ1 is a linear combination of the monomials xy, x2, x, y, 1.
Using these relations, every polynomial can be reduced to a linear combination of the mono-
mials xiyjzk. However, there is one overlap: (zy)x = z(yx). If it is consistent, then the
monomials xiyjzk form a basis for the congruence classes. Experiment by giving φi some
values, to check for consistency of this overlap in various cases.



25 A deterministic growth process in Z2 (combinatorics).

We say that two points in Z2 are adjacent or are neighbors if their distance apart is 1. Thus
every point (i, j) ∈ Z2 has exactly four neighbors. Define a sequence of subsets

X0 ⊂ X1 ⊂ X2 ⊂ · · · ⊂ Z2

as follows. Set X0 = {(0, 0)}. Once Xn has been defined, define Xn+1 to consist of all points
in Xn, together with all points (i, j) 6∈ Xn such that (i, j) is adjacent to exactly one point in
Xn. Thus X1 = {(0, 0), (0, 1), (0,−1), (1, 0), (−1, 0)}, and #X2 = 9, #X3 = 21.

What can you say about the sets Xi? Some questions are as follows.

• Let X =
⋃
n≥0Xn. Is there a simple description of the elements of X?

• What is the density of X in Z2? In other words, let

Zn = {(i, j) ∈ Z2 : |i| ≤ n and |j| ≤ n}.

Does the limit

L = lim
n→∞

#(X ∩ Zn)

#Zn

exist, and if so, what is it?

• Given (i, j) ∈ X, is there a simple description of the least integer n for which (i, j) ∈
Xn?

• Is there a nice description of #Xn, the number of elements of Xn?

• Generalize to other graphs; for example, Zd.

• What if allow other intial sets X0, such as {(0, 0), (1, 0)}, {(0, 0), (1, 1)}, and
{(0, 0), (1, 0), (0, 1), (1, 1)}?



26 Insulation (analysis)

Think of the wall of a house, which separates two regions (inside and outside) with different
temperature. Inside the wall itself, the temperature will change continuously from the inside
to the outside values. Suppose that we insert a thin layer of totally insulating material
in the middle of the wall. In that case, the outer half of the wall will stay at the outside
temperature, and the inner half at the inside temperature. Next suppose that we drill a
large number of small holes into our insulating layer. What is the effect on the insulating
properties of the wall? This has some practical relevance (i.e. TYVEK, the material used
for insulating houses, has small holes in order to allow moisture to evaporate). This project
tackles a simplified two-dimensional version of this question.

The starting point is the standard model for heat diffusion, given by the Laplace equation
for a function u(x, y):

∆u =
∂2u

∂x2
+
∂2u

∂y2
= 0.

To simulate a wall, we take (x, y) ∈ [0, 1]×R, and impose the boundary conditions u(0, y) = 0,
u(1, y) = 1 (fixed temperature on the inside and outside). Unsurprisingly, the solution of
the Laplace equation is u(x, y) = x. Inserting a completely insulating layer would mean
allowing u to be discontinuous at x = 1/2, with Neumann boundary conditions ∂u/∂x = 0
on both sides of this line. In that case, the solution is u(x, y) = 0 for x ≤ 1/2, u(x, y) = 1
for x ≥ 1/2.

To make numerical investigations into the more complicated problem with holes, it is
useful to replace the continuous model by a discrete one, where the coordinates (x, y) must
lie in (1/N)Z, and the Laplace (differential) equation is replaced by its finite (difference)
analogue

u(x, y) =
1

4

(
u(x, y + 1/N) + u(x, y − 1/N) + u(x+ 1/N, y) + u(x− 1/N, y)

)
.

Moreover, in order to make the number of coordinate values finite, one should impose a
periodicity condition in y-direction. The rest (implementing boundary conditions, holes,
etc.) is up to you!

The most straightforward question would be to study the effect of doubling the number
of holes, but halving the size of each hole.



27 Touching circles (geometry)

Take four circles of radius one in the plane. We want to arrange them into a connected
shape, so that they touch but do not intersect. There are two different possible structures.
The first one is

3
2

4

β

αγ
1

The angles α, β, γ satisfy α, β, γ ≥ π/3, and α + β + γ = 2π. There is also a full 2π of
possible rotations of the entire picture, giving a total volume of π3 for the possible choices
of positions. Additionally, the circles can be numbered in 8 different ways, depending on
which is the middle circle, and whether the others are numbered clockwise or not. Hence,
the actual volume of choices for this possibility is 8π3.

The other possible structure is

This time, there are 12 possible numberings, and the volume of the space of possible
positions is 10/3π3, giving a volume of choices of 40π3.

Adding both possibilities together yields a total of 48π3. If we think of the circles ar-
ranging themselves randomly, it makes sense to say that the first possibility has probability
1/6, and the second one 5/6.

Investigate this further. What happens if the radii are assumed to be wildly different,
instead of all the same? How about more than 4 circles?



28 The periodic Laplacian (analysis)

Look at functions f(t) which are periodic of some fixed period T , meaning that f(t+T ) = f(t)
for all t. We consider the Laplacian ∆ = (d/dt)2 acting on such functions, and its eigenmodes

∆f = λf.

The eigenvalues which occur are 0, (2π/T )2, (4π/T )2, . . . (each one except for 0 has two
linearly independent eigenfunctions; the situation becomes a little simpler if one allows
complex-valued functions). In particular, we can read off T from the set of eigenvalues.

Now consider the two-dimensional situation. We are given a lattice Γ, which is the
subgroup Γ = Zv ⊕ Zw ⊂ R2 generated by two linearly independent vectors v, w ∈ R2. An
example is the square lattice Z2. Another one is the hexagonal lattice, spanned by (1, 0) and
(cos(π/3) = 1/2, sin(π/3) =

√
3/2). Consider functions f which are Γ-periodic, meaning

that f(t + T ) = f(t) for all t ∈ R2, T ∈ Γ. We are interested in the eigenvalues of the
Laplace operator ∆ acting on such functions. What general properties does the spectrum
have? Can one read off the volume of the lattice (defined by |det(v, w)|) from the set of
eigenvalues? Can one recognize certain lattices, such as the quadratic and the hexagonal
ones? How about higher dimensions?



29 Point masses on the half-line (analysis)

Suppose that two point masses lie on the half-line [0,∞). The smaller mass, m, starts at
position r > 0, and the larger mass M at position R > r. We assume that the smaller mass
is at rest, and give the larger one a big push to the left (i.e. it moves with large negative
velocity).

Both masses are supposed to collide elastically with each other, and to be reflected
elastically off the wall at zero. Investigate the qualitative behaviour of this system (i.e. the
collisions and reflections that occur) for various values of M/m; especially, M/m = 100k for
k = 0, 1, 2, . . ...



30 Graphing monomial relations (algebra)

Suppose that we are given a finite alphabet consisting of some letters {a, b, ..}, together with a
finite set F of forbidden expressions, which are words in our alphabet. The resulting language
M consists of all words which do not contain any word in F as a sub-word. We denote by
Md the set of all words in our language which are of length d, and write f(d) = |Md| for the
number of such words. The aim of the project is to study the possible f(d) which can occur.

For instance, if our alphabet is {a, b}, and F = {aa, ab}, then

M = {a, b, ba, bb, bba, bbb, bbba, bbbb, · · · },

so f(d) = 2 for all d. Try to produce languages with various kinds of growth rates for f(d).
Is it possible to have f(d) unbounded, but such that f(d) ≤ d for large d?

Suppose that the longest element of F has length d. Form an oriented graph Γd as follows.
The vertices of Γd are labelled by the elements of Md, and the oriented edges are labelled by
the elements of Md+1. More precisely, for any element a1 · · · ad+1 ∈ Md+1, we draw an edge
from a1 · · · ad to a2 · · · ad+1. Try to relate the properties of this graph to the behaviour of
the language.



31 Roots of polynomials and Newton’s method (anal-

ysis)

Let f(x) be a polynomial. Newton’s method for computing solutions of f(x) = 0 (called
roots of the polynomial) goes as follows. One starts by guessing an approximate root x1.
Then, inductively, given some xk, one draws the tangent line Lk to the graph y = f(x)
through the point (xk, yk = f(xk)). Then xk+1 is the intersection of Lk with the x-axis.
Even though it’s easy to find programs which do this, it’s best if you do your own.

How fast does Newton’s method converge (for instance, one can study this by looking at
the number of correct digits in the k-th step)? Does that depend on the Taylor expansion
of f near the root? You should experiment with various cases, such as

f(x) = x4 + x.

If there are several roots, can one predict towards which root the iteration will converge,
given its starting point? There are also cases in which Newton’s method does not converge.
What happens in those cases? Two relevant examples are

f(x) = x3 − x2 − x1 + 1.1, f(x) = x4 − 2x2 + 1.1.

There are a number of alternative methods for finding roots. For instance, one can start
with two approximations xk and xk+1, consider the line L through (xk, yk = f(xk)) and
(xk+1, yk+1 = f(xk+1)), and then take xk+2 to be the intersection of L with the x-axis. You
may want to investigate the rate of convergence of this method too.



32 Pascal’s Triangle (combinatorics)

How smart is Pascal’s triangle?

Consider Pascals triangle mod p, where p is a positive integer. Let S be a string of n
elements of Z/pZ. Say that Pascal’s triangle “knows about” S if S occurs (consecutively)
in some row. Let an(p) be the number of strings of length n that Pascal’s triangle knows
about.

What can you say about the sequence an(p)? You may want to start by assuming that
p is prime and n = 2.



33 Percolation (probability)

The process of a liquid infiltrating sand, or a blight spreading through the trees in a forest,
can be modeled by a mathematical approach known as percolation. Percolation takes place
on a graph.

To model percolation on a graph Γ, we choose some probability p. Each edge will be
“open” with probability p, and “closed” with probability 1 − p. Once the open and closed
edges have been determined, we can start at any vertex v and form the “cluster” Γ which
consists of all vertices connected to v by using only open edges. The basic question is: what
is the expected size of Γ? With what probability will it be finite (or infinite)? More generally,
what is the “mass spectrum”, that is, the probability distribution of sizes of clusters? How
do all these properties vary with p?

A good place to start is with the “regular tree of valence d”: the unique graph such that
every vertex has exactly d edges ending there, which join it to other vertices, and such that
there are no closed paths. For d = 2, one can label the vertices by integers k ∈ Z, and then
k is joined to k ± 1 by edges.

There are of course other graphs one can consider, which are more realistic for applica-
tions, such as the square lattice: vertices are Z2, each vertex (x, y) is connected to (x± 1, y)
as well as to (x, y ± 1).

There is another process similar to percolation, called invasion. In this process, we
assign to each edge a number ce ∈ [0, 1], chosen at random. We form an infinite sequence
of subgraphs Γ1,Γ2, . . . as follows. Γ1 contains only a single vertex {v}, which is our fixed
starting point. Then, at step k, look at all the edges which do not lie in Γk, but which are
adjacent to it. Among these edges take the one with the lowest probability, which we denote
by ck, and add that edge (with its other endpoint) to our graph, thereby forming Γk+1. Look
at the sequence c1, c2, . . . : what is its “lim sup”? Is there any relation to the behaviour of
percolation?



34 The pit and the pendulum (analysis)

Suppose the frequency ω in a harmonic oscillator drifts slowly:

ẍ+ ω(t)2x = 0 (8)

where ω(t) is some slowly varying function. The energy of the system is the sum of kinetic
and potential energies:

E =
ẋ2

2
+
ω2x2

2

It is constant in time for the harmonic oscillator itself. The question is this: what can be
said about the behavior of E when the frequency ω drifts slowly? Investigate this numerically,
using various functions ω(t). One such function should be of the form ω(t) = ω0 + εt, for a
small constant ε. Does the effect depend strongly on how the trajectory ω follows as it drifts
from one value to another?

Does E remain constant, or does it vary systematically with ω? If for example it increases
as ω increases, this means that the system absorbs energy as the oscillation is speeded
up. This is what would happen for example if you were to slowly shorten the length of a
pendulum. How does E vary with ω, if it does? Investigate this in as much detail as you
can, and account analytically for as many observed features as you can.

A further challenge would be to give rigorous meaning to the trends you describe here,
starting with a specific definition of what it means to say that ω(t) is a “slowly varying
function.”



35 Polygon dynamics (dynamical systems)

Consider N points z1, z2, . . . , zN in the plane R2. Define a new collection of points in the
following way. Choosing one of the initial collection, say zj. Let `j be the line which is the
perpendicular bisector of zj−1 and zj+1. (Of course z0 = zN and zN+1 = z1.) Reflect zj
through `j to get a new point z′j and leave the remaining points alone. For example if the
points form the vertices of a convex polygon, this operation chops off the triangle formed by
three consecutive vertices and glues it back along the cut edge after reflecting it.

You can consider several dynamical systems generated by this process. You can consider
the deterministic system where you simply cycle through the vertices in the given order.
Alternatively you can consider a random system where the vertices are chosen randomly.

There are many questions to ask. What are invariant quantities under this operation?
What does long term behavior look like? How many distinct polygons are created after k
iterations? What happens if all the points lie on a circle?



36 Randomizing (probability)

Take n points arranged on a circle. Suppose that a particle starts at a fixed position (one of
our points), and then moves right or left each with probability 1/4, or otherwise stays at the
same point. After a sufficiently long time, the position of the particle is essentially random,
which means that it is approximately equally likely to be at any place. What is this time,
and how is this equilibrium approached? What if one changes the basic probabilities?

A similar, but more interesting, problem arises in card shuffling. Start with a deck of n
cards, arranged in a circle on the table. At every turn, we either take two adjacent cards and
swap them, or else do nothing. How often does this have to be repeated until the ordering
of the cards becomes approximately random? How about other shuffling methods (such as
exchanging two randomly chosen cards in arbitrary position)?

As a concrete application, here is a possible decryption method based on random permu-
tations. Suppose that we have a text which has been encoded using a substitution cypher
(a permutation of the 27 symbols A–Z and SPACE). We want to decode the text. For that,
we need to know the incidence matrix of the English language (the probability with which
two symbols typically follow each other; find one online or make your own by scanning a
suitably long text). We start with the given encoded text, and compare its incidence matrix
with the typical one. Now exchange all the occurrences of two randomly chosen symbols,
and run the same comparison. If the text has become “more typical”, accept this exchange
and continue with the new text. If the text has become less typical, accept the exchange
with some probability, and discard it otherwise. Does this method efficiently decode texts,
and if so in what time?



37 Races (analysis)

A motorcyle race course is set up as follows. The starting postion, marker, and finish position
form the verticies of a triangle. The cyclist starts at at rest and must race around the marker
before crossing the finish position. What is the optimal trajectory?

One model of the motor cycle is as a vector-valued function whose acceleration is bounded
in size by some fixed number.

There are many other courses, models, and side conditions you may consider.



38 Random walks on Z2 (probability)

Consider a random walk on the integer lattice in the plane. If a “particle” making a random
walk arrives at a lattice point p = (k1, k2) at the time t, then one of the four neighbors
(k1± 1, k2), (k1, k2± 1) of p is selected with equal probability 1

4
. The particle moves to that

neighbor at time t+ 1.

Let D be a region in the plane (a square or a half plane for example), and let B denote
its boundary. Let p be a point of D, and let b be a boundary point. We’ll denote by Pp(b)
the probability that a random walk starting at p exits at b, i.e., that b is the first boundary
point that is reached.

Many questions can be asked.

• What is the probability that a particle starting at p never reaches the boundary?

• What is the “exit time”, the expected time for a particle starting at p to reach the
boundary?

• How does the exit time depend on p?

• Holding p fixed, what is the function Pp(b)?

• If D is a square, what is the behavior of Pp(b) near the corners?

• Holding b fixed, Pp(b) becomes a function of p. What are the properties of this function?

• Finally, suppose that D is the half plane y ≥ 0. Consider the lattice spanned by the
vectors 1

2k
e1,

1
2k
e2. One obtains a continuous density function f on the x-axis by passing

to a limit. At a lattice point b = a
2n

,

f(b) = lim
k→∞

2kPp(b).

• What is this density function?

Investigate as many of these questions as you can, when D is the square 0 ≤ x, y ≤ n,
and the half plane 0 ≤ y. If time permits, make some other experiments.



39 A recurrence (dynamical systems)

We can define a sequence a0, a1, a2, ... recursively using a function F (x, y) of two variables.
To do this, we assign initial values a0, a1 and then use the recurrence relation

an+1 = F (an, an−1) (9)

Let’s assume that it is a rational function of the form F = P/Q, where P,Q are polynomials
in the two variables x, y. (What do you propose to do to handle the case Q(an, an−1) = 0?)

The recursive definition is periodic if, with indeterminate initial values a0 = x and a1 = y,
there is an integer n > 0 such that an = x and an+1 = y identically. The period of the
sequence is the smallest such integer n.

We can compute easily by hand when F is the function F (x, y) = x−1:

a0 = x , a1 = y , a2 = x−1 , a3 = y−1 , a4 = x , a5 = y (10)

The sequence is periodic, of period 4.

This project looks for other functions F that define periodic sequences. Begin your
investigation by studying the special cases

F (x, y) =
f(y)

x
(11)

where f is a polynomial or a rational function in one variable. For such a function, the
recurrence (9) becomes

an+1 =
f(an)

an−1

Some sample questions to get you started:

1. Are there rational functions f for which the recurrence relation (11) has period 2?

2. For what polynomials f does the recurrence relation (11) have period 4?

3. What can be said about other periods?

4. Is there some type of a function f that can be ruled out a priori– some property shows
that it can’t produce a periodic sequence?

5. Ditto for the general recurrence relation (9)?



40 Repeating decimals (number theory)

The decimal expansion of any rational number, like

1

11
= .09 09 09 09 . . .

1

13
= .076932 076932 076932 . . .

is always (eventually) repeating. The length of the repeating pattern is called the period of
the decimal expansion; the expansion of 1/11 has period 2, and the expansion of 1/13 has
period 6.

The problem is to understand this: to figure out exactly why the expansion must be
periodic; to make whatever general statement you can about how long the period can be;
and to predict how often long periods occur, and how often short periods. (For example, you
might write a computer program to calculate the period for the expansion of 1/k for each
integer k between 1 and 10000. Can you see any pattern?)



41 Self-referencing sequence (number theory)

The BMS sequence (short for buckle my shoe sequence) is an infinite sequence of 1’s and 2’s
such that the length of consecutive terms of the same kind (either 1 or 2) reproduces the
sequence.

It starts: 12211212212211 . . .

This has a block of length 1, followed by a block of length 2 (of 2’s), followed by another
block of length 2 (of 1’s), followed by a block of length 1, etc. These block lengths are
1 22 1 . . . and are supposed to reproduce the original word.

Here are some questions:

1. Show that this word is uniquely defined, if we started with 1. What if the first symbol
were 2?

2. Can one generate this sequence as a fixed point starting from a finite string? How fast
do the lengths of the finite words grow?

3. Can the BMS sequence be described as fixed point of some substitution rules? What
if we allow a generalized rules that replaces a block with another block, for example
11 7→ 2221.

4. (Unsolved) Is there a limiting density for the occurrence of 1 in the limit word? What
would such a density be?

5. Which patterns occur in the limit word? For example 222 never occurs. Obtain
restrictions on the allowed patterns.

6. What if one allows the symbols {1, 3} instead. Then one could get

1333111333131333...

or

333111333131...

What can one say in this case?

7. (More variations) How about using symbols {1, 4} etc.? Or allow {1, 2, 3} with the
rule being to use 1, 2, 3 in cyclic order, when a number changes.



42 Squares on a curve (geometry)

Take any curve in the plane R2 (either smooth or piecewise smooth). We are looking for
points a, b, c, d lying on the curve which form a square in the plane. For instance, if the curve
is an ellipse, there is one such square:

On the other hand, if the curve is an equilateral triangle, there are three squares, obtained
by rotating the following one:

What happens if I deform the triangle to a different one? Or the triangle into an ellipse?
What can one say about general curves (with less symmetry)?



43 A staircase model of erosion (probability)

The following is a simple model for erosion or similar processes. We consider staircases,
which are finite subsets T ⊂ N2 with the following property: if (i, j) ∈ T , then (i− 1, j) and
(i, j − 1) are also in T (unless they don’t belong to N2, of course).

Fix some size K, and build up a staircase of size K randomly by adding a block at a
time to its boundary (so that the staircase property is preserved). For K = 3, one gets an
“L” shaped staircase with probability 1/2, and an “I” or “–” shaped one with probability
1/4 each. Investigate the shape of random staircases.

There are many possible generalizations, changing the given geometric data and rules.



44 The shape of stones (analysis)

It is intuitively clear that the process of erosion of stones on a beach will smooth out sharp
corners. But more often than might be expected, one finds very symmetric stones resembling
ellipsoids. On the other hand, nearly spherical stones seem to be relatively rare. The project
is to model the process of erosion on a computer.

Try to model various processes mathematically, and implement the models on the com-
puter to see what they produce. It will be easiest to begin by modeling the two-dimensional
analogue.

Some examples of physical processes:

(a) the result of repeatedly dropping a rock with a random orientation onto a concrete
floor.

(b) the evaporation of a moth ball,

(c) your bar of soap in the shower.



45 Tossing a coin (probability)

The result of n tosses of a coin can be represented by a binary number in the interval [0, 1]
with n digits: the kth digit is 0 if the kth toss comes up tails and 1 if it comes up heads.
In binary expansion, .1 = 1

2
, and .011 = 3

8
stands for the result of three tosses coming

up tails, heads, heads. Similarly, an infinite series of tosses gives us a binary expansion of
any real number in the interval [0, 1]. The correspondence between infinite sequences and
real numbers is not quite bijective because there are some real numbers with two binary
expansions, for instance .01111 · · · = .10000 · · · .

Let y be the outcome of an infinite toss, and consider the function on [0, 1]:

P (x) = probability that y ≤ x.

Do not assume that the coin is fair. Instead, let the probability of heads be p, so that the
probability of tails is q = 1− p.

Express P (x/2) and P ((1 + x)/2) in terms of P (x). This determines P (x) at “dyadic”
numbers. These values can be used to create a plot of the function.

For most values of p, the function P is pathological, but it has many interesting properties.
Is it continuous? Is it differentiable? anywhere? The graph of P is a curve in the plane.
Does it have an arc length? Can you compute it?



46 Triangular matrices (algebra)

Let Tn be the collection of all lower-triangular matrices with ones along the diagonal and
with integer coefficients. Write a typical element of A ∈ Tn as

A =


1 0 0 . . .
a21 1 0 . . .
a31 a32 1 . . .
...


For 1 ≤ k ≤ n− 1 define operations rk : Tn → Tn as follows. Given A construct the matrix
B described by the following linear transformation (ei are the standard basis vectors in Rn):

ei → ei i 6= k, k + 1,

ek → ek+1,

ek+1 → ek − ak+1,kek+1

Then we set rk(A) = BtAB. This is again a lower triangular matrix of the kind considered
before. Call rk the k-th elementary transformation. It also has an inverse lk, lk(A

′) = A.
Try to find a convenient way to compute A′ from A, and vice versa.

The collection of transformations r1, . . . , rn−1 (and their inverses) satisfy some remarkable
identities. How many can you find? Can you find a generating set for all the relations? For
instance, if one takes n = 2 (so that there is only one transformation r1) then the square
r1 ◦ r1 does nothing. Generally, look at compositions of 2 or 3 transformations, then go from
there.

Are there numbers constructed from the entries of A, which are invariant under these
transformations?

As a concrete example, which of the following matrices Ak can be transformed into each
other:

Ak =

1
3 1
k 3 1





47 Zeros of polynomials in two variables (algebra)

In this project, we consider the geometry of zero sets p(x, y) = 0, where p is a polynomial of
some degree d. Here are two examples with d = 6:

p(x, y) = 1− (x2 + y2) + 0.2(x2 + y2)2 − 0.01(x2 + y2)3,

p(x, y) = (x− y)(x+ y)xy(x− 2y)(x+ 2y) + 0.001.

In each of these cases we can easily give a good picture for what the zero set looks like without
computation. The first is 3 nested circles. The second has six unbounded components. In
general, the zero set will be a finite (possibly empty) collection of curves in the plane. Some
of these curves will go off to infinity in one direction and then come back from the opposite
direction, as in the second example. It is convenient to consider this as part of the same
curve. In the second example the six curves become 3 un-nested circles. In general, what
can one say about the number of curves and the way in which they are nested?

This a partly theoretical and partly experimental question. For the latter part, it is useful
to have a good way of constructing examples of curves. You can get some simple ideas by
looking at how the two polynomials above were written down. A more elaborate way is to
scale the coefficients by powers of some small parameter ε, for instance

p(x, y) = −ε0 + ε0x+ ε0y − εxy + ε3y2 + ε3x2 − ε8x3 − ε8y3 + ε5xy2 + ε5x2y

If you choose to look at this approach, it may be easier to first consider only positive values
of (x, y), and to take exponential coordinates (x = eu, y = ev).



48 Springs (analysis)

Suppose you have an infinite string of masses and springs, alternating, linded up in a row.
For a start suppose that the masses are all m and the spring constants are all k. This gives a
family of infinitely many ODEs. Think about how to solve this system. In the simple spring
case, one looks for sinusoidal solutions, of the form A cos(ωt − φ) (which can be written
Re(Ceiωt) with C the “complex amplitude” C = Ae−iφ). Maybe something similar will work
here. As a side condition, assume that the amplitudes of the motion of the masses stays
bounded as you move off to infinity in either direction. The “spectrum” of this system is
the collection of frequencies ω occuring in solutions of this type.

There are many variations: suppose there are two masses, which alternate, for example;
or which vary periodically with longer period.

Can you use this system to understand the behavior of a long elastic string of periodically
varying density?

What happens if you introduce a “defect,” a mass different from all the others?
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