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In contrast, the details of the low-slope rocking behaviour disagree with the theory:
first, cylinders on shallow slopes roll erratically down the ramp, rocking back and
forth as they progress. Second, the speed is roughly steady and described well by a
linear fit over long times, as shown by the time series in figure 5. The inset in panel
(a) shows a detailed short path, and displays the unsteady, rocking progression of
the outer cylinder. Instead, theory predicts that the cylinders rock regularly whilst
progressively decelerating, with the aluminium arrangement stopping after a finite
distance (¢ ~1.14>1) and the steel one continuing to make (increasingly slow)
progress (¢ =0.98 < 1).

Observations through the Perspex wall of the outer cylinder show that the rocking
corresponds to irregular, differential motion of the two cylinders. In particular,
throughout the evolution the inner cylinder lies close to its lowest possible point, but
is dragged slightly up the rear side of the outer cylinder. The rocking corresponds to
irregular sliding and rolling of the inner cylinder over the lower surface of the outer
one. Again, no such motion is predicted theoretically.

The key problem is that the model predicts that a slow rolling of the snail cylinder
cannot suspend the inner cylinder inside the fluid; the gap must continually thin,
leading to the deceleration of the device. In reality, the cylinders continue to make
roughly steady progress, suggesting that the gap never closes. One possible explanation
is offered by the roughness of the cylinder surfaces: asperities could, in principle,
prevent full contact of the cylinders and maintain a minimum gap through which
fluid continues to flow. The cylinders then become free to roll steadily at a rate given
by the roughness of the surfaces. A similar argument was put forward by Smart,
Beimfohr & Leighton (1993) for the motion of a sphere down an inclined plane.

5. Dynamics with a rough contact

When asperities on the surfaces of the two cylinders touch, a contact force must be
included in the equations of motion. This contact force contains a normal reaction,
%. (directed along the line of centres), that holds the cylinders apart, and a tangential
frictional component, €,, that acts to equalize the two rotation speeds. The cylinders
are thereby prevented from moving closer than a certain critical distance, k <«. <1,
allowing fluid flow through the gap to generate finite viscous forces and torques; .,
parameterizes the roughness scale.

As described more fully in Appendix C, the reduced model can be modified to
include the leading-order effects of the contact forces. The main casualties are the
radial equation of motion (2.11a) and the torque balance (2.11c), which become

_ A=) if k< k.
cos¢p = {(ge if k= e, (5.1)
and
(1 —k2)(2p — @) — (1 4+ 262) (22 — ) 172, if K < K.
=<2 , (5.2)
3(2 4 k2)/1 — &2 Y. +%, if k=«

respectively, where (4., ) denotes the (suitably non-dimensionalized) contact force.
The angular equation of motion (2.116) remains unchanged because the frictional
contact force first enters when it becomes comparable to the viscous torque, which
is order 8/a smaller than the lubrication pressure force, f,. Moreover, total angular
momentum balance (2.11d) is not affected by either of the contact forces.
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Assuming the standard model of friction, the two components of the contact force
are related by

€| < |%c|tany, (5.3)

where ¥ is a friction angle. There are two options contained in (5.3): either the normal
force is sufficiently strong to lock the cylinder surfaces together, or the surfaces are
held together more weakly and slide over one another with |, |=|%.|tany. Given
that £2, = £2, when the cylinders are locked together (for a narrow gap with a ~b),
we find from (2.11b) and (5.2) that

25+ (1 —2p)k.sing
2(1+2p)

@, = (5.4)

Thus, locking results when

25 + (1 —2u)ks sing
21 +2p)

< |cos¢| tan . (5.5)

To solve the modified system as an initial-value problem, we evolve the system
from a state in which the inner cylinder is suspended in the fluid (k(0) <«.) up to a
‘collision time’, t =t., at which the surfaces touch and «(t.) =«.. Beyond that instant,
we set . = —cos¢ to continue the solution, monitoring whether or not the traction
between the cylinders is sufficient to overcome friction and force the surfaces to
slide over one another. Should (5.5) be satisfied, we set £2, = 2, and solve (2.11b, d)
with (5.2) relegated to a diagnostic equation for %, (the system then reduces to
the equation for a dissipative, pushed pendulum). If (5.5) is violated, on the other
hand, the cylinders maintain a sliding contact; we solve (2.11b,d) and (5.2), with
%, = cos¢ tan ¥ sgn(§2, — §2,) (the choice of sign ensures that the friction drags the
rotation rates together).

We illustrate the behaviour in figure 7. For the example shown, the ultimate state
of the system is a steadily rolling solution in which the cylinders are in sliding
contact. A case in which the final rolling solution has the cylinders locked together
by friction is shown in figure 8. Note that the computation switches abruptly between
the different versions of the model equations. In particular, when the cylinders first
come into contact, if friction is sufficient to lock the cylinders together, then §2, must
jump discontinuously at the moment of contact. This can be rationalized physically
in terms of an instantaneous impulse that affects the inner cylinder. In principle, at
collision, there should also be an equal and opposite impulse acting on the outer
cylinder. However, that cylinder is also resting on its contact point with the inclined
plane, and the model effectively assumes that any impulse from the collision of the
two cylinders is taken up by the other contact.

The addition of a rough contact therefore allows the cylinder arrangement to
approach a steady rolling solution. In reality, the minimum gap size, ., is unlikely
to be uniform over the surfaces of the cylinders, and more probably would be a
complicated function of the orientations of both. A simple way to extend the model
to incorporate such an effect is to add slight stochastic variations in k.. Solutions
would then converge to irregularly rolling states in which the system is randomly
kicked from equilibrium and then rocks slowly back, with obvious similarities to the
observations. In principle, the unsteadiness offers insight into the variations of «..
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FIGURE 7. Sample rocking solution for = =1 and s=1/4, with « limited to the range
(0, k. =0.98), and v =0.05. Panels (a—d) are as for figure 2, except that the unlimited
sedimenting solution is also shown by the dotted lines.

3.0

251 ' ; ! < contact Q1

Time, ¢

FIGURE 8. Sample solution for = =1 and s =1/4, with «. =0.98 and three values of
(0.5, 0.05 and 0; the curves are offset of clarity). The vertical dashed line shows the moment
of contact.

The fixed point to which the solution converges is given by

K«SINQ = —s, (5.6)
K+(£22 + $2p)

(2 + k2)(1 — k)12’ (5.7)

cos¢ = —%., (5.8)

sing = —
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FIGURE 9. Scaled, steady rotation rates, §2,/(3¢+) and §2,,/(3¢+), for ¢ =0.15 rad.

(1—k2)2 — (14 2cH)2.
324 k2)\/T—«? *

The condition (5.5) for locking now reduces to s <24/1 — s2/k? tan ¢, implying

V1 — k2. (5.10)

(5.9)

Q= 2= 75

Otherwise,
S( 1— K2)3/2

2
27—3\/1—/(3 cos ¢ tan , 2p = s(2+/< )\/ —2,. (5.11)
K?

When the minimum gap is relatively narrow, and ¢. = /1 — k2 < 1, we may write
both solutions in the compact form,

J1 =52
s

Q. =

Qa = 3;*5’ Min (é, tan V/> s Qb = 3§*s Max (;’ 1—

~1s—s2 tantﬁ).

(5.12)
The steady rolling speeds predicted by these formulae are illustrated in figure 9.

6. Comparison of theory and experiment
6.1. Outer cylinder speeds
In dimensional terms, the limiting cylinder speed with rough contact is expected to

be
. 1 V1 —s?
V=V.xsina X Max | 3,1— tanyr | . (6.1)

N

Equation (6.1) divides the speed into three factors: a velocity scale,

bMég

V* ==
"’
4vm!]

(6.2)

the main dependence on slope, sinw, and a final factor dependent on the surface
properties. On the smaller slopes, (6.1) reduces to V =(V.¢./2)sina.
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FiGURE 10. The average speeds fitted to the experiments. (a) The raw data, plotted against
slope, with the different symbols corresponding to different viscosities, and inner cylinders.
In (b) we scale the speeds by the factor V. in (6.2), and add errorbars based on the
variations between several experiments. The two lines show theoretical predictions assuming
V/V.=(¢/2)sina with ¢.=0.1 and 0.2. The data shown by circles indicate measurements
taken for 500cs oil in which a large number of small bubbles are entrained in the fluid and
migrate into the narrowest part of the gap between the cylinders.

Average speeds of the outer cylinder in the experiments are shown in figure 10.
These averages are obtained either by linear fits to the recorded position, or by taking
the mean of the time required to roll 25cm during several different experiments. As
illustrated in figure 10(b), a scaling of the speeds by the velocity scale, V., compresses
the data close to a single curve that depends slightly on the inner cylinder material.

Also drawn in figure 10 are the lines V/V. =(¢./2) sinw, with ¢. =0.2 and 0.4. The
comparison with the experimental data suggests that ¢. ~0.2. In turn, because

g*z\/W=\/1—(1—bia)2,

where o is the minimum gap width, this implies a maximum roughness scale of o ~ 50
microns. This estimate is consistent with images taken of the surface of the cylinders
with a microscope which revealed roughness of that order.

To explore further the dependence of cylinder speed on surface roughness, we
conducted more experiments in which the steel cylinder was first covered with differing
grades of sandpaper (more specifically, we used 50, 80 120, 150 and 220 ‘grit’, American
CAMI standard). The roughened cylinder speeds are compared to those of the original,
smooth cylinder in figure 11, and are faster by an amount depending on the grade
of sandpaper, confirming the dependence on the scale of roughness. As shown in
figure 11(b), the data can be collapsed further when we scale by a roughness factor,
s, given by the values for o listed in table 3 (speed data for the smooth cylinder
also collapse onto that of the roughened cylinders if we adopt a roughness scale of
50 microns). In the inset of the picture, the estimated roughness scale, o, is plotted
against the mean particle size of the sandpaper, as given by the the American CAMI
standard. The roughness scale is about four times the mean particle size in each of the
five cases used. We conclude that rough contact provides a plausible rationalization of

(6.3)
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FiGure 11. Cylinder speeds with sandpaper-coated inner cylinders. (a) Average speeds of the
outer cylinder scaled by V. against slope for the steel inner cylinder and 500 cS silicone oil.
The stars indicate the speeds with the usual, smooth cylinder. In (b), a further scaling of ¢./2
is used to collapse the data. The values of ¢. are calculated using the roughness scales, o, listed
in table 3. The inset plots the inferred o-values against the mean particle size of the sandpaper
(according to the American CAMI standard).

Grade 220 150 120 80 50 Smooth

Inferred (mm) 0.3 04 0.5 1 1.6 0.05
Expected (mm) 0.07 0.09 0.12 0.2 0.36

TaBLE 3. Roughness scales for the various grades of sandpaper (as given by the ‘grit’ value
listed). The ‘inferred’ value indicates the number used to collapse the data in figure 11; the
‘expected’ value is the number quoted by the American CAMI standard and refers to average
particle size.

the experimental results, although the comparison cannot be used to test the theory
without knowing further details of the sandpaper particle distribution.

Note that the data begin at increasingly large inclination angles as the roughness
of the sandpaper increases. This is because the object could come to a halt on the
runway if the slope was too small, which is consistent with the notion that when
contact occurs between the cylinders, any roughness in the surfaces can allow inclined
points of equilibrium.

It was also very difficult to avoid entraining small air bubbles into the silicone
oil when filling the apparatus. In the lower viscosity fluids, the bubbles appeared to
collect and merge into one or two bigger bubbles that rose to the top of the fluid and
stayed there whilst the cylinders rolled down the runway (as is visible in figure 4).
In these cases, we did not observe any smaller bubbles collecting in the low-pressure
regions occurring near the line of closest approach of the cylinders. However, with
the higher viscosity (500 cS) oil, the action of filling and even rapid rolling appeared
to create many small bubbles that took several hours to coalesce. When the cylinders
were rolled down the runway with such ‘bubbly’ oil, we noted a systematic increase
of speed of up to 20 %, especially for higher slopes (see figure 10). In these cases, the
small bubbles were clearly migrating into the narrowest part of the fluid-filled gap.
Thus, the presence of bubbles can affect the rolling speed just as cavitation affects the
dynamics of the journal bearing (see Pinkus & Sternlicht 1961) and spheres rotating
adjacent to walls (see Prokunin 2004, Seddon & Mullin 2006 and Yang et al. 2006).
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FIGURE 12. Average speeds of the two cylinders, (V,) =a($2,) (stars) and (V,) =b(£2,) (dots),
against slope for the steel inner cylinder and (a) 500 centiStoke and (b) 60 centiStoke oil.

6.2. Inner cylinder speeds

The observed rolling speeds in figures 10 and 11 noticeably steepen with increasing
slope. The theoretical rationalization of this behaviour is that the cylinders are locked
into the same rotation rate on shallow slopes due to the friction of contact. As the
slope is increased, however, the cylinders begin sliding over one another, and the outer
cylinder then rolls faster down the incline, whilst the inner one rotates less quickly.

To look for an analogous behaviour in the experiments, we measured the rotation
of the inner cylinder by tracking surface markers. Figure 12 shows the results, plotting
the average speeds, (V,) =b(82,) and (V,) =a(£2,), against the runway slope (where
the angular brackets signify averages over 1 m). As predicted, the cylinder speeds are
closely matched on shallow slopes, and the two cylinders roll over one another like
the cogs of a gear; on steeper slopes, the rotation speeds diverge from one another,
with the inner cylinder rotating less rapidly.

Although the measurements in figure 12 agree qualitatively with theory, there are
some differences in the details. Theory, for example, predicts that the cylinders should
be perfectly locked for low slope, and that sliding should set in suddenly at a critical
inclination given by

S

21 =52
In contrast, the experimental data show no such abrupt change in behaviour, and the
low-slope rotation speeds do not match perfectly. However, given that the minimum
gap is not likely to be the same all the way around the cylinder surfaces, it is unlikely
that the cylinders could ever become perfectly locked, and a more gradual transition
would then result. The data suggest a transition on slopes of about 3°, which offers
an estimate of the friction angle for the sliding of the cylindrical surfaces over one
another in oil. One other notable point of disagreement is that, in the theory, the
rotation rate of the inner cylinder decreases once sliding sets in; the observations
show no such tendency.

tany = (6.4)

7. Discussion

Our goal in this work has been to develop a theoretical model of the snail cylinder
and compare it with experiments. Provided the model includes a mechanism that
limits the closing of the gap between the two cylinders, it is possible to rationalize the
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observed phenomenology of the device and quantitatively reproduce the dependence
of the rolling speed and style on the various physical parameters. Here, we have
focused on a rough contact between the cylinders as the required mechanism. However,
inertia and cavitation provide two other possibilities.

Inertia breaks the symmetry of the Stokes pressure distribution and can levitate
suspended objects. For the problem at hand, inertial lift is surely negligible for the
slowest, most viscous configurations in which the inner cylinder sits almost at its
lowest point and the gap is at its thinnest (the Reynolds number for flow of 500 cS oil
through a gap of order tens of microns at speeds of mms~' is 10~ or less). Even for
the least viscous, fastest configurations, the Reynolds number barely surpasses unity
when the gap is at its widest. Overall, the Stokes approximation appears to offer a
reliable simplification of the dynamics.

Cavitation is conventionally thought to be important in the journal bearing
(Pinkus & Sternlicht 1961), and has been demonstrated to be crucial in the dynamics
of spheres rolling adjacent to walls (Prokunin 2004; Ashmore, del Pino & Mullin
2005; Yang et al. 2006). Indeed, our experiments indicate that the presence of bubbles
does influence the rolling speed: in several runs with the more viscous oils, small
bubbles accumulated near the narrowest part of the fluid gap. The rolling speed was
then noticeably faster than in cases for which no such line of bubbles was discernible
in the gap. However, the change in rolling speed was not extreme (amounting to
less than about 20 %), and bubbles did not migrate into the gap in the less viscous
cases. Furthermore, simple modifications of the model that accounted for bubbles
or cavitation by truncating the pressure distribution when it approached too low a
value (a trick used for the journal bearing; see also Ashmore et al. 2005) were unable
to provide sufficient lift to counter gravity (Vener 2006) and allow steady rolling.
Although neither argument is conclusive, we feel that the most plausible explanation
of constant speed rolling is rough contact.

Finally, we comment on the relevance of our results to the snailball magic trick.
Although the phenomenology of the rolling dynamics of the two configurations is
observed to be similar, sedimenting cylinders and spheres show important differences
as contact is approached (Goldman et al. 1967; Jeffrey & Onishi 1981). It is
conceivable that this may have ramifications for the rolling dynamics of the two
configurations. We leave this issue open for future work.

This work was supported by the National Science Foundation under the
Collaborations in Mathematical Geosciences initiative (grant numbers ATM0222109
and ATMO0222104). J.B. gratefully acknowledges the support of a National Science
Foundation Career Grant (CTS-0130465). We thank Keith Bradley of the Coastal
Research Laboratory, Woods Hole Oceanographic Institution, for assistance in
building the snail cylinder.

Appendix A. Derivation of the equations of motion
A.1. Geometry

The geometry is shown in figure 1. We use a Cartesian coordinate system attached
to a plane which is inclined at an angle o to the horizontal; the unit vector ¢ points
down the slope and the unit normal k is perpendicular to the plane. The unit vector
J is into the page in figure 1, and clockwise rotations are positive. The position vector
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is X = Xi+ Zk and the gravitational acceleration is —g, where
g =—g(sinai—cosak). (A1)

In this (X, Z)-coordinate system, the two cylinders have centres at the positions
X.=X,l + Z,k and X, = X,l + Zpk, respectively. The requirement that the outer
cylinder rolls without slipping down the plane dictates that

Xp = b2y, Z, =b. (A2)
Geometry implies that the centre of the inner cylinder is given by
X.=X, +e, € = e(sin x © + cos x k). (A3)

Thus the distance between the centres A and B is denoted by e(z), and x(¢) is the
angle between the line of centres and the Z-axis. We denote the angle between the
line of centres and the direction of gravity by ¢(t) =« + x(¢).

The centre of mass of the fluid is

Xi=m! /deAf, (A4)

where the integral is over A¢(¢), the moving domain of the fluid. Geometric
considerations show that

mef =meb—m;€. (AS)
With the relations above, one finds that the centre of mass of the whole apparatus,
MXC =maXa —l—mbXb —erfo, is at

MXC=MXb+m/ae. (A6)

The relations above express X ,, X; and X, in terms of our main independent variables
X, and e.

A.2. Motion of the cylinders
In our inertial, (X, Z)-frame, the equations of motion of the two cylinders are

maXazFa_mag’ (A7)

mbXb=Fb—mbg+E. (Ag)
F, and Fy denote the forces that the fluid exerts on the two cylinders; E is the exter-
nal force exerted on cylinder B at the point of contact (C in figure 1) with the plane.
E consists of the friction force Ey, acting along the plane, that prevents the outer
cylinder from freely sliding downhill, and the normal reaction, Ez, required to hold
the cylinder on the plane: E = Exi+ E k.
The rotations of the two cylinders satisfy the angular equations of motion,

Imaa®2, = T, (A9)

myb*$2y = Ty, — bEy. (A 10)
Here T, and T, denote the clockwise torques about the cylinder centres, A and B,
exerted by the fluid. The term —bEy on the right of (A 10) is the torque about the
centre B exerted by the force E. Above we have assumed that the inner cylinder is
a uniform solid so that the moment of inertia is m,a®/2, and that B is a cylindrical
shell with moment of inertia myb?.
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A.3. Motion of the fluid
The fluid has velocity, U(X, Z,t), and pressure, P(X, Z,t). The Navier-Stokes
equations are
p(U, +U-VU) = —VP + pvV?U — pg, V-U=0, (A11)

with V = (ax, 82)
The force per unit area exerted on the fluid at a boundary with outward normal #
is &, where

Si =—Pni+ pv(U;; +Uji)n;. (A12)

Integration of (A 11) over the domain A;(¢) occupied by the fluid provides a differential
equation for the centre of mass of the fluid:

miX;=—F,— Fo—mg. (A13)

In (A7), (A8) and (A 13) we calculate the forces as
F,=-L %gdeu, (A14)

where d{, is the line element at the surface of cylinder A, with a similar expression
for F,.

To obtain the angular momentum balance for the fluid, we take the cross-product
of (A 11) with X and integrate:

d
pLg XXUdAfZ—(T5+Tb)f—XaXFa—XbXFb—mefXg, (AIS)
where the torques
Tajz—L]{(X—Xa)xgdﬂa and Tbj=—L%(X—Xb)x§d£b, (A 16)

are defined about the cylinder centres A and B, just as in (A 9) and (A 10).
Summing (A7), (A8) and (A 13) we obtain the total momentum equation of the
apparatus,
MX.,=E—Mg. (A17)
The total angular momentum equation, obtained by combining (A7), (A 8), (A9),
(A 10) and (A 15), is

d : .
o (maXa X Xa+mpXox Xy + imaa’ 2.7 + mub> 2o + pL /Xx UdAf>

:—MXCXg—XbEzj. (AIS)

The right-hand side consists of the total gravitational torque, and the moment of the
external force, E, about the origin of the (X, Z)-coordinate system.

A.4. The frame of reference of the fluid

To complete the equations formulated above, we must calculate the fluid forces, F,
and Fy, and torques, T, and T,. To this end, we implement the Stokes approximation
in the frame of reference in which the centre of mass of the fluid remains at rest. We
move to that fluid frame with the transformation

x=X—X:(1), u(x,t)=UX,t)— X(1). (A 19)
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Introducing
p=P+plg+X)x. (A20)
we recast the Navier—Stokes equations as
o(u, +u-Vu) = —Vp + pvVu, (A21)

where above V = (9,, 9,). By analogy with (A 12) we introduce
fi = —pni + pv(u;; +ujiny, (A22)

so that F=f+[o(g + X:)-x] .
In terms of p and u the total hydrodynamic forces in (A 14) are

Fo=f+myg+X) and  Fy,=—f—(m+mj)g+X), (A23)
where

f=-L ffdﬁa. (A 24)

A key intermediate identity used to obtain (A 23) and (A 24) from the expression for

F,in (A14)is
y{xin_i de = /dA 8,] (A 25)

In (A 24) we have defined f by integrating round the surface of cylinder A. Evaluating
the integral at the surface of cylinder B gives — f, which is a consequence of working
in the frame defined by X;, so that f udA; =0 at all times.

The torque, T,, defined in (A 16), can be written in terms of p and u as

TJ:—Lf(x—xa)xfdea, (A 26)

where x, = (1 4m,"/m¢)e is the position of the centre of cylinder A in the fluid frame.
The torque, T, is provided by a — b in (A 26). An intermediate identity used to obtain
(A 26) from the expression for T, in (A 16) is

Sijk ijnkxm de = 8,‘]‘," /Xj dA. (A 27)

A.5. Motion of the inner centre relative to the outer centre: the € equation

We rewrite the equation of motion of the inner cylinder, (A7), in terms of €, f and
2y, and use (A 23) to replace F, by f. With (A 3) and (A 5) we then arrive at

7”2
<ma +Xa ) ¢=f—m.g —mbi. (A 28)
n
It is convenient to represent the hydrodynamic force as

f=J€+ fiX. (A29)

fe and f, denote the components of the hydrodynamic force on the inner cylinder. The
unit vector € =€/|e| is directed from B to A (increasing €); X = j x € is perpendicular
to € and orientated in the direction of increasing y. If we now resolve the equation
of motion of the inner cylinder (A 28) in terms of these polar variables centred on B,
we obtain the two equations of motion (2.1)—(2.2) quoted in §2.

With (A9), (2.1) and (2.2) we have three equations involving [x, €, £2,, §2p]. To
obtain a fourth equation relating these variables we turn to the total angular
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momentum equation (A 18). We make our first approximation by neglecting the
intrinsic angular momentum of the fluid, f U x X dA;, and we evaluate all the
remaining angular momenta and torques in terms of [y, €, §2,, £2p]. This gives equation
(2.4) of §2.

Appendix B. Lubrication analysis

For lubrication theory, it is convenient to move into a coordinate system in which
the centres of the cylinders are not moving, and position a polar coordinate system,
(r,0), at the inner cylinder (i.e. on point A in figure 1). The angle 6 is measured
positive in the clockwise direction with 6 =0 running along the line of centres, BAO,
and passing through the narrowest point of the gap. Then the gap width A(9) is
approximately

h(6) =6 —ecosH, (B1)
where § =b —a < a. We then use a ‘gap coordinate’, 0 <z < h(f), defined by r =a+z
so that (z,0)=(0, 0) is the point O in figure 1.

To leading order in §/a, the lubrication equations take the form

1
oV, = a_]pg, p. =0, ;ue +w, =0. (B2)

These must be solved subject to the velocity boundary conditions on the cylinders.
In our new frame of reference, the fluid flow is dictated by the motions of the two
cylinders. Those motions can be divided into a rotational part generated by the two
rotations, £2,—¢ and 2, —¢, and a ‘squeeze flow’ in which the cylinders move towards
each other with a speed ¢, squeezing out the fluid from the narrowest part of the
gap. To ease the construction of the fluid forces and torques, we split the lubrication
problem into these two parts and construct the full solution via linear superposition.

B.1. The rotational flow, u®(z, 9)
To leading order, the boundary conditions are

uR(Ov 9) = a(Qa - (P)’ wR(07 9) = 07 (B 3)
ul(h,0) = a(2, — ), wR(h, 0) = 0. (B4)
The solution is
R
R —(1_% —é+ L —d P _
uR(z,0) = (1 h) a(2a = §) + (@~ §) = 510 2(h—2) (B5)
An integral of the continuity equation in z then provides the condition
h h . h3 R
q=/”R<z,9)dz=“(szb+sza—2¢>— o (B6)
0 2 12apv
Moreover, since ¢ pif do =0,
1 —x2
q = ad(§2y + 22 — 2¢) (B7)

2+ k2’
with k =¢/45. The result (B7) is obtained using the integrals

j{ de _2n 7{ de _ 27 (BS)
l—kcos® J1—r2 (1—kcosf)? (1 —«k2)2
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do (2 +«?)
p—vg . B
f{ (1—rxcos8) _ (1—K2)p~ (B9)
Returning to (B 6), and eliminating ¢ with (B 7), we obtain
12a ,ov 1 —«?
Py (0) = —5—(2a + 2o — 2) [ <2+,<2) 5] . (B10)

B.2. The squeeze flow, uS(z, 0)
The boundary condition are

u%(0,0) = w®(0,0) =0, and uS(h,0) = ésinf, wS(h,0) = —¢écosb,

(B11)
from which it follows that
S 6 2 )
us(z,0) = Lesing — p9 z2(h —z) and pS(0) = 4 pve (B12)
h 2apv eh?
B.3. Forces and torques
Because the hydrodynamic force is dominated by the lubrication pressure,
Fa=—apr(9)(écos@+f(sin9)d0Efeé—i—fxf(. (B13)

Owing to the specific symmetries of the induced pressures, we observe that

f. = —aL]{pS(G)cosedO, fr = —aprR(e)sinede, (B 14)

which can be evaluated to give the formulae (2.5)—(2.6). Symmetry also demands that
the torque on the inner cylinder is provided solely by the rotational fluid motion. In
particular,

T.=a’pLv fug‘(o, 6)do, (B15)
which again leads to the formula (2.7).

Appendix C. Adding a rough contact

Frictional contact between the two cylinders demands the inclusion of a contact
force, C, acting on cylinder A, and —C on cylinder B. The equations of motion
become .

maXazFa—mag—{—C, mbXb Fb—mbg—}—E C}
Imaa®$2, = T, +aC,, mpb*$2y =T, +bEx — bCy,
where C=C.é+C,.

Depending on the normal reaction, C,, the cylinder surfaces become either locked
together by the force of friction, Cy, or slide over one another when that force
is less than the imposed traction. Let ¥ denote the effective angle of friction that
characterizes the contact between the two cylinders when they are immersed in oil.
Then, the surfaces do not slide over one another when

|Cy| < |Cc|tan v, implying b$2, = af2,.
On the other hand, frictional sliding results when we violate this constraint, and then
C, = |Cc|tan " sgn(b$2, —as2,)

(assuming that the coefficents of sliding and static friction are equal).

(C1)
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As before, we make the thin-gap approximation, § < a, in conjunction with
lubrication theory for the fluid. A key detail of the latter is that the fluid forces,
fe and f,, are order a/§ larger than the torques, T, and T, (normal stresses dominate
shear stresses in lubrication theory). Consequently, it is evident from (C 1) that the
friction force, C,, has its main effect in the equation for £2,. On the other hand,
the normal reaction, C,, is crucial in balancing the force that pushes the cylinders
together. This guides us to take tanx/Af ~é/a (implying further that C, ~(8/a)C;) to
supplement the scalings in the reduction scheme of §4.1. Thus, we arrive at the system
quoted in §5, where

C. §C a A
Ce=———, €, = —=, tanxﬁ:gtanw. (C2)
amy,g my8
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