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FiGure 19. A schematic illustration of a double Ekman layer. Arrows in the boundary layers
denote the directions of net boundary layer flux for the case of v(r) > #(r).

fluid—fluid interface assumes the form of a curved double Ekman layer (illustrated in
figure 19). The geostrophic swirling flows above and below the interface, respectively
v(r) and &(r), are disrupted by viscous effects in the neighbourhood of the interface.
Matching tangential velocities and stresses at the interface and applying the appropriate
far-field boundary conditions yields a solution for the boundary layer flows which
correspond to modified Ekman spirals. The interface has a swirling velocity v,,,(r)
whose magnitude is between ¢(r) and 4(r):

o) = T 520+ T4 50, B3

where 8 = (6/p)($/v)"/? is the viscosity ratio parameter characterizing the two fluids.
The detailed solution indicates that, while the interface has a swirling component to its
motion, there is no meridional motion along the interface. This feature reflects that the
Ekman boundary layer flows are driven by pressure gradients of opposite sense above
and below the interface. Tangential gradients in the tangential boundary layer fluxes
necessitate weak vertical fluxes into or out of the boundary layer of magnitude

Py P E"d _3 am
W) =00) = 1 G RO =) LS. B4
This result is valid only for smoothly varying functions f{r), and breaks down if the
variations of the interface occur over lengthscales comparable to the boundary layer
thickness, or if the interface becomes vertical.

Appendix C. Surface-stress-driven motions in a Stokes sphere

We derive herein the form of the flow induced within a spherical fluid drop by
axisymmetric tangential stresses 7,,(6) and 7,4(6) applied at its surface, when the drop
dynamics may be described with Stokes equations. We express the axisymmetric
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internal flow in spherical coordinates (7, §) in terms of poloidal and toroidal scalar
functions (e.g. Backus 1986), respectively T(F, #) and P(F, 6):

o _ o ( £*P 109(0P\d
a7, 0) =V /\AP(r,¢9)+AT(r,0)—( e (r@),éj,
where the vector operator 4 =+ A V and £ ? = —(1/sin 6) (0/06) (sin 60/00).
Substituting into Stokes equations (7) yields
AVAP+V AAVET = 0. (C2)

The radial component of (C 2) indicates that the toroidal scalar function T is
harmonic, and the radial component of its curl that the poloidal scalar function P is
biharmonic:

(ChH

V:T=0, VAP=0. (C3)

The toroidal and poloidal scalars may thus be expanded in terms of Legendre
polynomials of order /:

T, 60) = 3 (A, 7+ ;f—i—g) P(cos 0), (C4)
1=0
_ < - Dl Z+2 E
P(r,6) = ZE C,F +—#+1+Elr 4—#_l P(cos 6), (C9)
=0

where A4, to F are constants. Application of the appropriate boundary conditions (4
finite at » = 0, u, = 0 at 7 = 1, and the surface stress conditions) yields the form of the
internal flow given in equations (47)—(51).
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