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FIGURE 18. Results of a perturbation analysis of a nearly spherical bubble rising along the length of 
a Taylor column bounded above and below by rigid horizontal boundaries. (a) The first effects of 
rotation on a bubble when Q is set to zero, and C decreases through the range (0, -0.1, -0.2, -0.4). 
(6) The first effects of geostrophic and hydrostatic pressures for C = 0 when Q increases through the 
range (0, 0.2, 0.5, 1.0). 

lower surface ( x / 2  < 8 < x): 

$6) = i + ~ ~ ~ - ~ ~ ~ ~ ~ ~ + ~ ~ ~ ~ ~ ~ i ~ g ~ i - ~ ~ ~  ~ ) - + S V ) +  .... (A 11) 

As illustrated in figure 18, the first effect of rotation (finite c> is once again to distort 
the bubble into a prolate ellipsoid. The first effect of the combined hydrostatic and 
geostrophic pressures (finite 9) is to break the bubble’s fore-aft symmetry through 
distorting it into a bullet shape. 

Appendix B. Ekman compatibility conditions : a review 
When an O(1) geostrophic swirling flow u(r) is disrupted from below by a rigid 

axisymmetric boundary with a shape prescribed by z = f l y ) ,  radial gradients in the 
radial Ekman layer flux necessitate a weak O(E:12) vertical flow into or out of the 
boundary layer of magnitude 

EiI2 d 
2r dr 

w(r) = -- (ru(r) [ 1 +f’2]i/4), 

where f’ = df/dr and all variables are dimensionless. In $3, Ekman compatibility 
conditions are required at rigid (c = 1) and stress-free (c = 0) horizontal boundaries 
(f’ = 0). In this case, (B 1) reduces to the form 

E;I2 d 
w(r) = c--(ru(r)). 

2r dr 

A stress-free surface (c = 0) does not disrupt the overlying swirling flow; consequently, 
no Ekman layer need exist at the boundary, and no Ekman pumping or suction is 
generated by the presence of the boundary. 

When geostrophic swirling motions occur in immiscible fluids adjoined by an 
axisymmetric interface with a shape prescribed by z =AT), the boundary layer at the 
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FIGURE 19. A schematic illustration of a double Ekman layer. Arrows in the boundary layers 
denote the directions of net boundary layer flux for the case of u(r)  > e(r).  

fluid-fluid interface assumes the form of a curved double Ekman layer (illustrated in 
figure 19). The geostrophic swirling flows above and below the interface, respectively 
u(r) and 6(r), are disrupted by viscous effects in the neighbourhood of the interface. 
Matching tangential velocities and stresses at the interface and applying the appropriate 
far-field boundary conditions yields a solution for the boundary layer flows which 
correspond to modified Ekman spirals. The interface has a swirling velocity uint(r) 
whose magnitude is between u(r) and S(r): 

where p = @ / P ) ( ; / V ) ' / ~  is the viscosity ratio parameter characterizing the two fluids. 
The detailed solution indicates that, while the interface has a swirling component to its 
motion, there is no meridional motion along the interface. This feature reflects that the 
Ekman boundary layer flows are driven by pressure gradients of opposite sense above 
and below the interface. Tangential gradients in the tangential boundary layer fluxes 
necessitate weak vertical fluxes into or out of the boundary layer of magnitude 

This result is valid only for smoothly varying functionsflr), and breaks down if the 
variations of the interface occur over lengthscales comparable to the boundary layer 
thickness, or if the interface becomes vertical. 

Appendix C. Surface-stress-driven motions in a Stokes sphere 
We derive herein the form of the flow induced within a spherical fluid drop by 

axisymmetric tangential stresses 7,&0) and 7,&0) applied at its surface, when the drop 
dynamics may be described with Stokes equations. We express the axisymmetric 
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internal flow in spherical coordinates (r,0) in terms of poloidal and toroidal scalar 
functions (e.g. Backus 1986), respectively T(r, 0) and P(r, 0) : 

where the vector operator A = r A V and 2’ = -(l/sin O)(a/aO)(sin Oa/a0). 
Substituting into Stokes equations (7) yields 

AV4P+V A A V 2 T = 0 .  (C 2) 

The radial component of (C2) indicates that the toroidal scalar function T is 
harmonic, and the radial component of its curl that the poloidal scalar function P is 
biharmonic : 

The toroidal and poloidal scalars may thus be expanded in terms of Legendre 
polynomials of order 1: 

V ~ T = O ,  V ~ P = O .  (C 3) 

where A ,  to 4 are constants. Application of the appropriate boundary conditions (ri  
finite at r = 0, u, = 0 at r = 1, and the surface stress conditions) yields the form of the 
internal flow given in equations (47E(51). 
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