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Symplectic manifolds

A symplecticstructureon a smooth manifoldis a 2-form!
such that d! = 0 and! ^ ¢¢¢^ ! is a volumeform.

Example:R2n, ! 0 =
P

dxi ^ dyi .

(Darboux: every symplecticmanifoldis locally ' (R2n; ! 0),
i.e. thereareno local invariants).

Example:Riemannsurfaces(§ ; vol§ ) aresymplectic.
Example:Every KÄahlermanifoldis symplectic.

(includesall complexprojective manifolds)

but the symplecticcategoryis much larger.
(Gompf1994:8G ¯nitely presentedgroup,9(X 4; ! ) compact
symplecticsuch that ¼1(X ) = G).

Symplecticmanifoldsarenot alwayscomplex,but they are
almost-complex, i.e. thereexistsJ 2 End(TX ) such that

J 2 = ¡ Id; g(u; v) := ! (u; Jv) Riemannianmetric.

At any givenpoint (X ; ! ; J ) lookslike (Cn; ! 0; i ), but J is
not integrable(r J 6= 0; ¹@2 6= 0). Sotherearenoholomorphic
functions(in particularno holomorphiclocal coordinates).
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Symplectic top ology

Typicalproblems:
{ Which smooth manifoldsadmit symplecticstructures?
{ Classifysymplecticstructuresonagivensmoothmanifold.

(Moser:if [! ] 2 H 2(X ; R) is ¯xed thenall smalldeformations
aretrivial).

Why we care:
{ Physics(classicalmechanics;string theory;...)
{ Next stepafter understandingcomplexmanifolds.

Somefacts from complexgeometryextendto symplectic
manifolds;mostdon't.

A lot is known if dimX = 4. Coreingredient: structure
of Seiberg-Witten/ Gromov-Witten invariants of symplectic
4-manifolds(Taubes).

For dimX ¸ 6, almostnothingis known. E.g.,no known
non-trivial obstruction to the symplecticity of compact6-
manifolds(except9[! ] 2 H 2(X ; R) s.t. [! ]^ 3 6= 0).
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Appro ximately holomorphic geometry

Idea:
Sincewehavealmost-complexstructures,eventhoughthere

areno holomorphicsectionsandlinearsystems,we canwork
similarlywith approximatelyholomorphicobjects.

(Donaldson,» 1995)

Setup: (X 2n; ! ) symplectic,compact

² 1
2¼[! ] 2 H 2(X ; Z) (not restrictive)

² J compatiblewith ! ; g(:; :) = ! (:; J:)

² L line bundlesuch that c1(L) = 1
2¼[! ]

² r L , with curvature¡ i! ; r L = @L + ¹@L .
¹@Ls(v) = 1

2(r Ls(v) + i r Ls(Jv)).

If X KÄahler,then L is a holomorphicampleline bundle,i.e.
L ­ k hasmany holomorphicsectionsfor k largeenough.

) projective embeddingsX ,! CPN (Kodaira).

) smooth hypersurfaces(Bertini).

) linearsystems,projective maps.
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Appro ximately holomorphic sections

X symplectic:J isnot integrable) noholomorphicsections.
However, localapproximatelyholomorphicmodel:

(X ; x); ! ; J Ã ! (Cn; 0); ! 0; (i + : : : )
L ­ k, r Ã ! C, d + k

4

P
(zj d¹zj ¡ ¹zj dzj ).

-¾ k¡ 1=2

x

) sk;x(z) = exp(¡ 1
4kjzj2) is

approx. holomorphic!

A sequenceof sectionssk 2 ¡( L ­ k) is approx. holomorphic
if supj ¹@skj < C k¡ 1=2 supj@skj (& higherorderderivatives).

Goal: ¯nd approx. holom.sectionswith \generic"behavior.

Theorem 1. (Donaldson, 1996) If k À 0, then L ­ k

admits approx. holomorphic sections sk whosezero sets
Wk are smooth symplectic hypersurfaces.

Make up for lossof holomorphicity by achievingestimated
transversality: requirej@sk(x)j À supj ¹@skj alongs¡ 1

k (0).
(uniformlower boundinsteadof just @sk(x) 6= 0)

Alsoconsiderlinearsystemsof ¸ 2 sections:

E.g.,(s0; s1) well-chosenapprox. hol.sectionsof L ­ k (k À 0)
) symplecticLefschetzpencils(Donaldson,1999)
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Branc hed covers of CP2

Theorem 2. (A., 2000) For k À 0, three suitable ap-
prox. hol. sections of L ­ k de¯ne a map X ! CP2 with
generic local models, canonical up to isotopy.

(X 4; ! ) symplectic,s0; s1; s2 2 ¡( L ­ k) well-chosen
) f = (s0 : s1 : s2) : X ! CP2:

Localmodelsnearbranch curve R ½ X :

{ branchedcover : (x; y) 7! (x2; y).

R : x = 0 f (R) : X = 0

X 2n ! CP2: (z1; : : : ; zn) 7! (z2
1 + ¢¢¢+ z2

n¡ 1; zn)

{ cusp: (x; y) 7! (x3 ¡ xy; y).

R : y = 3x2 f (R) : 27X 2 = 4Y 3

X 2n ! CP2: (z1; : : : ; zn) 7! (z3
1 ¡ z1zn + z2

2 + ¢¢¢+ z2
n¡ 1; zn)

R smooth connectedsymplecticcurve in X .
D = f (R) symplectic,immersedexceptat the cusps.

Genericsingularities:
complexcusps;nodes(both orientations)

r r+ r¡

Theorem2 ) up to cancellationof nodes,the topologyof D
is a symplecticinvariant (if k large).
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Topological invarian ts

X N :1¡ !

CP2
D

r

r

° i

Topologicaldata for a branchedcover of CP2:

1) Branch curve: D ½ CP2

(up to isotopy andnodecancellations).

2) Monodromy: µ : ¼1(CP2 ¡ D) ! SN (N = degf )
(surjective,maps° i to transpositions).

D andµ determine(X ; ! ) up to symplectomorphism.

When dimX > 4, main di®erence:µ takes valuesin the
mappingclassgroupof the generic̄ b er.

This groupis complicated;however thereis a dimensional
inductionprocedure) given(X 2n; ! ) andk À 0 we get

1) (n ¡ 1) planecurvesDn, Dn¡ 1, : : : , D2 ½ CP2.
2) µ2 : ¼1(CP2 ¡ D2) ! SN .

andthesedatadetermine(X ; ! ) up to symplectomorphism.

) In principleit is enoughto understandplanecurves!
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The top ology of plane curv es
(Moishezon-Teicher; Auroux-Katzarkov)

Perturbation) D = singularbranchedcover of CP1.

?
¼: (x0 : x1 : x2) 7! (x0 : x1)

CP1

CP2 ¡ f1g D

degD = d

r r r

r r

r

° i

Monodromy = ½: ¼1(C ¡ f ptsg) ! Bd (braid group)

) D is describedby a \braid groupfactorization"
(involvingcusps,nodes,tangencies).

The braid factorizationcharacterizesD completely.

Problem: oncecomputed,cannotbe compared.

) moremanageable(incomplete)invariant ?

Moishezon-Teicher: ¼1(CP2 ¡ D) to studycomplexsurfaces.

¼1(CP2¡ D) isgeneratedby \geometricgenerators"(° i )1· i · d ;
relationsgivenby the braid factorization.

But: in the symplecticcase,a®ectedby nodecancellations.
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Stabilized fundamen tal groups

(Auroux-Donaldson-Katzarkov-Yotov: math.GT/0203183)

X 4 f
¡ !

CP2
D

degD = dr r

r

° i

L

L ' C ½ CP2 genericline, i : L ¡ f p1; : : : ; pdg ,! CP2 ¡ D
) i¤ : Fd = h°1; : : : ; °di ³ ¼1(CP2 ¡ D) surjective.

Geometricgenerators:¡ = f conjugatesof i ¤°1; : : : ; i ¤°dg.

µ : ¼1(CP2 ¡ D) ! SN mapselements of ¡ to transpositions.

± : ¼1(CP2 ¡ D) ! Zd linking number (±(° i ) = 1).

Relations:for each specialpoint, two elements of ¡ s.t.
² tangency: ° = ° 0; µ(° ) andµ(° 0) identical.
² node: ° ° 0= ° 0° ; µ(° ) andµ(° 0) disjoint.
² cusp: ° ° 0° = ° 0° ° 0; µ(° ) andµ(° 0) adjacent.

K = normalsubgrouph[° ; ° 0], ° ; ° 02 ¡, µ(° ); µ(° 0) disjointi .

Add a pair of nodes, quotient by an element of K .

Theorem 3. For k À 0, Gk(X ; ! ) = ¼1(CP2 ¡ Dk)=Kk

and G0
k(X ; ! ) = Ker(µk; ±k)=Kk are symplectic invariants.
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Stabilized fundamen tal groups

Fact: 1 ¡ ! G0
k ¡ ! Gk

(µk;±k)
¡ ! SN £ Zd ¡ ! Z2 ¡ ! 1.

(N = degf k, d = degDk)

Theorem 4. If ¼1(X ) = 1 then we havea natural surjec-
tion Ák : Ab G0

k ! (Z2=¤k)N ¡ 1.

¤k = f (L ­ k ¢C; K X ¢C); C 2 H2(X ; Z)g.

Kno wn examples:
² CP2, CP1 £ CP1 (Moishezon)
² somerationalandK3 completeintersections(Robb)
² Hirzebruch surfaces,doublecoversofCP1£ CP1 (ADKY)

) Conjectures: for k À 0,

1) X alg.surface) K k = f 1g andGk = ¼1(CP2 ¡ Dk).
2) ¼1(X ) = 1 ) Ák is an isomorphism.
3) ¼1(X ) = 1 ) [G0

k; G0
k] = quotient of Z2 £ Z2.

Still looking for how to extract usefulinvariants from braid
factorization...
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Non-isotopic singular plane curv es

(Auroux-Donaldson-Katzarkov: math.GT/0206005)

Isotop y phenomena: (followingGromov, : : : )

² Siebert-Tian (2002):every smooth symplecticcurve of de-
gree· 17 in CP2 is isotopicto a complexcurve. Also in
P1-bundlesover P1 for connectedcurvess.t. [C] ¢[F ] · 7.

² Barraud(2000),Shevchishin(2002):isotopy for certainsim-
plesingularcon¯gurationsin CP2.

Non-isotop y phenomena:

² Fintushel-Stern(1999),Smith (2001):in¯nitely many non-
isotopic smooth connectedsymplecticcurves in certain 4-
manifolds(multiplesof classesof squarezero).

Usebraiding constructionson parallel copies;distinguish
usingtopologyof branchedcovers(SW invariants, : : : )

² Moishezon(1992): in¯nitely many non-isotopicsingular
symplecticcurves in CP2 (¯xed number of cuspand node
singularities).

Usebraid monodromy and¼1 of complement (hard!)

) elementary interpretationof Moishezon?
It is alsoa braidingconstruction!
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Non-isotopic singular plane curv es

A

D ~D

Givenf : X ! Y symplecticcoveringwith branch curveD,
BraidingD / LagrangianannulusA ( )

Luttinger surgeryof X / LagrangiantorusT ½ f ¡ 1(A).

(i.e. takeout a neighborhood of T andglueit back via a sym-
plectomorphismwrappingthe meridianaroundthe torus).

Moishezon examples: D0 = 3p(p ¡ 1) smooth cubicsin
a pencil (p ¸ 2), remove ballsaround9 intersectionpoints,
insertbranch curveof deg.p polynomialmapCP2 ! CP2 in
each location. D j = twist j timesin a well-chosenmanner.
² Moishezon:

Beforetwisting: ¼1(CP2 ¡ D0) is in¯nite.
After twisting: ¼1(CP2 ¡ D j ) ¯nite, of di®erent orders.

² Topologicalinterpretation:
Beforetwisting: c1(K X 0) = ¸ [! X 0].
After twisting: c1(K X j ) = ¸ [! X j ] + ¹ j [T]PD (¹ 6= 0).
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