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Symplectic manifolds

A symplecticstructureon a smath manifoldis a 2-form!
sut that d! = Oand! _» ¢¢¢™ ! isavolumeform.

RN o= dx;" dy.
(Darboux: ewvery symplecticmanifoldis locally '  (R?";! o),
l.e.thereareno local invariarts).

Riemannsurfaceg§; vols) aresymplectic.
Every KAhlermanifoldis symplectic.
(includesall complexprojective manifolds)

but the symplectiacategoryis muah larger.
(Gompf1994:8G Tnitely presetedgroup,9(X 4! ) compact
symplecticsut that Y4 (X ) = G).

Symplectiananifoldsarenot always complexput they are
almost-complex.e.thereexists] 2 End(T X ) sud that

At any givenpoint (X;! ;J) lookslike (C";! ;1), but J is
notintegrablgr J 6 0; @ & 0). Sotherearenoholomorphic
functions(in particularno holomorphidocal coordinates).



Symplectic top ology

Typical problems:
{ Which smamth manifoldsadmit symplecticstructures?
{ Classifysymplectictructuresonagivensmath manifold.

(Moser:if [! 12 H2(X; R) is xed thenall smalll
).
Why we care:

{ Physics(classicamehanics;string theory;...)
{ Next stepafter understandingomplexmanifolds.

Somefacts from complexgeometryextendto symplectic
manifoldsmostdon't.

A lot is known if Coreingredieh structure
of Seilerg-Witten/ Groma/-Witten invariarts of symplectic
4-manifoldgTaukes).

For almostnothingis known. E.g.,no known
non-trivial obstructionto the symplecticy of compact6-
manifolds(except9[! ] 2 H3(X;R) s.t.[' '3 6 0).



Appro ximately holomorphic geometry

ldea:
Sincene havealmost-complegtructuresgventhoughthere

areno holomorphicsectionsand linearsystemsye canwork
similarly with approaimately holomorphimbjects.
(Donaldsony 1995)

Setup: (X ?";!) symplecticcompact
> 21 12 H%(X; Z) (not restrictiwe)
2 J compatiblewith ! ; g(:;:) =" (;;J))
> L line bundlesud that cy(L) = ]! ]

 r L with cunaturej i! :rlt= @ + @.
@s(v) = 3(r Ls(v) + ir Ls(Iv)).

If X Kahler,thenL is a holomorphic line bundle,i.e.
L- ¥ hasmary holomorphicsectiondor k largeenough.

) projective enbeddingsX | CP" (Kodaira).
) smath hypersurfacegBertini).
) linearsystemsprojective maps.



Appro ximately holomorphic sections

X symplectic:] isnotintegrable) noholomorphisections
Howe\er, local model:

(X;x); ;3 Al (C”;O)i:)! o (i+::0)
L-kr Al C,d+% (zd¥i %dz)

) sx(2) = exli 7kjzj?) is
J& appro. holomorphid

X

A sequencef sectionsy 2 i( L™ ¥) is approc. holomorphic
If (& higherorderderiatives).

Goal: nd appro. holom.sectionswvith \generic"behavior.

Theorem 1. (Donaldson, 1996) If k A 0, then L™
admits approx. holomorphic sections sy whosezelo sets
Wy are smath sympletic hypersurfaces.

Make up for lossof holomorphick by adieving
requirej @« (x)j A supj@j alongsi 1(0).

(uniform lower boundinsteadof just @ (x) 6 0)

Alsoconsider of , 2 sections:

E.g..(so; s1) well-dhoserappro. hol. section®fL™- % (k A 0)
) symplectid_efstietzpencils(Donaldson1999)
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Branc hed covers of CP?2

Theorem 2. (A., 2000) For k A 0, three suitable ap-
prox. hol. sections of L-K de'ne amap X | CP? with
canonical up to isotopy.

(X# 1) symplecticsy; s1;S2 2 i( L™ ¥) well-chosen
) f=(s0:S1:S):X ! CP%
Local modelsnearbrant cuneR ¥4 X

{ branthedcover: (x;y) 7! (x2y). /j()/
R:x=0 f(R)y: X =0

{ cusp: (x;y) 7! (x%i xy;y). Q
R:y=3> f(R): 27X?= 4Y3

R smath connectedymplecticcurwe in X.
D = f (R) symplecticimmersedxceptat the cusps.

Genericsingularities

complexcuspsnodes(both oriertations)
Theorem2) up to cancellatiorof nodes,the topologyof D
IS a (if k large).
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Topological Invarian ts

Topologicaldata for a brantedcover of CP?:
D 1 CP?
(up to isotoy andnode cancellations).
L:%(CP?; D)! Sy (N = degf)
(surjective, maps®; to transpositions).

D andp determine(X ;! ) up to symplectomorphism.

WhendimX > 4, main di®erence:u takesvaluesin the
mappingclassgroupof the genericber.
This groupis complicatedhowever thereis a
procedure) given(X2";!)andk A 0we get

1) (nj 1)planecurvesDy, Dy 1,:::, Do % CP?
2) b : ¥a(CP?i Dy)! Sy.

andthesedatadeterming X ;! ) up to symplectomorphism.

) In principleit is enoughto understandolanecunes!
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The top ology of plane curv es

(Moishezon-Teicher; Auroux-Katzarkov)

Perturbation) D = singularbrandhedcover of CP2.

CP?; fig

degD = d

. ‘ Ya: (Xo 1 X1 :X2) 7! (X : X1)
CP ?

Monadrony = (braid group)

) D isdescriledby a\braid groupfactorization"
(involving cuspshodes,tangencies).

The braid factorizationcharacterize® completely

Problem: oncecomputedcannotbe compared.
) moremanageabl@ncomplete)nvariart ?

Moishezon-@idher: ¥4(CP?j D) to study complexsurfaces.

14(CP?j D) isgeneratetly \geometriogenerators{®i)1. i. q:
relationsgiven by the braid factorization.

But: in the symplectiaccase a®ectedby node cancellations.
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Stabilized fundamen tal groups

(Auroux-Donaldson-Katzarkov-Yotov: math.GT/0203183)

¥ 4 i i degD = d
L' C % CP?generidine,i : L j CP?; D

) ia: ::°4i 3 Y(CP?i D) surjectie.
Geometriggeneratorsj = fconjugate®fis®q;:::;1a°40

u: ¥ (CP?; D)! Sy mapselemets of to transpositions.
+: 4 (CP?j D)! Z4linking number (+°;) = 1).
for eat specialpoirt, two elemets of j s.t.

2 tangency: ©° = °@ u(°) andp(°9 idertical.

2 node: °e0=1o®-  pye)yandp°9 disjoirt.

2 cusp: col = oleol ) andp(° Y adjacen
K = normalsubgroudi®;°9, °;°%2 i, w(°); (°9 disjoirti.

Add a pair of nodes, quotiert by anelemenofK.

Theorem 3. For K A 0, Gi(X;!) = Y4(CP?i Dy)=Ky
and G)(X;!) = Ker(lk; )=Kk are sympletic invariants.



Stabilized fundamen tal groups

Fact 1i! G%i! G MY syEzqi! Zoi! 1L
(N = degf, d = degD)

Theorem 4. If ¥4(X) = 1 then we havea natural surjec-
tion A : AbGP ! (Z%=o)Ni l,

o, = f(L" % ¢C;Kx ¢C); C 2 Hy(X;Z)g.

2 CP?, CP!£ CP! (Moishezon)
2 somerationaland K3 completantersectiongRobb)
2 Hirzebrub surfacesjoublecoversof CP£ CP! (ADKY)

) Conjectures: fork A 0,
1) X alg.surfacd Ky = flgandGy = %4(CP?; Dy).
2)Y4(X)=1) A isanisomorphism.
3)¥a(X)=1) [G};G]= quotien of Z, £ Z,.

Still looking for how to extract usefulinvariarts from braid
factorization...



Non-isotopic singular plane curv es
(Auroux-Donaldson-Katzarkov: math.GT/0206005)

Isotop y phenomena: (followving Gromw, ::: )

2 Siekert-Tian (2002): every smanth symplectioccurve of de-
gree- 17in CP? is isotopicto a complexcune. Also in
Pl-bundlesover P! for connecteduness.t. [C] ¢[F] - 7.

2 Barraud(2000),Shehishin(2002):isotopy for certainsim-
ple singularcon gurationsn CP.

Non-isotop y phenomena:

2 Fintushel-Sterr(1999),Smith (2001):in nitely mary non-
Isotopic smanth connectedsymplecticcurves in certain 4-
manifolds(multiplesof classesf squarezero).

Use on parallel copies;distinguish
usingtopologyof branthedcovers(SW invariarts, : :: )

2 Moishezon(1992): in nitely mary non-isotopicsingular
symplecticcunesin CP? (‘xed number of cuspand node
singularities).

Usebraid monadrony and (hard!)

) elemetary interpretationof Moishezor?
It Is alsoa braidingconstruction
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Non-isotopic singular plane curv es

D D
Givenf : X ! Y symplecticcoveringwith brand cune D,
BraidingD / A ()
Luttinger surgeryof X / T % f i Y(A).

(i.e.take out a neighborhaod of T andglueit badk via asym-
plectomorphisnmwvrappingthe meridianaroundthe torus).

Moishezon examples: Do = 3p(pij 1)smath cubicsin
apencil(p , 2), remwe ballsaround9 intersectionpoirts,
insertbrand cune of deg.p polynomialmapCP?! CP?in
ead location.D; = twist] timesin a well-dhhosermanner.

Beforetwisting: ¥4(CP?j Do) isin nite.
After twisting: ¥4(CP?| D;) Tnite, of di®erenorders.

Beforetwisting: ci(Kx,) = ., [! x,l-
After twisting: ci(Kx,) = , [! x, ]+ *j [TI"® (* 6 0).
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