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Symplectic manifolds

A symplecticstructureon a smooth manifoldis a 2-form! such that d! = 0 and
! ^ ¢¢¢^ ! is a volumeform.

Example:R2n, ! 0 =
P

dxi ^ dyi .

(Darboux: every symplecticmanifold is locally ' (R2n; ! 0), i.e. there are no local
invariants).

Example:Riemannsurfaces(§ ; vol§ ); CPn; complexprojective manifolds.

The symplecticcategoryis strictly larger(Thurston1976).

Gompf1994:G ¯nitely presented group) 9(X 4; ! ) compactsymplecticsuch that
¼1(X ) = G.

Symplecticmanifoldsare not always complex,but they are almost-complex, i.e.
thereexistsJ 2 End(TX ) such that

J 2 = ¡ Id; g(u; v) := ! (u; Jv) Riemannianmetric.

At any givenpoint (X ; ! ; J ) lookslike (Cn; ! 0; i ), but J is not integrable(r J 6= 0;
¹@2 6= 0; no holomorphiccoordinates).
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Symplectic top ology

Hierarchy of compactoriented 4-manifolds:

COMPLEX PROJ. ( SYMPLECTIC ( SMOOTH

) Classi¯cationquestions!

Symplecticmanifoldsretain some(not all!) featuresof complexproj. manifolds;yet
(almost)every smooth 4-manifoldadmitsa \near-symplectic"structure(sympl.out-
sidecircles).

Many newdevelopments in the 1990s:

{ J-holomorphiccurves(Gromov-Witten invariants, Floer homology, ...)

{ obstructionsto existenceof ! in dim. 4 (Taubes:Seiberg-Witteninvariants)

{ constructionsof newexamples(symplecticsurgeries: Fintushel-Stern,Gompf)

{ structureresults(e.g.,Donaldson:Lefschetzpencils)

Focusof the talk: symplecticbranchedcoversin dimension4.
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Symplectic branc hed covers

X 4 compactoriented, (Y 4; ! Y) compactsymplectic.
f : X ! Y is a symplecticbranchedcoveringif 8p 2 X , 9 local coordinates

Á : X ¾ Up ! C2 (oriented)
Ã : Y ¾ Vf (p) ! C2 (compatible: ! Y(v; iv ) > 0)

¾
in which f is oneof:

² localdi®eomorphism:(x; y) 7! (x; y).
¡

¡
¡

¡
¡

¡

² simplebranching: (x; y) 7! (x2; y).

R : x = 0 f (R) : z1 = 0

² cusp:(x; y) 7! (x3 ¡ xy; y).

R : y = 3x2 f (R) : 27z2
1 = 4z3

2

R = f det(df ) = 0g ½ X is the rami¯cationcurve (smooth).
D = f (R) is the branch curve (symplectic:! jTD > 0), with singularities:

complexcusps;nodes(both orientations)

r r+ r¡

Prop osition. X carries a natural symplectic structure.
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Branc hed covers of CP2

Prop osition. f :X 4! (Y 4; ! Y) symplectic branched cover ) X carries a natural
symplectic structure.

[! X ] = [f ¤! Y ], ! X is canonicalup to symplectomorphism.

Theorem. (X 4; ! ) compact symplectic, [! ] 2 H 2(X ; Z) ) X can be realized as
symplectic branched cover of CP2.

9 f k : X ! CP2, inducing! k » k! , canonicalup to isotopy for k À 0. Thetopology
of f k, e.g.the branch curve Dk ½ CP2, yieldsinvariants of (X ; ! ).

Tool: \approx. hol.geometry": sectionsofL ­ k, c1(L ­ k) = k[! ], with j ¹@sjC0 ¿ j@sjC0.

Dk ½ CP2 symplectic,with genericsingularities= complexcusps,and nodes(both
orientations)
Theorem) up to cancellationof pairsof nodes,the topologyof D k is a symplectic
invariant (if k large).

( )q+ q¡
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Topological invarian ts

X N :1¡ !

CP2
D

r

r

° i

Topologicaldata for a branchedcover of CP2:

1) Branch curve: D ½ CP2 (up to isotopy andnodecancellations).

2) Monodromy: µ : ¼1(CP2 ¡ D) ³ SN (N = degf ) (maps° i to transpositions).

D andµ determine(X ; ! ) up to symplectomorphism.
) In principleit is enoughto understandplanecurves!

Fact: D is isotopicto a complexcurve (up to node cancellations)i® X is KÄahler
(complexprojective).

) study the symplecticisotopy problem.
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The top ology of plane curv es

(Moishezon-Teicher; Auroux-Katzarkov)

Perturbation) D = singularbranchedcover of CP1.

?
¼: (x0 : x1 : x2) 7! (x0 : x1)

CP1

CP2 ¡ f1g D

degD = d

r r r

r r
r

° i

Monodromy = ½: ¼1(C ¡ f ptsg) ! Bd (braid group)

) D isdescribedby a\braid groupfactorization"(involvingcusps,nodes,tangencies).

The braid factorizationcharacterizesD completely(and givesa combinatorial de-
scriptionof sympl.manifolds)

Problem: cancomputefor examples,but can't compare.
) moremanageable(incomplete)invariant ?
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Stabilized fundamen tal groups

(Auroux-Donaldson-Katzarkov-Yotov 2002)

Question (Zariski...):D sing.planecurve,¼1(CP2 ¡ D) = ?

Moishezon-Teicher: ¼1(CP2 ¡ D) to studycomplexsurfaces.

¼1(CP2 ¡ D) is relatedto the braid factorization. (Zariski-van Kampentheorem)

Belief: for highdegreebranch curves,¼1(CP2¡ D) isdeterminedin a simplemanner
by the topologyof X ?

Symplecticstabilizationof ¼1(CP2 ¡ D): addingnodes(in mannercompatiblewith
µ : ¼1(CP2 ¡ D) ! SN ) introducescommutation relations
) quotient by subgroupK = h[° ; ° 0], ° ; ° 0 geom.generators,µ(° ); µ(° 0) disjointi .

Theorem. For k À 0, Gk(X ; ! ) = ¼1(CP2 ¡ Dk)=Kk is a symplectic invariant.
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Stabilized fundamen tal groups

Fact: 1 ¡ ! G0
k ¡ ! Gk

(µk;±k)
¡ ! SN £ Zd ¡ ! Z2 ¡ ! 1.

(N = degf k, d = degDk; µk = monodromy, ±k = linking map)

Theorem. If ¼1(X ) = 1 thenwehavea natural surjection Ák : Ab G0
k ! (Z2=¤k)N ¡ 1

¤k = f (k[! ] ¢C; K X ¢C); C 2 H2(X ; Z)g.

Kno wn examples: (for k À 0)
² CP2, CP1 £ CP1 (Moishezon)
² somerationalsurfacesandK3's (Robb;Teicheret al.)
² Hirzebruch surfaces,doublecoversof CP1 £ CP1 (ADKY)

) Conjectures: for k À 0,

1) X alg.surface) K k = f 1g andGk = ¼1(CP2 ¡ Dk).
2) ¼1(X ) = 1 ) Ák is an isomorphism.
3) ¼1(X ) = 1 ) [G0

k; G0
k] = quotient of Z2 £ Z2.
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Isotop y results for plane curv es

Whenis a (singular)symplecticcurve in CP2 (or a complexsurface)isotopicto a
complexcurve?

² Gromov (1985):every smooth symplecticcurve of degree1 or 2 in CP2 is isotopic
to a complexcurve.

(Tool: pseudo-holomorphiccurves)

² Siebert-Tian(2002):smooth sympl.curvesof degree· 17in CP2; connectedcurves
of degree· 7 in Hirzebruch surfaces.

² Barraud(2000),Shevchishin(2002):certainsimplesingularcon¯gurationsin CP2.

² Francisco(2004):singularcurvesof degreed · 9 with m cuspsin CP2 (if d ¸ 6,
assume4(d ¡ 6) ¡ 1 · m < 3d=2).

(in classi¯cationof branchedcovers,thesearecaseswithout any non-KÄahlerexamples)

9



Stable isotop y results
D; D 0symplectic(\Hurwitz") curvesin CP2 or Hirzebruch surfaces,[D] = [D 0], same
numbersof nodes,cusps,(An-sings.):

² Kharlamov-Kulikov (2003)) after addingsu±ciently many lines(¯b ers)to D; D 0

andsmoothingthe intersections,D; D 0 becomeisotopic.
² A.-Kulikov-Shevchishin (2004):D; D 0 are isotopicup to creations/cancellationsof
pairsof nodes.

( )q+ q¡

(in general,not compatible with branched covers!)

For branchedcovers:
² (2002):X genus 2 Lefschetz¯bration ) X becomescomplexprojective after sta-
bilizationby ¯b er sumswith rationalsurfacesalonggenus2 curves.

(extendsto hyperelliptic Lefschetz ¯brations; what about the generalcase?)

Conjecture: twocompactintegralsymplectic4-manifoldswith same(c2
1; c2; c1:[! ]; [! ]2)

becomesymplectomorphicafterblow-upsand¯b er sumswith holomorphic̄brations.

10



Non-isotop y phenomena

² Fintushel-Stern(1999),Smith(2001):in¯nitely many non-isotopicsmooth connected
symplecticcurvesin certain4-manifolds(multiplesof classesof squarezero).

Usebraidingconstructionsonparallelcopies;distinguishusingtopologyof branched
covers(SW invariants, . . . )

² Etgu-Park, Vidussi(2001-2004)

² Moishezon(1992): in¯nitely many non-isotopicsing.sympl.curvesin CP2 (¯xed
number of cuspandnodesingularities).

Usebraid monodromy and¼1 of complement (hard!)

(Auroux-Donaldson-Katzarkov 2002): elementary interpretation?

Moishezon, braiding;modi¯es c1(K X ) vs. [! X ]

A

D ~D
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Givenf : X ! Y symplecticcoveringwith branch curve D,

BraidingD / LagrangianannulusA ( )
Luttinger surgeryof X / LagrangiantorusT ½ f ¡ 1(A).

(i.e.takeout a neighborhood of T andglueit back via a symplectomorphismwrapping
the meridianaroundthe torus).

Questions:

² areany twosymplecticcuspidalplanecurveswith same(degree,# nodes,# cusps)
equivalent underbraidingmoves?

² areany two compactintegralsymplectic4-manifoldswith same(c2
1; c2; c1:[! ]; [! ]2)

equivalent underLuttinger surgeries?

(Remark: many constructionsrely on twisted ¯b er sumsor link surgeries,which reduceto Luttinger surgery)
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