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Symplectic manifolds

A symplecticstructureon a smath manifoldis a 2-form! sud that d! = 0 and
I A ¢¢e” ! is avolumeform.

Example:R™, 1 o= dx; ® dy.
(Darboux: every symplecticmanifoldis locally' (R?";! ), i.e. there are no local
Invarians).

Example:Riemannsurfaceg§; vols); CP"; complexprojective manifolds.

The symplectiaccategoryis strictly larger(Thurston1976).

Gompf1994:G Tnitely preseted group) 9(X %! ) compactsymplecticsut that
Ya(X) = G.

Symplecticmanifoldsare not always complex,but they are almost-complexi.e.
thereexistsJ 2 End(T X ) sud that

J?=1d; g(u;v):="! (u;Jv) Riemanniammetric.

At any givenpoint (X;! ;J) lookslike (C";! ¢;1), but J isnotintegrable(r J 6 O;
@ 6 0; no holomorphicoordinates).



Symplectic top ology

Hierardy of compactorieried 4-manifolds:

COMPLEXPROJ. ( SYMPLECTIC ( SMOOTH

) Classi cationquestions!

Symplecticnanifoldsretain some(not all!) featuresof complexproj. manifolds;yet
(almost) every smath 4-manifoldadmitsa \near-symplectic'structure (sympl. out-
sidecircles).

Many newdewelopmets in the 1990s:
{ J-holomorphicunes(Gromao/-Witten invariarts, Floer homology...)
{ obstructiondo existencef! in dim. 4 (Taubkes: Seilerg-Witteninvariarts)
{ construction®f newexamplegsymplecticsurgeriesFintushel-SternGompf
{ structureresults(e.g.,Donaldsoniefstetzpencily

Focusof the talk: symplectidorandedcoversin dimensior.
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Symplectic branc hed covers

X 4 compactorierted, (Y 4! y) compactsymplectic.
f : X1 Yisasymplectidorantedcoveringif 8p2 X, 9 Io%:\l coordinates
A:X %U,! C? (orierted)

A:Y %Vip ! C2(compatible! y(v;iv)> 0) " WhidT isoneok

2 localdi®eomorphism(x;y) 7! (X;y). i i

| |
i i

2 simplebranding: (x; y) 7! (X% y). g
R:x=0 f(R): zz=0

2 cusp:(x;y) 70 (X% xy;y).
R:y=3* f(R): 272 = 4z

R = fdet(d ) = 0g %2 X isthe rami cationcurve (smath).
D = f (R) isthe brand cure (symplectic:! jrp > 0), with singularities:
complexcuspsnodes(both oriertations)

Prop osition. X carries a natural sympletic structure.
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Branc hed covers of CP?2

Prop osition. f : X4 (Y#!y) sympletic branchel cover) X carries a natural
sympletic structure.

[' x]=[f"v],! x iscanonicalp to symplectomorphism.
Theorem. (X#!) compact sympletic, ' ]2 H?(X;Z)) X can be realized as
sympletic brancheal cover of CP?.

9f,:X | CP? inducing!  » k!, canonicalp to isotofy fork A 0. Thetopology
of f, e.g.the brant curve Dy ¥%2 CP?, yieldsinvariarts of (X ;! ).

Tool: \approx. hol.geometry® section®fL™ ¥, ci(L-¥) = K[! ], with j@jco ¢, |@jco-

Dy« ¥ CP? symplecticwith genericsingularities= complexcusps.and nodes(both
oriertations)

Theorem) up to cancellatiorof pairsof nodes,the topologyof Dy is a symplectic
invariart (if k large).

T N
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Topological Invarian ts

CP?

"
_///

Topologicaldata for a brandedcover of CP?:
1) Brand cunve: D %2 CP?  (up to isotofy and node cancellations).
2) Monadromy: p: ¥4(CP%; D)3 Sy (N =degf) (maps°®; to transpositions).

D andp determineg(X ;! ) up to symplectomorphism.
) In principleit is enoughto understandplanecures!

Fact: D is isotopicto a complexcurve (up to node cancellations)® X is KAhler
(complexprojective).

) studythe symplectidsotogy problem.
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The top ology of plane curv es

(Moishezon-Teicher; Auroux-Katzarkov)

Perturbation) D = singularbrandhedcover of CP2.

CP*j fig D

degD = d

cpl ‘?1/4: (x;O X1 1 X2) 7! (X0 X1)

r r r

Monadrony = Y2: %4 (C | fptsg) ! By (braid group)

) D isdescriledby a\braid groupfactorization" (involvingcuspsnodes tangencies).

The braid factorizationcharacterize® completely(and givesa conbinatorial de-
scriptionof sympl.manifolds)

Problem: cancomputefor examplesbut can't compare.
) moremanageabl@ncomplete)nvariart ?
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Stabilized fundamen tal groups
(Auroux-Donaldson-Katzarkov-Yotov 2002)
Question (Zariski...):D sing.planecune, %4(CP?j D) = ?
Moishezon-@ider: ¥4(CP?; D) to study complexsurfaces.
14(CP?| D) is relatedto the braid factorization. (Zariski-an Kampentheorem)

Belief: forhighdegredrant cures,¥4(CP?j D) is determinedn a simplemanner
by the topologyof X ?

Symplecticstabilizationof 4(CP?; D): addingnodes(in mannercompatiblewith
u: % (CP?; D)! Sy) introducescomnutation relations
) quotien by subgroupKk = H°;°9, °;°%geomgeneratorsy(®); u(° 9 disjoirti.

Theorem. For k A 0, G(X;!) = %(CP?; D\)=K is a sympletic invariant.



Stabilized fundamen tal groups

Fact 1i! G0i! G MY syE£z4i! Zoi! 1L
(N = dedf, d= degDg; ik = monaromny, 1 = linking map)

Theorem. If ¥4(X) = 1thenwehavea natural surjection A, : Ab G0 ! (Z%=o)Ni 1

o, = f(K[! ] ¢C;Kx ¢C); C 2 Ho(X;Z)g.

Known examples: (fork A 0)
2 CP?, CP'£ CP! (Moishezon)
2 somerational surfacesand K3's (Robb; Teideret al.)
2 Hirzebrub surfacesgoublecorersof CP £ CP! (ADKY)

) Conjectures: fork A 0,
1) X alg.surface Ky = filgandGy = ¥%(CP?; Dy).
2)Ya(X)=1) A isanisomorphism.
) Ya(X)=1) [G;GY]= quotien of Z, £ Z,.



Isotop y results for plane curv es

Whenis a (singular)symplecticcurve in CP? (or a complexsurface)isotopicto a
complexcune?

2 Groma (1985): every smath symplecticcunve of degreel or 2 in CP? is isotopic
to a complexcune.

(Tool: pseudo-holomorphaurwey

2 Sjelert-Tian (2002):smath sympl.curvesof degree 17in CP?% connectedunes
of degree 7 in Hirzebrut surfaces.

2 Barraud(2000),Shexhishin(2002):certainsimplesingularcon gurationsgn CP2.
2 Francisco(2004): singularcuresof degreed - 9 with m cuspsin CP? (if d | 6,
assumeldi 6)i 1- m< 3d=2).

(in classi catiorof brandedcovers,thesearecasesvithout any non-Kahlerexamples)



Stable isotop y results

D: D%symplectiq\Hurwitz") curvesin CP? or Hirzebrut surfacegD] = [D9, same
numbersof nodes,cusps{An-sings.):

2 Kharlamaw-Kulikov (2003)) after addingsu+cierly mary lines(bers)to D;D°
and smathing the intersectionsD ; D ° becomésotopic.

2 A.-Kulikov-Shevhishin (2004): D ; D° are isotopicup to creations/cancellationssf
pairsof nodes.

T N
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(in general,not compatible with branched covers!)

For brandhedcovers:

2 (2002):X genus?2 Lefstetz bration) X becomesomplexprojective after sta-
bilizationby b er sumswith rational surfaceslonggenis 2 cunes.

(extendsto hyperelliptic Lefscdhetz brations; what about the generalcase?)

Conjecture: twocompacintegralsymplectiet-manifoldsvith samec?; co; ci:[! I:[! 1?)
becomesymplectomorphiafter blow-upsand b er sumswith holomorphicbrations.

10



Non-isotop y phenomena
2 Fintushel-Sterr§1999) Smith(2001):in nitely mary non-isotopismanth connected
symplectiacurwesin certain4-manifoldgmultiplesof classesf squarezero).

Usebraidingconstruction®nparallelcopiesdistinguishusingtopologyof branded
covers(SWinvariarts, . ..)

2 Etgu-Park, Vidussi(2001-2004)

2 Moishezor(1992): in nitely mary non-isotopicsing.sympl.curnesin CP? (xed
number of cuspand node singularities).
Usebraid monadronmy and?4 of complemein(hard!)

(Auroux-Donaldson-Katzarkov 2002): elemenary interpretation?
Moishezon braiding;modi esci(Kx) vs.[! x]
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Givenf : X ! Y symplecticcoveringwith brand cune D,
BraidingD / LagrangiarmanrulusA ( )
Luttinger surgeryof X / LagrangiartorusT %2 f i 1(A).

(i.e.takeout aneighborhood of T andglueit badk via a symplectomorphismrapping
the meridianaroundthe torus).

Questions:

2 areary two symplecticuspidaplanecuneswith samgdegree# nodes# cusps)
equialert underbraidingmoves?

2 areary two compacintegralsymplectict-manifoldsvith same(c?; ¢; ci:[! I, [! )
equialent underLuttinger surgeries?

(Remark: many constructionsrely on twisted b er sumsor link surgeries,which reduceto Luttinger surgery)
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