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Symplectic 4-manifolds

A (compact)symplectic4-manifold(M 4; ! ) is a smooth 4-
manifoldwith a symplecticform! 2 ­ 2(M ), closed(d! = 0)
andnon-degenerate(! ^ ! > 0 everywhere).

Localmodel (Darboux): R4, ! 0 = dx1 ^ dy1 + dx2 ^ dy2.

E.g.: (CPn; ! 0 = i@¹@logkzk2) ¾ complexprojectivesurfaces.

The symplecticcategoryis strictly larger
(Thurston1976,Gompf1994).

Symplecticmanifoldsarenot alwayscomplex,but they are
almost-complex, i.e. thereexistsJ 2 End(TM ) such that

J 2 = ¡ Id; g(u; v) := ! (u; Jv) Riemannianmetric.

At any givenpoint (M ; ! ; J ) lookslike (Cn; ! 0; i ), but J is
not integrable(r J 6= 0; ¹@2 6= 0;noholomorphiccoordinates).

Hierarchy of compactoriented 4-manifolds:

COMPLEX PROJ. ( SYMPLECTIC ( SMOOTH

) Classi¯cationproblems.

Symplecticmanifoldsretain some(not all!) featuresof com-
plex proj. manifolds;yet (almost) every smooth 4-manifold
admitsa \near-symplectic"structure(sympl.outsidecircles).
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Lefschetz fibrations

A Lefschetz ¯bration isaC∞ mapf : M 4 ! S2 with iso-
latednon-degeneratecrit. pts,where(in orientedcoordinates)
f (z1; z2) » z2

1 + z2
2. (⇒ sing.¯b ersarenodal)

s s

f

M

S2 s × ×

Monodromy aroundsing. ¯b er = Dehn twist

vanishing cycle

Gompf: Assuming[¯ber] non-torsionin H2(M ), M carries
a symplecticform s.t. ! |¯b er > 0, uniqueup to deformation.

(extendsThurston's result on symplectic ¯brations)

Donaldson: Any compactsymplectic(X 4; ! ) admitsasym-
plecticLefschetzpencil f : X n f baseg ! CP1; blowing up
basepoints, geta sympl.Lefschetz¯bration f̂ : X̂ ! S2 with
distinguished¡ 1-sections.

(extendsclassicalalg. geometry(Lefschetz); uses\approx. hol. geometry")
(f = s0=s1, si ∈ C1 (X ; L ­ k), L \ample", sup| ¹@si | ¿ sup|@si |)
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Monodromy

r r

f

M

S2 r × ××° 1

° r

Monodromy aroundsing. ¯b er = Dehn twist

vanishing cycle

Mono drom y: Ã : ¼1(S2 n f p1; : : : ; pr g) ! Mapg

Mapg = ¼0 Di®+ (§ g) is the genusg mappingclassgroup.

Mapg is generatedby Dehntwists.

E.g. for T 2 = R2/Z2: Map1 = SL(2,Z); τa =
µ

1 1
0 1

¶
, τb =

µ
1 0
−1 1

¶

Choosean orderedbasish° 1; : : : ; ° r i for ¼1(S2 n f pig)
) factorizationof Id asproduct of positive Dehntwists:

(¿1; : : : ; ¿r ) 2 Mapg; ¿i = Ã(° i );
Q

¿i = 1:

If g ¸ 2 then the factorization¿1 ¢: : : ¢¿r = 1 determinesthe
¯bration f up to isotopy.

² With n distinguishedsections: Ã̂ : ¼1(R2 nf pig) ! Mapg;n
Mapg;n = ¼0Di®+ (§ ; @§) genusg with n boundaries.

) ¿1 ¢: : : ¢¿r = ± (monodromy at 1 = boundarytwist).
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Factorizations

Two natural equivalencerelationson factorizations:

1. Global conjugation (changeof trivializationofreferencēb er)

(¿1; : : : ; ¿r ) » (Á¿1Á−1; : : : ; Á¿r Á−1) 8Á 2 Mapg

2. Hurwitz equiv alence (changeof orderedbasis〈γ1, . . . , γr 〉)

(¿1; : : : ; ¿i ; ¿i+1 ; : : : ¿r ) » (¿1; : : : ; ¿i+1 ; ¿−1
i+1¿i¿i+1 ; : : : ; ¿r )

» (¿1; : : : ; ¿i¿i+1¿−1
i ; ¿i ; : : : ; ¿r )

(generatesbraid groupactionon r-tuples)

s

× × × ×: : : : : :

° 1 ° r

° i ° i+1
»

s

× × × ×: : : : : :

° 1 ° r

° ¡ 1
i+1° i ° i+1

° i+1

f genusg Lefschetz¯brations with n sectionsg/ isotopy
"
# 1-1

½
factorizationsin Mapg;n

± =
Q

(pos.Dehntwists)

¾ Á
Hurwitz equiv.
+ globalconj.

) Classi¯cationof

(
Lefschetz¯brations?

Mapg;n factorizations?

4



Branched covers of CP2

(D.A. '99, D.A.-Katzarkov '00{'02)
(extendswork of Zariski, Moishezon-Teicher, . . . on alg. surfaces)

Alternative descriptionof symplectic4-manifolds:
f : X ! CP2 branchedcovering, with crit. pts. modelledon

² simplebranching: (x; y) 7! (x2; y).

² cusp:(x; y) 7! (x3 ¡ xy; y).

Branch curve: D = crit(f ) ½ CP2 symplecticcurve with
(complex)cuspand(+/ ¡ ) nodesingularities.

X n:1¡ !

CP2
D

degD = d

L

r rr
° i

?
π : (x0 : x1 : x2) 7→ (x0 : x1)

CP1 r r r
) anothercombinatorialdescriptionof sympl.4-manifolds:
1) Branch curve: D ½ CP2

Braidmonodromy = ½: ¼1(C¡ f ptsg) ! Bd (braidgroup)

) D is describedby a (liftable) braid groupfactorization
(involvingcusps,nodes,tangencies)

2) Monodromy: µ : ¼1(CP2 ¡ D) ! Sn (n = degf )

(surjective,mapsγi to transpositions)

5



Classification of Lefschetz fibrations

² g = 0; 1: classical(genus1: Moishezon-Livne).
Thesearealways isotopicto holomorphic̄brations.

In Map1: (¿a ¢¿b)6k = 1 ¿a =
(

1 1
0 1

)

, ¿b =
(

1 0
−1 1

)

² g = 2, assumingno reduciblesing. ¯b ers:

s

reducible

s

irreducible

Conj.: always isotopicto holomorphic̄brations, i.e.oneof:

(¿1 ¢¿2 ¢¿3 ¢¿4 ¢¿5 ¢¿5 ¢¿4 ¢¿3 ¢¿2 ¢¿1)2k = 1
(¿1 ¢¿2 ¢¿3 ¢¿4 ¢¿5)6k = 1
(¿1 ¢¿2 ¢¿3 ¢¿4)10k = 1 ¿1 ¿5

¿2 ¿4¿3

Provedby Siebert-Tian (2003)undera technicalassumption.

(Method: pseudo-holomorphiccurves)

² g ¸ 3 (or g = 2 with reduciblesing.¯b ers):

Variousin¯nite familiesof Lefschetz¯brations not isotopic
to any holomorphic̄bration!

(Ozbagci-Stipsicz,Smith, Fintushel-Stern,Korkmaz, ...)

Canwe understandanything?
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Fiber sums

f : M ! S2, f ′ : M ′ ! S2 genusg Lefschetz¯brations.
Fix a di®eomorphismbetweensmooth ¯b ers.

) ¯b er sumf # f ′ (¯b erwiseconnectedsum)

r r

f f 0

M M ′

S2 S2× ×

For factorizations:
(¿1; : : : ; ¿r ), (¿′1; : : : ; ¿′s) 7! (¿1; : : : ; ¿r ; ¿′1; : : : ; ¿′s).

Classi¯cation up to ¯b er sums: (D.A., '04)

8g thereis a genusg Lefschetz¯bration f 0
g such that:

8 f 1 : M1 ! S2, f 2 : M2 ! S2 genusg Lefschetz¯brations,

if

8
><

>:

Â(M1) = Â(M 2); ¾(M 1) = ¾(M 2)

f 1; f 2 have same#'s of reduciblē b ersof each type

f 1; f 2 have sectionsof sameself-intersection

then8n À 0, f 1 # n f 0
g ' f 2 # n f 0

g .
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Positive factorizations

The proof relieson the following result:

Let G = hg1; : : : ; gk j r1; : : : ; r l i ¯nitely presented group,and
± 2 G a central element.

Assumethereexist factorizationsF 1; : : : ; Fm of ± such that:

² all factorsin F i arein f g1; : : : ; gkg;

² every generatorgi appearsat leastonce;

² every relation can be written as an equality of positive
words,w = w′ where,viewingw; w′ asfactorizations:

{ eitherw; w′ areHurwitz equivalent

{ or w = F i andw′ = F j for somei; j :

Then, given F ′; F ′′ factorizationsof a sameelement in G
s.t. the factorsof F ′ are conjugatedto thoseof F ′′ (up to
permutation),

9 n′i ; n′′i 2 N s.t. F ′ ¢
mQ

1
F

n′i
i »

Hurwitz
F ′′ ¢

mQ

1
F

n′′i
i

We apply this result(+ sometopology)to G = Mapg;1.

(There we have 4 factorizations. Relate n0
i − n00

i to changein Â(M ), ¾(M )

⇒ if preserved then n0
i = n00

i . Finally, takeF 0 =
∏

Fi )
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Factorizations in Mapg;1

c1 c3 c5c2 c4 c6 c2g

c0

Generators:¿0; : : : ; ¿2g.
Relations:

(i ) ¿i¿j = ¿j ¿i if ci \ cj = ; , ¿i¿j ¿i = ¿j ¿i¿j if ci \ cj 6= ;
(ii ) for g ¸ 2 : (¿0¿2¿3¿4)10 = (¿0¿1¿2¿3¿4)6

(iii ) for g ¸ 3 : (¿0¿1¿2¿3¿4¿5¿6)9 = (¿0¿2¿3¿4¿5¿6)12

(i ): Hurwitz equivalences;
(ii ); (iii ): both sidescanbe completedto factorizationsof ±.

Corollary: (M 1; ! 1), (M2; ! 2) compactsympl.4-manifolds,
[! i ] 2 H 2(M i ; Z), with same(c2

1; c2; c1 ¢[! ]; [! ]2).

) M1; M2 becomesymplectomorphicafter (same)blow-
upsand¯b er sums.

Question: canM 2 be obtainedfrom M 1 by a sequenceof
surgerieson Lagrangiantori?

Or: given f 1; f 2 asin main theorem,are their factorizations
equivalent underHurwitz moves+ partial conjugations?

(¿1; : : : ; ¿i ; ¿i+1 ; : : : ; ¿r ) » (Á¿1Á−1; : : : ; Á¿iÁ−1; ¿i+1 ; : : : ; ¿r )
if [Á;¿1 : : : ¿i ] = 1.
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