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Symplectic 4-manifolds

A (compact)symplecticd-manifold(M 4;! ) is a smath 4-
manifoldwith a symplectidorm! 2 - %(M), closedd! = 0)
andnon-degeneratg ~ ! > 0ewrywhere).

(Darboux): R4, 1 g = dx; dy; + dxo ™ dys.
(CP":! , = i@alogkzk?) % complexrojectivesurfaces.
The symplectiacategoryis strictly larger
(Thurston1976,Gompf1994).

Symplectiananifoldsarenot always complexput they are
almost-complex.e.thereexistsJ 2 End(T M) sud that

At ary givenpoirt (M ;! ;J) lookslike (C";! o;1), but J is
notintegrablgr J 6 0; @ 6 0;noholomorphicoordinates).

Hierardy of compactoriented 4-manifolds:
COMPLEXPROJ. ( SYMPLECTIC ( SMOOTH

) Classi cationproblems.

Symplectiananifoldsretain some(not all!) featuresof com-
plex proj. manifolds;yet (almost) every smanth 4-manifold
admitsa \near-symplectic'structure(sympl.outsidecircles).
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Lefschetz fibrations

A Lefschetz bration isaC>® mapf :M*! S?with iso-
latednon-degeneratit. pts, where(in orierted coordinates)
f(z1;22) » 22+ z5. (= sing. bersarenadal)

vanishing cycle |.-.

(52 , S >< )

Gompf: Assuming ber]non-torsionn Ho(M), M carries

a symplectidorms.t. ! ¢ > 0, uniqueup to deformation.
(extends Thurston's result on symplectic brations)

Donaldson: Any compacsymplectidX %! ) admitsasym-

plecticLefstetz pencilf : X nfbasg! CP!; blowing up

basepoints, geta sympl.Lefstietz bration f*: X | S2with
distinguished 1-sections.

(extendsclassicalalg. geometry (Lefschetz); uses\approx. hol. geometry")

(f = so=s1, Si € CL (X;L™¥), L \ample", sup|@i| < sup|@i|)




Monodromy

vanishing

Mono dromy: A: %(S?nfpy;:::;pg)! Map,
Map, = % Di®" (8 ) is the gerusg mappingclassgroup.
Map, is generatedy Dehntwists. TR u q

11 10
E.g.for 7%= R?/Z% Map, = SL(2,Z); 7a = 01°' ™" _11
Choosean P q;::0;°00 for Ya(S*nfpg)
) factorizationof Id asproduct of positive Dehntwists:
Q

(ciitié) 2 Mapy; & = ACH); i=1
If g, 2thenthefactorizations; ¢::: ¢ = 1 determineshe
“bration f up to isotopy.

2 With n distinguishedsectionsA : %4(R2nfpig) | Map,,
Map,, = ¥Di®" (§; @) gemusg with n boundaries.

) at:i:¢; =+ (mondaronyatl = boundarytwist).
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Factorizations

Two natural on factorizations:
1. Global conjugation (changeoftrivializationofreferenceb er)

2. Hurwitz equiv alence (changeof orderedbasis(vi, ...,V ))

(éa::13
f gernusg with n sectiong/ isotopy
# 11
Y Y4 A _ _
S Hurwitz equiv.
+= = (pos.Dehntwists) + globalcon;.
Lefstetz brations?

) Classi cationof o
Map,., factorization®
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Branched covers of CP?

(D.A. '99, D.A.-Katzarkov '00{'02)
(extendswork of Zariski, Moishezon-eidher, ... on alg. surfaces)

Alternative descriptionof symplecticd-manifolds:
f :X I CP?brandhedcovering with crit. pts. modelledon

2 simplebranding: (x;y) 7! (X2;y). g
2 cusp:(x;y) 7! (X3i xy:y).

D = crit(f) ¥ CP? symplecticcurve with
(complex)cuspand (+/ | ) node singularities.

S D
X infl [§>§ degD = d
—
CpL ‘?W (%o w1t w2) v (o & x1)

) anotherconbinatorialdescriptionof sympl.4-manifolds:
1) Brand cure: D % CP?
Braid monalrony = (braid group)
) D isdescriledby a (liftable) braid groupfactorization
(involving cuspshodes,tangencies)
2) Monadromy: p: %4(CP?i D)! S, (n= degf)
(surjective, mapsy; to transpositions)
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Classification of Lefschetz fibrations

2 g= 0; 1: classica(gerus 1. Moishezon-Livne).
Thesearealways isotopicto holomorphic brations.

In Map;: ta= <(1) D,gb: (_i (D

2 g= 2,assumingo reduciblesing. bers:

CE = &=

irreducible reducible

Conj.: always isotopicto holomorphicbrations, i.e. oneof:

e~ AN

Proved by Sielert-Tian (2003)undera tednicalassumption.
(Method: pseudo-holomorphiacurves)
2 g, 3(org= 2with reduciblesing. bers):

Variousin nite familiesof Lefstietz brations not isotopic
to any holomorphicbration!
(Ozbagci-Stipsicz,Smith, Fintushel-Stern, Korkmaz, ...)

Canwe understandanything?



Fiber sums

f:M! S%2f':M’! S?gensgLefstietz brations.
Fix a di®eomorphisrhetweensmath bers.

) bersumf # f’ (‘berwiseconnectedum)

<> 1) (0 <>
) kO k)h0) {04l

I §f°
(s X GIIIIG X 8)

For factorizations:

Classi cation up to b er sums: (DA, '04)

8g thereis a genus g Lefstetz bration f g sud that:

8 El ‘My! S?%f,:M,! S?genusg Lefstetz brations,
2 AM1) = A(My); %M1) = %M>)

If S f1;fo> have same#'s of reducible b ersof eat type
" f1;f> have section®f sameself-itersection

then8n A O,f1# nfQ" fo# nf).




Positive factorizations

The proof relieson the following result:

can be written as an equaliy of positive
words,w = w’ where viewingw; w’ asfactorizations:

Then, given F’; F” factorizationsof a sameelemeh in G
s.t. the factorsof F’ are conjugatedo thoseof F” (up to
permutation),

onin’ 2 NSLF ¢ E" » Fre®

1 Hurwitz 1

n/
|
|:i

We apply this result(+ sometopology)to G = Mapy;.

(There we have 4 factorizations. Relate n® — n®to changein A(M), M)

= if presened then n®= n% Finally, take 7% = [ F)



Factorizations in Mapg.q

Generatorsgp; @ ::; éog-
Relations:
GG = aifa\ g =;,é¢d=¢édgifal g 6 ;

............. 12

(1): Hurwitz equinalences;
(it); (i ): both sidescanbe completedo factorizationof +.

Corollary:  (Mq;! 1), (My;! ») compacisympl.4-manifolds,
[':]12 H?(M;; Z), with same(c; co; ¢ ¢! T [ D).

) My; M5 becomesymplectomorphiafter (same)blow-
upsand bersums.

Question: canM, be obtainedfrom M, by a sequencef
surgerie®n Lagrangiartori?

Or: givenf 1;f, asin maintheorem,aretheir factorizations
equialert underHurwitz moves+ partial conjugations?



