
SYMPLECTIC 4-MANIF OLDS, SINGULAR PLANE
CUR VES, AND ISOTOPY PR OBLEMS

DENIS AUROUX

Abstra ct. We give an overview of various recent results concerning
the topology of symplectic 4-manifolds and singular plane curves, using
branched covers and isotopy problems as a unifying theme. While this
paper doesnot contain any new results, we hope that it can serve as an
intro duction to the subject, and will stimulate interest in some of the
open questions mentioned in the ¯nal section.

1. Intr oduction

An important problem in 4-manifold topology is to understand which
manifolds carry symplectic structures (i.e., closednon-degenerate2-forms),
and to develop invariants that can distinguish symplectic manifolds. Ad-
ditionally , one would like to understand to what extent the category of
symplectic manifolds is richer than that of KÄahler (or complex projective)
manifolds. Similar questionsmay be asked about singular curvesinside, e.g.,
the complexprojective plane. The two typesof questionsare related to each
other via symplectic branched covers.

A branched cover of a symplectic 4-manifold with a (possibly singular)
symplectic branch curve carries a natural symplectic structure. Conversely,
using approximately holomorphic techniques it can be shown that every
compact symplectic 4-manifold is a branched cover of the complex projec-
tiv e plane, with a branch curve presenting nodes(of both orientations) and
complex cusps as its only singularities (cf. x3). The topology of the 4-
manifold and that of the branch curve are closely related to each other;
for example,using braid monodromy techniques to study the branch curve,
onecan reducethe classi¯cation of symplectic 4-manifolds to a (hard) ques-
tion about factorizations in the braid group (cf. x4). Conversely, in some
examples the topology of the branch curve complement (in particular its
fundamental group) admits a simple description in terms of the total space
of the covering (cf. x5).

In the language of branch curves, the failure of most symplectic mani-
folds to admit integrable complex structures translates into the failure of
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most symplectic branch curvesto be isotopic to complex curves. While the
symplectic isotopy problem hasa negative answer for plane curveswith cusp
and node singularities, it is interesting to investigate this failure more pre-
cisely. Various partial results have beenobtained recently about situations
whereisotopy holds (for smooth curves;for curvesof low degree),and about
isotopy up to stabilization or regular homotopy (cf. x6). On the other hand,
many known examplesof non-isotopic curves can be understood in terms
of twisting along Lagrangian annuli (or equivalently , Luttinger surgery of
the branched covers), leading to someintriguing open questionsabout the
topology of symplectic 4-manifolds versusthat of KÄahler surfaces.

2. Back gr ound

In this section we review various classical facts about symplectic mani-
folds; the reader unfamiliar with the subject is referred to the book [19] for
a systematic treatment of the material.

Recall that a symplectic form on a smooth manifold is a 2-form ! such
that d! = 0 and ! ^ ¢¢¢̂ ! is a volume form. The protot ype of a symplectic
form is the 2-form ! 0 =

P
dxi ^ dyi on R2n . In fact, one of the most

classical results in symplectic topology, Darboux's theorem, asserts that
every symplectic manifold is locally symplectomorphic to (R2n ; ! 0): hence,
unlike Riemannian metrics, symplectic structures have no local invariants.

Since we are interested primarily in compact examples, let us mention
compact oriented surfaces (taking ! to be an arbitrary area form), and
the complex projective spaceCPn (equipped with the Fubini-Study KÄahler
form). More generally, since any submanifold to which ! restricts non-
degenerately inherits a symplectic structure, all complex projective mani-
folds are symplectic. However, the symplectic category is strictly larger than
the complexprojective category, as¯rst evidencedby Thurston in 1976[36].
In 1994Gompf obtained the following spectacular result using the symplectic
sum construction [14]:

Theorem 1 (Gompf). Given any ¯nitely presented group G, there exists a
compact symplectic 4-manifold (X ; ! ) such that ¼1(X ) ' G.

Hence, a general symplectic manifold cannot be expected to carry a
complex structure; however, we can equip it with a compatible almost-
complex structure, i.e. there exists J 2 End(TX ) such that J 2 = ¡ Id and
g(¢; ¢) := ! (¢; J ¢) is a Riemannian metric. Hence,at any given point x 2 X
the tangent space(TxX ; ! ; J ) can be identi¯ed with (Cn ; ! 0; i ), but there
is no control over the manner in which J varies from one point to another
(J is not integrable). In particular, the ¹@operator associated to J doesnot
satisfy ¹@2 = 0, and hencethere are no local holomorphic coordinates.

An important problem in 4-manifold topology is to understand the hier-
archy formed by the three main classesof compact oriented 4-manifolds: (1)
complex projective, (2) symplectic, and (3) smooth. Each classis a proper
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subset of the next one, and many obstructions and examplesare known,
but we are still very far from understanding what exactly causesa smooth
4-manifold to admit a symplectic structure, or a symplectic 4-manifold to
admit an integrable complex structure.

One of the main motivations to study symplectic 4-manifolds is that they
retain some(but not all) features of complex projective manifolds: for ex-
ample the structure of their Seiberg-Witten invariants, which in both cases
are non-zeroand count certain embeddedcurves[31, 32]. At the sametime,
every compact oriented smooth 4-manifold with b+

2 ¸ 1 admits a \near-
symplectic" structure, i.e. a closed2-form which vanishesalong a union of
circles and is symplectic over the complement of its zero set [13, 16]; and it
appears that somestructural properties of symplectic manifolds carry over
to the world of smooth 4-manifolds (seee.g. [33, 5]).

Many new developments have contributed to improve our understanding
of symplectic 4-manifolds over the past ten years (while results are much
scarcer in higher dimensions). Perhaps the most important sourceof new
results hasbeenthe study of pseudo-holomorphiccurvesin their various in-
carnations: Gromov-Witten invariants, Floer homology, . . . (for an overview
of the subject see[20]). At the sametime, gaugetheory (mostly Seiberg-
Witten theory, but also more recently Ozsvath-Szabo theory) has made it
possibleto identify various obstructions to the existenceof symplectic struc-
tures in dimension 4 (cf. e.g. [31, 32]). On the other hand, various new
constructions, such as link surgery [11], symplectic sum [14], and symplectic
rational blowdown [30] have made it possibleto exhibit interesting families
of non-KÄahler symplectic 4-manifolds. In a slightly di®erent direction, ap-
proximately holomorphic geometry (¯rst intro duced by Donaldson in [9])
has made it possibleto obtain various structure results, showing that sym-
plectic 4-manifolds can be realizedas symplectic Lefschetz pencils [10] or as
branched covers of CP2 [2]. In the rest of this paper we will focus on this
latter approach, and discussthe topology of symplectic branched covers in
dimension 4.

3. Symplectic branched co vers

Let X and Y be compact oriented 4-manifolds, and assumethat Y carries
a symplectic form ! Y .

De¯nition 2. A smooth map f : X ! Y is a symplectic branched covering
if given any point p 2 X there exist neighborhoods U 3 p, V 3 f (p), and
local coordinate charts Á : U ! C2 (orientation-pr eserving) and Ã : V ! C2

(adapted to ! Y , i.e. such that ! Y restricts positively to any complex line in
C2), in which f is given by one of:

(i ) (x; y) 7! (x; y) (local di®eomorphism),
(ii ) (x; y) 7! (x2; y) (simple branching),
(iii ) (x; y) 7! (x3 ¡ xy; y) (ordinary cusp).
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Theselocal models are the sameas for the singularities of a genericholo-
morphic map from C2 to itself, except that the requirements on the local
coordinate charts have beensubstantially weakened. The rami¯c ation curve
R = f p 2 X ; det(df ) = 0g is a smooth submanifold of X , and its image
D = f (R) is the branch curve, described in the local models by the equa-
tions z1 = 0 for (x; y) 7! (x2; y) and 27z2

1 = 4z3
2 for (x; y) 7! (x3 ¡ xy; y).

The conditions imposed on the local coordinate charts imply that D is a
symplectic curve in Y (i.e., ! Y jT D > 0 at every point of D ). Moreover the
restriction of f to R is an immersion everywhereexceptat the cusps. Hence,
besidesthe ordinary complex cusps imposedby the local model, the only
genericsingularities of D are transversedouble points (\no des"), which may
occur with either the complex orientation or the anti-complex orientation.

We have the following result [2]:

Prop osition 3. Given a symplectic branched covering f : X ! Y , the man-
ifold X inherits a natural symplectic structure ! X , canonical up to isotopy,
in the cohomology class [! X ] = f ¤[! Y ].

The symplectic form ! X is constructed by adding to f ¤! Y a small mul-
tiple of an exact form ® with the property that, at every point of R, the
restriction of ® to Ker(df ) is positive. Uniquenessup to isotopy follows from
the convexity of the spaceof such exact 2-forms and Moser's theorem.

Conversely, we can realizeevery compact symplectic 4-manifold asa sym-
plectic branched cover of CP2 [2], at least if we assumeintegrality , i.e. if we
require that [! ] 2 H 2(X ; Z), which doesnot placeany additional restrictions
on the di®eomorphismtype of X :

Theorem 4. Given an integral compact symplectic 4-manifold (X 4; ! ) and
an integer k À 0, there existsa symplectic branched covering f k : X ! CP2,
canonical up to isotopy if k is su±ciently large.

Moreover, the natural symplectic structure induced on X by the Fubini-
Study KÄahler form and f k (as given by Proposition 3) agreeswith ! up to
isotopy and scaling (multiplication by k).

The main tool in the construction of the maps f k is approximately holo-
morphic geometry [9, 10, 2]. Equip X with a compatible almost-complex
structure, and considera complex line bundle L ! X such that c1(L ) = [! ]:
then for k À 0 the line bundle L ­ k admits many approximately holomorphic
sections, i.e. sectionssuch that supj ¹@sj ¿ supj@sj. Generically, a triple of
such sections(s0; s1; s2) hasno commonzeroes,and determinesa projective
map f : p 7! [s0(p) :s1(p) :s2(p)]. Theorem 4 is then proved by constructing
triples of sectionswhich satisfy suitable transversality estimates, ensuring
that the structure of f near its critical locus is the expectedone [2]. (In the
complex caseit would be enoughto pick three genericholomorphic sections,
but in the approximately holomorphic context oneneedsto work harder and
obtain uniform transversality estimateson the derivativesof f .)
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Becausefor large k the maps f k are canonicalup to isotopy through sym-
plectic branched covers, the topology of f k and of its branch curve D k can be
usedto de¯ne invariants of the symplectic manifold (X ; ! ). The only generic
singularities of the plane curve D k are nodes (transversedouble points) of
either orientation and complex cusps,but in a genericone-parameterfamily
of branched covers pairs of nodes with opposite orientations may be can-
celled or created. However, recalling that a node of D k corresponds to the
occurrenceof two simple branch points in a same¯b er of f k , the creation of
a pair of nodescan only occcur in a manner compatible with the branched
covering structure, i.e. involving disjoint sheetsof the covering. Hence, for
large k the sequenceof branch curvesD k is, up to isotopy (equisingular de-
formation amongsymplectic curves), cancellationsand admissiblecreations
of pairs of nodes,an invariant of (X ; ! ).

The rami¯cation curve of f k is just a smooth connectedsymplectic curve
representing the homology classPoincar¶e dual to 3k[! ] ¡ c1(TX ), but the
branch curve D k becomesmore and more complicated as k increases: in
terms of the symplectic volume and Chern numbers of X , its degree(or
homology class)dk , genus gk , and number of cusps· k are given by

dk = 3k2 [! ]2 ¡ k c1 ¢[! ]; 2gk ¡ 2 = 9k2 [! ]2 ¡ 9k c1 ¢[! ] + 2c2
1;

· k = 12k2 [! ]2 ¡ 9k c1 ¢[! ] + 2c2
1 ¡ c2:

It is alsoworth mentioning that, to this date, there is no evidencesuggesting
that negative nodes actually do occur in these high degreebranch curves;
our inabilit y to rule our their presencemight well be a shortcoming of the
approximately holomorphic techniques, rather than an intrinsic feature of
symplectic 4-manifolds. So in the following sections we will occasionally
consider the more conventional problem of understanding isotopy classes
of curves presenting only positive nodes and cusps, although most of the
discussionapplies equally well to curveswith negative nodes.

Assuming that the topology of the branch curve is understood (we will
discusshow to achieve this in the next section), one still needsto consider
the branched covering f itself. The structure of f is determined by its
monodromy morphism µ : ¼1(CP2 ¡ D ) ! SN , where N is the degreeof the
covering f . Fixing a basepoint p0 2 CP2 ¡ D , the image by µ of a loop
° in the complement of D is the permutation of the ¯b er f ¡ 1(p0) induced
by the monodromy of f along ° . (Since viewing this permutation as an
element of SN depends on the choice of an identi¯cation between f ¡ 1(p0)
and f 1; : : : ; N g, the morphism µ is only well-de¯ned up to conjugation by
an element of SN .) By Proposition 3, the isotopy classof the branch curve
D and the monodromy morphism µ determine completely the symplectic
4-manifold (X ; ! ) up to symplectomorphism.

Consider a loop ° which bounds a small topological disc intersecting D
transversely once: such a loop plays a role similar to the meridian of a
knot, and is called a geometric generator of ¼1(CP2 ¡ D ). Then µ(° ) is a
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transposition (becauseof the local model near a simple branch point). Since
the image of µ is generatedby transpositions and acts transitiv ely on the
¯b er (assumingX to be connected),µ is a surjective group homomorphism.
Moreover, the smoothness of X above the singular points of D imposes
certain compatibilit y conditions on µ. Therefore, not every singular plane
curvecanbe the branch curveof a smooth covering; moreover, the morphism
µ, if it exists, is often unique (up to conjugation in SN ). In the caseof
algebraic curves, this uniquenessproperty, which holds except for a ¯nite
list of well-known counterexamples, is known as Chisini's conjecture, and
was essentially proved by Kulik ov a few yearsago [18].

The upshot of the above discussionis that, in order to understand sym-
plectic 4-manifolds, it is in principle enough to understand singular plane
curves. Moreover, if the branch curve of a symplectic covering f : X ! CP2

happens to be a complex curve, then the integrable complex structure of
CP2 can be lifted to an integrable complex structure on X , compatible with
the symplectic structure; this implies that X is a complexprojective surface.
So, consideringthe branched coverings constructed in Theorem 4, we have:

Corollary 5. For k À 0 the branch curve D k ½ CP2 is isotopic to a complex
curve (up to node cancellations) if and only if X is a complex projective
surface.

This motivates the study of the symplectic isotopy problem, which we will
discussin x6. For now we focuson the useof braid monodromy invariants to
study the topology of singular plane curves. In the present context, the goal
of this approach is to reducethe classi¯cation of symplectic 4-manifolds to a
purely algebraicproblem, in a manner vaguely reminiscent of the role played
by Kirb y calculus in the classi¯cation of smooth 4-manifolds; as we shall
seebelow, representing symplectic 4-manifolds as branched covers of CP2

naturally leadsone to study the calculus of factorizations in braid groups.

4. The topology of singular plane cur ves

The topology of singular algebraic plane curves has been studied exten-
sively sinceZariski. One of the main tools is the notion of braid monodromy
of a plane curve, which has been used in particular by Moishezonand Te-
icher in many papers since the early 1980sin order to study branch curves
of genericprojections of complex projective surfaces(see[34] for a detailed
overview). Braid monodromy techniques can be applied to the more gen-
eral caseof Hurwitz curves in ruled surfaces,i.e. curves which behave in a
genericmanner with respect to the ruling. In the caseof CP2, we consider
the projection ¼: CP2 ¡ f (0 : 0 : 1)g ! CP1 given by (x : y : z) 7! (x : y).

De¯nition 6. A curve D ½ CP2 (not passingthrough(0:0:1)) is a Hurwitz
curve (or braided curve) if D is positively transverseto the ¯bers of ¼every-
where except at ¯nitely many points where D is smooth and non-degenerately
tangent to the ¯bers.
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?
¼: (x : y : z) 7! (x : y)
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Figure 1. A Hurwitz curve in CP2

The projection ¼ makes D a singular branched cover of CP1, of degree
d = degD = [D ] ¢[CP1]. Each ¯b er of ¼ is a complex line ` ' C ½ CP2,
and if ` does not pass through any of the singular points of D nor any of
its vertical tangencies, then ` \ D consists of d distinct points. We can
trivialize the ¯bration ¼over an a±ne subsetC ½ CP1, and de¯ne the braid
monodromy morphism

½: ¼1(C ¡ crit (¼jD )) ! Bd:

Here Bd is the Artin braid group on d strings (the fundamental group of the
con¯guration spaceConfd(C) of d distinct points in C), and for any loop °
the braid ½(° ) describesthe motion of the d points of ` \ D inside the ¯b ers
of ¼as one movesalong the loop ° .

Equivalently , choosingan orderedsystemof arcsgeneratingthe freegroup
¼1(C ¡ crit( ¼jD )), one can expressthe braid monodromy of D by a factor-
ization

¢ 2 =
Y

i

½i

of the central element ¢ 2 (representing a full rotation by 2¼) in Bd, where
each factor ½i is the monodromy around one of the special points (cusps,
nodes, tangencies)of D .

A sameHurwitz curvecanbedescribedby di®erent factorizations of ¢ 2 in
Bd: switching to a di®erent orderedsystemof generatorsof ¼1(C¡ crit( ¼jD ))
a®ectsthe collection of factors h½1; : : : ; ½r i by a sequenceof Hurwitz moves,
i.e. operations of the form

h½1; ¢¢¢; ½i ; ½i +1 ; ¢¢¢; ½r i Ã ! h½1; ¢¢¢; (½i ½i +1 ½¡ 1
i ); ½i ; ¢¢¢; ½r i ;

and changing the identi¯cation betweenthe referencē b er (`; ` \ D ) of ¼and
the basepoint in Confd(C) a®ectsbraid monodromy by a global conjugation

h½1; ¢¢¢; ½r i Ã ! hb¡ 1½1b; ¢¢¢; b¡ 1½r bi :

For Hurwitz curves whoseonly singularities are cuspsand nodes (of either
orientation), or more generally curves with An (and An ) singularities, the
braid monodromy factorization determinesthe isotopy type completely (see
for example [17]). Hence, determining whether two given Hurwitz curves
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are isotopic among Hurwitz curves is equivalent to determining whether
two given factorizations of ¢ 2 coincide up to Hurwitz moves and global
conjugation.

It is easyto seethat any Hurwitz curve in CP2 can be made symplectic
by an isotopy through Hurwitz curves: namely, the image of any Hurwitz
curve by the rescaling map (x : y : z) 7! (x : y : ¸z ) is a Hurwitz curve,
and symplectic for j¸ j ¿ 1. On the other hand, a re¯nement of Theorem
4 makes it possible to assumewithout loss of generality that the branch
curvesDk ½ CP2 are Hurwitz curves[7]. So, from now on we can speci¯cally
consider symplectic coverings with Hurwitz branch curves. In this setting,
braid monodromy gives a purely combinatorial description of the topology
of compact (integral) symplectic 4-manifolds.

The braid monodromy of the branch curvesD k given by Theorem 4 can
be computed explicitly for various families of complex projective surfaces
(non-KÄahler examplesare currently beyond reach). In fact, in the complex
casethe branched coverings f k are isotopic to genericprojections of projec-
tiv e embeddings. Accordingly, most of these computations rely purely on
methods from algebraic geometry, using the degenerationtechniquesexten-
sively developed by Moishezonand Teicher (see[1, 21, 22, 24, 26, 34, 35] and
referenceswithin); but approximately holomorphic methods can be usedto
simplify the calculations and bring a whole new range of exampleswithin
reach [6]. This includes some complex surfacesof general type which are
mutually homeomorphic and have identical Seiberg-Witten invariants but
of which it is unknown whether they are symplectomorphic or even di®eo-
morphic (the Horikawa surfaces).

However, the main obstacle standing in the way of this approach to the
topology of symplectic 4-manifolds is the intractabilit y of the so-called\Hur-
witz problem" for braid monodromy factorizations: namely, there is no al-
gorithm to decide whether two given braid monodromy factorizations are
identical up to Hurwitz moves. Therefore, since we are unable to compare
braid monodromy factorizations, we have to extract the information con-
tained in them by indirect means,via the intro duction of more manageable
(but lesspowerful) invariants.

5. Fund ament al gr oups of branch cur ve complements

The idea of studying algebraic plane curves by determining the funda-
mental groups of their complements is a very classicalone, which goesback
to Zariski and Van Kampen. More recently , Moishezon and Teicher have
shown that fundamental groups of branch curve complements can be used
as a major tool to further our understanding of complex projective surfaces
(cf. e.g. [21, 25, 34]). By analogy with the situation for knots in S3, one ex-
pectsthe topology of the complement to carry a lot of information about the
curve; however in this casethe fundamental group does not determine the
isotopy type. For an algebraiccurve in CP2, or more generally for a Hurwitz
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curve, the fundamental group of the complement is determined in an explicit
manner by the braid monodromy factorization, via the Zariski-Van Kampen
theorem. Hence,calculations of fundamental groupsof complements usually
rely on braid monodromy techniques.

A close examination of the available data suggeststhat, contrarily to
what has often been claimed, in the speci¯c caseof generic projections of
complex surfacesprojectively embedded by sectionsof a su±ciently ample
linear system (i.e. taking k À 0 in Theorem 4), the fundamental group of
the branch curve complement may be determined in an elementary manner
by the topology of the surface(seebelow).

In the symplectic setting, the fundamental group of the complement of
the branch curve D of a covering f : X ! CP2 is a®ectedby node creation
or cancellation operations. Indeed, adding pairs of nodes(in a manner com-
patible with the monodromy morphism µ : ¼1(CP2 ¡ D ) ! SN ) intro duces
additional commutation relations betweengeometric generatorsof the fun-
damental group. Hence, it is necessaryto consider a suitable \symplectic
stabilization" of ¼1(CP2 ¡ D ) [6]:

De¯nition 7. Let K be the normal subgroup of ¼1(CP2 ¡ D ) generated by
the commutators [° ; ° 0] for all pairs ° ; ° 0 of geometric generators such that
µ(° ) and µ(° 0) are disjoint commuting transpositions. Then the symplectic
stabilization of ¼1(CP2 ¡ D ) is the quotient ¹G = ¼1(CP2 ¡ D )=K .

Considering the branch curves D k of the coverings given by Theorem 4,
we have the following result [6]:

Theorem 8 (A.-Donaldson-Katzarkov-Yotov). For k À 0, the stabilized
group ¹Gk (X ; ! ) = ¼1(CP2 ¡ Dk )=Kk is an invariant of the symplectic man-
ifold (X 4; ! ).

The fundamental group of the complement of a plane branch curve D ½
CP2 comesnaturally equipped with two morphisms: the symmetric group
valued monodromy homomorphism µ discussedabove, and the abelianiza-
tion map ± : ¼1(CP2 ¡ D ) ! H1(CP2 ¡ D ; Z). Since we only consider irre-
ducible branch curves,we have H 1(CP2¡ D ; Z) ' Zd, where d = degD, and
± counts the linking number (mod d) with the curve D. The morphisms µ
and ± are surjective, but the imageof (µ; ±) : ¼1(CP2 ¡ D ) ! SN £ Zd is the
index 2 subgroup consisting of all pairs (¾; p) such that the permutation ¾
and the integer p have the sameparit y (note that d is always even). The
subgroup K intro duced in De¯nition 7 lies in the kernel of (µ; ±); therefore,
setting G0 = Ker(µ; ±)=K , we have an exact sequence

1 ¡ ! G0 ¡ ! ¹G
(µ;±)
¡ ! SN £ Zd ¡ ! Z2 ¡ ! 1:

Moreover, assumethat the symplectic 4-manifold X is simply connected,
and denote by L = f ¤[CP1] the pullback of the hyperplane class and by
K X = ¡ c1(TX ) the canonical class. Then we have the following result [6]:
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Theorem 9 (A.-Donaldson-Katzarkov-Yotov). If ¼1(X ) = 1 then there is
a natural surjective homomorphism Á : Ab(G0) ³ (Z2=¤) N ¡ 1, where ¤ =
f (L ¢C; K X ¢C); C 2 H2(X ; Z)g ½ Z2.

The fundamental groupsof the branch curvecomplements havebeencom-
puted for generic polynomial maps to CP2 on various algebraic surfaces,
using braid monodromy techniques (cf. x4) and the Zariski-Van Kampen
theorem. Sincein the symplectic setting Theorem 4 givesuniquenessup to
isotopy only for k À 0, we restrict ourselvesto thoseexamplesfor which the
fundamental groupshave beencomputed for CP2-valued mapsof arbitrarily
large degree.

The ¯rst such calculations werecarried out by Moishezonand Teicher, for
CP2, CP1 £ CP1 [22], and Hirzebruch surfaces([24], seealso [6]); the answer
is also known for somespeci¯c linear systemson rational surfacesand K3
surfacesrealized as complete intersections (by work of Robb [26], seealso
related papers by Teicher et al). Additionally , the symplectic stabilizations
of the fundamental groups have been computed for all double covers of
CP1 £ CP1 branched along connected smooth algebraic curves [6], which
includes an in¯nite family of surfacesof general type.

In all these examples it turns out that, if one considersprojections of
su±ciently large degree(i.e., assuming k ¸ 3 for CP2 and k ¸ 2 for the
other examples),the structure of G0 is very simple, and obeysthe following
conjecture:

Conjecture 10. Assumethat X is a simply connected algebraic surface and
k À 0. Then: (1) the symplectic stabilization operation is trivial, i.e. K =
f 1g and ¹G = ¼1(CP2¡ D ); (2) the homomorphismÁ : Ab(G0) ! (Z2=¤) N ¡ 1

is an isomorphism; and (3) the commutator subgroup [G0; G0] is a quotient
of Z2 £ Z2.

6. The symplectic isotopy pr oblem

The symplectic isotopy problem asks under which conditions (assump-
tions on degree,genus, typesand numbers of singular points) it is true that
any symplectic curve in CP2 (or more generally in a complexsurface)is sym-
plectically isotopic to a complex curve (by isotopy, we mean a continuous
family of symplectic curveswith the samesingularities).

The ¯rst result in this direction is due to Gromov, who proved that every
smooth symplectic curveof degree1 or 2 in CP2 is isotopic to a complexcurve
[15]. The argument relies on a careful study of the deformation problem
for pseudo-holomorphiccurves: starting from an almost-complex structure
J for which the given curve C is pseudo-holomorphic, and considering a
family of almost-complex structures (J t )t2 [0;1] interpolating betweenJ and
the standard complex structure, one can prove the existenceof smooth J t -
holomorphic curvesCt realizing an isotopy betweenC and a complex curve.

The isotopy property is expected to hold for smooth and nodal curves
in all degrees,and also for curves with su±ciently few cusps. For smooth
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curves, successive improvements of Gromov's result have beenobtained by
Sikorav (for degree 3), Shevchishin (for degree · 6), and more recently
Siebert and Tian [28]:

Theorem 11 (Siebert-Tian) . Every smooth symplectic curve of degree · 17
in CP2 is symplectically isotopic to a complex curve.

Someresults have been obtained by Barraud and Shevchishin for nodal
curvesof low genus. For example, the following result holds [27]:

Theorem 12 (Shevchishin). Every irr educible nodal symplectic curve of
genusg · 4 in CP2 is symplectically isotopic to a complex curve.

Moreover, work in progress by S. Francisco is expected to lead to an
isotopy result for curves of low degree with node and cusp singularities
(subject to speci¯c constraints on the number of cusps).

If oneaims to classifysymplectic 4-manifoldsby enumerating all branched
covers of CP2 according to the degreeand number of singularities of the
branch curve, then the above casesare those for which the classi¯cation is
the simplest and does not include any non-KÄahler examples. On the other
hand, Corollary 5 implies that the isotopy property cannot hold for all curves
with node and cuspsingularities; in fact, explicit counterexampleshave been
constructed by Moishezon[23] (seebelow).

Even when the isotopy property fails, the classi¯cation of singular plane
curvesbecomesmuch simpler if oneconsidersan equivalencerelation weaker
than isotopy, such asregular homotopy, or stableisotopy. Namely, let D 1; D2
be two Hurwitz curves(seeDe¯nition 6) in CP2 (or more generally in a ra-
tional ruled surface), with node and cusp singularities (or more generally
singularities of type An ). Assumethat D1 and D2 represent the sameho-
mology class, and that they have the same numbers of singular points of
each type. Then we have the following results [8, 17]:

Theorem 13 (A.-Kulik ov-Shevchishin). Under the above assumptions,D 1
and D2 are regular homotopic among Hurwitz curves, i.e. they are isotopic
up to creations and cancellations of pairs of nodes.

Theorem 14 (Kharlamov-Kulik ov). Under the above assumptions, let D 0
i

(i 2 f 1; 2g) be the curve obtained by adding to D i a union of n generic
lines (or ¯bers of the ruling) intersecting D i transverselyat smooth points,
and smoothing out all the resulting intersections. Then for all large enough
valuesof n the Hurwitz curves D 0

1 and D 0
2 are isotopic.

Unfortunately, Theorem13doesnot seemto have any implications for the
topology of symplectic 4-manifolds, becausethe node creation operations
appearing in the regular homotopy need not be admissible: even if both
D1 and D2 are branch curves of symplectic coverings, the homotopy may
involve plane curvesfor which the branched cover is not smooth. For similar
reasons,the applicabilit y of Theorem 14 to branch curves is limited to the
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caseof double covers, i.e. symplectic 4-manifolds which admit hyperelliptic
Lefschetz ¯brations. In particular, for genus 2 Lefschetz ¯brations we have
the following result [3]:

Theorem 15. If the symplectic 4-manifold X admits a genus2 Lefschetz
¯br ation, then X becomescomplexprojective after stabilization by ¯ber sums
with rational surfaces along genus2 curves.

It follows from Theorem 14 that this result extendsto all Lefschetz ¯bra-
tions with monodromy contained in the hyperelliptic mapping classgroup.
However, few symplectic 4-manifolds admit such ¯brations, and in general
the following question remains open:

Question 16. Let X 1; X 2 be two integral compact symplectic 4-manifolds
with the same(c2

1; c2; c1¢[! ]; [! ]2). Do X 1 and X 2 become symplectomorphic
after su±ciently many ¯ber sumswith the samecomplexprojective surfaces
(chosenamong a ¯nite collection of model holomorphic ¯br ations)?

This question can be thought of as the symplectic analogueof the clas-
sical result of Wall which asserts that any two simply connected smooth
4-manifolds with the sameintersection form becomedi®eomorphicafter re-
peatedly performing connectedsumswith S2 £ S2 [37].

A closerlook at the known examplesof non-isotopic singular plane curves
suggeststhat an even stronger statement might hold.

It was ¯rst observed in 1999by Fintushel and Stern [12] that many sym-
plectic 4-manifoldscontain in¯nite families of non-isotopicsmooth connected
symplectic curvesrepresenting the samehomology class(seealso [29]). The
simplest examplesare obtained by \braiding" parallel copiesof the ¯b er in
an elliptic surface,and are distinguished by comparing the Seiberg-Witten
invariants of the corresponding double branched covers. Other examples
have beenconstructed by Smith, EtgÄu and Park, and Vidussi. However, for
singular plane curves the ¯rst exampleswere obtained by Moishezonmore
than ten yearsago [23]:

Theorem 17 (Moishezon). For all p ¸ 2, there exist in¯nitely many pair-
wise non-isotopic singular symplectic curvesof degree 9p(p¡ 1) in CP2 with
27(p¡ 1)(4p¡ 5) cuspsand 27

2 (p¡ 1)(p¡ 2)(3p2 + 3p¡ 8) nodes,not isotopic
to any complex curve.

Moishezon'sapproach is purely algebraic(using braid monodromy factor-
izations), and very technical; the curvesthat he constructs are distinguished
by the fundamental groupsof their complements [23]. However a much sim-
pler geometric description of this construction can be given in terms of
braiding operations, which makes it possibleto distinguish the curves just
by comparing the canonical classesof the associated branched covers [4].

Given a symplectic covering f : X ! Y with branch curve D, and given
a Lagrangian annulus A with interior in Y n D and boundary contained in
D , we can braid the curve D along the annulus A by performing the local
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A

D ~D

Figure 2. The braiding construction

operation depicted on Figure 2. Namely, we cut out a neighborhood U of
A, and glue it back via a non-trivial di®eomorphismwhich interchangestwo
of the connectedcomponents of D \ @U, in such a way that the product of
S1 with the trivial braid is replacedby the product of S1 with a half-twist
(see[4] for details).

Braiding the curveD alongthe Lagrangianannulus A a®ectsthe branched
cover X by a Luttinger surgery along a smooth embeddedLagrangian torus
T which is one of the connectedcomponents of f ¡ 1(A) [4]. This operation
consistsof cutting out from X a tubular neighborhood of T, foliated by par-
allel Lagrangian tori, and gluing it back via a symplectomorphismwrapping
the meridian around the torus (in the direction of the preimage of an arc
joining the two boundariesof A), while the longitudes are not a®ected.

The starting point of Moishezon'sconstruction is the complex curve D 0
obtained by considering3p(p ¡ 1) smooth cubics in a pencil, removing balls
around the 9 points where these cubics intersect, and inserting into each
location the branch curve of a genericdegreep polynomial map from CP2 to
itself. By repeatedly braiding D0 along a well-chosenLagrangian annulus,
one obtains symplectic curves D j , j 2 Z. Moishezon's calculations show
that, whereasfor the initial curve the fundamental group of the complement
¼1(CP2 ¡ D0) is in¯nite, the groups ¼1(CP2 ¡ D j ) are ¯nite for all j 6= 0,
and of di®erent orders [23]. On the other hand, it is fairly easy to check
that, as expected from Theorem 9, this change in fundamental groups can
be detected by considering the canonical classof the p2-fold covering X j of
CP2 branched along D j . Namely, the canonical classof X 0 is proportional
to the cohomology class of the symplectic form induced by the branched
covering: c1(K X 0 ) = ¸ [! X 0 ], where¸ = 6p¡ 9

p . On the other hand, c1(K X j ) =

¸ [! X j ] + ¹ j [T ]P D , where ¹ = 2p¡ 3
p 6= 0, and the homology class[T] of the

Lagrangian torus T is not a torsion element in H 2(X j ; Z) [4].

Many constructions of non-KÄahler symplectic 4-manifolds can be thought
of in terms of twisted ¯b er sum operations, or Fintushel-Stern surgery along
¯b eredlinks. However the key component in each of theseconstructions can
beunderstood asa particular instanceof Luttinger surgery; soit makessense
to ask to what extent Luttinger surgery may be responsible for the greater



14 DENIS AUROUX

variety of symplectic 4-manifolds comparedto complex surfaces.More pre-
cisely, we may ask the following questions:

Question 18. Let D1; D2 be two symplectic curveswith nodesand cuspsin
CP2, of the samedegree and with the samenumbers of nodesand cusps. Is
it alwayspossibleto obtain D2 from D1 by a sequence of braiding operations
along Lagrangian annuli?

Question 19. Let X 1; X 2 be two integral compact symplectic 4-manifolds
with the same(c2

1; c2; c1¢[! ]; [! ]2). Is it always possibleto obtain X 2 from
X 1 by a sequence of Luttinger surgeries?

This question is the symplectic analogue of a question asked by Ron
Stern about smooth 4-manifolds, namely whether any two simply connected
smooth 4-manifolds with the sameEuler characteristic and signature di®er
from each other by a sequenceof logarithmic transformations. However,
here we do not require the manifolds to be simply connected, we do not
even require them to have the samefundamental group.
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