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SYMPLECTIC 4-MANIF OLDS: SOME OPEN PR OBLEMS

DENIS AUROUX

Abstra ct. Lefschetz ¯brations and their monodromy establish a bridge
betweenthe world of symplectic 4-manifolds and that of factorizations in
mapping classgroups. We outline various open problems about mapping
class group factorizations which translate to topological questions and
conjectures about symplectic 4-manifolds.

1. Lefschetz fibra tions and symplectic 4-manif olds

De¯nition 1. A Lefschetz̄ br ation on an oriented compact smooth 4-mani-
fold M is a smooth map f : M → S2 which is a submersion everywhere
except at ¯nitely many non-degenerate critic al points p1; : : : ; pr, near which f
identi¯es in local orientation-pr eservingcomplexcoordinates with the model
map (z1; z2) 7→ z2

1 + z2
2 .

The ¯b ersof a Lefschetz ¯bration f arecompactoriented surfaces,smooth
except for ¯nitely many of them. The ¯b er through pi presents a transverse
double point, or node, at pi. Without lossof generality, we can assumeafter
perturbing f slightly that the critical valuesqi = f (pi) are all distinct. Fix a
referencepoint q∗ in S2 \ crit (f ), and let § = f −1(q∗) be the corresponding
¯b er. Then we can consider the monodromy homomorphism

Ã : ¼1(S2 \ crit( f ); q∗) → Map(§) ;

where Map(§) = ¼0Di®+(§) is the mapping classgroup of §. The image
Ã(° ) of a loop ° ⊂ S2 \ crit (f ) is the isotopy classof the di®eomorphism
of § induced by parallel transport (with respect to an arbitrary horizontal
distribution) along the loop ° ; in other terms, Ã(° ) is the monodromy of
the restriction of f to the preimageof ° .

The singular ¯b ers of f are obtained from the nearby smooth ¯b ers by
collapsing a simple closedloop, called the vanishing cycle. This can be seen
on the local model (z1; z2) 7→ z2

1 + z2
2 , whosesingular ¯b er § 0 = {z2

1 + z2
2 = 0}

is obtained from the smooth ¯b ers § ε = {z2
1 + z2

2 = ²} (² > 0) by collapsing
the embeddedloops {(x1; x2) ∈ R

2; x2
1 + x2

2 = ²} = § ε ∩ R
2.

The monodromy of a Lefschetz ¯bration around a singular ¯b er is the
positive Dehn twist along the corresponding vanishing cycle. Choose an
ordered collection ´ 1; : : : ; ´ r of arcs joining q∗ to the various critical values
of f , and thicken them to obtain closed loops ° 1; : : : ; ° r based at q∗ in
S2 \ crit (f ), such that each ° i encirclesexactly one of the critical valuesof
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f , and ¼1(S2 \crit( f ); q∗) = 〈° 1; : : : ; ° r |
∏

° i = 1〉: Then the monodromy of
f along each ° i is a positive Dehn twist ¿i along an embeddedloop ±i ⊂ §,
obtained by parallel transport along ´ i of the vanishing cycle at the critical
point pi, and in Map(§) we have the relation ¿1 : : : ¿r = Id:

Hence, to every Lefschetz ¯bration we can associate a factorization of
the identit y element as a product of positive Dehn twists in the mapping
classgroup of the ¯b er (a factorization of the identit y is simply an ordered
tuple of Dehn twists whose product is equal to Id; we will often use the
multiplicativ e notation, with the understanding that what is important is
not the product of the factors but rather the factors themselves).

Given the collection of Dehn twists ¿1; : : : ; ¿r we can reconstruct the Lef-
schetz ¯bration f above a large disc ¢ containing all the critical values,
by starting from § × D 2 and adding handles as speci¯ed by the vanishing
cycles [13]. To recover the 4-manifold M we need to glue f −1(¢) and the
trivial ¯bration f −1(S2 \ ¢) = § × D 2 along their common boundary, in
a manner compatible with the ¯bration structures. In general this gluing
involvesthe choiceof an element in ¼1Di®+(§); however the di®eomorphism
group is simply connectedif the genus of § is at least 2, and in that casethe
factorization ¿1 : : : ¿r = Id determines the Lefschetz ¯bration f : M → S2

completely (up to isotopy).
The monodromy factorization ¿1 : : : ¿r = Id dependsnot only on the topol-

ogy of f , but also on the choice of an ordered collection ° 1; : : : ; ° r of gener-
ators of ¼1(S2 \ crit (f ); q∗); the braid group Br acts transitiv ely on the set
of all such ordered collections, by Hurwitz moves. The equivalencerelation
induced by this action on the set of mapping classgroup factorizations is
generatedby

(¿1; : : : ; ¿i; ¿i+1; : : : ; ¿r) ∼ (¿1; : : : ; ¿i¿i+1¿−1
i ; ¿i; : : : ; ¿r) ∀1≤ i < r;

and is called Hurwitz equivalence. Additionally , in order to remove the de-
pendenceon the choice of the reference¯b er §, we should view the Dehn
twists ¿i aselements of the mapping classgroup Mapg of an abstract surface
of genus g = g(§). This requires the choice of an identi¯cation di®eomor-
phism, and intro ducesanother equivalencerelation on the set of mapping
classgroup factorizations: global conjugation,

(¿1; : : : ; ¿r) ∼ (° ¿1° −1; : : : ; ° ¿r° −1) ∀° ∈ Mapg:

Prop osition 2. For g ≥ 2, there is a one to one correspondence between
(a) factorizations of Id as a product of positive Dehn twists in Mapg, up
to Hurwitz equivalence and global conjugation, and (b) genus g Lefschetz
¯br ations over S2, up to isotopy.

The main motivation to study Lefschetz ¯brations is that they seemto
provide a manageableapproach to the topology of symplectic 4-manifolds.

It is a classicalresult of Thurston that, if M is an oriented surfacebundle
over an oriented surface,then M is a symplectic 4-manifold, at leastprovided
that the homology classof the ¯b er is nonzero in H 2(M ; R). As shown by
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Gompf, the argument extends to the caseof Lefschetz ¯brations (Theorem
10.2.18in [12]):

Theorem 3 (Gompf). Let f : M → S2 be a Lefschetz̄ br ation, and assume
that the ¯ber representsa nonzero class in H 2(M ; R). Then M admits a
symplectic structure for which the ¯bers of f are symplectic submanifolds;
this symplectic structure is unique up to deformation.

The assumption on the homology classof the ¯b er is necessarysince, for
example,S1 × S3 ¯b ers over S2; but it only fails for non-trivial T 2-bundles
without singular ¯b ers and their blowups (seeRemark 10.2.22in [12]).

Conversely, we have the following result of Donaldson [8]:

Theorem 4 (Donaldson). Let (X ; ! ) be a compact symplectic 4-manifold.
Then X carries a symplectic Lefschetz pencil, i.e. there exist a ¯nite set
B ⊂ X and a map f : X \ B → CP

1 = S2 such that f is modelled on
(z1; z2) 7→ (z1 : z2) near each point of B , and f is a Lefschetz¯br ation with
(noncompact) symplectic ¯bers outside of B .

It follows immediately that the manifold X̂ obtained from X by blowing
up the points of B admits a Lefschetz ¯bration f̂ : X̂ → S2 with symplectic
¯b ers, and can be described by its monodromy as discussedabove.

Moreover, the ¯bration f̂ has n = |B | distinguished sectionse1; : : : ; en,
corresponding to the exceptional divisors of the blowups. Therefore, each
¯b er of f̂ comesequipped with n marked points, and the monodromy of f̂
lifts to the mapping classgroup of a genus g surfacewith n marked points.

The fact that the normal bundles of the sectionsei have degree−1 con-
strains the topology in an interesting manner. For example, if f̂ is relatively
minimal (i.e., if there are no reducible singular ¯b ers with spherical compo-
nents), then the existenceof a section of square−1 implies that f̂ cannot
be decomposedas a non-trivial ¯b er sum (seee.g. [26]). Therefore, we re-
strict ourselves to the preimageof a large disc ¢ containing all the chosen
generatorsof ¼1(S2 \ crit( f̂ )), and ¯x trivializations of the normal bundles
to the sectionsei over ¢. Deleting a small tubular neighborhood of each
exceptional section, we can now view the monodromy of f̂ as a morphism

Ã̂ : ¼1(¢ \ crit( f̂ )) → Mapg,n;

whereMapg,n is the mapping classgroup of a genus g surfacewith n bound-
ary components.

The product of the Dehn twists ¿i = Ã̂(° i) is no longer the identit y element
in Mapg,n. Instead, since

∏

° i is homotopic to the boundary of the disc ¢,
and since the normal bundle to ei has degree−1, we have

∏

¿i = ±, where
±∈ Mapg,n is the boundary twist, i.e. the product of the positive Dehn twists
±1; : : : ; ±n along loops parallel to the boundary components.

With this understood, the previous discussioncarriesover, and under the
assumption 2− 2g− n < 0 there is a one to one correspondencebetween
factorizations of the boundary twist ± as a product of positive Dehn twists
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in Mapg,n, up to Hurwitz equivalenceand global conjugation, and genus g
Lefschetz ¯brations over S2 equipped with n distinguished sectionsof square
−1, up to isotopy.

Theorems3 and 4 provide motivation to study the classi¯cation problem
for Lefschetz ¯brations, which by Proposition 2 is equivalent to the classi¯-
cation of mapping classgroup factorizations involving positive Dehn twists.
Hence,various topological questionsand conjecturesabout the classi¯cation
of symplectic 4-manifolds can be reformulated as questionsabout mapping
classgroup factorizations in Mapg and Mapg,n. In the rest of this paper, we
state and motivate a few instancesof such questions for which an answer
would greatly improve our understanding of symplectic 4-manifolds. Most
of thesequestionsare wide open and probably very hard.

Remarks. (1) The most natural invariants that one may associate to a
factorization in Mapg or Mapg,n are the number r of Dehn twists in the
factorization, and the normal subgroupof ¼1(§) generatedby the vanishing
cycles. These are both readily understood in terms of the topology of the
total spaceM : namely, the Euler-Poincar¶e characteristic of M is equal to
4− 4g + r , and, assumingthe existenceof a section of the ¯bration, ¼1(M )
is the quotient of ¼1(§) by the normal subgroupgeneratedby the vanishing
cycles(or equivalently , the quotient of ¼1(§) by the action of the subgroup
Im(Ã) ⊂ Mapg). Similarly, from the intersection pairing between vanish-
ing cycles in H1(§ ; Z) one can recover the intersection form on H 2(M ; Z).
One invariant which might seemmore promising is the number of reducible
singular ¯b ers, i.e. the number of vanishing cycleswhich are homologically
trivial. However, it is of little practical value for the study of generalsym-
plectic 4-manifolds, becausereducible singular ¯b ers are a rare occurrence;
in fact, the Lefschetz ¯brations given by Theorem 4 can always be assumed
to have no reducible ¯b ers.

(2) Many of the questions mentioned below can also be formulated in
terms of factorizations in the Artin braid group, or rather in the liftable sub-
group of the braid group. Namely, viewing a genus g surfacewith boundary
components as a simple branched cover of the disc, positive Dehn twists
can be realized as lifts of positive half-twists in the braid group (at least as
soon as the covering has degreeat least 3, in the caseof Dehn twists along
nonseparating curves; or degreeat least 4, if one allows reducible singular
¯b ers). This corresponds to a realization of the symplectic 4-manifold X as
a branched cover of CP

2, from which the Lefschetz ¯bration can be recov-
ered by consideringthe preimagesof a pencil of lines in CP

2. The reader is
referred to [3] for a treatment of the classi¯cation of symplectic 4-manifolds
from the perspective of branched covers and braid group factorizations. See
also [7] for more background on Lefschetz ¯brations and branched covers.
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2. To wards a classifica tion of Lefschetz fibra tions?

In view of Proposition 2, perhapsthe most important questionto beasked
about mapping classgroup factorizations is whether it is possibleto classify
them, at least partially . For example, it is a classical result of Moishezon
and Livne [17] that genus 1 Lefschetz ¯brations are always isotopic to holo-
morphic ¯brations, and are classi¯ed by their number of vanishing cycles,
which is always a multiple of 12 (assuming ¯b ers to be irreducible; other-
wise we also have to take into account the number of reducible ¯b ers). In
fact, all factorizations of the identit y as a product of positive Dehn twists
in Map1 ' SL(2; Z) are Hurwitz equivalent to one of the standard factor-
izations (¿a¿b)6k = 1, where ¿a and ¿b are the Dehn twists along the two
generatorsof ¼1(T2) ' Z

2, and k is an integer.
Similarly, Siebert and Tian [24] have recently obtained a classi¯cation

result for genus 2 Lefschetz ¯brations without reducible singular ¯b ers and
with transitive monodromy, i.e. such that the composition of the monodromy
morphism with the group homomorphism from Map2 to S6 which maps the
standard generators¿i, 1≤ i ≤ 5 to the transpositions (i; i + 1) is surjective.
Namely, these ¯brations are all holomorphic, and are classi¯ed by their
number of vanishing cycles,which is always a multiple of 10. In fact, all such
¯brations can be obtained as¯b er sumsof two standard Lefschetz ¯brations
f 0 and f 1 with respectively 20 and 30 singular ¯b ers, corresponding to the
factorizations (¿1¿2¿3¿4¿5¿5¿4¿3¿2¿1)2 = 1 and (¿1¿2¿3¿4¿5)6 = 1 in Map2,
where ¿1; : : : ; ¿5 are the standard generating Dehn twists. (At the level of
mapping classgroup factorizations, the ¯b er sum operation just amounts to
concatenation: starting from two factorizations ¿1 : : : ¿r = 1 and ~¿1 : : : ~¿s =
1, we obtain the new factorization ¿1 : : : ¿r~¿1 : : : ~¿s = 1.)

On the other hand, for genus ≥ 3 (or even for genus 2 if one allows
reducible singular ¯b ers) things becomemuch more complicated, and one
can build examples of Lefschetz ¯brations with non-KÄahler total spaces.
Thus it seemshopelessfor the time being to expect a completeclassi¯cation
of mapping classgroup factorizations in all generality.

A more realistic goal might be to look for criteria which can be used to
determine whether two given Lefschetz ¯brations, described by their mon-
odromy factorizations, are isotopic. The main issue at stake here is the
algorithmic decidability of the Hurwitz problem, i.e. determining whether
two given factorizations in Mapg or Mapg,n are equivalent up to Hurwitz
moves(or more generally, Hurwitz movesand global conjugation).

Question 1. Is the Hurwitz problemfor mapping classgroup factorizations
decidable? Are there interesting criteria which can be used to conclude that
two given factorizations are equivalent, or inequivalent, up to Hurwitz moves
and global conjugation?
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In broader terms, the question is whether mapping class group factor-
izations can be usedto derive non-trivial and useful invariants of Lefschetz
¯brations, or even better, of the underlying symplectic 4-manifolds.

At this point, it is worth mentioning two spectacular examplesof such in-
variants which arise from geometricconsiderations(rather than purely from
mapping classgroup theory). One is Seidel'sconstruction of a Fukaya-type
A∞-category associated to a Lefschetz ¯bration [21], which seemsto pro-
vide a computationally manageableapproach to Lagrangian submanifolds
and Fukaya categoriesin open 4-manifolds equipped with exact symplectic
structures. The other is the enumerative invariant intro ducedby Donaldson
and Smith, which counts embeddedpseudoholomorphiccurvesin a symplec-
tic 4-manifold by viewing them as sectionsof a \relativ e Hilb ert scheme"
associated to a Lefschetz ¯bration [9].

Remark. Generally speaking, it seemsthat the geometry of Lefschetz ¯-
brations is very rich. An approach which has been developed extensively
by Smith [27] is to choosean almost-complex structure on M which makes
the ¯bration f pseudoholomorphic. The ¯b ers then becomeRiemann sur-
faces(possibly nodal), and so we can view a Lefschetz ¯bration as a map
Á : S2 →Mg with valuesin the compacti¯ed moduli spaceof genus g curves.
The singular ¯b ers correspond to intersectionsof Á(S2) with the divisor ¢
of nodal Riemann surfaces;hence,Lefschetz ¯brations correspond to (iso-
topy classesof) smooth maps Á : S2 → Mg such that Á(S2) intersects ¢
transverselyand positively (i.e., the local intersection number is always +1).
See[27] for various results arising from this description. A related question,
posedby Tian, askswhether one can ¯nd special geometric representativ es
for the maps Á, e.g. as trees of conformal harmonic maps, and use these to
prove that every Lefschetz ¯bration decomposesinto holomorphic \pieces".
This statement is to be taken very loosely, since it is not true that every
Lefschetz ¯bration breaks into a ¯b er sum of holomorphic ¯brations; on the
other hand, any Lefschetz ¯bration over a disc is isotopic to a holomorphic
¯bration [15].

We now return to our main discussionand adopt a more combinatorial
point of view. A proposed invariant of Lefschetz ¯brations which, if com-
putable, could have rich applications, comesfrom the notion of matching
path, as proposed by Donaldson and Seidel [23]. A matching path for a
Lefschetz ¯bration f is an embeddedarc ´ in S2 \ crit( f ), with end points
in crit( f ), such that the parallel transports along ´ of the vanishing cycles
at the two end points are mutually homotopic loops in the ¯b er of f . For
example, with the notations of §1, if two of the Dehn twists (¿1; : : : ; ¿r) in
the mapping classgroup factorization associated to the Lefschetz ¯bration
are equal to each other, say ¿i = ¿j , then ´ i ∪ ´ j is a matching path. Up to
the action of the braid group by Hurwitz moves,all matching paths arise in
this way.
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Question 2 (Donaldson). Is it possibleto enumerate all matching paths in
a Lefschetz¯br ation with given monodromy factorization?

Geometrically, matching paths correspond to Lagrangian spheresin M
(or, if consideringLefschetz ¯brations with distinguished sectionsand their
Mapg,n-valued monodromy, in the blown down manifold X ) [23].

Lefschetz ¯brations often admit in¯nitely many matching paths, because
isotopic Lagrangian spheresmay be represented by di®erent matching paths,
and alsobecausegeneralizedDehn twists canoften beusedto exhibit in¯nite
families of non-isotopic Lagrangian spheres[22]. A possible solution is to
ask instead which classesin H 2(M ; Z) (or H2(X ; Z)) can be represented by
Lagrangian spheresarising from matching paths. Or, more combinatorially ,
one can look at matching paths up to the action of automorphisms of the
Lefschetz ¯bration f ([6], §10). Namely, consideringthe action of the braid
group Br on tuples of Dehn twists by Hurwitz moves, an automorphism
of the Lefschetz ¯bration is a braid b ∈ B r such that b∗((¿1; : : : ; ¿r)) =
(° ¿1° −1; : : : ; ° ¿r° −1) for some° ∈ Mapg. In other terms, the automorphism
group is the stabilizer of the given monodromy factorization (or rather of
its equivalenceclassup to global conjugation) with respect to the Hurwitz
action of Br. For example, if ´ is a matching path then it is easyto seethat
the half-twist supported along ´ is an automorphism of the ¯bration, which
corresponds geometrically to the Dehn twist along the Lagrangian sphere
associated to ´ .

If b ∈ Br is an automorphism of the ¯bration, then the image by b of
any matching path is again a matching path; hence, automorphisms act
on the set of matching paths. Thus, it may make more senseto consider
the following question instead of Question 2: is it possible to ¯nd a set of
generatorsof the automorphism group of a Lefschetz ¯bration with given
monodromy factorization, and a collection of matching paths {´ j} such that
any matching path can be obtained from one of the ´ j by applying an
automorphism of the ¯bration?

Our next seriesof questionswill be speci¯c to factorizations in mapping
classgroupsof surfaceswith boundary, Mapg,n, with n > 0. In this case,the
sub-semigroupMap+

g,n ⊆ Mapg,n generatedby positiveDehn twists is strictly
contained in the mapping classgroup. Geometrically, assumingg ≥ 2 and
equipping § with a hyperbolic metric, we can use one of the distinguished
sectionsof the Lefschetz ¯bration to lift the monodromy action to the uni-
versalcover. Looking at the induced action on the boundary at in¯nit y (i.e.,
on the set of geodesic rays through a given point of the hyperbolic disc), it
can be observed that positive Dehn twists always rotate the boundary in the
clockwisedirection [26]. This leadse.g. to the indecomposability result men-
tioned in §1, but also to various questionsabout the ¯niteness or uniqueness
properties of factorizations of certain elements in Mapg,n. To avoid obvi-
ous counterexamplesarising from non relatively minimal ¯brations, in the
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rest of the discussionwe always make the following assumptionon reducible
singular ¯b ers:

Assumption: every component of every ¯b er intersectsat least one of the
distinguished sectionse1; : : : ; en.

In other terms, we only allow Dehn twists along closed curves which
either are homologically nontrivial, or separate§ into two components each
containing at least one of the n boundary components. Then we may ask:

Question 3 (Smith) . Is there an a priori upper bound on the length of any
factorization of the boundary twist ± as a product of positive Dehn twists in
Mapg,n?

Equivalently: is there an upper bound (in terms of the genus only) on
the number of singular ¯b ers of a Lefschetz ¯bration admitting a section
of square−1? (In the opposite direction, various lower bounds have been
established,seee.g. [28]). Unfortunately, it is hard to quantify the amount
of rotation induced by a Dehn twist on the boundary of the hyperbolic disc,
soit is not clear whether the approach in [26] can shedlight on this question.

More generally, given an element T ∈ Map+
g,n, we can try to study fac-

torizations of T as a product of positive Dehn twists. Geometrically, such
factorizations correspond to Lefschetz ¯brations over the disc (with bounded
¯b ers), such that the monodromy along the boundary of the disc is the pre-
scribed element T. The boundary of such a Lefschetz ¯bration is naturally
a contact 3-manifold Y equipped with a structure of open book [10], and
the total spaceof the ¯bration is a Stein ¯lling of Y [1, 10, 15]. Hencethe
classi¯cation of factorizations of T in Mapg,n is related to (and a subsetof)
the classi¯cation of Stein ¯llings of the contact 3-manifold Y .

Someremarkable results have beenobtained recently concerningthe clas-
si¯cation of symplectic ¯llings of lens spacesor links of singularities, us-
ing tools from symplectic geometry, and in particular pseudo-holomorphic
curves(seee.g. [14, 18]); meanwhile, Lefschetz ¯brations have beenusedto
construct exampleswith in¯nitely many inequivalent ¯llings (seee.g. [20]).
Hencewe may ask:

Question 4. For which T ∈ Map+
g,n is it possibleto classify factorizations

of T as a product of positive Dehn twists in Mapg,n? In particular, for which
T is there a unique factorization, or only ¯nitely many factorizations, up to
Hurwitz equivalence and global conjugation?

Let usnow return to factorizations of the boundary twist ±, or equivalently
to Lefschetz ¯brations over S2 with distinguished sections of square−1.
Whereas the classi¯cation problem seemsto be beyond reach, it may be a
more realistic goal to search for a minimal set of moveswhich can be usedto
relate any two Lefschetz ¯brations (or mapping classgroup factorizations)
with the samegenus and the samenumber of singular ¯b ers to each other.
At the level of 4-manifolds, this question asksfor a set of surgery operations
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which can be usedto relate any two symplectic 4-manifoldsM 1 and M 2 with
the samebasic topological invariants to each other.

In this context, it is not necessarilyuseful to require the fundamental
groups of the 4-manifolds M 1 and M 2 to be the same; however, it seems
natural to require the Euler-Poincar¶e characteristics and the signatures of
M 1 and M 2 to be equal to each other (in other terms, M 1 and M 2 must
have the same Chern numbers c2

1 and c2). Moreover, when approaching
this question from the angle of Lefschetz ¯brations, one should require the
existenceof Lefschetz ¯brations with the same¯b er genus and with the same
number of distinguished −1-sections;if considering the ¯brations given by
Theorem 4, this amounts to requiring the symplectic structures on M 1 and
M 2 to be integral and have the samevaluesof [! ]2 and c1 · [! ].

The constraint on Euler-Poincar¶e characteristics is natural, and means
that we only compareLefschetz ¯brations with identical numbersof singular
¯b ers; additionally , for simplicit y it may make senseto require all singular
¯b ersto be irreducible (as is the casefor the ¯brations given by Theorem 4).
The signature constraint, on the other hand, is not so easyto interprete at
the level of the monodromy factorizations: determining the signature from
the monodromy factorization requires a non-trivial calculation, for which
an algorithm has been given by Ozbagci [19] (seealso [25] for a geometric
interpretation).

One way in which one can try to simplify the classi¯cation of Lefschetz
¯brations of a given ¯b er genus and with ¯xed Euler-Poincar¶e characteristic
and signature is up to stabilization by ¯b er sum operations [4]. However,
a more intriguing and arguably more interesting question is to understand
the role played by Luttinger surgery in the greater topological diversity of
symplectic 4-manifolds comparedto complex projective surfaces(see[3] for
a discussionof this problem from the viewpoint of branched covers).

Given a Lagrangian torus T in a symplectic 4-manifold, Luttinger surgery
is an operation which consistsof cutting out a tubular neighborhood of T,
foliated by parallel Lagrangian tori, and gluing it back via a symplectomor-
phism wrapping the meridian around the torus (in the direction of a given
closedloop on the torus), while the longitudes are not a®ected[16, 5]. In
the context of Lefschetz ¯brations, an important special caseis when the
torus T is ¯b ered above an embedded loop ° ⊂ S2 \ crit( f ), with ¯b er an
embedded closedloop ® in the ¯b er of f (invariant under the monodromy
along ° ). For example,this type of Luttinger surgeryaccounts for the di®er-
encebetweentwisted and untwisted ¯b er sumsof Lefschetz ¯brations (i.e.,
concatenating the monodromy factorizations with or without ¯rst applying
a global conjugation to one of them).

Consider a Lefschetz ¯bration f : M → S2, a system of generating loops
° 1; : : : ; ° r ∈ ¼1(S2 \ crit (f )), and integers 1 ≤ k ≤ l ≤ r such that the
product ° k : : : ° l is homotopic to a given loop ° ⊂ S2 \ ¢. Also consider a
closed loop ® in the ¯b er, preserved by the monodromy map Ã(° k : : : ° l).
Then we can build a torus T ⊂ M by parallel transport of ® along the loop
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° . This torus is Lagrangian for a suitable choice of symplectic structure,
and Luttinger surgery along T in the direction of ® amounts to a partial
conjugation of the monodromy of f . At the level of mapping class group
factorizations this corresponds to the operation

(¿1; : : : ; ¿r) −→ (¿1; : : : ; ¿k−1; tα¿kt−1
α ; : : : ; tα¿lt−1

α ; ¿l+1; : : : ; ¿r);

where tα is the Dehn twist along ® (and the requirement that tα commutes
with the product ¿k : : : ¿l ensuresthat we obtain a valid factorization). So,
we may ask the following question:

Question 5. Given two factorizations of the boundary twist ± as a product
of positive Dehn twists along nonseparating curves in Mapg,n, such that the
total spaces of the corresponding Lefschetz¯br ations have the same Euler
characteristic and signature, is it always possible to obtain one from the
other by a sequence of Hurwitz movesand partial conjugations?

This question is the analogue for mapping class group factorizations of
the question which asks whether any two compact integral symplectic 4-
manifolds with the same(c2

1; c2; [! ]2; c1 · [! ]) are related to each other via a
sequenceof Luttinger surgeries.

As a closing remark, let us mention that mapping classgroups can shed
light on the topology of symplectic manifolds not only in dimension 4, but
also, with a signi¯cant amount of extra work, in dimension6. Namely, after
blowing up a ¯nite set of points every compact symplectic 6-manifold can
be viewed as a singular ¯bration over CP

2, with smooth ¯b ers everywhere
except above a a singular symplectic curve D ⊂ CP

2 with cusp and node
singularities [2]; the ¯b ers above the smooth points of D are nodal. Con-
versely, the total spaceof such a singular ¯bration over CP

2 can be endowed
with a natural symplectic structure [11]. Therefore, while in the above dis-
cussionwe have focusedexclusively on mapping classgroup factorizations,
i.e. representations of the free group ¼1(S2 \ {points}) into Mapg, it may
also be worthwhile to study representations of fundamental groups of plane
curve complements into mapping classgroups, as a possibleway to further
our understanding of the topology of symplectic 6-manifolds.
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