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Abstra ct. We discussthe properties of a certain type of Dehn surgery along
a Lagrangian torus in a symplectic 4-manifold, known as Luttinger's surgery,
and use this construction to provide a purely topological interpretation of a
non-isotopy result for symplectic plane curveswith cusp and node singularities
due to Moishezon [9].

1. Intr oduction

It is an important open question in symplectic topology to determine whether,
in a given symplectic manifold, all (connected) symplectic submanifoldsrealizing a
given homology classare mutually isotopic. In the casewherethe ambient manifold
is KAhler or complex projective, one may in particular ask whether symplectic
submanifolds are always isotopic to complex submanifolds.

The isotopy results known sofar rely heavily onthe theory of pseudo-holomorphic
curvesand on the Gromov compactnesstheorem [7]. The best currently known re-
sult for smooth curvesis dueto Siebert and Tian [11], who have proved that smooth
connected symplectic curves of degreeat most 17 in CP?, or realizing homology
classeswith intersection pairing at most 7 with the b er classin a S2-bundle over
S?, are always symplectically isotopic to complex curves;this strongly suggestshat
symplectic isotopy holds for smooth curvesin CP? and S2-bundlesover S2. Isotopy
results have alsobeenobtained for certain singular con gurations; e.g.,Barraud has
obtained a result for certain arrangemerts of pseudo-holomorphiclines in CP? [4].

On the other hand, Fintushel and Stern [6] and Smith [12] have constructed
in nite families of pairwise non-isotopic smooth connectedsymplectic curvesrepre-
senting the samehomology classedn certain symplectic 4-manifolds. In both cases,
the construction starts from parallel copiesof a given suitable embedded curve of
square zero and modi es them by a braiding construction in order to yield con-
nected symplectic curves; the constructed submanifolds are distinguished by the
di®eomorphismtypes of the corresponding double branched covers, either using
Seiberg-Witten theory in the argumert of Fintushel and Stern, or by more topolog-
ical methods in Smith's argumert. It is alsoworth mertioning that other examples
have recertly beenobtained by Vidussi using link surgery [15].

These constructions are predated by a result of Moishezon concerning singular
curves with nodes and cuspsin CP? [9]. More precisely the construction yields
innite families of inequivalent cuspidal braid monodromies, but as obsened by
Moishezonthe result can be reformulated in terms of singular plane curves, which
one canin fact assumeto be symplectic (cf. e.g. Theorem 3 of [2]). The statemert
can be expressedas follows:
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Theorem 1.1 (Moishezon[9]). There exists an innite set N of positive integers
such that, for each m 2 N, there exist integers %, ;dn and an in"nite family of
sympletic curves Sy %2 CP? (k , 0) of degree m with %, cuspsand dy, nodes,
suchthat wheneverk; 6 k, the curves Sy, and Sy, are not smaothly isotopic.

In particular, becausea niteness result holds for complexcurves,in nitely many
of the symplectic curves Sy« are not isotopic to any complex curve.

Moishezon's argumert relies on the obsenation that the fundamertal groups
Y4(CP? i Smx ) are mutually non-isomorphic. However this requires the heavy
machinery of braid monodromy techniques, and in particular the calculation of the
fundamental group of the complemer of the branch curve of a genericpolynomial
map from CP? to itself, carried out in [10] (seealso[14]) and precedingpapers. The
curious reader is referred to x6 of [3] (seealso[13]) for an overview of Moishezon-
Teicher braid monodromy techniques.

The aim of this paper is to provide a topological interpretation of Moishezon's
construction, along with an elemenary proof of Theorem 1.1; this reformulation
shows that Moishezon'sresult is very similar to those of Fintushel-Stern and Smith,
in the sensehat it alsoreducesto a braiding processwherethe various constructed
curves are distinguished by the topology of assa@iated branched covers. We also
show that these constructions can be thought of in terms of Luttinger surgery [8]
along Lagrangian tori in a symplectic 4-manifold.

We start by introducing the surgery construction and describing its elemenary
properties in x2; its interpretation in terms of braiding constructions for branched
coversis discussedin x3, while Moishezon'sexamplesare presened in x4.

2. Luttinger  surgery along Lagrangian tori

2.1. The surgery construction. Let T be an embedded Lagrangian torus in a
symplectic 4-manifold (X;! ), and let ° be a simple closedco-orierted loop in T.

It is well-known that a neighborhood of T in X canbeidentied symplectically
with a neighborhood of the zerosectionin the cotangert bundle T°T ' T £ R? with
its standard symplectic structure. Moreover, T itself can be identi ed with R?=Z2
in such away that ° isidenti ed with the rst coordinate axis and its co-oriertation
coincideswith the standard orientation of the secondcoordinate axis. Denoting by
(x1; X2) the corresponding coordinates on T and by (y1;Y2) the dual coordinatesin
the cotangert b ers, the symplectic form is given by ! = dx; ~ dy; + dxo A dys,.

Let r > 0 be such that the setU, = (R?=Z?) £ [j r;r] £ [j r;r] % (R?=Z?) £ R?
is contained in the neighborhood of T over which the identi cation holds. Choose
a smooth step fygction A:firr]! [0;1]sucthat A(t)=0fort- j 5 A(t)=1
fort, %, and i'r t At) dt = 0O (this last condition expresseshe fact that A is
centered around t = 0). Givenanintegerk 2 Z, dene A : Uy i Uo! Ui U=
by the formulas A, (X1;X2;y1;Y2) = (X1 + KA(Y1);X2;y1:Y2) if y2, 5 and Ac = Id
otherwise.

Becausethe support of dA is cortaiped in [i 5;3], the map A is actually a
di®eomorphismof U, j U,-,; moreover, A, obviously presenesthe symplectic form.
Therefore, we can tentativ ely make the following de nition:
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De nition 2.1. X (T;°;k) is the manifold obtained from X by removing a small
neightorhood of T and gluing back the standard piece U;, using the symplecto-
morphism A, to identify the two sides near their boundaries. In other terms,
X(T;%k) = (Xi U=) [ 4 U

It can be easily cheded that this surgery operation is equivalert to that intro-
duced by Luttinger in [8] to study Lagrangian tori in R* (seealso[5]).

Forgetting about the symplectic structure, the topological description of the
construction is that of a parametrized 1=k Dehn surgery (with Lagrangian framing):
a neighborhood T £ D? of T is cut out, and glued back in place by identifying the
two boundaries via a di®eomorphismof T £ S! that acts trivially on H(T) but
maps the homology classof the meridian * = fptg£ S* to [*~] = [*]+ K[°].

Obsene that the normal bundle to T along ° comesequipped with a natural
framing, so that the loop ° can be pushed away from T in a canonical way (up
to homotopy), which allows us to de ne the homotopy classof ° in Y4(X | T);
comparing the fundamertal groups of X and X (T;°;k) with ¥a(X j T), we see
that the surgery operation presenesthe fundamental group (resp. rst homology
group) whenewer °¥ is homotopically (resp. homologically) trivial in X j T.

The fact that the construction is well-de ned symplectically is a consequencef
Moser's stability theorem. More precisely:

Prop osition 2.2. X (T;°;k) carries a natural symplectic form ~, well-de ned up
to isotopy independently of the choicesmadein the construction. Moreover, deform-
ing T amongLagrangian tori and ° %2 T by smaoth isotopiesinduces a deformation
(pseudo-isotopy of the symplectic structure ~, and if the symplectic area sweptby
° is equal to zermo then this deformation preservesthe cohomolagy class[+] and is
therefore an isotopy.

Proof. Fixing an orientation of T (and therefore of °), and observing that the
identi cation of a neighborhood of T with a neighborhood of the zero section
in T°T is canonical up to isotopy, the possible choices for coordinate systems
over a neighborhood of T di®er by isotopies and transformations of the form
(x2;x9;y9:¥9) = (X1 + nx2;X2;y1;¥2 i nyp) for someinteger n.

To handle the caseof isotopies,thanks to Moser's stability theorem we only need
to worry about the cohomologyclassof the symplectic form + on X = X (T;°; k).
Becausethe surgery a®ectsonly a neighborhood of T, oncea loop + %2 X | U,
homotopic to the meridian of T in X" has been xed, the cohomologyclass[~] is
completely determined by the quartity  ~, where D % X is a disk such that
@ = * and realizing a xed homotopy class.

Equivalently, if one considersa family depending continuously on a parameter
t 2 [0;1], the dependenceon t of the cohomology class [~] is exactly given by
the symplectic area swept in X by the meridian loop ~ = A (@), where¢ =
f(0;0;y1;¥2); Yi;¥2 2 [i r;rlg %2 U, (this is because™~ bounds a Lagrangian disk
¢ in X). Viewing the family of Ioopés  asamap®:S'£ [0;1]! X, we have

3 ]

[ = [ol + =1 PD(T)
S1£[0;t]
(the sign in this formula depends on the choice of an orientation of S* £ [0; 1]).
Howewer, observing that the loop 1y = @, which coincides with * on three
of its four sides, bounds a Lagrangian disk in X and therefore sweepsno area,
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the symplectic area swept by % is the di®erencebetween the area swept by the
arc f(0;0;y1;r); y1 2 [j r;r]g and that swept by the arc f (kA(y1);0;y1;r); y1 2

[i r;r]g. Using the Ioce& expressionfor the symplectic form and the fact that the
function A is certered ( tAO(t) dt = 0), oneseesthat this is equalto k times the
symplectic area swept by the loop f(x1;0;0;0);x; 2 [0;1]g, i.e. by °. Therefore,
as long asthe loop ° is "xed, or that it is moved in such a way that no symplec-
tic areais swept, we do not needto worry about cortinuous deformations of the
construction parameters.

Obsene that the coordinate change (x9;x3;y%y9) = (X1 + nNX2;X2;y1;Y2i Ny1)
simply amounts to a modi cation of the shape of the cut-o®regioninside each b er
of the cotangert bundle (from a squareto a parallelogram), which clearly has no
e®ecton ~ (e.g., by the above isotopy argumert). Therefore, to complete the proof
we only needto considerthe e®ectof a simultaneous changeof orientation on T and
° (recall that a co-oriertation of ° inside T is xed); this simply amourts to changing
X1 and y; into j x1 and j yi;, which clearly doesnot a®ectthe construction. O

Additionally , it is straightforward to ched that, if °® is the loop ° with the
opposite co-oriertation, then X (T;°?; k) is symplectomorphicto X (T;°; k).

Example. Let A:§ ! § bea symplectomorphismof a Riemann surface(§;! s),
and considerthe mapping torus Y (A) = [0;1]£ §=(1;x) » (0; A(x)). The manifold
X = SY£ Y(A) bersover S'£ S, with monodromy Id alongthe rst factor and A
along the secondfactor, and carriesa natural symplectic structure ! = dur dt+! g

Let ° be any simple closedloop in §. By picking a point (Ho;to) 2 S £ S, we
can embed ° asa closedloop ¢ = f(l;to)g£ ° insidea b er of X. Obsene that
T = S'£ ftog£ ° is an embedded Lagrangian torus in (X;! ), cortaining 2. It is
easyto ched that the manifold X (T;2;Kk) is exactly S £ Y (¢k +A), where ¢ is a
Dehn twist about the loop ° (positive or negative depending on the co-oriertation).

2.2. E®ect on the canonical class. We now study the e®ectof the surgery
procedure on the canonical classc; (K) of X = X (T;°;k). Although there is in

generalno natural identi cation betweenH 2(X;Z) and H?(X;Z) (thesetwo spaces
may even have di®erernt ranks), we can compare the two canonical classesc; (K)

and c1(K) by meansof the relative cohomologygroups. Indeed, H2(X; T) can be
identied with H2(X; T) using excision, and we have long exact sequences

¢oci ! HYT)if H2OGT) i HAX)i! HET);! doe

¢ee; ! HYT)iF H2:T) i H2) i HAT) ! cee
The choice of a trivialization ¢ of K over T determinesa lift ¢;(K;¢) of ci(K) in
the relative group H?(X;T): the relative Chern classwith respect to the chosen
trivialization.

Obsene that the choice of a section ¥0f the Lagrangian Grassmanniana(TX)
over a certain subsetof X determinesthe homotopy classof a trivialization ¢z, of
K over the samesubset: indeed, considering a 2-form s, suc that Ker py, = %at
every point, and given any ! -compatible almost-complex structure J, the (2;0)-
componert of p provides a nowhere vanishing section of K. With this understood,
we can x homotopy classesof trivializations ¢r and gr of K and K over a neigh-
borhood of T by considering the family of Lagrangian tori (R?=Z?) £ f(y1,Y2)d
parallel to T in either X or X (i.e., the trivialization of the canonical bundle is
given by the (2; 0)-componert of dy; * dy»).
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Becausethe trivializations ¢r and & of K and K coincide over the punctured
neighborhood U, j U, -, the relative Chern classeg; (K ; ¢r) and €.(K'; &r) areequal
to ead other; therefore, we have ¢, (K) = f€1(K; ¢ér)). Howewer, if we consider
another trivialization ¢ of Ky, di®ering from ¢r by an elemert © 2 H Y(T), then
we obtain a di®eren lift ¢1(K;¢) = €1(K;¢ér) + #°) of ¢ (K) in H2(X;T). It is
important to obsene that, even though +°) 2 H2(X;T) mapsto zeroin H?(X),
it doesnot necessarilylie in the kernel of f: H2(X;T) ! H2(X). In fact, {+(°))
precisely measuresthe obstruction for the trivialization of K determined by ¢, over
the subsetU, | U,-, (i.e., di®ering from gr by the elemen +°) in the relative
cohomology)to extend over a neighborhood of T in X.

An easycomputation yieldsthat f+(°)) = ih °;k[°]i PD([T]). Indeed,givenany
2-cycleC in X, we can nd a relative 2-cycle C in (X;T) represeiting the same
relative homology class; recalling that the meridians ! and * di®er by k[°] and
being careful about the orientation of the boundary, one easily cheds that [@C] =
i (IC]C[TDK[]. It follows that Hi(+(°));[Cli = tP;[@]i = ih°;k[°]i ([C] ¢[T]),
which yields the desiredresult. Therefore, we concludethat ¢;(K) = f€1(K;¢ér)) =
fe(Ke) i (%)) = Weu(K;¢)) + kP [Pli PD([T)).

In the special casewherethere is a proportionalit y relation of the form c;(K) =
L' 1in H2(X;R), it is of particular interestto study simultaneously the e®ectof the
surgery construction on the canonicaland symplectic classesby directly considering
ci(K)i , [ 2 H2(X;R). The assumptionon c;(K ) allows us choosea (Hermitian)
connectionr onthe canonicalbundle K with curvature 2-formF = j 24! . Since
the surgery only a®ectsa neighborhood of T, we can endov K with a (Hermitian)
connectionr~ with curvature F that coincideswith r outside of U,-,. As before,
denoteby *= A (@) the meridian of T in X, which bounds q_—\J_agrangian disk ¢
in X. Then we have c;(K)j , [~ = ®PD([T]), where®= ﬁ ¢ F-

We use the above-de ned trivializations ¢r and gr of K and K over neighbor-
hoods of T in X and X. This allows us to write locally the connectionon K in
the formr = d+ 2%, (yprdxs + y».dx,) + i , where  is a closed1-form and can
thereforebe expressedas = a; dx; + a, dx,+ dh. The integral of F over ¢ is given
by the integral alongits boundary *- of the 1-form represening the connectionr™ in
the chosentrivialization of K, i.e. the holonomy of I~ along * in the chosentrivial-
ization (note that the choice of a homotopy classof trivialization allows usto view
the holonony as iR-valued rather than S!-valued). Sincethe chosenconnections
and trivializations of K and K coincide along *, this is equal to the holonomy of

rZanng L which is given by the formula

r

i (QYy 1+ a)dxi+ (2Yay o+ @) dxo+dh= i (2Yay 1+ &) kKAYy1) dy; = ikay:
1 ir

Observing that ia; is the holonomy of the °at connectionr ;1 along the loop ° in

the given trivialization, we obtain the following:

De nition  2.3. Given a loop £% X and a homotopy class of trivializations ¢, of
the canonical bunde K along +, we de ne H (% ¢) to be the real numkber such that
the holonomy of r along  is equalto | 2¥4H (£ ¢) in the trivialization ¢.

Prop osition 2.4. ci(K)j , [~ = kH(°;¢ér) PD(TI).
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Remark 2.5. A changeof homotopy classof the trivialization ¢ a®ectsthe quan-
tity H(x¢) by an integer, while a continuous deformation of the loop + a®ects
H (% ¢) by , times the symplectic area swept.

3. Luttinger surgery for branched covers

In this section, we consider the casewhere X is a branched cover of another
symplectic 4-manifold (Y;! y), and show that the braiding constructions used by
Fintushel-Stern [6] and Smith [12] are a special caseof the surgery described in x2.

Let f : X ! Y be a covering map with smooth rami cation curve R %2 X and
simple branching at the genericpoints of R, suc that the branch curve § = f (R) is
a symplectic submanifold of Y, immersed except possibly at complex cusp points.
Recallthat X carriesa natural symplectic structure (up to isotopy), obtained from
the degenerate2-form f ! v by adding a small exact perturbation along the rami-
“cation curve R. More precisely the local models for f near the points of R allow
us to construct an exact 2-form ® sudc that, at any point of R, the restriction of
® to the kernel of d is a positive volume form. The form ! = f°l v + 2® is then
symplectic for 2 > 0 suzxciently small, and its isotopy classdoesnot depend on the
choice of ® or 2 (seee.g. Proposition 10 of [1] and Theorem 3 of [2]).

Consider a loop ag contained in the smooth part of § and an annulus Vy %2 §
forming a neighborhood of ap in 8. Locally the manifold Y is a bration over a
neighborhood U of the origin in R?, with ‘b ersV, %Y that are smooth symplectic
annuli for all z 2 U. This "bration carriesa natural symplectic connection,given by
the symplectic orthogonalto V, at ead point. Givenapatht 7! z(t) in U starting at
the origin, for small enoughvaluesof t we can consiglerthe loopsa; %2 V(1) obtained
by parallel transport of ap, and by construction | , & is a smooth Lagrangian
surfacein Y. i

Assumethat, for somevalue zo 2 U j fOg, the symplectic annulus V;, is con-
tained in the branch curve 8. Assumemoreover that, by parallel transport along a
certain path t 7! z(t) joirg'ng the origin to zy in U, we can construct an embedded
Lagrangianannulus A = t2[0:to] B inY,sudhthat A\ 8 = @\ = ag[ a, ¥2 Vo[ V,
(seeFigure 1). Assume nally that, amongthe lifts of A, exactly two have boundary
cortained in the rami cation curve R of the map f in X ; thesetwo lifts together
form an embeddedtorus T ¥ X, and a suitable choice of the perturbation ® of
the pull-back form f ! v ensuresthat T is Lagrangian. Becausethere is freedom
in choosing the local "bration and the path z(t), the above assumptions can be
made to hold in a rather wide range of situations, including those consideredby
Fintushel-Stern and Smith, but alsothe examplesstudied by Moishezon[9].

Figure 1. Braiding a symplectic curve along a Lagrangian annulus
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Choosea smooth arct 7! “ (t) 2 a; joining the two boundary componerts of A,
and let ° bethe loop in T formed by the two lifts of ~ with end points lying in R.
Obsene that the homotopy classof the loop ° in T doesnot depend on the choice
of the arc ~. Moreover, an orientation of ag determinesa co-oriertation of ° in T.

We can perform a braiding construction on the two parallel annuli Vo and V,,
cortained in §, twisting them k times around ead other along the annulus A for
any given integer k 2 Z. The processis described by the following local model:
a neighborhood of ag in Y is di®eomorphicto D2 £ [j r;r] £ S, where the factor
D2 correspondsto U and the factor [j r;r]£ S* correspndsto the annuli \V,. The
branch curve § can be locally identied with the subsetf§ ug£ [j r;r]£ S' ¥
D2 £ [j r;r] £ S, for someu 2 D? i fOg, while the annulus A corresponds to
[i u;u] £ fog£ S. Considering a step function A : [j r;r] ! [0;1] asin x2, the
twisted curve §(A; k) is obtained from § by replacing f§ ug £ [j r;r] £ S* with
f (8 uexp(ivkA(t));t); t 2 [i r;rlg£ S'. Obsene that the construction depends
on the choice of an orientation of the factor [j r;r], or equivalently (because§ is
symplectic) of an orientation of the loop ag. Moreover, it is easyto ched that
the construction can be performed in a way that presenesthe symplecticity of the
twisted curve.

Recall that the double cover of D? branched at the two points § u is an annulus
St £ [j r;r]; therefore a local model for X is S £ [j r;r] £ [j r;r] £ S, with the
torus T corresponding to S £ fOg£ fOg £ S! and the loop ° corresponding to
S £ fOg£ fOg£ fptg. Also recall that a half-twist exchanging the two points § u
in D2 lifts to a Dehn twist of the annulus S* £ [j r;r], i.e. a transformation of the
form (x1;y1) 7! (X1 + A(y1);y1). Therefore, if onetries to understand the e®ectof
the twisting construction on the branched cover X in terms of cutting out the piece
SE[i r;r]£[j r;r]£ S* and gluing it badck in placevia a nontrivial di®eomorphism,
the di®erencebetweenthe gluing maps on the two sidesS* £ [j r;r] £ f§ rg£ St
must be the k-th power of a Dehn twist along the rst S?* factor; soif e.g.we take
the gluing map to be the identity near S £ [j r;r]£ fi rg£ S?, then on the other
sideit must map (x1;y1;r;X2) to (X1 + kKA(y1);y1;r;X2).

The topological modi cation undergoneby X is therefore exactly the construc-
tion described in x2. Moreover, the symplectic structure on X (T;°;Kk) introduced
in x2 and that obtained from its branched covering structure above (Y;! y) coin-
cide up to isotopy. Indeed, in both casesa neighborhood of T containing the region
modi ed by the surgery can naturally be described as a symplectic “bration where
the b ers and the baseare symplectic annuli (in the model of x2 the baseis the
(x2;y2)-plane; in the branched covering model the baseis the annulus V). After
cheding that the symplectic structures coincide near the boundariesand that the
two symplectic forms lie in the samecohomologyclass,we can conclude by means
of Moser's argumert. We obtain the following result:

Prop osition 3.1. The brancheal cover of Y obtained from X by replacing the
branch curve § with the twisted curve 8§(A; k) is naturally sympletomorphic to
X (T;°5K).

Note that the construction only dependson the isotopy classesof the loop ag
and of the arc ~, even symplectically; this follows from Proposition 2.2 by observing
that, when the arc ~ is deformedin Y, the symplectic area swept by ° is always
zero (the areasswept by the two lifts of © exactly compensateead other).
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Remark 3.2. When the branch curve § contains n > 2 parallel annuli V,, onecan
similarly construct modi ed symplectic surfacesassaiated to arbitrary elemerts b
of the braid group B,. However, decomposing b into a product of the standard
generatorsof B, and their inverses(or any other half-twists) and starting from a
suitable collection of disjoint Lagrangian annuli in Y with boundary in §, the gen-
eral braiding construction easily reducesto an iteration of the elemenary process
described above. Therefore, assumingthat the braid b is liftable, i.e. compatible
with the branching data of the map f , and that it can be decompsedinto liftable

half-twists (note that in the caseof a double cover all braids are liftable), we can
describe the e®ectof the generalbraiding construction on the symplectic manifold

X asa sequenceof Luttinger surgeriesalong disjoint Lagrangian tori.

The examplesstudied by Fintushel and Stern [6] shaw that, in somecases,the
non-trivialit y of Luttinger surgeriesalong Lagrangian tori can be proved using
Seiberg-Witten invariants; howewver in many casesit is possible to conclude by
much more elemenary argumerts, as shown in x4 for Moishezon'sexamples.

We Tnish this section by observingthat, in the context of branched covers, it is
possibleto provide a more topologicalinterpretation of the quantity H (°; ¢r) intro-
ducedin x2.2 to describe the e®ectof the surgery on the canonical and symplectic
classesof X in the casewhere they are proportional to ead other.

More precisely assumethat c;(K) = | [! Jin H?(X;R), where! isthe symplectic
form induced by a branched covering map f : X ! Y with smooth rami cation
curve R. Assumemoreover that [°] 2 H1(X;Z) is a torsion elemen, i.e. m[°] = 0
for someinteger m 6 0, and let N be a surface with boundary such that @GN =
°1[ ¢ee[ °n, wherethe °; are parallel copiesof ° all obtained as double lifts of
arcsin Y. Then foN is a 2-cyclein Y, and we have the following:

Prop osition 3.3. mH(°;¢r) = (' v]i c(Ky))dfaNTi 1(N;R), wherel (N;R)
is the algebaic intersection number between R and N, counting the 2m intersection
points that lie on the boundary of N with multiplicity 1=2.

Proof. By de nition, mH(°;¢r) = H(°i;¢ér) can be expressedas the di®erence
of two terms, onemeasuringthe integral over N of the curvature of the connectionr
on the canonicalbundle K x , and the other measuringthe obstruction to extending
the trivialization of Kx given over the boundary of N to a trivialization over all
of N (i.e., the relative degree of Kx over N with respect to the given boundary
trivialization). By assumption, the “rst term is proportional to the symplectic area
of N ; observingthat the exact perturbation addedto f °! y doesnot contribute to
this area (in fact we could work directly with the degenerateform f ! v ), we obtain
that it isequalto , [! y] ¢[faN].

In order to compute the relative degreedegK x ; N) of Kx over N (the boundary
trivialization is implicit in the notation), we rst deform the boundary loops °;
inside X in order to obtain loops °? bounding a surfaceN°in X, disjoint from R,
and C!-closeto °;; we can assumethat the immersedloopsf (°9) % Y arein fact
embedded. The trivialization ¢r naturally inducesa trivialization of Ky over each
loop °?, and the relative degreeis una®ectedby the operation.

Recall that the trivialization ¢ of the canonical bundle over ° is de ned by
the Lagrangian plane "eld given by the tangent spacesto T along °. Deforming
to °? this correspondsto a Lagrangian plane “eld generatedby two vector “elds,
onetangert to °? and the other almost parallel to the normal direction to ° in T.
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This trivialization of Ky is naturally the lift of a trivialization of Ky alongf (°9),
determined by two vector “elds, the st onev; tangert to f (°9 and the other v,
pointing in a direction transverseto the arc ~ inside the Lagrangian annulus A.

Outside of the rami cation curve,K x isisomorphicto f "Ky, and a trivialization
of Ky lifts to atrivialization of K x . However, wehavein fact c;(Kx ) = f "ci(Ky )+
PD([R]), sothe relative degreeof K x over N ° di®ersfrom that of Ky over foN°
by a correction term equal to the algebraic intersection number of R with N% On
the other hand, the relative degreeof Ky over f ;N © can be evaluated by observing
that ead loop f (°9 bounds a small disk D; inY (becausef (°9 is cortained in a
neighborhood of the arc ). Moreover, fsN?; D;i islg 2-cyclein Y, homologous
to fuN. Therefore, degKy ;faN9 = ¢;(Kvy) ¢[faN]+ degKy ;D;).

It can be cheded explicitly that degKy ;D;i), which measuresthe obstruction
to extending our trivialization of Ky over Dj, is equalto j 1, 0 or +1 depending
on the chosenperturbation of °;. More precisely recall from above that Y admits
a local bration ¥sover an open subsetU ¥ R? (with b ersthe symplectic annuli
V,). Considering the two vector "elds v; and v, de ning the trivialization of Ky
along f (°9), and observingthat v, remains almost parallel to the b ers of ¥along
f(°9 and extendsto D;, the relative degreedegK y ; D;) is equal to the rotation
number of the vector "eld ¥ (v;) tangert to the loop ¥f (°9) in U (we can safely
assumethat this loop is immersed). Recall that °; is the double lift of an arc
joining two points of the branch curve § in Y, and therefore passeshrough exactly
two points of the rami cation curve R. For eadh of thesetwo points, we have two
inequivalent possibilities for the perturbation of °; into °C towards one side or the
other with respect to R; this yields a cortribution of § 1 to the linking number of
f(°) with §, and § ; to the rotation number of ¥(f (°9) in U. It follows that
the possible values of the rotation number are j 1, 0, and +1, corresponding to
linking numbers of f (°9) with § equalto j 2, 0, and +2 respectively. Therefore,
deg Ky ;Dj) isin all casesequal to half of the intersection number of D; with the
branch curve §, which coincideswith the local di®erencebetweenthe intersection
numbers | (N;R) and I (N%R) (once algain, courting boundary intersections with
a coexcient 1=2). As a consequence, degKy;D;) = I(N;R) i I(N%R), and
sodegKyx;N) = degKy;faN9 + I(NER) = ¢;(Ky) ¢[faN]+ I(N;R), which
completesthe proof. O

4. Non-isotopic singular symplectic plane cur ves

4.1. The manifolds X,.0. Given two symplectic manifolds Y and Z, both ob-
tained as branched covers of the samemanifold M, and assumingthat the branch
curvesDg and Dy ofg:Y! M andh:Z ! M intersecttransversely and posi-
tively in M, we can construct a new symplectic manifold X = Y £y Z = f(y;2) 2
Y £ Z; g(y) = h(z)g. The manifold X is naturally equipped with two branched
covering structures given by the two projections; considering e.g. the projection
onto the “rst factor, f : X ! Y, we obtain a branched covering map which is
simply the pull-back of h via the map g. In particular, the b er of f above a point
y 2 Y is naturally identi ed to the "b er of h above the point g(y) 2 M, the degree
of f is equalto that of h, and its branch curveis D = gi }(Dp).

We considerthe casewhereM = Y = Z = CP?, andg:Y ! M isagenericmap
de ned by three polynomials of degree3, while h: Z ! M is a genericmap de ned
by three polynomials of degreep, 2. Wede ne X0 = Y £y Z, and considerthe
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projection to the rst factor, f : Xpo! Y = CP?, which is a branched covering
of degreep?. It is worth noting that X, is in fact a complex surface. Via a
suitable transformation in PGL (3; C), we can assumethat, outside of a given xed
small ball B, the branch curve Dy, of the map h lies arbitrarily closeto a union of
d = 3p(pi 1) lines passingthrough a single point in CP? (obsenethat degDy, = d).
The cubic map g can be chosenin suc away that Dy doesnot intersectthe ball B.
The branch curve D = g }(Dy,) of f can then be obtained topologically from the

small neighborhood of eat of the 9 basepoints wherethe C; intersectand replacing
it with a con guration similar to the branch curve of h (or rather to D, \ B).
The manifold X0 can also be described as follows. Blow up Y = CP? at
the 9 intersection points of the cubics C;, in order to obtain the rational elliptic
surface E(1) with twelve singular b ers and nine exceptional sections of square

projection q: W ! E(1) is prescribed by that of the map h, in the sensethat W
is the pullback of the elliptic “bration E (1) over CP! under the basechange map
his:S! "= CP!, where S is the smooth plane curve of degreep obtained as the
preimageby h of a genericline * % CP?. In particular, W is the total spaceof an
elliptic "bration Yiover the curve S of gerus (pi 1)(pi 2)=2, with 12p? singular

of CP? to W along eadh of the exceptional sectionsE;, replacing a neighborhood
of E; with the complemert of a smooth degreep curve in CP?. It is easyto ched
that the resulting manifold W# | g, 9CP? is di®eomorphicto X 0.

Moreover, even though the symplectic structure on W dependson an area pa-
rameter for eac exceptional section E; and henceis naturally de ned only up to
deformation equivalence (seebelow), the identi cation between W# | g, 9CP? and
Xp;0 canbemadeto hold at the symplectic level. Indeed, if we perform the symplec-
tic sumsalong E; without any loss of symplectic volume, then up to isotopy (and
scaling by a constart factor) the symplectic structure on W# | g, 9CP? no longer
dependson the areaparameters(obsere that the areaof E; determinesthe volume
of each CP? summand); it is not hard to ched that this symplectic structure is the
sameasthat arising from the description of X .0 asa complex projective surface.

Normalize the Fubini-Study KAhler form on Y = CP? so that its cohomology
classis Poincar§ dual to the homology class[L] of a line; the natural symplectic
structure ! induced on X,.o by the covering map f is then Poincar§ dual to the
homology class[H] = [f i *(L)].

Lemma 4.1. The sympletic and canonical classesof X .o are related by the iden-
tity ¢ (K) =, p[']1in H2(Xp.0;R), Where , , = (6pi 9)=p.

Proof. The rami cation curve R of the branched covering f : Xpo! Y = CP? is
the preimage under the projection to the secondfactor e : Xpo =Y £y 2! Z
of the rami cation curve Ry of the degreep polynomial maph :Z ! M. The
curve Ry, is a smooth curve of degree3pi 3in Z = CP?; in particular, denoting
by ['] the homology classof a line in M = CP?, we have p[Rn] = (3pi 3)[hi ()]
in H(Z;Z). Pulling bad by e, we obtain the equality p[R] = (3pi 3)[(h+e)! ()]
in Ha(Xp:0;Z). Sinceh+te = g+f, and since[gi 1(")] = 3[L] in Ha(Y;Z), we
concludethat p[R] = 9pi 9If ' Y(L)] = (9pi 9)[H]. Sinceit is a general fact
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about branched covers of CP? that [R] = PD(cy(K)) + 3[H], we conclude that
p(ca(K)+ 31 ]) = 9pi 9], or equivalertly ci(K) =, 5[! . O

It is worth noting that, becausethe symplectic structure on E(1) dependson
the choice of the volumes of the blow-up operations, the symplectic structure on
W depends on the choice of the symplectic areas of the exceptional sectionsE;,
and is determined only up to deformation (pseudo-isotofy). The situation that
we naturally want to consideris the limit asthe areaof E; and consequetly the
symplectic volume of the copy of CP? glued to W along E; becomevery small;
on the level of the branch curve D ¥ Y, this meansthat the balls around the

of Dy \ B are very small.
4.2. The manifolds Xyx. The branch curve of g : W ! E(1) consists of d

f:Xpo! CP? is obtained from d cubics C;;::::Cq in a pencil by a modi cation
near the basepoints. Therefore, as discussedin x3 we can construct a Lagrangian
annulus A in E(1) (or CP?) that lifts to a Lagrangian torus T in W or X ;0
and Luttinger surgery along T amounts to braiding the branch curve along the
annulus A.

branched cover h;s : S'! CP! can be grouped into pairs of points with matching
branching data; this canbe donein many ways, and in fact amourts to the choice of
a degenerationof S to a nodal curve with p? rational componerts intersecting in a
total of d=2 points. In particular, we canassumethat one of the componerts of the
degeneratedcurve intersectsonly oncewith the others; or equivalently, we can nd
two branch points of h;s, e.g.z; and z, and an arc "¢ joining them in CP!, such
that the union of two lifts of "¢ forms a closedcurve °g %2 S that separatesS into
two componerts, one of gerus 0 consisting of only one sheetof h;s, and the other
of gerus (pi 1)(pi 2)=2 consisting of the remaining p? | 1 sheets. Equivalertly,
observingthat W can be constructed from p? copiesof the elliptic “bration E (1)
by repeatedly performing "b er sums (some of which are self-sums,to increasethe
gerus of the base),° can alsobe thought of asa loop in the baseS that separates
one of the copiesof E (1) from the others.

Let ag be an arbitrary simple closedloop in the b er F; above z;, represerting
a non-zero homology classin F; and avoiding the 9 points where F; intersects
the exceptional sectionsof E(1). In fact, the choice made by Moishezonin [9]

sothat ead C; becomescloseto a union of three lines in CP?, and taking ap to
be one of the vanishing cyclesfor the corresppnding degenerationof the b er Fy;
but other choicesfor ay are equally suitable. As in x3, use parallel transport above
the arc "o to construct a Lagrangian annulus A % E (1) joining ag to a similar
loop in the "ber F, above z,. Note that we equip E(1) with a symplectic form
which coincideswith that of Y outside of a small neighborhood of the exceptional
sections;moreover, we can assumethat z; and z, are arbitrarily closeto ead other,
sothat the construction is well-de ned and the annulus A remains away from the
exceptional sections. In fact, we could also construct A directly as an embedded
Lagrangian annulus joining the cubics C; and C, in Y = CP2.
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Bysconstruction, the annulus A lifts to an embedded Lagrangian torus T in
W j Ei ¥2X;.0, and an embeddedarc ” Y2 A which projects to the arc "o % cp!
lifts to an embeddedloop ° % T sud that ¥{°) = °o % S. Let Dpx = D(A; k)
be the singular plane curve obtained from the branch curve D of f by twisting k
times along the annulus A, and let X« = Xp.0(T; °; k) be the symplectic manifold
obtained from X .0 by twisting k times along the loop ° in the Lagrangian torus
T. By Proposition 3.1, X, is naturally a symplectic branched cover of Y = CP?,
with branch curve D .

Although the description that we give here is very di®erent from that given by
Moishezonin [9], it is an interesting exerciseleft to the reader to ched that the
two constructions are actually identical. In fact, becausethe two loops °¢ and ag
can be viewed as vanishing cyclesfor degenerationsof the baseand b er of % the
operation of partial conjugation of the braid monodromy described by Moishezon
exactly amourts to the braiding construction described in x3.

Lemma 4.2. The homolay class[T] 2 H2(Xpx;Z) is not a torsion class. More-
over, if p6°0 mod 3or k° 0 mod 3 then [T] is primitive.

Proof. By Poincar§ duality, [T] is a non-torsion classif and only if we can nd a
2-cyclethat hasnon-trivial intersection pairing with T this is possibleif and only
if the meridian of T represerts a torsion classin H1(Xpx i T;Z).

Recall from x2 that the class[*] of a meridian of T in X, can be expressedas
[]1+ k[°], where[!] is the classof a meridian of T in X.o; sincethe complemeris
of T in Xp,0 and X, are di®eomorphic,it is therefore suxcient to prove that both
[*] and [°] are torsion classesn Hi(Xp0i T;Z).

We rst shaw that [*] is trivial in H1(Xp.0i T;Z). Consideran arc »p in cp!
which joins the image zo of a singular b er of E(1) to the branch point z; of h;s
and does not intersect " in any other point. Starting from the singular point
in the b er above zg and using parallel transport along »p, we can construct a
(Lagrangian) disk D “2 E (1), lying above » and with boundary + contained in the
smooth b er F; above z; (£ is the vanishing cycle assaiated to the chosensingular
“b er and the arc »p). If the point zy and the arc »y are chosenin a suitable way,
we can assumethat the intersection number of + with ag in F; is equalto 1 (recall
that by assumptionag represerts a primitiv e classin H;(F;Z)), and that the disk
D doesnot intersect the exceptional sectionsof E(1). The two lifts via hjs of »
which passthrough the rami cation point above z; form a single arc » in S that
joins two of the critical values of the elliptic "bration Y: W ! S and intersects
the loop °¢ transverselyin a§ingle point. Similarly, the disk D lifts to a sphere(of
self-intersection j 2) in W Ei; by construction, the intersection number of this
spherewith the torus T is equalto 1. Removing a complemen of the intersection
with T from the sphere,we have realizedthe meridian * asa boundary in X.0i T,
and therefore[*] = O.

We next considerthe loop °, which we push away from T by moving it slightly
along the b ers of the elliptic bration Y: W ! S. In fact, we can keep moving
° along the b ersuntil it liesin a neighborhood of one of the exceptional sections
Ei. Recallthat ¥{°) = °g boundsadisk ¢ in S, corresponding to one of the sheets
of hjs; however, the monodromy of the bration Yialong °¢ is not quite trivial, but
di®ersfrom the identit y by a Dehn twist around ead of the nine points where the
b er intersects the exceptional sectionsE;. In other terms, the normal bundle to
Ei, with its natural trivialization over the boundary °o, has degreei 1 over the
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disk ¢. Therefore, there is an obstruction to collapsing ° inside W S E;, but °
is homologousto | °, where® is a small meridian loop around E; in W.

In Xp.0, aneighborhood of E; is replacedby the complemert CP?; S of asmooth
plane curve of degreep. Considering a genericline in CP? and removing neighbor-
hoods of its p intersection points with S, we concludethat j p[°] is homologically
trivial in X0 T, and therefore that [°] is a torsion elemert in H1(Xy.0i T;2Z),
which completesthe proof that [T] is not torsion in Hz(Xpx ; Z).

Another way to look at the loop ° is to view W asa b er sum of p? copiesof
E (1), with the Iogp °o in the baseS separating one of the E(1)'s from the others.
Therefore, W j E; contains a subsetU di®eomorphicto the complemen of a
"ber and of the 9 exceptional sectionsin the rational elliptic surface E(1); the
loop ° then corresponds to the meridian of the removed b er in U (with reversed
orientation). However, U can beidenti ed with the complemen of a smooth cubic
in CP?, so¥,(U) = Z=3, and therefore 3[°] = 0in Hi(Xpo0i T;2).

If p6°0 mod 3, then we concludethat [°]= 0, and so[~] = [1]+ k[°]= O, i.e.
the meridian * is a boundary in X« i T. Thereforewe can nd a 2-cyclein X
which intersects T once,i.e. [T] is primitiv e. When p is a multiple of 3, the same
argumert holds provided that k is also a multiple of 3. O

4.3. Pro of of Theorem 1.1. Our strategy to prove Theorem 1.1 is to show that
the manifolds X are not symplectomorphic to ead other by using Proposition
2.4. We start with a computation of the quantity H(°;¢r) introducedin x2.2 in
the caseof the Lagrangian torus T and the loop ° constructed in x4.2:

Lemma 4.3. In X0, wehaveH (°;¢ér) = (2pi 3)=p.

Proof. We useProposition 3.3. The rami cation curve R of f : X,0! Y = CP?is
obtained by gluing together the rami cation curveofq: W ! E(1), which consists
of d= 3p(pij 1) bersofY with the rami cation curve of a polynomial map of
degreep, i.e. a smooth curve of degree3pi 3, inside ead of the nine copiesof CP?
glued to W along the exceptional sectionsE;. S

Recall from above that the loop ° is homotopic inside W j  E; to a small loop
2 that is the reversedmeridian to one of the exceptional sections;this deformation
can be performed without crossingR (except along ° itself). Inside X .o, the loop
2 can also be viewed asthe meridian of the smooth degreed curve S remaved from
CP? prior to gluing with W ; therefore, taking p copiesof @ we obtain the (reversed)
boundary of a punctured line in CP? j S, which intersectsthe ramication curve
in 3pj 3 points. Therefore, p copiesof ° bound a surface N in X0 sud that
I(N;R) = pi (Bpi 3) (recall that the 2p boundary intersectionsonly count with
coexcient 1=2). Moreover, becausethe image by f of CP? | S is cortained in a
small ball around one of the base points of the pencil of cubics on Y, one easily
chedks that the homology class|[fzN] is trivial. Therefore we have pH(°;¢r) =
i 1(N;R)=2pj 3, which givesthe result.

Alt%rnately, remerber that W is the b er sum of p? copiesof E(1), and so
W E; contains a subset U di®eomorphicto the complemert of a b er and
of the 9 exceptional sectionsin E (1), corresponding to one sheetof the branched
coverg: W ! E(1). Also, ° correspndsto the meridian of the removed b erin U.
Therefore, three copiesof ° bound a punctured line N in U, which doesnot intersect
the rami cation curve anywhere excepton the boundary, sol (N ; R) = 3; moreover,
one easily cheds that foN hasdegreel in CP?. Recalling that sinceY = CP? we
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have c;(Kvy) = i 3[! v], we obtain 3H(°;¢r) = (,p+ 3)i 3= ,p= (6pi 9)=p
which again givesthe result. O

Prop osition 4.4. For a xed value of p 6" 0 mod 3, the manifolds X, (k, 0)
are pairwise non-sympletomorphic. The sameresultremainstrue forp” 0 mod 3
if we restrict ourselvesto valuesof k that are multiples of 3.

Proof. The manifolds X are distinguished by the periods of the cohomology
class®x = c1(Kx,, )i .pl x, ] evaluated on elemens of H>(Xpk;Z). Indeed,
by Proposition 2.4 and Lemma 4.3 we have ®,x = k(2pi 3)=pPD([T]), and by
Lemma 4.2 the homology class[T] 2 Hz(X .k ; Z) is primitiv e, so the evaluation of
®px on integer homology classesyields all integral multiples of k(2pj 3)=p. O

In fact, the di®erencebetweenthe branched covering mapsfpx @ Xpi ! Y =
CP? canbe seenon a purely topological level, without consideringsymplectic struc-
tures. Indeed, de ning [L] to be the homology classof a line in Y, the cohomology
class of the symplectic form on X,y is the Poincarg dual of [f ,‘);kl(L)]; and the
canonical classof X i is related to the homology classof the rami cation curve R
of fpx by the formula [Rpx] = ¢1(Kx, ) + 3[f ‘;;kl(L)]. Therefore, the cohomology
class@ is in fact a smooth invariant of the branched covering structure, and the
mapsfpk : Xpk | CP? are not even smoothly isotopic as branched covers.

The branch curves D,y are symplectic curves of degreem = 3d = 9p(pi 1) in
CP?, and by construction they all have the samenumbers of nodes and cusps (in
fact there are 27(pj 1)(4pj 5) cuspsand 27(pi 1)(pi 2)(3p?+ 3pj 8)=2 nodes,
as can be chedked e.g. using the Plécker formulas, cf. [9]).

In order to concludethat the curves D,y are not smoothly isotopic, we need
to study the possible p?-fold covers of CP? branched along Dpx. Theseare given
by homomorphismsfrom the fundamertal group ¥a(CP? Dpxk) to the symmet-
ric group Sy2, satisfying certain compatibility relations. BecauseVs (CP? Dpx)
is nitely generatedand S,. is a nite group, there are only nitely many suc
morphisms, i.e. CP? admits only Titely many p?-fold covers branched over Dpx-
Becausewe have in nitely many inequivalent branched covers X ., we conclude
that in nitely many of the curves Dy are not smoothly isotopic. This completes
the proof of Theorem 1.1.

Remark 4.5. The number of p?-fold covers of CP? branched above Dpk can be
bounded explicitly by observingthat ¥, (CP? Dok ) is generatedby m = degD
small meridian loops, all of which must be mapped to transpositions in Sp.. How-
ever, the structure of ¥4 (CP? Dy« ), asdescribed by Moishezonin [9] using braid
monodromy techniques, implies that there is in fact only one possible branched
covering structure for ead of the curvesDp, assoon asp, 3. It then follows
immediately from the non-isotopy of the branched coversf ) @ Xy ! CP? that
the curvesD,y are all di®erert.

Remark 4.6. The fact that the homology class [T] fails to be primitiv e when
p” 0 mod3andk 6" 0 mod 3 is directly related to the rst homology groups
of the manifolds X« . Indeed, whereasit can be easily chedked that H1(Xp;Z)
is trivial whenewer p is not a multiple of 3, it appearsthat Hi(X.0;Z) = Z=3
(generatede.g. by [°] or by [°]) whenp ™ O mod 3; as a consequencewhen p is
a multiple of 3 the group H1(Xpx;Z) is isomorphic to Z=3 for k = 0 mod 3 and
trivial otherwise.
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Remark 4.7. The construction preseried herecanbe modi ed in various manners,
e.g. by starting with other pairs of branchedcoversg: Y ! M andh:Z! M,
or by twisting the branch curvesin di®erent ways. This potentially leadsto many
more examplesof non-isotopic singular symplectic curvesin symplectic 4-manifolds.
Howevwer, it remains unknown whether it is possibleto construct examplesof non-
isotopic smooth connectedsymplectic curvesrepresering a homology classof pos-
itiv e squareinside a given compact symplectic 4-manifold.

Remark 4.8. The relation betweenour strategy to prove Theorem 1.1 (by compar-
ing the canonicaland symplectic classesf the branched covers X ) and the strat-
egyusedby Moishezonin [9] (by comparing the fundamental groupsl/zl(CPZi Dpx))
becomeamore apparert if oneconsidersthe obsenations and conjecturesmadein [3]
about the structure of fundamental groups of branch curve complemerns. Indeed,
Moishezon'sargumert relieson a computation showing that, while the fundamental
group ¥4 (CP? Dp.0) is always in nite, the groups Y4 (CP? | Dpk) are nite as
soonasp, 3andk 6 0, and have di®erert ranks for di®erert valuesof k. On the
other hand, Conjecture 1.6 in [3] statesthat, at leastfor \suxcien tly ample"” simply
connected branched covers of CP?, the fundamertal group of the complemert of
the branch curve is directly related to the numerical properties of the symplectic
and canonical classes.In particular, it follows from Theorem 1.5in [3] that, if the
canonicaland symplectic classesare proportional to ead other, then the fundamen-
tal group of the branch curve complemern must bein nite; the converseimplication
is conjectured to hold as well (assuming again that the branched cover is simply
connected and \suzciently ample"). The fact that Theorem 1.1 can be proved
either by consideringfundamental groupsof complemeris or numerical relations in
the homology of the branched covers can be consideredas additional evidencefor
these conjectures.
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