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Abstra ct. We discuss the prop erties of a certain type of Dehn surgery along
a Lagrangian torus in a symplectic 4-manifold, known as Luttinger's surgery,
and use this construction to provide a purely top ological interpretation of a
non-isotop y result for symplectic plane curveswith cusp and node singularities
due to Moishezon [9].

1. Intr oduction

It is an important open question in symplectic topology to determine whether,
in a given symplectic manifold, all (connected)symplectic submanifoldsrealizing a
given homologyclassare mutually isotopic. In the casewherethe ambient manifold
is KÄahler or complex projective, one may in particular ask whether symplectic
submanifolds are always isotopic to complex submanifolds.

The isotopy resultsknown sofar rely heavily on the theory of pseudo-holomorphic
curvesand on the Gromov compactnesstheorem [7]. The best currently known re-
sult for smooth curvesis due to Siebert and Tian [11], who have proved that smooth
connectedsymplectic curves of degreeat most 17 in CP2, or realizing homology
classeswith intersection pairing at most 7 with the ¯b er classin a S2-bundle over
S2, are always symplectically isotopic to complexcurves;this strongly suggeststhat
symplectic isotopy holds for smooth curvesin CP2 and S2-bundlesover S2. Isotopy
results have alsobeenobtained for certain singular con¯gurations; e.g.,Barraud has
obtained a result for certain arrangements of pseudo-holomorphiclines in CP2 [4].

On the other hand, Fintushel and Stern [6] and Smith [12] have constructed
in¯nite families of pairwise non-isotopic smooth connectedsymplectic curvesrepre-
senting the samehomologyclassesin certain symplectic 4-manifolds. In both cases,
the construction starts from parallel copiesof a given suitable embeddedcurve of
square zero and modi¯es them by a braiding construction in order to yield con-
nected symplectic curves; the constructed submanifolds are distinguished by the
di®eomorphismtypes of the corresponding double branched covers, either using
Seiberg-Witten theory in the argument of Fintushel and Stern, or by more topolog-
ical methods in Smith's argument. It is alsoworth mentioning that other examples
have recently beenobtained by Vidussi using link surgery [15].

These constructions are predated by a result of Moishezonconcerning singular
curves with nodes and cusps in CP2 [9]. More precisely, the construction yields
in¯nite families of inequivalent cuspidal braid monodromies, but as observed by
Moishezonthe result can be reformulated in terms of singular plane curves,which
one can in fact assumeto be symplectic (cf. e.g. Theorem 3 of [2]). The statement
can be expressedas follows:
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Theorem 1.1 (Moishezon [9]). There exists an in¯nite set N of positive integers
such that, for each m 2 N , there exist integers ½m ; dm and an in¯nite family of
symplectic curves Sm;k ½ CP2 (k ¸ 0) of degree m with ½m cuspsand dm nodes,
such that wheneverk1 6= k2 the curves Sm;k 1 and Sm;k 2 are not smoothly isotopic.

In particular, becausea ¯niteness result holds for complexcurves,in¯nitely many
of the symplectic curvesSm;k are not isotopic to any complex curve.

Moishezon's argument relies on the observation that the fundamental groups
¼1(CP2 ¡ Sm;k ) are mutually non-isomorphic. However this requires the heavy
machinery of braid monodromy techniques,and in particular the calculation of the
fundamental group of the complement of the branch curve of a genericpolynomial
map from CP2 to itself, carried out in [10] (seealso[14]) and precedingpapers. The
curious reader is referred to x6 of [3] (seealso [13]) for an overview of Moishezon-
Teicher braid monodromy techniques.

The aim of this paper is to provide a topological interpretation of Moishezon's
construction, along with an elementary proof of Theorem 1.1; this reformulation
shows that Moishezon'sresult is very similar to thoseof Fintushel-Stern and Smith,
in the sensethat it alsoreducesto a braiding processwherethe various constructed
curves are distinguished by the topology of associated branched covers. We also
show that these constructions can be thought of in terms of Luttinger surgery [8]
along Lagrangian tori in a symplectic 4-manifold.

We start by intro ducing the surgery construction and describing its elementary
properties in x2; its interpretation in terms of braiding constructions for branched
covers is discussedin x3, while Moishezon'sexamplesare presented in x4.

2. Luttinger sur ger y along La grangian tori

2.1. The surgery construction. Let T be an embedded Lagrangian torus in a
symplectic 4-manifold (X ; ! ), and let ° be a simple closedco-oriented loop in T.

It is well-known that a neighborhood of T in X can be identi¯ed symplectically
with a neighborhood of the zerosectionin the cotangent bundle T ¤T ' T £ R2 with
its standard symplectic structure. Moreover, T itself can be identi¯ed with R2=Z2

in such a way that ° is identi¯ed with the ¯rst coordinate axis and its co-orientation
coincideswith the standard orientation of the secondcoordinate axis. Denoting by
(x1; x2) the corresponding coordinates on T and by (y1; y2) the dual coordinates in
the cotangent ¯b ers, the symplectic form is given by ! = dx1 ^ dy1 + dx2 ^ dy2.

Let r > 0 be such that the set Ur = (R2=Z2) £ [¡ r; r ] £ [¡ r; r ] ½ (R2=Z2) £ R2

is contained in the neighborhood of T over which the identi¯cation holds. Choose
a smooth step function Â : [¡ r; r ] ! [0; 1] such that Â(t) = 0 for t · ¡ r

3 , Â(t) = 1
for t ¸ r

3 , and
R r

¡ r t Â0(t) dt = 0 (this last condition expressesthe fact that Â is
centered around t = 0). Given an integer k 2 Z, de¯ne Ák : Ur ¡ Ur =2 ! Ur ¡ Ur =2

by the formulas Ák (x1; x2; y1; y2) = (x1 + kÂ(y1); x2; y1; y2) if y2 ¸ r
2 and Ák = Id

otherwise.
Becausethe support of dÂ is contained in [¡ r

3 ; r
3 ], the map Ák is actually a

di®eomorphismof Ur ¡ Ur =2; moreover, Ák obviously preservesthe symplectic form.
Therefore, we can tentativ ely make the following de¯nition:
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De¯nition 2.1. X (T; ° ; k) is the manifold obtained from X by removing a small
neighborhood of T and gluing back the standard piece Ur , using the symplecto-
morphism Ák to identify the two sides near their boundaries. In other terms,
X (T; ° ; k) = (X ¡ Ur =2) [ Ák Ur :

It can be easily checked that this surgery operation is equivalent to that intro-
duced by Luttinger in [8] to study Lagrangian tori in R4 (seealso [5]).

Forgetting about the symplectic structure, the topological description of the
construction is that of a parametrized1=k Dehn surgery(with Lagrangian framing):
a neighborhood T £ D 2 of T is cut out, and glued back in place by identifying the
two boundaries via a di®eomorphismof T £ S1 that acts trivially on H 1(T) but
maps the homology classof the meridian ¹ = f ptg £ S1 to [~¹ ] = [¹ ] + k[° ].

Observe that the normal bundle to T along ° comesequipped with a natural
framing, so that the loop ° can be pushed away from T in a canonical way (up
to homotopy), which allows us to de¯ne the homotopy class of ° in ¼1(X ¡ T);
comparing the fundamental groups of X and X (T; ° ; k) with ¼1(X ¡ T), we see
that the surgery operation preserves the fundamental group (resp. ¯rst homology
group) whenever ° k is homotopically (resp. homologically) trivial in X ¡ T.

The fact that the construction is well-de¯ned symplectically is a consequenceof
Moser's stabilit y theorem. More precisely:

Prop osition 2.2. X (T; ° ; k) carries a natural symplectic form ~! , well-de¯ned up
to isotopy independentlyof the choicesmadein the construction. Moreover, deform-
ing T amongLagrangian tori and ° ½ T by smooth isotopies inducesa deformation
(pseudo-isotopy) of the symplectic structure ~! , and if the symplectic area sweptby
° is equal to zero then this deformation preservesthe cohomology class [~! ] and is
therefore an isotopy.

Proof. Fixing an orientation of T (and therefore of ° ), and observing that the
identi¯cation of a neighborhood of T with a neighborhood of the zero section
in T¤T is canonical up to isotopy, the possible choices for coordinate systems
over a neighborhood of T di®er by isotopies and transformations of the form
(x0

1; x0
2; y0

1; y0
2) = (x1 + nx2; x2; y1; y2 ¡ ny1) for someinteger n.

To handle the caseof isotopies,thanks to Moser'sstabilit y theorem we only need
to worry about the cohomologyclassof the symplectic form ~! on ~X = X (T; ° ; k).
Becausethe surgery a®ectsonly a neighborhood of T, once a loop ± ½ X ¡ Ur

homotopic to the meridian of T in ~X has been ¯xed, the cohomologyclass [~! ] is
completely determined by the quantit y

R
D ~! , where D ½ ~X is a disk such that

@D = ± and realizing a ¯xed homotopy class.
Equivalently , if one considersa family depending continuously on a parameter

t 2 [0; 1], the dependenceon t of the cohomology class [~! t ] is exactly given by
the symplectic area swept in X by the meridian loop ~¹ t = Ák ;t (@¢), where ¢ =
f (0; 0; y1; y2); y1; y2 2 [¡ r; r ]g ½ Ur (this is because~¹ t bounds a Lagrangian disk
~¢ t in ~X ). Viewing the family of loops ~¹ t as a map ~¹ : S1 £ [0; 1] ! X , we have

[~! t ] = [~! 0] +
³ Z

S1 £ [0;t ]
~¹ ¤!

´
PD([T])

(the sign in this formula depends on the choice of an orientation of S1 £ [0; 1]).
However, observing that the loop ¹ t = @¢, which coincides with ~¹ t on three
of its four sides, bounds a Lagrangian disk in X and therefore sweepsno area,
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the symplectic area swept by ~¹ t is the di®erencebetween the area swept by the
arc f (0; 0; y1; r ); y1 2 [¡ r; r ]g and that swept by the arc f (kÂ(y1); 0; y1; r ); y1 2
[¡ r; r ]g. Using the local expressionfor the symplectic form and the fact that the
function Â is centered (

Rr
¡ r t Â0(t) dt = 0), one seesthat this is equal to k times the

symplectic area swept by the loop f (x1; 0; 0; 0); x1 2 [0; 1]g, i.e. by ° . Therefore,
as long as the loop ° is ¯xed, or that it is moved in such a way that no symplec-
tic area is swept, we do not need to worry about continuous deformations of the
construction parameters.

Observe that the coordinate change(x0
1; x0

2; y0
1; y0

2) = (x1 + nx2; x2; y1; y2 ¡ ny1)
simply amounts to a modi¯cation of the shape of the cut-o®region inside each ¯b er
of the cotangent bundle (from a square to a parallelogram), which clearly has no
e®ecton ~! (e.g., by the above isotopy argument). Therefore, to complete the proof
we only needto considerthe e®ectof a simultaneouschangeof orientation on T and
° (recall that a co-orientation of ° insideT is ¯xed); this simply amounts to changing
x1 and y1 into ¡ x1 and ¡ y1, which clearly doesnot a®ectthe construction.

Additionally , it is straightforward to check that, if ° ¤ is the loop ° with the
opposite co-orientation, then X (T; ° ¤; k) is symplectomorphic to X (T; ° ; ¡ k).

Example. Let Á : § ! § be a symplectomorphism of a Riemann surface(§ ; ! § ),
and consider the mapping torus Y(Á) = [0; 1] £ § =(1; x) » (0; Á(x)). The manifold
X = S1 £ Y(Á) ¯b ersover S1 £ S1, with monodromy Id along the ¯rst factor and Á
along the secondfactor, and carriesa natural symplectic structure ! = dµ^ dt+ ! § .
Let ° be any simple closed loop in §. By picking a point (µ0; t0) 2 S1 £ S1, we
can embed ° as a closedloop ¹° = f (µ0; t0)g £ ° inside a ¯b er of X . Observe that
T = S1 £ f t0g £ ° is an embeddedLagrangian torus in (X ; ! ), containing ¹° . It is
easyto check that the manifold X (T; ¹° ; k) is exactly S1 £ Y(¿k ± Á), where ¿ is a
Dehn twist about the loop ° (positive or negative depending on the co-orientation).

2.2. E®ect on the canonical class. We now study the e®ect of the surgery
procedure on the canonical class c1( ~K ) of ~X = X (T; ° ; k). Although there is in
generalno natural identi¯cation betweenH 2(X ; Z) and H 2( ~X ; Z) (thesetwo spaces
may even have di®erent ranks), we can compare the two canonical classesc1(K )
and c1( ~K ) by meansof the relative cohomologygroups. Indeed, H 2(X ; T) can be
identi¯ed with H 2( ~X ; T) using excision, and we have long exact sequences

¢¢¢¡ ! H 1(T) ±¡ ! H 2(X ; T) ¶¡ ! H 2(X ) ¡ ! H 2(T) ¡ ! ¢¢¢

¢¢¢¡ ! H 1(T)
~±¡ ! H 2( ~X ; T) ~¶¡ ! H 2( ~X ) ¡ ! H 2(T) ¡ ! ¢¢¢

The choice of a trivialization ¿ of K over T determinesa lift ĉ1(K ; ¿) of c1(K ) in
the relative group H 2(X ; T): the relative Chern classwith respect to the chosen
trivialization.

Observe that the choice of a section ¾of the Lagrangian Grassmannian¤( TX )
over a certain subset of X determines the homotopy classof a trivialization ¿¾ of
K over the samesubset: indeed, considering a 2-form µ¾ such that Ker µ¾ = ¾at
every point, and given any ! -compatible almost-complex structure J , the (2; 0)-
component of µ provides a nowhere vanishing section of K . With this understood,
we can ¯x homotopy classesof trivializations ¿T and ~¿T of K and ~K over a neigh-
borhood of T by considering the family of Lagrangian tori (R2=Z2) £ f (y1; y2)g
parallel to T in either X or ~X (i.e., the trivialization of the canonical bundle is
given by the (2; 0)-component of dy1 ^ dy2).
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Becausethe trivializations ¿T and ~¿T of K and ~K coincide over the punctured
neighborhood Ur ¡ Ur =2, the relativeChern classeŝc1(K ; ¿T ) and ĉ1( ~K ; ~¿T ) areequal
to each other; therefore, we have c1( ~K ) = ~¶(ĉ1(K ; ¿T )). However, if we consider
another trivialization ¿ of K jT , di®ering from ¿T by an element º 2 H 1(T), then
we obtain a di®erent lift ĉ1(K ; ¿) = ĉ1(K ; ¿T ) + ±(º ) of c1(K ) in H 2(X ; T). It is
important to observe that, even though ±(º ) 2 H 2(X ; T) maps to zero in H 2(X ),
it doesnot necessarilylie in the kernel of ~¶ : H 2( ~X ; T) ! H 2( ~X ). In fact, ~¶(±(º ))
preciselymeasuresthe obstruction for the trivialization of ~K determined by ¿ over
the subset Ur ¡ Ur =2 (i.e., di®ering from ~¿T by the element ±(º ) in the relative
cohomology) to extend over a neighborhood of T in ~X .

An easycomputation yields that ~¶(±(º )) = ¡h º ; k[° ]i PD([T]). Indeed,givenany
2-cycle ~C in ~X , we can ¯nd a relative 2-cycle C in (X ; T) representing the same
relative homology class; recalling that the meridians ¹ and ~¹ di®er by k[° ] and
being careful about the orientation of the boundary, one easily checks that [@C] =
¡ ([ ~C] ¢[T]) k[° ]. It follows that h~¶(±(º )) ; [ ~C]i = hº ; [@C]i = ¡h º ; k[° ]i ([ ~C] ¢[T]),
which yields the desiredresult. Therefore,we concludethat c1( ~K ) = ~¶(ĉ1(K ; ¿T )) =
~¶(ĉ1(K ; ¿) ¡ ±(º )) = ~¶(ĉ1(K ; ¿)) + khº ; [° ]i PD([T]).

In the special casewhere there is a proportionalit y relation of the form c1(K ) =
¸ [! ] in H 2(X ; R), it is of particular interest to study simultaneously the e®ectof the
surgeryconstruction on the canonicaland symplectic classes,by directly considering
c1( ~K ) ¡ ¸ [~! ] 2 H 2( ~X ; R). The assumptionon c1(K ) allows us choosea (Hermitian)
connectionr on the canonicalbundle K with curvature 2-form F = ¡ 2¼i¸! . Since
the surgery only a®ectsa neighborhood of T, we can endow ~K with a (Hermitian)
connection ~r with curvature ~F that coincideswith r outside of Ur =2. As before,
denote by ~¹ = Ák (@¢) the meridian of T in ~X , which bounds a Lagrangian disk ~¢
in ~X . Then we have c1( ~K ) ¡ ¸ [~! ] = ®PD([T]), where ® = i

2¼

R
~¢

~F .
We use the above-de¯ned trivializations ¿T and ~¿T of K and ~K over neighbor-

hoods of T in X and ~X . This allows us to write locally the connection on K in
the form r = d + 2¼i¸ (y1 dx1 + y2 dx2) + i¯ , where ¯ is a closed1-form and can
thereforebe expressedas¯ = a1 dx1 + a2 dx2 + dh. The integral of ~F over ~¢ is given
by the integral along its boundary ~¹ of the 1-form representing the connection ~r in
the chosentrivialization of ~K , i.e. the holonomy of ~r along ~¹ in the chosentrivial-
ization (note that the choice of a homotopy classof trivialization allows us to view
the holonomy as iR-valued rather than S1-valued). Since the chosenconnections
and trivializations of K and ~K coincide along ~¹ , this is equal to the holonomy of
r along ~¹ , which is given by the formula

i
Z

~¹
(2¼̧y 1 + a1) dx1 + (2¼̧y 2 + a2) dx2 + dh = i

Z r

¡ r
(2¼̧y 1 + a1) kÂ0(y1) dy1 = ik a1:

Observing that ia1 is the holonomy of the °at connection r jT along the loop ° in
the given trivialization, we obtain the following:

De¯nition 2.3. Given a loop ± ½ X and a homotopy class of trivializations ¿ of
the canonical bundle K along ±, we de¯ne H (±; ¿) to be the real number such that
the holonomy of r along ± is equal to ¡ 2¼iH (±; ¿) in the trivialization ¿.

Prop osition 2.4. c1( ~K ) ¡ ¸ [~! ] = k H (° ; ¿T ) PD([T]).
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Remark 2.5. A changeof homotopy classof the trivialization ¿ a®ectsthe quan-
tit y H (±; ¿) by an integer, while a continuous deformation of the loop ± a®ects
H (±; ¿) by ¸ times the symplectic area swept.

3. Luttinger sur ger y f or branched co vers

In this section, we consider the casewhere X is a branched cover of another
symplectic 4-manifold (Y; ! Y ), and show that the braiding constructions used by
Fintushel-Stern [6] and Smith [12] are a special caseof the surgery described in x2.

Let f : X ! Y be a covering map with smooth rami¯cation curve R ½ X and
simple branching at the genericpoints of R, such that the branch curve § = f (R) is
a symplectic submanifold of Y , immersedexcept possibly at complex cusp points.
Recall that X carriesa natural symplectic structure (up to isotopy), obtained from
the degenerate2-form f ¤! Y by adding a small exact perturbation along the rami-
¯cation curve R. More precisely, the local models for f near the points of R allow
us to construct an exact 2-form ® such that, at any point of R, the restriction of
® to the kernel of df is a positive volume form. The form ! = f ¤! Y + ²® is then
symplectic for ² > 0 su±ciently small, and its isotopy classdoesnot depend on the
choice of ® or ² (seee.g. Proposition 10 of [1] and Theorem 3 of [2]).

Consider a loop a0 contained in the smooth part of §, and an annulus V0 ½ §
forming a neighborhood of a0 in §. Locally the manifold Y is a ¯bration over a
neighborhood U of the origin in R2, with ¯b ersVz ½ Y that are smooth symplectic
annuli for all z 2 U. This ¯bration carriesa natural symplectic connection,given by
the symplectic orthogonal to Vz at each point. Givena path t 7! z(t) in U starting at
the origin, for small enoughvaluesof t we can considerthe loopsat ½ Vz( t ) obtained
by parallel transport of a0, and by construction

S
t ¸ 0 at is a smooth Lagrangian

surfacein Y .
Assume that, for somevalue z0 2 U ¡ f 0g, the symplectic annulus Vz0 is con-

tained in the branch curve §. Assumemoreover that, by parallel transport along a
certain path t 7! z(t) joining the origin to z0 in U, we can construct an embedded
Lagrangian annulus A =

S
t 2 [0;t 0 ] at in Y , such that A\ § = @A = a0 [ at 0 ½ V0 [ Vz0

(seeFigure 1). Assume¯nally that, amongthe lifts of A, exactly two haveboundary
contained in the rami¯cation curve R of the map f in X ; these two lifts together
form an embedded torus T ½ X , and a suitable choice of the perturbation ® of
the pull-back form f ¤! Y ensuresthat T is Lagrangian. Becausethere is freedom
in choosing the local ¯bration and the path z(t), the above assumptions can be
made to hold in a rather wide range of situations, including those consideredby
Fintushel-Stern and Smith, but also the examplesstudied by Moishezon[9].

A

S(A,1)S

VV0

h

z0

Figure 1. Braiding a symplectic curve along a Lagrangian annulus
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Choosea smooth arc t 7! ´ (t) 2 at joining the two boundary components of A,
and let ° be the loop in T formed by the two lifts of ´ with end points lying in R.
Observe that the homotopy classof the loop ° in T doesnot depend on the choice
of the arc ´ . Moreover, an orientation of a0 determinesa co-orientation of ° in T.

We can perform a braiding construction on the two parallel annuli V0 and Vz0

contained in §, twisting them k times around each other along the annulus A for
any given integer k 2 Z. The processis described by the following local model:
a neighborhood of a0 in Y is di®eomorphicto D 2 £ [¡ r; r ] £ S1, where the factor
D 2 corresponds to U and the factor [¡ r; r ] £ S1 corresponds to the annuli Vz . The
branch curve § can be locally identi¯ed with the subset f§ ug £ [¡ r; r ] £ S1 ½
D 2 £ [¡ r; r ] £ S1, for some u 2 D 2 ¡ f 0g, while the annulus A corresponds to
[¡ u; u] £ f 0g £ S1. Considering a step function Â : [¡ r; r ] ! [0; 1] as in x2, the
twisted curve §( A; k) is obtained from § by replacing f§ ug £ [¡ r; r ] £ S1 with
f (§ u exp(i¼kÂ(t)) ; t); t 2 [¡ r; r ]g £ S1. Observe that the construction depends
on the choice of an orientation of the factor [¡ r; r ], or equivalently (because§ is
symplectic) of an orientation of the loop a0. Moreover, it is easy to check that
the construction can be performed in a way that preservesthe symplecticity of the
twisted curve.

Recall that the double cover of D 2 branched at the two points § u is an annulus
S1 £ [¡ r; r ]; therefore a local model for X is S1 £ [¡ r; r ] £ [¡ r; r ] £ S1, with the
torus T corresponding to S1 £ f 0g £ f 0g £ S1 and the loop ° corresponding to
S1 £ f 0g £ f 0g £ f ptg. Also recall that a half-twist exchanging the two points § u
in D 2 lifts to a Dehn twist of the annulus S1 £ [¡ r; r ], i.e. a transformation of the
form (x1; y1) 7! (x1 + Â(y1); y1). Therefore, if one tries to understand the e®ectof
the twisting construction on the branched cover X in terms of cutting out the piece
S1 £ [¡ r; r ]£ [¡ r; r ]£ S1 and gluing it back in placevia a nontrivial di®eomorphism,
the di®erencebetween the gluing maps on the two sidesS1 £ [¡ r; r ] £ f§ r g £ S1

must be the k-th power of a Dehn twist along the ¯rst S1 factor; so if e.g. we take
the gluing map to be the identit y near S1 £ [¡ r; r ] £ f¡ r g £ S1, then on the other
side it must map (x1; y1; r ; x2) to (x1 + kÂ(y1); y1; r ; x2).

The topological modi¯cation undergoneby X is therefore exactly the construc-
tion described in x2. Moreover, the symplectic structure on X (T; ° ; k) intro duced
in x2 and that obtained from its branched covering structure above (Y; ! Y ) coin-
cide up to isotopy. Indeed, in both casesa neighborhood of T containing the region
modi¯ed by the surgery can naturally be described as a symplectic ¯bration where
the ¯b ers and the baseare symplectic annuli (in the model of x2 the base is the
(x2; y2)-plane; in the branched covering model the baseis the annulus V0). After
checking that the symplectic structures coincide near the boundariesand that the
two symplectic forms lie in the samecohomologyclass,we can concludeby means
of Moser's argument. We obtain the following result:

Prop osition 3.1. The branched cover of Y obtained from X by replacing the
branch curve § with the twisted curve §( A; k) is naturally symplectomorphic to
X (T; ° ; k).

Note that the construction only depends on the isotopy classesof the loop a0

and of the arc ´ , even symplectically; this follows from Proposition 2.2 by observing
that, when the arc ´ is deformed in Y , the symplectic area swept by ° is always
zero (the areasswept by the two lifts of ´ exactly compensateeach other).
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Remark 3.2. When the branch curve § contains n > 2 parallel annuli Vzi , onecan
similarly construct modi¯ed symplectic surfacesassociated to arbitrary elements b
of the braid group Bn . However, decomposing b into a product of the standard
generatorsof Bn and their inverses(or any other half-twists) and starting from a
suitable collection of disjoint Lagrangian annuli in Y with boundary in §, the gen-
eral braiding construction easily reducesto an iteration of the elementary process
described above. Therefore, assuming that the braid b is liftable, i.e. compatible
with the branching data of the map f , and that it can be decomposedinto liftable
half-twists (note that in the caseof a double cover all braids are liftable), we can
describe the e®ectof the generalbraiding construction on the symplectic manifold
X as a sequenceof Luttinger surgeriesalong disjoint Lagrangian tori.

The examplesstudied by Fintushel and Stern [6] show that, in somecases,the
non-trivialit y of Luttinger surgeries along Lagrangian tori can be proved using
Seiberg-Witten invariants; however in many casesit is possible to conclude by
much more elementary arguments, as shown in x4 for Moishezon'sexamples.

We ¯nish this section by observing that, in the context of branched covers, it is
possibleto provide a more topological interpretation of the quantit y H (° ; ¿T ) intro-
duced in x2.2 to describe the e®ectof the surgery on the canonical and symplectic
classesof X in the casewhere they are proportional to each other.

More precisely, assumethat c1(K ) = ¸ [! ] in H 2(X ; R), where! is the symplectic
form induced by a branched covering map f : X ! Y with smooth rami¯cation
curve R. Assumemoreover that [° ] 2 H 1(X ; Z) is a torsion element, i.e. m[° ] = 0
for some integer m 6= 0, and let N be a surface with boundary such that @N =
° 1 [ ¢¢¢[ ° m , where the ° i are parallel copiesof ° all obtained as double lifts of
arcs in Y . Then f ¤N is a 2-cycle in Y , and we have the following:

Prop osition 3.3. m H (° ; ¿T ) = (¸ [! Y ]¡ c1(K Y )) ¢[f ¤N ]¡ I (N ; R), where I (N ; R)
is the algebraic intersection number between R and N , counting the 2m intersection
points that lie on the boundary of N with multiplicity 1=2.

Proof. By de¯nition, m H (° ; ¿T ) =
P

H (° i ; ¿T ) can be expressedas the di®erence
of two terms, onemeasuringthe integral over N of the curvature of the connectionr
on the canonicalbundle K X , and the other measuringthe obstruction to extending
the trivialization of K X given over the boundary of N to a trivialization over all
of N (i.e., the relative degree of K X over N with respect to the given boundary
trivialization). By assumption, the ¯rst term is proportional to the symplectic area
of N ; observing that the exact perturbation added to f ¤! Y doesnot contribute to
this area(in fact we could work directly with the degenerateform f ¤! Y ), we obtain
that it is equal to ¸ [! Y ] ¢[f ¤N ].

In order to compute the relative degreedeg(K X ; N ) of K X over N (the boundary
trivialization is implicit in the notation), we ¯rst deform the boundary loops ° i

inside X in order to obtain loops ° 0
i bounding a surfaceN 0 in X , disjoint from R,

and C1-closeto ° i ; we can assumethat the immersed loops f (° 0
i ) ½ Y are in fact

embedded. The trivialization ¿T naturally inducesa trivialization of K X over each
loop ° 0

i , and the relative degreeis una®ectedby the operation.
Recall that the trivialization ¿T of the canonical bundle over ° is de¯ned by

the Lagrangian plane ¯eld given by the tangent spacesto T along ° . Deforming
to ° 0

i , this corresponds to a Lagrangian plane ¯eld generatedby two vector ¯elds,
one tangent to ° 0

i and the other almost parallel to the normal direction to ° in T.
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This trivialization of K X is naturally the lift of a trivialization of K Y along f (° 0
i ),

determined by two vector ¯elds, the ¯rst one v1 tangent to f (° 0
i ) and the other v2

pointing in a direction transverseto the arc ´ inside the Lagrangian annulus A.
Outside of the rami¯cation curve, K X is isomorphic to f ¤K Y , and a trivialization

of K Y lifts to a trivialization of K X . However, wehave in fact c1(K X ) = f ¤c1(K Y )+
PD([R]), so the relative degreeof K X over N 0 di®ersfrom that of K Y over f ¤N 0

by a correction term equal to the algebraic intersection number of R with N 0. On
the other hand, the relative degreeof K Y over f ¤N 0 can be evaluated by observing
that each loop f (° 0

i ) bounds a small disk D i in Y (becausef (° 0
i ) is contained in a

neighborhood of the arc ´ ). Moreover, f ¤N 0 ¡
P

D i is a 2-cycle in Y , homologous
to f ¤N . Therefore, deg(K Y ; f ¤N 0) = c1(K Y ) ¢[f ¤N ] +

P
deg(K Y ; D i ).

It can be checked explicitly that deg(K Y ; D i ), which measuresthe obstruction
to extending our trivialization of K Y over D i , is equal to ¡ 1, 0 or +1 depending
on the chosenperturbation of ° i . More precisely, recall from above that Y admits
a local ¯bration ¼over an open subset U ½ R2 (with ¯b ers the symplectic annuli
Vz ). Considering the two vector ¯elds v1 and v2 de¯ning the trivialization of K Y

along f (° 0
i ), and observing that v2 remains almost parallel to the ¯b ers of ¼along

f (° 0
i ) and extends to D i , the relative degreedeg(K Y ; D i ) is equal to the rotation

number of the vector ¯eld ¼¤(v1) tangent to the loop ¼(f (° 0
i )) in U (we can safely

assumethat this loop is immersed). Recall that ° i is the double lift of an arc
joining two points of the branch curve § in Y , and therefore passesthrough exactly
two points of the rami¯cation curve R. For each of these two points, we have two
inequivalent possibilities for the perturbation of ° i into ° 0

i , towards one side or the
other with respect to R; this yields a contribution of § 1 to the linking number of
f (° 0

i ) with §, and § 1
2 to the rotation number of ¼(f (° 0

i )) in U. It follows that
the possible values of the rotation number are ¡ 1, 0, and +1, corresponding to
linking numbers of f (° 0

i ) with § equal to ¡ 2, 0, and +2 respectively. Therefore,
deg(K Y ; D i ) is in all casesequal to half of the intersection number of D i with the
branch curve §, which coincideswith the local di®erencebetweenthe intersection
numbers I (N ; R) and I (N 0; R) (once again, counting boundary intersections with
a coe±cient 1=2). As a consequence,

P
deg(K Y ; D i ) = I (N ; R) ¡ I (N 0; R), and

so deg(K X ; N ) = deg(K Y ; f ¤N 0) + I (N 0; R) = c1(K Y ) ¢[f ¤N ] + I (N ; R), which
completesthe proof.

4. Non-isotopic singular symplectic plane cur ves

4.1. The manifolds X p;0. Given two symplectic manifolds Y and Z , both ob-
tained as branched covers of the samemanifold M , and assumingthat the branch
curves Dg and Dh of g : Y ! M and h : Z ! M intersect transversely and posi-
tiv ely in M , we can construct a new symplectic manifold X = Y £ M Z = f (y; z) 2
Y £ Z; g(y) = h(z)g. The manifold X is naturally equipped with two branched
covering structures given by the two projections; considering e.g. the projection
onto the ¯rst factor, f : X ! Y , we obtain a branched covering map which is
simply the pull-back of h via the map g. In particular, the ¯b er of f above a point
y 2 Y is naturally identi¯ed to the ¯b er of h above the point g(y) 2 M , the degree
of f is equal to that of h, and its branch curve is D = g¡ 1(Dh ).

We considerthe casewhereM = Y = Z = CP2, and g : Y ! M is a genericmap
de¯ned by three polynomials of degree3, while h : Z ! M is a genericmap de¯ned
by three polynomials of degreep ¸ 2. We de¯ne X p;0 = Y £ M Z , and considerthe
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projection to the ¯rst factor, f : X p;0 ! Y = CP2, which is a branched covering
of degreep2. It is worth noting that X p;0 is in fact a complex surface. Via a
suitable transformation in PGL(3; C), we can assumethat, outside of a given ¯xed
small ball B , the branch curve D h of the map h lies arbitrarily closeto a union of
d = 3p(p¡ 1) lines passingthrough a singlepoint in CP2 (observe that degDh = d).
The cubic map g can be chosenin such a way that D g doesnot intersect the ball B .
The branch curve D = g¡ 1(Dh ) of f can then be obtained topologically from the
union of d smooth cubicsC1; : : : ; Cd ½ CP2 lying in a genericpencil, by removing a
small neighborhood of each of the 9 basepoints wherethe Ci intersect and replacing
it with a con¯guration similar to the branch curve of h (or rather to D h \ B ).

The manifold X p;0 can also be described as follows. Blow up Y = CP2 at
the 9 intersection points of the cubics Ci , in order to obtain the rational elliptic
surface E(1) with twelve singular ¯b ers and nine exceptional sections of square
¡ 1. Let W be the p2-fold cover of E(1) branched along d smooth ¯b ers F1; : : : ; Fd

(the proper transforms of the cubics C1; : : : ; Cd). The branching pattern of the
projection q : W ! E(1) is prescribed by that of the map h, in the sensethat W
is the pullback of the elliptic ¯bration E(1) over CP1 under the basechangemap
hjS : S ! ` = CP1, where S is the smooth plane curve of degreep obtained as the
preimageby h of a generic line ` ½ CP2. In particular, W is the total spaceof an
elliptic ¯bration ¼ over the curve S of genus (p ¡ 1)(p ¡ 2)=2, with 12p2 singular
¯b ers and nine exceptional sectionsE1; : : : ; E9 of square¡ p2. We can glue a copy
of CP2 to W along each of the exceptional sectionsE i , replacing a neighborhood
of E i with the complement of a smooth degreep curve in CP2. It is easyto check
that the resulting manifold W # [ E i 9CP2 is di®eomorphicto X p;0.

Moreover, even though the symplectic structure on W depends on an area pa-
rameter for each exceptional section E i and henceis naturally de¯ned only up to
deformation equivalence(seebelow), the identi¯cation between W # [ E i 9CP2 and
X p;0 canbemadeto hold at the symplectic level. Indeed, if weperform the symplec-
tic sums along E i without any loss of symplectic volume, then up to isotopy (and
scaling by a constant factor) the symplectic structure on W # [ E i 9CP2 no longer
dependson the areaparameters(observe that the areaof E i determinesthe volume
of each CP2 summand); it is not hard to check that this symplectic structure is the
sameas that arising from the description of X p;0 as a complex projective surface.

Normalize the Fubini-Study KÄahler form on Y = CP2 so that its cohomology
class is Poincar¶e dual to the homology class [L ] of a line; the natural symplectic
structure ! induced on X p;0 by the covering map f is then Poincar¶e dual to the
homology class[H ] = [f ¡ 1(L )].

Lemma 4.1. The symplectic and canonical classesof X p;0 are related by the iden-
tity c1(K ) = ¸ p[! ] in H 2(X p;0; R), where ¸ p = (6p ¡ 9)=p.

Proof. The rami¯cation curve R of the branched covering f : X p;0 ! Y = CP2 is
the preimage under the projection to the secondfactor e : X p;0 = Y £ M Z ! Z
of the rami¯cation curve Rh of the degreep polynomial map h : Z ! M . The
curve Rh is a smooth curve of degree3p ¡ 3 in Z = CP2; in particular, denoting
by [`] the homology classof a line in M = CP2, we have p[Rh ] = (3p ¡ 3)[h¡ 1(`)]
in H2(Z; Z). Pulling back by e, we obtain the equality p[R] = (3p¡ 3)[(h ±e) ¡ 1(`)]
in H2(X p;0; Z). Since h ± e = g ± f , and since [g¡ 1(`)] = 3[L ] in H2(Y; Z), we
conclude that p[R] = (9p ¡ 9)[f ¡ 1(L )] = (9p ¡ 9)[H ]. Since it is a general fact
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about branched covers of CP2 that [R] = PD(c1(K )) + 3[H ], we conclude that
p(c1(K ) + 3[! ]) = (9p ¡ 9)[! ], or equivalently c1(K ) = ¸ p[! ].

It is worth noting that, becausethe symplectic structure on E(1) depends on
the choice of the volumes of the blow-up operations, the symplectic structure on
W depends on the choice of the symplectic areas of the exceptional sections E i ,
and is determined only up to deformation (pseudo-isotopy). The situation that
we naturally want to consider is the limit as the area of E i and consequently the
symplectic volume of the copy of CP2 glued to W along E i becomevery small;
on the level of the branch curve D ½ Y, this means that the balls around the
intersection points of the cubics C1; : : : ; Cd that we delete and replacewith copies
of Dh \ B are very small.

4.2. The manifolds X p;k . The branch curve of q : W ! E(1) consists of d
parallel elliptic curvesF1; : : : ; Fd (¯b ersof E(1)), and similarly the branch curve of
f : X p;0 ! CP2 is obtained from d cubics C1; : : : ; Cd in a pencil by a modi¯cation
near the basepoints. Therefore, as discussedin x3 we can construct a Lagrangian
annulus A in E(1) (or CP2) that lifts to a Lagrangian torus T in W or X p;0,
and Luttinger surgery along T amounts to braiding the branch curve along the
annulus A.

We start with the observation that the d branch points z1; : : : ; zd of the simple
branched cover hjS : S ! CP1 can be grouped into pairs of points with matching
branching data; this can be donein many ways, and in fact amounts to the choiceof
a degenerationof S to a nodal curve with p2 rational components intersecting in a
total of d=2 points. In particular, we can assumethat oneof the components of the
degeneratedcurve intersectsonly oncewith the others; or equivalently , we can ¯nd
two branch points of hjS , e.g. z1 and z2, and an arc ´ 0 joining them in CP1, such
that the union of two lifts of ´ 0 forms a closedcurve ° 0 ½ S that separatesS into
two components, one of genus 0 consisting of only one sheetof h jS , and the other
of genus (p ¡ 1)(p ¡ 2)=2 consisting of the remaining p2 ¡ 1 sheets. Equivalently ,
observing that W can be constructed from p2 copiesof the elliptic ¯bration E(1)
by repeatedly performing ¯b er sums (someof which are self-sums,to increasethe
genus of the base),° 0 can also be thought of as a loop in the baseS that separates
one of the copiesof E(1) from the others.

Let a0 be an arbitrary simple closedloop in the ¯b er F1 above z1, representing
a non-zero homology class in F1 and avoiding the 9 points where F1 intersects
the exceptional sections of E(1). In fact, the choice made by Moishezon in [9]
amounts to choosing a degenerationof the pencil of cubics containing C1; : : : ; Cd

so that each Ci becomescloseto a union of three lines in CP2, and taking a0 to
be one of the vanishing cycles for the corresponding degenerationof the ¯b er F1;
but other choicesfor a0 are equally suitable. As in x3, useparallel transport above
the arc ´ 0 to construct a Lagrangian annulus A ½ E(1) joining a0 to a similar
loop in the ¯b er F2 above z2. Note that we equip E(1) with a symplectic form
which coincideswith that of Y outside of a small neighborhood of the exceptional
sections;moreover, we can assumethat z1 and z2 are arbitrarily closeto each other,
so that the construction is well-de¯ned and the annulus A remains away from the
exceptional sections. In fact, we could also construct A directly as an embedded
Lagrangian annulus joining the cubics C1 and C2 in Y = CP2.
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By construction, the annulus A lifts to an embedded Lagrangian torus T in
W ¡

S
E i ½ X p;0, and an embeddedarc ´ ½ A which projects to the arc ´ 0 ½ CP1

lifts to an embedded loop ° ½ T such that ¼(° ) = ° 0 ½ S. Let Dp;k = D(A; k)
be the singular plane curve obtained from the branch curve D of f by twisting k
times along the annulus A, and let X p;k = X p;0(T; ° ; k) be the symplectic manifold
obtained from X p;0 by twisting k times along the loop ° in the Lagrangian torus
T. By Proposition 3.1, X p;k is naturally a symplectic branched cover of Y = CP2,
with branch curve Dp;k .

Although the description that we give here is very di®erent from that given by
Moishezon in [9], it is an interesting exerciseleft to the reader to check that the
two constructions are actually identical. In fact, becausethe two loops ° 0 and a0

can be viewed as vanishing cyclesfor degenerationsof the baseand ¯b er of ¼, the
operation of partial conjugation of the braid monodromy described by Moishezon
exactly amounts to the braiding construction described in x3.

Lemma 4.2. The homology class [T] 2 H 2(X p;k ; Z) is not a torsion class. More-
over, if p 6´ 0 mod 3 or k ´ 0 mod 3 then [T] is primitive.

Proof. By Poincar¶e dualit y, [T ] is a non-torsion class if and only if we can ¯nd a
2-cycle that has non-trivial intersection pairing with T; this is possibleif and only
if the meridian of T represents a torsion classin H 1(X p;k ¡ T; Z).

Recall from x2 that the class[~¹ ] of a meridian of T in X p;k can be expressedas
[¹ ] + k[° ], where [¹ ] is the classof a meridian of T in X p;0; sincethe complements
of T in X p;0 and X p;k are di®eomorphic,it is therefore su±cient to prove that both
[¹ ] and [° ] are torsion classesin H 1(X p;0 ¡ T; Z).

We ¯rst show that [¹ ] is trivial in H 1(X p;0 ¡ T; Z). Consider an arc »0 in CP1

which joins the image z0 of a singular ¯b er of E (1) to the branch point z1 of hjS

and does not intersect ´ 0 in any other point. Starting from the singular point
in the ¯b er above z0 and using parallel transport along »0, we can construct a
(Lagrangian) disk D ½ E(1), lying above »0 and with boundary ± contained in the
smooth ¯b er F1 above z1 (± is the vanishing cycle associated to the chosensingular
¯b er and the arc »0). If the point z0 and the arc »0 are chosenin a suitable way,
we can assumethat the intersection number of ± with a0 in F1 is equal to 1 (recall
that by assumption a0 represents a primitiv e classin H 1(F1; Z)), and that the disk
D does not intersect the exceptional sectionsof E(1). The two lifts via h jS of »0

which passthrough the rami¯cation point above z1 form a single arc » in S that
joins two of the critical values of the elliptic ¯bration ¼ : W ! S and intersects
the loop ° 0 transversely in a single point. Similarly, the disk D lifts to a sphere(of
self-intersection ¡ 2) in W ¡

S
E i ; by construction, the intersection number of this

spherewith the torus T is equal to 1. Removing a complement of the intersection
with T from the sphere,we have realizedthe meridian ¹ asa boundary in X p;0 ¡ T,
and therefore [¹ ] = 0.

We next consider the loop ° , which we push away from T by moving it slightly
along the ¯b ers of the elliptic ¯bration ¼: W ! S. In fact, we can keep moving
° along the ¯b ers until it lies in a neighborhood of one of the exceptional sections
E i . Recall that ¼(° ) = ° 0 boundsa disk ¢ in S, corresponding to oneof the sheets
of hjS ; however, the monodromy of the ¯bration ¼along ° 0 is not quite trivial, but
di®ersfrom the identit y by a Dehn twist around each of the nine points where the
¯b er intersects the exceptional sectionsE i . In other terms, the normal bundle to
E i , with its natural trivialization over the boundary ° 0, has degree¡ 1 over the
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disk ¢. Therefore, there is an obstruction to collapsing ° inside W ¡
S

E i , but °
is homologousto ¡ º , where º is a small meridian loop around E i in W .

In X p;0, a neighborhood of E i is replacedby the complement CP2 ¡ S of a smooth
plane curve of degreep. Considering a generic line in CP2 and removing neighbor-
hoods of its p intersection points with S, we conclude that ¡ p[º ] is homologically
trivial in X p;0 ¡ T, and therefore that [° ] is a torsion element in H 1(X p;0 ¡ T; Z),
which completesthe proof that [T] is not torsion in H 2(X p;k ; Z).

Another way to look at the loop ° is to view W as a ¯b er sum of p2 copiesof
E(1), with the loop ° 0 in the baseS separating one of the E(1)'s from the others.
Therefore, W ¡

S
E i contains a subset U di®eomorphic to the complement of a

¯b er and of the 9 exceptional sections in the rational elliptic surface E(1); the
loop ° then corresponds to the meridian of the removed ¯b er in U (with reversed
orientation). However, U can be identi¯ed with the complement of a smooth cubic
in CP2, so ¼1(U) = Z=3, and therefore 3[° ] = 0 in H 1(X p;0 ¡ T; Z).

If p 6´ 0 mod 3, then we concludethat [° ] = 0, and so [~¹ ] = [¹ ] + k[° ] = 0, i.e.
the meridian ~¹ is a boundary in X p;k ¡ T. Therefore we can ¯nd a 2-cycle in X p;k

which intersects T once, i.e. [T ] is primitiv e. When p is a multiple of 3, the same
argument holds provided that k is also a multiple of 3.

4.3. Pro of of Theorem 1.1. Our strategy to prove Theorem 1.1 is to show that
the manifolds X p;k are not symplectomorphic to each other by using Proposition
2.4. We start with a computation of the quantit y H (° ; ¿T ) intro duced in x2.2 in
the caseof the Lagrangian torus T and the loop ° constructed in x4.2:

Lemma 4.3. In X p;0, we haveH (° ; ¿T ) = (2p ¡ 3)=p.

Proof. We useProposition 3.3. The rami¯cation curve R of f : X p;0 ! Y = CP2 is
obtained by gluing together the rami¯cation curve of q : W ! E(1), which consists
of d = 3p(p ¡ 1) ¯b ers of ¼, with the rami¯cation curve of a polynomial map of
degreep, i.e. a smooth curve of degree3p¡ 3, inside each of the nine copiesof CP2

glued to W along the exceptional sectionsE i .
Recall from above that the loop ° is homotopic inside W ¡

S
E i to a small loop

¹º that is the reversedmeridian to one of the exceptional sections;this deformation
can be performed without crossingR (except along ° itself ). Inside X p;0, the loop
¹º can alsobe viewed as the meridian of the smooth degreed curve S removed from
CP2 prior to gluing with W ; therefore, taking p copiesof ¹º we obtain the (reversed)
boundary of a punctured line in CP2 ¡ S, which intersects the rami¯cation curve
in 3p ¡ 3 points. Therefore, p copies of ° bound a surface N in X p;0 such that
I (N ; R) = p ¡ (3p ¡ 3) (recall that the 2p boundary intersections only count with
coe±cient 1=2). Moreover, becausethe image by f of CP2 ¡ S is contained in a
small ball around one of the basepoints of the pencil of cubics on Y , one easily
checks that the homology class [f ¤N ] is trivial. Therefore we have pH (° ; ¿T ) =
¡ I (N ; R) = 2p ¡ 3, which givesthe result.

Alternately , remember that W is the ¯b er sum of p2 copies of E(1), and so
W ¡

S
E i contains a subset U di®eomorphic to the complement of a ¯b er and

of the 9 exceptional sectionsin E(1), corresponding to one sheet of the branched
cover q : W ! E(1). Also, ° correspondsto the meridian of the removed ¯b er in U.
Therefore, three copiesof ° bound a punctured line N in U, which doesnot intersect
the rami¯cation curve anywhereexcepton the boundary, soI (N ; R) = 3; moreover,
one easily checks that f ¤N has degree1 in CP2. Recalling that sinceY = CP2 we
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have c1(K Y ) = ¡ 3[! Y ], we obtain 3H (° ; ¿T ) = (¸ p + 3) ¡ 3 = ¸ p = (6p ¡ 9)=p,
which again givesthe result.

Prop osition 4.4. For a ¯xed value of p 6´ 0 mod 3, the manifolds X p;k (k ¸ 0)
are pairwise non-symplectomorphic. The sameresult remains true for p ´ 0 mod 3
if we restrict ourselvesto valuesof k that are multiples of 3.

Proof. The manifolds X p;k are distinguished by the periods of the cohomology
class®p;k = c1(K X p;k ) ¡ ¸ p[! X p;k ] evaluated on elements of H 2(X p;k ; Z). Indeed,
by Proposition 2.4 and Lemma 4.3 we have ®p;k = k(2p ¡ 3)=p PD([T]), and by
Lemma 4.2 the homology class[T] 2 H 2(X p;k ; Z) is primitiv e, so the evaluation of
®p;k on integer homology classesyields all integral multiples of k(2p ¡ 3)=p.

In fact, the di®erencebetween the branched covering maps f p;k : X p;k ! Y =
CP2 can be seenon a purely topological level, without consideringsymplectic struc-
tures. Indeed, de¯ning [L ] to be the homology classof a line in Y , the cohomology
class of the symplectic form on X p;k is the Poincar¶e dual of [f ¡ 1

p;k (L )]; and the
canonical classof X p;k is related to the homology classof the rami¯cation curve R
of f p;k by the formula [Rp;k ] = c1(K X p;k ) + 3[f ¡ 1

p;k (L )]. Therefore, the cohomology
class®p;k is in fact a smooth invariant of the branched covering structure, and the
maps f p;k : X p;k ! CP2 are not even smoothly isotopic as branched covers.

The branch curvesDp;k are symplectic curvesof degreem = 3d = 9p(p ¡ 1) in
CP2, and by construction they all have the samenumbers of nodes and cusps(in
fact there are 27(p ¡ 1)(4p ¡ 5) cuspsand 27(p ¡ 1)(p ¡ 2)(3p2 + 3p ¡ 8)=2 nodes,
as can be checked e.g. using the PlÄucker formulas, cf. [9]).

In order to conclude that the curves D p;k are not smoothly isotopic, we need
to study the possiblep2-fold covers of CP2 branched along Dp;k . These are given
by homomorphismsfrom the fundamental group ¼1(CP2 ¡ Dp;k ) to the symmet-
ric group Sp2 , satisfying certain compatibilit y relations. Because¼1(CP2 ¡ Dp;k )
is ¯nitely generated and Sp2 is a ¯nite group, there are only ¯nitely many such
morphisms, i.e. CP2 admits only ¯nitely many p2-fold covers branched over Dp;k .
Becausewe have in¯nitely many inequivalent branched covers X p;k , we conclude
that in¯nitely many of the curvesD p;k are not smoothly isotopic. This completes
the proof of Theorem 1.1.

Remark 4.5. The number of p2-fold covers of CP2 branched above Dp;k can be
boundedexplicitly by observingthat ¼1(CP2 ¡ Dp;k ) is generatedby m = degDp;k

small meridian loops, all of which must be mapped to transpositions in Sp2 . How-
ever, the structure of ¼1(CP2 ¡ Dp;k ), as described by Moishezonin [9] using braid
monodromy techniques, implies that there is in fact only one possible branched
covering structure for each of the curves D p;k as soon as p ¸ 3. It then follows
immediately from the non-isotopy of the branched covers f p;k : X p;k ! CP2 that
the curvesDp;k are all di®erent.

Remark 4.6. The fact that the homology class [T] fails to be primitiv e when
p ´ 0 mod 3 and k 6´ 0 mod 3 is directly related to the ¯rst homology groups
of the manifolds X p;k . Indeed, whereasit can be easily checked that H 1(X p;k ; Z)
is trivial whenever p is not a multiple of 3, it appears that H 1(X p;0; Z) = Z=3
(generated e.g. by [° ] or by [º ]) when p ´ 0 mod 3; as a consequence,when p is
a multiple of 3 the group H 1(X p;k ; Z) is isomorphic to Z=3 for k ´ 0 mod 3 and
trivial otherwise.
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Remark 4.7. The construction presented herecanbemodi¯ed in variousmanners,
e.g. by starting with other pairs of branched covers g : Y ! M and h : Z ! M ,
or by twisting the branch curves in di®erent ways. This potentially leads to many
more examplesof non-isotopicsingular symplectic curvesin symplectic 4-manifolds.
However, it remains unknown whether it is possibleto construct examplesof non-
isotopic smooth connectedsymplectic curvesrepresenting a homology classof pos-
itiv e squareinside a given compact symplectic 4-manifold.

Remark 4.8. The relation betweenour strategy to proveTheorem1.1(by compar-
ing the canonicaland symplectic classesof the branched coversX p;k ) and the strat-
egyusedby Moishezonin [9] (by comparing the fundamental groups¼1(CP2¡ Dp;k ))
becomesmoreapparent if oneconsidersthe observations and conjecturesmadein [3]
about the structure of fundamental groups of branch curve complements. Indeed,
Moishezon'sargument relieson a computation showing that, while the fundamental
group ¼1(CP2 ¡ Dp;0) is always in¯nite, the groups ¼1(CP2 ¡ Dp;k ) are ¯nite as
soon as p ¸ 3 and k 6= 0, and have di®erent ranks for di®erent valuesof k. On the
other hand, Conjecture 1.6 in [3] statesthat, at least for \su±cien tly ample" simply
connectedbranched covers of CP2, the fundamental group of the complement of
the branch curve is directly related to the numerical properties of the symplectic
and canonical classes.In particular, it follows from Theorem 1.5 in [3] that, if the
canonicaland symplectic classesare proportional to each other, then the fundamen-
tal group of the branch curve complement must be in¯nite; the converseimplication
is conjectured to hold as well (assuming again that the branched cover is simply
connected and \su±cien tly ample"). The fact that Theorem 1.1 can be proved
either by consideringfundamental groups of complements or numerical relations in
the homology of the branched covers can be consideredas additional evidencefor
theseconjectures.
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