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Abstra ct . We construct a wide range of symplectic submanifolds in
a compact symplectic manifold as the zero sets of asymptotically holo-
morphic sections of vector bundles obtained by tensoring an arbitrary
vector bundle by large powers of the complex line bundle whose st
Chern classis the symplectic form. We also show that, asymptotically,
all sequencesof submanifolds constructed from a given vector bundle
are isotopic. Furthermore, we prove a result analogousto the Lefschetz
hyperplane theorem for the constructed submanifolds.

1. Intr oduction

In a recert paper [1], Donaldson has exhibited an elemenary construc-
tion of symplectic submanifolds of codimension 2 in a compact symplectic
manifold, wherethe submanifoldsare seenasthe zero setsof asymptotically
holomorphic sectionsof well-chosenline bundles. In this paper, we extend
this construction to higher rank bundles as well as one-parameterfamilies,
and obtain as a consequencen important isotopy result.

In all the following, (X;!) will be a compact symplectic manifold of di-
mension 2n, such that the cohomologyclass[ﬁ] is integral. A compatible
almost-complexstructure J and the corresponding riemannian metric g are
‘xed. Let L be the complex line bundle on X whose rst Chern classis
c(L) = [ﬁ]. Fix a hermitian structure on L, and let r - be a hermitian
connection on L whose curvature 2-form is equalto j i! (it is clear that
sudh a connection always exists).

We will consider families of sectionsof bundles of the form E - LK on
X, de ned for all large values of an integer parameter k, where E is any
hermitian vector bundle over X . The connectionr - inducesa connection
of curvature j ik! on LK, and together with any given hermitian connection
r E on E this yields a hermitian connectionon E - LK for any k. We are
interested in sectionswhich satisfy the following two properties :

Deniton 1. A sauene@ of sections s, of E - LK (for large k) is said
to be asymptotically holomorphic with respect to the given connections and
almost-complex structure if the following bounds hold :

jski=0@);  jr sd = O(K™?);  jBxi = O();
s = 0(k); r B = O(k*):
1
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SinceX is compact, up to a changeby a constart factor in the estimates,
the notion of asymptotic holomorphicity does not actually depend on the
chosen hermitian structures and on the chosen connectionr E. On the
cortrary, the connectionr b is essetially determined by the symplectic form
I', and the positivity property of its curvature is the fundamertal ingredient
that makesthe construction possible.

Denition 2. A section s of a vector bunde E- LK is saidto be " -transverse
to 0 if wheneverjs(x)j < “, the covariant derivative r s(x) : TxX !
(E - LK)y is surjective and admits a right inverse whosenorm is smaller
than "1 L:ki 2. A family of sections is transverseto O if there exists an
" > 0 suchthat ~ -transversality to O holdsfor all large valuesof k.

In the caseof line bundles, ~ -transversality to 0 simply meansthat the
covariant derivative of the sectionis larger than ~ k> wherewer the section
is smaller than ~. Also note that transversality to O is an open property :
if sis ~-transverseto 0, then any section % such that js| ¥ < 2 and
jr si r % < k¥22 is automatically (" j 2)-transverseto 0. The following
holds clearly, independerily of the choice of the connectionson the vector
bundles:

Prop osition 1. Let sy be sections of the vector bundes E - LK which are
simultaneously asymptotically holomorphic and transverseto 0. Then for all
large enoughk, the zem setsWy of sy are emledded symplectic submanifolds
in X . Furthermore, the submanifoldsWy are asymptotically J-holomorphic,
i.e. J(TWy) is within O(ki ¥72) of TWj.

The result obtained by Donaldson [1] can be expressedas follows :

Theorem 1. For all largek there exist sections of the line bundes L ¥ which
are transverseto 0 and asymptotically holomorphic (with respect to connec-
tions of curvature j ik! on LK).

Our main result is the following (the extensionto almost-complex struc-
tures that depend on t was suggestedby the referee):

Theorem 2. Let E be a complexvector bunde of rank r over X, and let a
parameter space T be either fOg or [0; 1]. Let (Jt)t21 be a family of almost-
complex structures on X compatible with ! . Fix a constant 2 > 0, and
let (stk )27k, k e a sequene of families of asymptotically J¢-holomorphic
sections of E - LK de™ned for all large k, such that the sections Stk and
their derivatives depend continuously on t.

Then there exist constants K, K and ~ > 0 (depending only on 2, the
geometry of X and the bounds on the derivatives of six), and a sequen@
(%;k)tZT;k, « of families of asymptotically J¢-holomorphic sections of E - Lk
de ned for all k , K, suchthat

(a) the sections ¥ and their derivatives depend continuously on t,

(b) for all t 2 T, j¥%x i Seki < 2andjr Y%y i r sukj < k1722,

(c) for all t 2 T, %y is ~-transverseto O.
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Note that, sincewe allow the almost-complex structure on X to depend
on t, great care must be taken asto the choice of the metric on X usedfor
the estimateson derivatives. The most reasonablechoice, and the onewhich
will be madein the proof, is to always usethe samemetric, independertly
of t (so, there is no relation betweeng, ! and J;). Howewer, it is clear from
the statemert of the theorem that, sincethe spacesX and T are compact,
any changein the choice of metric can be absorbed by simply changing the
constarts K and “, and sothe result holds in all generality.

Theorem 2 hasmany consequencesAmong them, we mertion the follow-
ing extension of Donaldson'sresult to higher rank bundles :

Corollary 1. For any complexvector bunde E over X and for all largek,
there exist asymptotically holomorphic sections of E - L* which are trans-
verseto 0, and thus whosezero sets are emledded symplestic submanifolds
in X. Furthermore given a sequene of asymptotically holomorphic sections
of E - L% and a constant2 > 0, we can require that the transversesections
lie within 2 in C° sense(and k™22 in C! sense)of the given sections.

Therefore, the homology classeghat one can realize by this construction
include all classeswhose Poincar§ dual is of the form [§] + ci:[5 11 1 +
iii+ ¢, with ¢1;: 1 ;¢ the Chern classesof any complex vector bundle and
k any suzciently large integer.

An important result that onecan obtain on the sequence®f submanifolds
constructed using Corollary 1 is the following isotopy result derived from
the casewhere T = [0; 1] in Theorem 2 and which had beenconjectured by
Donaldsonin the caseof line bundles:

Corollary 2. Let E be any complexvector bunde over X, and let spx and
S1k be two sequenes of sections of E - LX. Assume that these sections
are asymptotically holomorphic with resgect to almost-complex structures
Jo and Ji respectively, and that they are 2-transverseto 0. Then for all
large k the zem sets of sgx and s are isotopic through asymptotically
holomorphic symplectic submanifolds. Moreover, this isotopy can be realized
through symplectomorphisms of X .

This result follows from Theorem 2 by de ning sectionss;x and almost-
complexstructures J; that interpolate between(so; Jo) and (S1:; J1) in the
following way : for t 2 [0; 1], let ek = (1j 3t)sox andJ; = Jo; for t 2 [3; 4],
let s,k = 0 and take J; to be a path of compatible almost-complexstructures
from Jg to J1 (this is possiblesincethe spaceof compatible almost-complex
structures is connected); and for t 2 [%; 1], let stk = (3ti 2)s1.kx and Jy = J1.
One canthen apply Theorem 2 and obtain for all large k and for all t 2 [0; 1]
sections ¥y that di®er from s¢x by at most 2=2 and are " -transverseto 0
for some” . Sincetransversality to 0 is an open property, the submanifolds
cut out by ¥ and ¥ are clearly isotopic to those cut out by sk and
S1k. Moreover, the family % givesan isotopy betweenthe zero setsof ¥«
and % .. Sothe constructed submanifoldsare isotopic. The proof that this
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isotopy can be realized through symplectomorphismsof X will be givenin
Section 4.

As a rst stepin the characterization of the topology of the constructed
submanifolds, we also prove the following statemen, extending the result
obtained by Donaldsonin the caseof the line bundles L¥ :

Prop osition 2. Let E be a vector bundle of rank r over X, and let Wy be
a sguene of sympletic submanifoldsof X constructed as the zero sets of
asymptotically holomorphic sections s of E - L* which are transverseto 0,
for all large k. Then when k is suxciently large, the inclusion i : Wy !
X induces an isomorphism on homotopy groups ¥y for p < nj r, and a
surjection on ¥, . The same property also holds for homolayy groups.

Section 2 contains the statemert and proof of the local result on which
the whole construction relies. Section 3 dealswith the proof of a semi-global
statemert, using a globalization processto obtain results on large subsets
of X from the local picture. The proofs of Theorem 2 and Corollary 2 are
then completed in Section 4. Section 5 contains miscellaneousresults on
the topology and geometry of the obtained submanifolds, including Propo-
sition 2.

Acknowledgmen ts.  The author wishesto thank Professor Mikhael
Gromov (IHES) for valuable suggestionsand guidancethroughout the elab-
oration of this paper, and ProfessorJean-Pierre Bourguignon (Ecole Poly-
technique) for his support.

2. The local resul t

The proof of Theorem 2 relieson a local transversality result for approx-
imativ ely holomorphic functions, which we state and prove immediately.

Prop osition 3. There existsan integer p depending only on the dimension
n, with the following property : let + be a constant with 0 < +< % and let
%= xlog(x 1)iP. Let (fi)i27 be a family of complex-valua functions over
the ball B* of radius % in C", depending continuously on the parameter

t 2 T and satisfying for all t the following boundsover B* :
ifag- L i@j- % ir@ %
Then there exists a family of complex numbkers w; 2 C, depending con-
tinuously on t, suchthat for all t 2 T, jwgj - + and fyj w; hasa rst

derivative larger than ¥at any point of the interior ball B of radius 1 where
its norm is smaller than %

Proposition 3 extends a similar result proved in detail in [1], which cor-
responds to the casewhere T = f0g. The proof of Proposition 3 is based
on the sameideasas Donaldson's proof, which is in turn basedon consider-
ations from real algebraic geometry following the method of Yomdin [7][3],
with the only di®erencethat we must get everything to depend corntin uously
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on t. Note that this statemert is false for more general parameter spaces
T than fOg and [0; 1], since for example when T is the unit discin C and
fi(z) = t, onelooksfor a continuousmapt 7! w; of the discto itself without

a xed point, in cortradiction with Brouwer's theorem.

The idea is to deal with polynomial functions g; approximating f, for
which a general result on the complexity of real semi-algebraicsets gives
constraints on the near-critical levels. This part of the proof is similar to
that given in [1], so we skip the details. To obtain polynomial functions,
we approximate f{ rst by a continuous family of holomorphic functions f7
di®ering from f; by at most a xed multiple of %in C! sense,using that
@ is small. The polynomials g; are then obtained by truncating the Taylor
seriesexpansionof f{ to a givendegree.It canbe shown that by this method
onecan obtain polynomial functions g; of degreed lessthan a constart times
log(%4 1), sudh that g di®ersfrom f; by at most c:%in C! sensewherec is
a xed constart (see[l1]). This approximation processdoesnot hold on the
whole ball wheref is de ned, which is why we neededf; to be de ned on
B* to get a result over the slightly smaller ball B (seeLemmas 27 and 28
of [1]).

For a given complex-valued function h over B, call Y. the set of all
points in B wherethe derivative of h hasnorm lessthan 2, and call Zy. the
2-tubular neighborhood of h(Yh2). What we wish to construct is a path w;
avoiding by at least %all near-critical levels of f¢, i.e. consisting of values
that lie outside of Z¢, .3, Sincegq: is within c:%a0f fy, it is clear that Z;, s, is
cortained in Zy = Zg .(c+1) % However a generalresult on the complexity of
real semi-algebraicsetsyields constraints on the set Yg,.(c+1)3 The precise
statemert which one applies to the real polynomial jdgj? is the following
(Proposition 25 of [1]) :

Lemma 1. LetF : R™ ! R be a polynomial function of degree d, and let
S(K) Y2 R™ be the subsetS(p) = fx 2 R™ :jxj - L;F(x) - 1+ pg. Then
for arbitrarily small p > 0 there exist xed constants C and ° depending
only on the dimension m such that S(0) may be decomposel into pieces
S(0) = Si[ S»¢¢¢[ Sa, where A - Cd’, in sucha way that any pair of
points in the same piece S; can be joined by a path in S(u) of length less
than Cd’.

So, asdescribed in [1], givenany xed t, the set Yy, (c.1) 3 Of near-critical
points of the polynomial function g: of degreed can be subdivided into
at most P(d) subsets,where P is a xed polynomial, in such a way that
two points lying in the same subset can be joined by a path of length at
most P (d) inside Y .o(c+1) % It follows that the image by g of Yy .(ci1) % IS
cortained in the union of P (d) discsof radius at most 2(c+ 1)¥P (d), sothat
the set Z; of valueswhich we wish to avoid is cortained in the union Z;" of
P (d) discsof radius ¥Q(d), where Q = 3(c+ 1)P is a xed polynomial and
d= O(log% 1).
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If one assumest to be larger than ¥Q(d)P (d)7, it follows immediately
from this constraint on Z; that Z; cannot 1l the disc D of all complex
numbers of norm at most + : this immediately provesthe caseT = fO0g.
However, when T = [0; 1], we also needw; to depend cortinuously ont. For
this purpose,we shaw that if + is large enough,D | Z,, when decomposed
into connected componerts, splits into seweral small componerts and only
one large componert.

Indeed, given a componert C of D j Z;", the simplest situation is that it
doesnot meetthe boundary of D. Then its boundary is a curve consisting of
piecesof the boundariesof the balls making up Z;", soits length is at most
2P (d)Q(d)¥% and it follows that C has diameter lessthan ¥P (d)Q(d)%
Considering two componerts C; and C, which meet the boundary of D at
points z; and z,, we can consideran arc ° joining the boundary of D to
itself that separatesC; from C, and is cortained in the boundary of Z; .
Assumingthat +is larger than e.g. 100P (d)Q(d)%; sincethe length of ° is at
most 2vP (d)Q(d)¥; it must stay closeto either z; or z, in order to separate
them : ° must remain within a distance of at most 10P (d)Q(d)¥%from one
of them. It follows that there existsi 2 f1;2g such that C; is contained
in the ball of radius 10P (d)Q(d)%. certered at z;. So all componerts of
Di Z; exceptat mostoneare contained in balls of radius R(d)%; for some
“xed polynomial R. Furthermore, the number of componerts of D | Z;" is
bounded by a value directly related to the number of balls making up Z,",
sothat, increasingR if necessarythe number of componerts of D | Z;" is
also bounded by R(d).

Assumingthat +is much larger than R(d)37?% the area¥#? of D is much
larger than ¥R(d)3%%, sothat the small componerts of D j Z;* cannot Tl it,
and there must be a single large componert. Getting badk to D j Z¢, which
was the set in which we had to choosew, it cortains D j Z, and di®ers
from it by at most Q(d)%; sothat, letting U(t) be the componert of D | Z;
containing the large componert of D j Z; , it is the only large componert
of D i Z{. The componert U(t) is characterized by the property that it is
the only componert of diameter more than 2R(d)%in D | Z;.

Sothe existenceof a singlelarge componert U(t) in D Z is proved upon
the assumption that * is large enough, namely larger than %©(d) where ©
is a given xed polynomial that can be expressedin terms of P, Q and R
(so © dependsonly on the dimensionn). Sinced is bounded by a constart
times log% 1, it is not hard to seethat there exists an integer p such that,
for all 0 < < 3, the relation %= +log(+ 1)i P implies that + > 340(d).
This is the value of p which we choosein the statemernt of the proposition,
thus ensgringthat the above statemerts always hold.

Since ftgf Z; is a closedsubsetof T £ D, the open set U(t) depends
semi-cortinuously on t : let Ui (t;2) be the set of all points of U(t) at
distance more than 2 from Z; [ @. We claim that, given any t and any
small 2 > 0O, for all ¢ closeenoughto t, U(¢) cortains Ui (t; 2). To seethis,
we rst shaw for all ¢ closeto t, Ui (t;2)\ Z, = ;. Assuming that sud is
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not the case,one can get a sequenceof points of Z, for ¢! t that belong
to Ui (t;2). From this sequenceone can extract a corvergert subsequence,
whoselimit belong§to Ui (t; 2) and thus lies outside of Z;, in contradiction
with the fact that ftg£ Z; is closed. SoUi (t;2) 2D j Z, for all ¢ close
enoughto t. Making 2 smaller if necessaryone may assumethat Ui (t; 2) is
connected, so that for ¢, closeto t, Ui (t; 2) is necessarilycorntained in the
large component of D4 Z, namely U(¢).

It followsthat U = ftgE U(t) is an openconnectedsubsetof T£ D, and
is thus path-connected. Sowe get a path s 7! (t(s);w(s)) joining (0; w(0))
to (1;w(1)) inside U, for any given w(0) and w(1) in U(0) and U(1). We
then only have to make surethat s 7! t(s) is strictly increasingin order to
de ne wys) = w(s).

Getting the t componert to increasestrictly is in fact quite easy Indeed,
we rst getit to be weakly increasing, by consideringvaluess; < s; of the
parameter suc that t(s;) = t(sz) = t and simply replacing the portion of
the path betweens; and s; by a path joining w(s1) to w(s;) in the connected
setU(t). Then, we slightly shift the path, using the fact that U is open, to
getthe t componert to increaseslightly over the parts whereit wasconstart.
Thus we can de ne w;) = w(s) and end the proof of Proposition 3.

3. The globaliza tion process

3.1. Statemen t of the result. We will now prove a semi-global result
using Proposition 3. The globalization processwe describe hereis basedon
that usedby Donaldsonin [1], but a signi cantly higher amourt of work is
required becausewe have to deal with bundles of rank larger than one. The
important fact we useis that transversality to O is a local and open property.

Theorem 3. Let U be any open subsetof X, and let E be a complexvector
bunde of rank r | 0 over U. Let (Ji)i27 be a family of almost-complex
structures on X compatible with ! . Fix a constant 2 > 0. Let Wy, be a
family of symplectic submanifoldsin U, obtained as the zer sets of asymp-
totically J;-holomorphic sections wy of the vector bundesE - L* which are
" -transverseto 0 over U for some” > 0 and depend continuouslyont 2 T
(if therankis r = 0, then we simply de ne Wiy = U). Finally, let (%)
be a family of asymptotically J;-holomorphic sections of LK which depend
continuously on t. De ne Uy to be the set of all points of U at distance
more than 4ki 173 from the boundary of U.

Then for some~> 0 and for all large k, there exist asymptotically J;-
holomorphic sections % of LK over U, depending continuously on t, and
suchthat

(a) for all t 2 T, % is equal to ¥ near the boundary of U,

(b) %K i Yexi < 2andjr % i r %xj < k¥22 for all t,

(c) the sections (wix + %) of (E ©C) - LK are ~transverseto 0 over
U, for all t.
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Basically, this result states that the construction of Theorem 2 can be
carried out, in the line bundle case,in suc a way that the resulting sections
are transverseto a given family of symplectic submanifolds.

As remarked in the intro duction, the choice of the metric in the statemert
of the theorem is not obvious. We chooseto use always the samemetric g
on X, rather than trying to work directly with the metrics g; induced by !
and Ji.

3.2. Local coordinates and sections. The proof of Theorem 3 is based
on the existenceof highly localized asymptotically holomorphic sectionsof
Lk near every point x 2 X . First, we notice that near any point x 2 X , we
can de ne local complexDarboux coordinates (z;), that is to say a symplec-
tomorphism from a neighborhood of x in (X;!) to a neighborhood of 0 in

C" with the standard symplectic form. Furthermore it is well-known that,

by composing the coordinate map with a (R-linear) symplectic transforma-
tion of C", onecan ensurethat its di®ererial at x inducesa complexlinear
map from (TxX;J;) to C" with its standard complex structure.

Since the almost-complex structure J; is not integrable, the coordinate
map cannot be made pseudo-holomorphicon a whole neighborhood of x.
Howewer, since the manifold X and the parameter spaceT are compact,
the Nijenhuis tensor, which is the obstruction to the integrability of the
complex structure J; on X, is bounded by a xed constart, and so are its
derivatives. It follows that for a suitable choice of the Darboux coordinates,
the coordinate map can be made nearly pseudo-holomorphicaround X, in
the sensethat the antiholomorphic part of its di®ererial vanishesat x and
grows no faster than a constart times the distanceto x. Furthermore, it is
easyto ched that the coordinate map can be chosento depend cortin uously
on the parametert. So, we have the following lemma :

Lemma 2. Near any point x 2 X, there exist for all t 2 T complex Dar-
boux coordinates depending continuously on t, such that the inverse A; :
(C";0) ! (X;x) of the coordinate map is nearly pseudo-holomorphicwith
respect to the almost-complex structure J; on X and the canonical complex
structure on C". Namely, the map A;, which trivial ly satis'es jr Aij = O(1)
and jrr A¢j = O(1) on a ball of “xed radius around 0, fails to be pseudo-
holomorphic by an amount that vanishesat 0 and thus grows no faster than
the distance to the origin, i.e. j@:(z)j = O(jzj), and jr &&j = O(1).

Fix a certain value of the parametert 2 T, and considerthe hermitian
connectionswith curvature j ik! that we have put on Lk in the intro duction.
Near any point x 2 X, using the local complex Darboux coordinates (z;) we
have just constructed, a suitable choice of a local trivialization of Lk leads
to the following connection 1-form :

X
Ak = — (Zj d?j i Z de)
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(it canbereadily chedkedthat dAyx = j ik!).

On the standard C" with connection Ay, the function de ned by s(z) =
exp(i kjzj°=4) satis es the equation @ks = 0 and the bound jr A, Sj =
O(k'™2). Multiplying this section by a cut-o® function at distance ki 173
from the origin whose derivative is small enough, we get a section s with
small compact support. Since the coordinate map near x has small anti-
holomorphic part where s is large, the local sectionss + A 1 of LX de™ned
near x by pullback of s through the coordinate map can be easily chedked
to be asymptotically holomorphic with respect to J; and Ax. Thus, for all
large k and for any point x 2 X, extending s+ Al ! py 0 away from x, we
obtain asymptotically holomorphic sectionssg x of LK.

SinceT is compact, the metrics g; induced on X by ! and J; di®erfrom
the chosenreferencemetric g by a bounded factor. Therefore, it is clear
from the way we constructed the sectionss;x that the following statemert
holds :

Lemma 3. There exist constants, > 0 and cs > 0 suchthat, givenany x 2
X, for all t 2 T and largek, there exist sections S x Of Lk over X with the
following properties : the sections sy x are asymptotically J¢-holomorphic ;
they depend continuously on t ; the bound jstk.xj , Cs holds over the ball
of radius 10ki 12 around x ; and nally, jstkxj - exp(i .k :distg(x;:)?)
everywhee on X .

3.3. General setup and strategy of proof. In a rst step, we wish to
obtain sections¥%y of L¥ over U satisfying all the requiremerts of Theorem
3, except that we replace (c) by the weaker condition that the restriction
of %4k to Wy must be *-transverseto 0 over Wiy \ u; for some”™ > 0,
where U}, is the set of all points of U at distance more than 2ki = from
the boundary of U. It will be shown later that the transversality to O of
the restriction to Wy, \ U} of %y, together with the bounds on the second
derivatives,implies the transversality to 0 of (W + %) over U, .

To start with, we notice that there exists a constart ¢ > 0 sud that
Wi is trivial at small scale,namely in the ball of radius 10c:ki 172 around
any point. Indeed, if r = 0 we just take ¢ = 1, and otherwise we use the
fact that wgi is “-transverseto 0, which implies that at any x 2 Wy,
jr we (X)] > 7 kY2, Sincejir wykj < Cpik for someconstart Cp, de ning
c= ﬁ)' :C} L the derivative r Wik varies by a factor of at most % in the
ball B of radius 10c:ki 1*? around x. It followsthat B\ Wy is di®eomorphic
to a ball.

In all the following, we work with a given xed value of k, while keep-
ing in mind that all the constarts appearing in the estimates have to be
independen of k.

For "xed k, we considera nite setof points x; of U} %2 U suc that the
balls of radius c:ki 12 certered around x; cover U} . A suitable choice of
the points ensuresthat their number is O(k"). For xed D > 0, this setcan
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be subdivided into N subsetsS; sud that the distance betweentwo points
in the samesubsetis at least D:ki 172, Furthermore, N = O(D?") can be
chosenindependert of k. The precisevalue of D (and consequetly of N)
will be determined later in the proof.

The idea is to start with the sections %y of L* and proceedin steps.
Let N; be the union of all balls of radius c:ki 2 around the points of
S for all i < j. During the j-th step, we start from asymptotically J;-
holomorphic sections % ; which satisfy conditions (a) and (b), and sud
that the restriction of %; to Wy is "j-transverseto 0 over Wy \ Nj, for
someconstart “j independert of k. For the rst step, this requiremert is
void, but we choose” o = 5 in order to obtain a total perturbation smaller
than 2 at the end of the process. We wish to construct ¥ j+1 from ¥
by subtracting small multiples ik xStk:x Of the sectionssiyx for x 2 §;, in
such a way that the restrictions of the resulting sectionsare " j .1 -transverse
to 0, for somesmall “j.1, over the intersection of Wy with all balls of
radius c:ki 2 around points in S;j. Furthermore, if the coexcients of the
linear combination are chosenmuch smaller than “j, transversality to O still
holds over Wy \ Nj. Also, since the coexcients c.x.x are bounded, the
resulting sections, which are sums of asymptotically holomorphic sections,
remain asymptotically holomorphic. Sowe needto nd, for all x 2 S;j, small
coexcients Cyx.x Sothat ¥y i Cuk:xStkx hasthe desiredproperties near x.

3.4. Obtaining transv ersalit y near a point of S;. In what follows, x is
a given point in Sj, and By is the ball of radius c:ki 2 around x. Let - be
the closure of the open subsetof T cortaining all t sud that By \ Wk is
not empty (whenr = 0, onegets- = T). When - is empty, it is sutcient
to de ne ¢k x = O for all t. Otherwise, - = fOg when T = f0g, and when
T = [0;1] clearly - is a union of disjoint closedintervals. In any case,we
choosea componert | of -, i.e. either a closedinterval or a point.

We canthen dene for all t 2 | a point x; belongingto Byx\ Wy, in such
away that x; dependscortinuously ont, sinceW;y dependscortinuously on
t and always intersectsBy in a nice way (when r = 0 one can simply choose
Xt = x). Let By bethe ball in Wy of radius 3c:ki 172 (for the metric induced
by g) certered at x;. Becauseof the bounds on the secondderivatives of
Wik, we know that B corntains By \ Wi for all t 2 1. We now want to
de ne a nearly holomorphic di®eomorphismfrom a neighborhood of O in
CNi ' to By.

Let B be the ball of radius 4cki 2 around 0 in C"i ', and let Bi be the
smaller ball of radius 3cki 12 around 0. We claim the following :

Lemma 4. For all t 2 |, there exist di®emorphismsp from B to a neigh-
borhood of x; in Wi, depending continuously on t, suchthat p(0) = x; and

k(B1) % By, and satisfying the following estimatesover B :

j@u = OK ), jr wj=0(1); jr @j=0(1): jr wj= 0k
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Proof. Recall that, by Lemma 2, there exist local complex Darboux coordi-
nates on X near x depending corntinuously on t with the property that the
inversemap A; : (C";0)! (X;x) satis es the following boundsat all points
at distance O(ki 172) from x :

j@j =0k 2); jr Aj=0(1); jr @j=0(); jr Aj= O():
Let Ty be the kernel of the complex linear map @vik (Xt) in Ty, X : it is
within O(ki 172) of the tangert spaceto Wy at x;, but T; is presened by
Ji. ComposingA; with a translation and a rotation in C", one gets maps A;
satisfying the samerequiremerts as A;, but with A(0) = x; and suc that
the di®erertial of A; at 0 mapsthe spanofthe nij r rst coordinatesto T;.

Furthermore, X and T are compact, sothe metrics g; induced by ! and
J; di®er from the referencemetric g by at most a xed constart. It follows
that, composing A; with a “xed dilation of C" if necessary one may also
require that the image by A; of the ball of radius 3cki 12 around 0 contains
the ball of radius 4cki 12 around x for the referencemetric g. The only
price to pay is that A; is no longer a local symplectomorphism ; all other
properties still hold.

Sinceby de nition of ¢ the submanifolds Wy, are trivial over the consid-
ered balls, it follows from the implicit function theorem that W, can be
parametrized around x; in the chosencoordinates asthe set of points of the
form Ai(z;¢:(z)) for z2 C"i", where¢ : CMiT I C' satis es ¢(0) = 0and
r ¢(0) = O(ki 72). The derivativesof ¢; can be easily computed, sinceit is
characterized by the equation

Wik (Ai(z; &(2)) = O

Notice that it follows from the transversality to 0 of wyk that jr wyy +dA; (v))]
is larger than a constart times k'*?jvj for all v 2 0£ C'. Combining this
estimate with the bounds on the derivatives of wy, given by asymptotic
holomorphicity and the above bounds on those of A;, one getsthe following
estimatesfor ¢; over the ball B :

j@i =0k ) jr aj= 0@); ir @j=0(); jr aj=OK™):

It is then clear that W (z) = Ai(z; ¢ (2)) satis es all the required properties.
]

Now that a local identi cation betweenW; and C"i ' is available, we de-
“ne the restricted sectionsSik.x(z) = Stk;x ((2)) and ¥k (2) = Yk (k(2)).
Sincesik x and %y areboth asymptotically holomorphic, the estimateson
K imply that $x.x and %y, assectionsof the pull-back of L* over the ball
B, are also asymptotically holomorphic. Furthermore, they clearly depend
continuouslyont 2 |, and 8.k .x remainslarger than a xed constart cs > 0
over B. Wecanthen dene the complex-valued functions f vk x = %%k j =Stk x
over B, which are clearly asymptotically holomorphic too.
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After dilation of B by a factor of 3c:k'=2, all hypothesesof Proposition 3
are satis ed with + as small as desired, provided that k is large enough.
Indeed, the asymptotic holomorphicity of fx.x implies that, for large k,
the antiholomorphic part of the function over the dilated ball is smaller
than %= %(log+ 1)i P. Sothe local result implies that there exist complex
numbers cqxx Of norm lessthan * and depending cortinuously ont 2 I,
sudh that the functions fix.x i Cikx are ¥stransverseto O over the ball
Bi of radius 3c:ki 12 around 0 in C"i . We now notice that the sections
Ouk:x = Yok i CukoxStkix, Which clearly depend cortinuously on t and are
asymptotically holomorphic, are ¥-transverseto 0 over Bi , for some %2
di®ering from ¥by at most a constart factor. Indeed,

FOkix = 1 (Sekeox(Fekox i Cekix)) = Sekoxt Tok i (Fekox i Cokpd! Stkx:
Wherever @ik x is very small, sois fix.x i Cukx, and r fyix is thus large.
Since 8.k x remains larger than somecs > 0 and r $x.x is bounded by a
constart times k', it follows that r Quxx is large wherever @y x is very
small. Putting the right constarts in the right places,one easily cheds that
Otk x is ¥Atransverseto 0 with ¥#34 bounded by a xed constart.

We now notice that the restrictions to Wy of the sectionsgrk:x = Y« j i
Ct:k xStk :x Of Lk over U, which clearly are asymptotically Ji-holomorphic and
depend cortinuously and t, are also ¥#%ransverseto 0 over B; for some ¥
di®ering from %2 by at most a constart factor. Indeed, B} is contained in
the set of all points of the form |x(z) for z 2 Bi , and

Otkix (K (2)) = Pk (2) i CokxStkix(Z) = Oukix(2);
so wherewer gy x is smaller than 32, the derivative of Ok« is larger than
¥2k172, and sincer | is bounded by a xed constart, r g.x.x is large too.

Next we extend the de nition of c.xx to allt2 T, in the caseof T = [0; 1],
sincewe have de ned it only over the componerts of -. However whent 62,
W; doesnot meet the ball By, sothat there is no transversality require-
ment. Thusthe only constraints are that c.x.x must depend cortinuously on

t and remain smaller than + for all t. These conditions are easyto satisfy,
so we have proved the following :

Lemma 5. For all large k there exist complex numbers cixx smaller than
+ and depending continuously on 't 2 T suchthat the restriction to Wy of
Yakj i CekxStkx IS YP%ransverseto 0 over Wk \ By. Furthermore, for some
constant p® depending only on the dimension, ¥40is at least +(log+ 1)i P°.

3.5. Constructing ~ %y j+1 from %.;. We can now de ne the sections
Yok +1 Of LX over U by
X
Yeki+1 = Yk i Ct:k ;x Stk x -
X2S;
Clearly the sections ¥ ;j+1 are asymptotically holomorphic and depend
cortinuously on't 2 T. Furthermore, any two points in §; are distant
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of at least D:ki 172 with D > 0, so the total size of the perturbation is
bounded by a xed multiple of +. So, choosing + smaller than “; over a
constart factor (recall that “; is the transversality estimate of the previous
step of the iterativ e process),we can ensurethat j¥x;j+1 i %] < 7’ and
I Y+ i r Yyl < 7"k1:2. As a direct consequencethe restriction to
Wik of ¥%j+1 is %—transverseto 0 wherewer the restrictiog of 3§;k;j is -
transverseto O, including over Wy \ Nj (recall that N; = ;55 Bx).

Letting “j+1 = 3¥#%it is known that for all x 2 Sj the restriction of
Yex;j i CtkxStkx 10 Wy is 2741 -transverseto O over By \ Wyx. So,in
order to prove that the restriction to Wy of % j+1 is " j+1 -transverseto 0
over Wik \ Nj+1, it is suxcient to ched that givenx 2 §j, over By, the sum
of the perturbations corresponding to all points y 2 §; distinct from X is
smallerthan “j+1, and the sum of their derivativesis smaller than " +1 k1=2,
In other words, sinceseeral contributions wereaddedat the sametime (one
at ead point of S;), we have to make sure that they cannot interfere.

This is wherethe parameter D (minimum distance betweentwo points in
Sj) isimportant : indeed, over By, by Lemma 3, ead of the cortributions of
the other points in §j is at most of the order of +exp(j ,D 2), and the sum
of theseterms is O("j:exp(j ,D 2)). Similarly, the derivative of that sum s
O('j:exp(i ,D ?):k¥?). Sothe requiremert that the sum of the contribu-
tions of all points of S; distinct from x be smaller than ., corresponds
to an inequality of the form Koexp(j ,D ?) < "j+1="j, where K, is a xed
constart depending only on the geometry of X. Recalling that “j+1 is no
smallerthan “j: Iog('ji 1)i P for some™xed integer P, the required inequality
is

exp(.D %) > Ko:log('} HP:

This inequality, which does not depend on k, must be satis ed by every “j,
for ead of the N stepsof the process.

To che that the condition on D can be enforcedat all steps, we must
recall that the number of stepsin the processis N = O(D?"), and study the
sequencqj) givenby a xed "¢ > 0 and the inductive de nition described
above. It can be shovn (seeLemma 24 of [1]) that the sequence(” ;) sat-
is es for all j a bound of the type Iog('jI 1y = O(j:log(j)). It follows that
log(" ;)P = O(D?"P:log(D?")P), which is clearly subexponertial : a choice
of suxciently large D thus ensuresthat the required inequality holds at all
steps. Sothe inductiv e processdescribed above is valid, and leadsto sections
%k = Yx.n Which are asymptotically Ji-holomorphic, depend cortin uously
ont, and whoserestrictions to Wy are "-transverseto 0 over U|i forn="y.
Furthermore, % is equal to % near the boundary of U becausewe only
added a linear combination of sectionssgx for x 2 U} , and sy x vanishes
by construction outside of t|3e ball of radius ki 13 around x. Moreover, %

di®ersfrom % by at most j “i, which is lessthan 2" g = 2. Soto complete
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the proof of Theorem 3 we only have to shaw that the transversality result
on ¥xjw,, Implies the transversality to 0 of (wgk + %) over U .

3.6. Transv ersalit y to 0 over U, . At apoint x 2 W\ U} wherej¥j <
7, we know that r wy is surjective and vanishesin all directions tangertial
to Wik, while r %y has a tangertial componert larger than nkIF2 1t
follows that r (wyx + %) is surjective. We now construct a right inverse
R:(Ex©C)- LK1 T(X whosenorm is O(ki 7).

Consideringa unit length element u of LX, there existsa vector 0 2 TxW;
of norm at most (":k*?2)i  such that r 3% (0) = u. Clearly r wyc(0) = 0
becausett 2 TyW;k, sowe de ne R(u) = 0. Now consideran orthonormal
frame (v;) in Ex - LX. It follows from the " -transversality to O of wy that
r x\Wex has a right inverse of norm smaller than (" :k'72)i 1, so we obtain
vectorst; in Ty X sudh that r wy (%) = vi and joij < (" :k'¥™2)i 1. There exist
coetcients | sud that r %, (%) = ,i:u, with j,j < C:k¥™2;j0j < C il
for someconstart C sud that jr %xj < C:k'*? everywhere. Sowe de ne
R(vi) = % i ,i0, which completesthe determination of R.

The norm of R is, by construction, smaller than K :ki 172 for some K
depending only on the constarts above (C, ~ and 7). We thus know that
r (Wex + %) has a right inverse smaller than K:ki 12 at any point of
Wik \ Uli where j%kj < ™ Furthermore we know, from the de nition of
asg/mptotic holomorphicity, that jir  (wek + %k )j < K %k for someconstart
K*®

Consider a point x of U: where jwgj and j%yj are both smaller than
some ® which is simultaneously smaller than 5, 5& and sgo. From the
" -transversality to O of wgx, we know that r wy is surjective at x and has
a right inversesmaller than (" :k'¥)i 1. Sincethe connectionr is unitary,
applying the right inverseto wyy itself, we canfollow the downward gradient
°ow of jwykj, and we are certain to reach a point y of Wy at a distance
d from the starting point x no larger than ®:(" :k*2)i 1, which is simulta-
neously smaller than i:ki 12 and ki 2. Furthermore if k is large
enough,d < 2ki 1= sothat y 2 Uj .

Sincejr %y j < C:k1™2 everywhere, j¥y (y)] i j%x ()] < Ck¥2d < 3,
sothat j%« (y)j < ™, and the previous results apply at y. Also, since the
secondderivatives are bounded by K %k everywhere,r y(Wex + %) di®ers
from r y(wek + %) by at most K %:d, which is smaller than k™2, so
that it is still surjective and admits a right inverseof norm O(ki ¥72). From
this we infer immediately that (wgx + %) is transverseto O over all of U,
and the proof of Theorem 3 is complete.

4. The main resul t

4.1. Pro of of Theorem 2. Theorem 2 follows from Theorem 3 by a simple
induction argumert. Indeed, to obtain asymptotically holomorphic sections
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of E - L¥ which are transverseto 0 over X for any vector bundle E, we start
from the fact that E is locally trivial, sothat there exists a nite covering
of X by N open subsetsU; sudh that E is a trivial bundle on a small
neighborhood of ead U;. We start initially from the sectionssyk.0 = Stk
of E - LX, and proceediterativ ely, assumingat the beginning of the j-th
step that we have constructed, for all large k, asymptotically holomorphic
sectionssekj of E - LX which are “j-transverseto 0 on i Ui for some
"j > 0 and di®erfrom s, by at mostj2=N.

Over a small neighborhood of U;, we trivialize E * C' and decompose
the sectionss; ; into their r componerts for this trivialization. Recall that,
in order to de ne the connectionson E - L for which asymptotic holo-
morphicity and transversality to O are expected, we have useda hermitian
connectionr & on E. BecauseX is compact the connection 1-form of r E
in the chosentrivializations can be safelyassumedto be boundedby a xed
constart. It follows that, up to a changein the constarts, asymptotic holo-
morphicity and transversality to 0 over U; with respectto the connectionson
E- L¥Xinducedbyr E andr ! are equivalert to asymptotic holomorphicity
and transversality to 0 with respect to the connectionsinduced by r - and
the trivial connectionon E in the chosentrivialization. So we actually do
not have to worry about r E.

Now let ® be a constart smaller than both 2=rN and "; =2r. First, using
Theorem 3, we perturb the rst componert of sy, over a neighborhood of
U; by at most ® to make it transverseto 0 over a slightly smaller neighbor-
hood. Next, using again Theorem 3, we perturb the secondcomponert by
at most ® so that the sum of the two rst componerts is transverseto 0,
and so on, perturbing the i-th componert by at most ® to make the sum
of the i rst componerts transverseto 0. The result of this processis a
family of asymptotically Ji-holomorphic sections s ;j+1 of E - L which
are transverseto 0 over Uj. Furthermore, since the total perturbation is
smaller than r® - ;=2 transversality to O still holds over U; for i < j, so
that the hypothesesof the next step are satis ed. The construction thus
leadsto sections¥ = Stx:n Which are transverseto 0 over all of X . Since
at eat of the N stepsthe total perturbation is lessthan 2=N, the sections
Yk di®er from sy by lessthan 2, and Theorem 2 is proved.

4.2. Symplectic isotopies. We now give the remaining part of the proof
of Corollary 2, namely the following statemert :

Prop osition 4. let (W¢)i2[0,1) be a family of symplectic submanifoldsin X .
Then there exist sympleetomorphisms©; : X ! X depending continuously
on t, suchthat ©y = Id and ©{(Wg) = W;.

The following strategy of proof, basedon Moser's ideas, was suggestedo
me by M. Gromov. The readerunfamiliar with thesetechniquesmay use[4]
(pp. 91-101)as a reference.

It follows immediately from Moser's stability theorem that there exists
a cortinuous family of symplectomorphismsA; : (Wp; ! iwo) T (Wi )
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Sincethe symplectic normal bundlesto W; are all isomorphic, Weinstein's
symplectic neighborhood theorem allows one to extend these mapsto sym-
plectomorphismsA; : Ug ! U sudh that A¢(Wp) = W;, where U; is a small
tubular neighborhood of W; for all t.

Let % be any family of di®@morphismsof X extending A;. Let ! ; = V4!
and - { = j d!{=dt. We want to nd vector elds » on X suc that the
1-forms® = 1, ! satisfy d& = - { and such that » is tangernt to Wy at any
point of Wy. If this is possible,then de ne di®eomorphisms? ; asthe °ow
of the vector "elds », and notice that

Sempy=ar SET L) =2 rdg)=0
Sothe di®eomorphisms +2 ; are actually symplectomorphismsof X . Fur-
thermore 2  presenesWy by construction, so% =2 ; maps Wy to W;, thus
giving the desiredresult.

So we are left with the problem of nding >, or equivalently ®, such
that d& = - and MjWo is tangent to Wy. Note that, since% extendsthe
symplectomorphismsA, onehas! { = ! and - { = 0 over Up. It follows that
the condition on »;y, is equivalert to the requiremert that at any point
X 2 Wy, the ! -symplectic orthogonal NxWg to TyWj lies in the kernel of
the 1-form ®.

Since the closed 2-forms ! ; are all cohomologous,one has [- ;] = 0 in
H2(X;R), sothere exist 1-forms ; on X such that d ; = - ;. Remark that,
although - ¢ = 0 over Up, one cannot ensurethat y, = 0 unlessthe class
[- {] also vanishesin the relative cohomology group H2(X;Up; R). So we
needto work a little moreto nd the proper 1-forms ®.

Over Up onehasd { = -y = 0, so ; de nes a classin H(Ug;R). By
further restriction, the forms ;,, are also closed1-formson Wy. Let Yabe
a projection map Ug ! W,y such that at any point x 2 Wy the tangert space
to ¥ 1(x) is the symplectic normal spaceNyWp, and let °; = Y&("yjw,).
First we notice that, by construction, the 1-form °; is closedover Ug, and
at any point x 2 Wy the spaceNyWj lies in the kernel of °;. Furthermore
the composition of ¥Z' and the restriction map inducesthe identit y map over
H1(Uo; R), so[°t] = [ tju,l in H!(Uo; R). Therefore there exist functions f
over Ug such that °y =  + d; at any point of Ug.

Let g; be any smooth functions over X extendingf, andlet ®& = "+ dg.
The 1-forms®, satisfyd® = d = - ¢, and since®;y, = °t the spaceNy Wy
alsoliesin the kernel of ® at any x 2 Wy. So Propaosition 4 is proved.

5. Pr operties of the constr ucted submanif olds

5.1. Pro of of Prop osition 2. This proofis basedonthat of a similar result
obtained by Donaldson [1] for the submanifolds obtained from Theorem 1
(r = 1). The result comesfrom a Morse theory argumert, as described in
[1]. Indeed, considerthe real valued function f = logjsj? over X j W (where
W = si 1(0)). Weonly haveto show that, if k is large enough,all its critical
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points are of index at leastn j r + 1. For this purpose,let x be a critical
point of f, and let us compute the derivative @ at x.

First we notice that x is alsoa critical point of jsj?, sothat s itself is not
in the image of r xs. Recalling that s is ” -transverseto 0 for some” > 0, it
follows that r ys is not surjective and thus js(x)j , .

Recalling that the scalar product is linear in the rst variable and anti-
linear in the secondvariable, we compute the derivative

1 . .
@ogjsj® = js?(h@;s' + bs; @i );

which equals zero at x. A rst consequenceis that, at x, jh@;sij =
jh@;sij < Cjsj, where C is a constart bounding (@) independertly of k.

A secondderivation, omitting the quartities that vanishat acritical point,
yields that, at x,

Galogjsi? = js%(h@@;si | 1@ @i + N B + s, @Bi):

Recall that @@ @dis equalto the part of type (1,1) of the curvature of the
bundle E - LK. This isequalto j ik! - Id + R, whereR is the part of type
(1,1) of the curvature of E, sothat at x,

EEogisi = i k! + - (Risisi | h@Bisi + ;@B | 1G: G + 131 Bi):

To go further, we have to restrict our choice of vectors to a subspace
of the tangent spaceTX at x. Call £ the spaceof all vectorsv in TyX
such that @(v) belongsto the complex line generatedby s in (E - LK)y.
The subspacef of TxX is clearly stable by the almost-complex structure,
and its complex dimension is at leastnj r + 1. For any vector v 2 £,
jh@(v); sij = j@(v)j:jsj is smaller than jvj:jh@; sij < Cjvj:jsj whereC is the
sameconstart asabove, sothat @ is O(1) over £.

Since @ = O(1) and @B = O(k'2) becauseof asymptotic holomor-
phicity, it is now known that the restriction to £ of @alogjsj? is equal to
i ik! + O(k¥). It follows that, for all large k, given any unit length vector
u2 £, the quantity j 2i@ (u; Ju), which equalsH; (u) + Hs (Ju) whereH;
is the Hessianof f at x, is negative. If the index of the critical point at x
werelessthan nj r+ 1, there would exist a subspaceP %2 Ty X of real dimen-
sion at leastn + r over which H; is non-negative, and the subspaceP \ JP
of real dimension at least 2r would necessarilyintersect non-trivially with
£ whosereal dimensionis at least2n | 2r + 2, contradicting the previous
remark. The index of the critical point x of f isthusat leastnj r + 1.

A standard Morse theory argumert then implies that the inclusion W !
X induces an isomorphism on all homotopy (and homology) groups up to
Y4, r; 1 (resp. Hp,r; 1), and a surjection on ¥,  (resp. Hp; ), which
completesthe proof of Proposition 2.
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5.2. Homology and Chern numbers of the submanifolds. Proposi-
tion 2 allows oneto compute the middle-dimensional Betti number by; =
dim Hp; r (Wi; R) of the constructed submanifolds. Indeed the tangent bun-
dle TWy and the normal bundle N Wy (isomorphic to the restriction to Wy of
E - LK) areboth symplectic vector bundlesover Wy. Soit is well-known (see
e.g. [4], p. 67) that they admit underlying structures of complexvector bun-
dles, uniquely determined up to homotopy (in our casethere exist J-stable
subspacesn TX very closeto TWy and N Wy, so after a small deformation
one can think of these complex structures as induced by J). Furthermore
onehasTWx © NWy ' TXjw, . It follows that, calling i the inclusion map
Wi ! X, the Chern classesof the bundle TW can be computed from the
relation
i°c(TX) = i°c(E - L*%):c(TWy):

Since cn; r (TWy):[Wi] is equal to the Euler-Poincarg characteristic of Wy,
and since the spacesH;(Wy; R) have the samedimension as H;(X;R) for
i < nj r,the dimensionof Hy; ( (Wi; R) follows immediately.

For further computations, we needan estimate on this dimension:

Prop osition 5. For any sequene@ of symplectic submanifoldsWy %2 X of
real codimension 2r obtained as the zer sets of asymptotically holomorphic
sections of E - LK which are transverseto 0, the Chern classesof Wy are
given by ) ¢
a(TWi) = (i ' J 2 (km)! + oK't 3y,
wher I denotesthe class of 2'—1/4 in the cohomolayy of Wy.

This can be proved by induction on [, starting from co(TWy) = 1, since
the above equality implies that

W1
a(TWy) = i%a(TX) i%a; i (E - L% (TWy):
j=0
i ¢ . .
It can be cheded that i°g; j(E - Lk) = |Iirj (kM)'il + O(k'i 1i 1), sothat
H;e result follov&s from @corrbinatorial calculation shawing that the quartit y
Gt Y s equalto 0 O
j=0\l li j j q '

Since[W] is Poincar§ dual in X toI Cr(E - LX), Proposition 5 yields that
AWi) = Gy (TWi):Wi] = (i DM T P (KMM (KM + Ok 1): Finally,
Proposition 2 implies that A(Wy) = (i )" "dimHy; r(Wk; R) + O(1), so

that e
dim Ha; ¢ (Wi;R) = pi [k + O(K™ 1)

5.3. Geometry of the submanifolds. Aside from the above topological
information on the submanifolds, one can alsotry to characterizethe geom-
etry of Wy inside X . We prove the following result, expressingthe fact that
the middle-dimensional homology of Wy has many generatorsthat are very

\lo calized" around any given point of X :
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Prop osition 6. There exists a constant C > 0 depending only on the ge-
ometry of the manifold X with the following property : let B be any ball of
small enoughradius ¥2> 0 in X. For any sequene of symplectic submani-
folds Wy ¥2 X of real codimension 2r obtained as the zerm setsof asymptoti-
cally holomorphic sections of E - LK which are transverseto 0, let Ny (B) be
the number of independent geneators of Hy;  (Wi; R) which can be realized
by cyclesthat are entirely included in Wy \ B. Then, if k is large enough,
one has
Nk(B) > C:%":dimHp;  (Wy; R):

As a consequencewe can state that when k becomeslarge the subman-
ifolds Wy tend to \'ll out" all of X, sincethey must intersect non-trivially
with any given ball.

The proof of Proposition 6 relies on the study of what happenswhen we
perform a symplectic blow-up on the manifold X inside the ball B. Recall
that the blown-up manifold X is endoved with a symplectic form ~ which
isequalto ! outside of B, and can be described inside B using the following
model on C" around 0 : de ne on C" £ (C"j f0g) the 2-form

A= i@@p; :p;logk ¢k?);

where p; is the projection map to C", = is a cut-o® function around the
blow-up point, and p, is the projection on the factor C" j f0g. The 2-form
A projectsto C"£ CP"i 1, and after restriction to the graph of the blown-up
manifold (i.e. the set of all (x;y) sudc that x belongsto the complex line
in C" de ned by y) one obtains a closed 2-form whose restriction to the
exceptional divisor is positive. Calling p the 2-form on X supported in B
de ned by this procedure, it can be cheded that, if 2 > 0 is small enough
and Y.is the projection map X' ! X, the 2-form ~ = %21 + 2u1 is symplectic
on X.

If wecalle2 H 2()(“; Z) the Poincar dual of the exceptional divisor, since
its normal bundle is the inverseof the standard bundle over CP" 1, we have
(i e©"il.e= 1, sothat € = (j )" 1. Furthermore, the cohomology class
of ~ is given by [2'11/4] = 1/‘?[2!_1/4] i Ze. Now we consider the sectionssy of
E - LK over X which de'ne Wy, and assuming?i 1 to be an integer we write
k= K+Rwith 0- R< 2i Tand2K 2 N. Notice that -~ = ¥4! outsideB and
that we cansafelychoosea metric on X" with the sameproperty. Considering
that the line bundle £X on X whoserst Chern classis K [2-%/4] is isomorphic
to ¥ALX over X'j B, the sections¥f'sy of V&(E - LK) = ¥#(E- L¥)- ¥LK
obtained by pull-back of sk satisfy all desired conditions outside B, namely
asymptotic holomorphicity and transversality to 0. If we multiply ¥#'sx by
a cut-o® function equalto 1 over X' | B and vanishing over the support of
I, we now obtain asymptotically holomorphic sectionsof ¥#(E - LX) - £K
over X which are transverseto 0 over X j B. So,if K is large enough,we
can use the construction described in Theorems 2 and 3 to perturb these
sectionsover B only to make them transverseto O over all of X'. Sincethere
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are only nitely many values of R, the bounds on K required for eah K
translate as a single bound on k. Considering the zero sets of the resulting
sections,we thus obtain symplectic submanifolds Wy %2 X to which we can
again apply Propositions 2 and 5. The interesting remark is that, usingthe
above estimate for dim Hp; ( (Wy;R), since [£]" = [5]" i 2" (symplectic
blowups decreasethe symplectic volume), we get for all large k

. _ P _
dim Hp; ( (Wi; R) = dimHp; (Wi R) i 2" Lk + O(k" by:

This meansthat we have decreasedhe dimensionof Hp;  (Wy; R) by chang-
ing the picture only inside the ball B. To corntinue we needan estimate on
the dependenceof 2 on the radius %2of the ball. The main constraint on 2 is
that 2 should be much smallerthan ¥7! sothat the perturbation doesnot
a®ectthe positivity of ¥7! . The norm of pis directly related to that of the
secondderivative @@ of the cut-o® function ~. Sincethe only constraint
on is that it should be 0 outside B and 1 near the blow-up point, an
appropriate choice of ~ leadsto a bound of the type j@@j = O(*2). It
follows that 2 can be chosenequal at least to a constart times ¥2. So we
obtain that, for a suitable value of C and for all large enoughk,

dimHp; (Wk;R) < (1 2C¥")dim Hy; ((Wi;R):

Proposition 6 now follows immediately from the following general lemma
by decomposing Wy into (Wi i B)[ (Wx\ B) and perturbing slightly %if
necessaryso that the boundary of B is transverseto Wy :

Lemma 6. Let W be a 2d-dimensional compact manifold which decom-
posesinto two piecesW = A[ B glua along their common boundary S,
which is a smaoth codimension 1 submanifold in W. Assume that there
exists a manifold W which is identical to W outside of B, and such that
dimHg4(W;R) - dimH4(W;R) i N. Then there exists a N7-dimensional
subsmce in Hy(W; R) consisting of classeswhich can be representa by cy-
cles contained in B.

To prove this lemma, let H = Hy4(W;R) and considerits subspacesF
consisting of all classeswhich can be represenied by a cycle contained in A
and G consisting of all classesrepreseniable in B. We have to show that
dmG , N7 Let G? be the subspaceof H orthogonal to G with respect to
the intersection pairing, namely the set of classeswhich intersect trivially
with all classesn G. We claim that G” % F + G.

Indeed, let ® be a cycle realizing a classin G”. Subdividing ® along
its intersection with the common boundary S of A and B, we have ® =
®, + ® where ® and ®, are chains respectively in A and B, suc that
@, =j@ = isa(dj 1)-cycle conained in S. However intersects
trivially with any d-cycle in S since ® intersects trivially with all cycles
that have a represettativ e in B. Sothe homology classrepresetted by — in
Hg; 1(S;R) is trivial, and we have = @ for somed-chain ° in S. Writing
®= (® i °)+ (®+ °) and shifting slightly the two copiesof ° on either
sideof S, we getthat [®] 2 F + G.
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It follows that, if Fg is a supplemenary of F\ G in F, dimFg +
dimG = dim(F + G) is larger than dimG”? , dimH j dim G, so that
dmG , %(dim H i dimFg). Thusit only remainsto show that dimFg -
dim Hq(W; R) to complete the proof of the lemma. To do this, we remark
that the morphism h : Hg(W;R) ! Hg(W;B;R) in the relative homology
sequenceis injective on Fg, sinceits kernel is precisely G. However, if we
de ne F and G inside Hq(W; R) similarly to F and G, the subspaceF simi-

larly injects into Hq(W'; B; R). Furthermore, the imagesof the two injections
are both equal to the image of the morphism Hy(A;R) ! Hg(A; S;R) un-
der the identi cation H4(W;B;R) ' Hg4(A; S;R) ' Hg(W;B;R), sothat
dimHy(W;R), dimFs = dimFg and the proof is complete.

6. Conclusion

This paper has extended the eld of applicability of the construction
outlined by Donaldson [1] to more general vector bundles. It is in fact
probable that similar methods can be used in other situations involving
sequence®f vector bundles whosecurvatures becomevery positive.

The statemert that, in spite of the high °exibilit y of the construction,
the submanifolds obtained as zero sets of asymptotically holomorphic sec-
tions of E - LKk which are transverseto 0 are all isotopic for a given large
enough k, has important consequences.Indeed, as suggestedby Donald-
son, it may allow the de nition of relatively easily computable invariants
of higher-dimensional symplectic manifolds from the topology of their sub-
manifolds, for example from the Seiberg-Witten invariants of 4-dimensional
submanifolds [5][6]. Furthermore, it facilitates the characterization of the
topology of the constructed submanifolds in many cases,thus leading the
way to many possibly new examplesof symplectic manifolds.
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