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[Joint w. Chris Woodward |

Lagrangcan correspondences & holomorphic  quilts

Tef®: (”o:“’ﬂ)l (ﬁ,,w,) Fymfl'dcﬁ'c mani folds
A La.gmtgt'an correspondence M, LA M isa
Lagrangt'an submanifold Lo © (MM, -cs,0w,) = MM,

Examples: _
(<) W{" e M*M for symfkcfomﬁ&m (P’ﬂ-”r’M ,gﬁ‘w#m

(if) /M:'(O) d’fﬁ-y M-a HJG for rgin}fa.r- symffecfc’c quoft'enfs

| GCOM | with moment map /(.r.!"f"*ﬁ , 0 f?i'y“h-" v lue
= /u:ECO) "—‘-*‘M cvisof:ropic G ~itnvariant

o oy
(0) =
Mg = 2% T’J"Oﬂfr | | o

&f_ The 3mm¢fﬂc c.‘ompmﬁo» of M, _"Ms and M,—53 Ln
LB'aL'z = {(Xm)(z)GM,SMI |3xieM : (%%)€lo J("u"z)eéﬂ}

Exti) grapd ¢ o gl y - groph (pop) = (G0 2= i) |
X

frxo.tfm)j’ W)} X, = (p0%0)
Def™: Lol is o good compesition if Lol d Myl * Mo
and Ty Loxlie 0 My My —s MM, s an embedding.
Rmk: (5 Loel,c MM,  is o Gmooth) Lagrangian correspondence
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Ex (o) : LcM Lagrangian is a correspondence pt—=2M

EX (i) ® pf L >M ";‘m}} HﬁG __Q any g.ood exampz’cs 2z¢e
\_“_______,:,

Loi'te) = w(LnloyeM) < Mg is good if
L du'0) and each G-orbit intersects Lo (0) at most ance.

o™ M
[ pt'-'g—éﬁﬁc_:; £225Mm VT
G

Lo 0T = 1w (L) M is always good.

n

Def®: Ld = L06,%0) | rox) € Lo e M xMy  "Eranspose”
(9ol 9)7= gupk 77 bl in gonoral  Loy®Loy # Dy, , LoyoLo+ D,

To make composition well debined we introduce |

E‘ A gcna-a.&zcal Lajm?mn corresponclence Mo-é—*M, (s

-

& sequence L= (Lm,---.Lu-nk) of iaz;r. corvesp. L jcM-.“N.,'
betueen an undalying sequence of symplectic mids M=o, M, .., V=M, .
My=SoM, t My=Mps M 23 2 p-M
Rf: The algebraic Compau'ﬁon of  MoEoM, and M, Esm,
is concatenation M, LM, = MS LE%’M, o, | Ergr
Note : Bobh o and # are asociative | i du= @ emp

S'Cqu&rag
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De€?: M,—=oM, ~ MEM  are geometricakly equivalomt
i relited by a sequoe of moves ( =N, =3 Loy =N £tk /\{-,,-#...)
for good, L oLy - c( = N P gy )

Rmk: The geometric. composition of o gen. Lapr.corresp. (modulo eguivelonce)

o (M. 80) = Loo. oLy < MM is wellbbined as cubeet.

'La@mngiuns L<M are e[ﬁ'ptic bouna’ar)f conditions

for a 3-[')0L0morphc‘c map w:2—>M 530:. “Or w@z) el
La.gran,mn correspondences Ho M, are ellptic seam) conditions
for patrs of J; *Ao[omorp}n'c maps U . =2M; 6 ‘afo.."‘:)gz!

§%u.=0 \ 5,,u,=0 , ( x u.ns)(a?.‘.,)CILo;

beoausgtocaﬂy
::_—_:r__-: S:"— JI_ ‘_:‘_‘ TR E“EOI’)_"Mr 51 4, =0
(u.(;,l )'.""' (;.o'.i)_ € Lo 1
2s Uy : Z2Rx(0,] M, Do Wo=0
Wy (s0) € Loy
ts eqliimlﬂ-"‘ to
J 4 (k.(?!"),u;)= m'fﬂul]—?/'lg/ﬂ {5(-30,3.1“‘" =0
T - | Yo u-pl CS‘,O)&LQ;
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he picture pafc’aes and. seans as parts of one surface and indica e
W target spaces M: and

| /S A é ; 7/ seam conditions L ;
![lﬂ'l:;:_'r//’! '///} ’
Wl '
This can be puﬁ]ﬂF o meore wmfli quit{: wi th genus,
- }ﬁ- true boundary, and

cylindrical | strip-like enck,

o

A hdomorphic quitt (4T M j 3ui=0 ; seam-& bownday conditions )
of finibe encrgy = i ldwil® <00 converges on each end o a
genemtiarecl intersection point of the associateo gm/@-.carrcs;a.

Epat €0 ua—r poelle (o) € N{pt 2,20, L pt)

U= p.& M, )| peslo ; Lo Pty J5o0nl,
e L
ot 23 w>peeh (e N (ﬁ.’"’n):{(m (Poypi) € Lo
U~ o €A, T (Po,p1) € Loy

‘"f.'-ycli.f.‘. nﬂﬂfﬂﬂ"*"lm“ = loyn Z;,

The mdult space of finite Enbrgy bo[amorplric qadfs are compaa‘-' up to
Mblﬂy (of g:lwu and duks) and Bmalun; (of Floer 'érqiied'orie.s) ot endls .
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Hence, i€ transversalily is achicred (forgonaric J; and Hamilbrian porturbations)
and. bubblirg excluded (eg.by momtontcity & min Mulov>2), then
counting lslated solutions defines a relative imtriant ;e g.

B : HF(Lo,Lay,L,) ® HF(L,, Ly L) —> HF(a,) ® HF(Ls ,La)
deperds only on
. (Za,i, , seams ) Jddfeom.
o Ly L

quilted Floor homology : L= N?M\b‘: cyclic corvesponoence

S _
(r Bk
B dfied by <p> = 2 #;!z{i" ; ' q,} <g>
et | S e
L HF— g Ly \\

Rlnlu This is not a new invariant

LT

HF(pf'L;PL"L:"'M,""f{)""" HF(L."LULM) J HF(ngﬁo) = HFa-lm;Lq)
Lo
HE(MDgatp) = HFlp) | HF(MDA) = HF(M)

but an old invariant with new relations :
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Tbmi Q o 1__' 360mefn'c¢uy &fuivulehf “!hanoi'om“ gen. Lagr corresp.
= HFWL)ZHFL) isomorphism induced by moves and nL. En L
Ex.[Sik) 1p5s' T
= T Teu ch
o ph L CF 5 pt % P I
. | AL 0
ot ZE 20, ot T, o T,(

I§ " a
equ‘:or s! ﬂy; S ——t (P!

=  HF(r(Tue), p0), Tpig) = HF (T, Tog) # O

O
Cor: 1., e HFEDp0) 40 =5 S°=4'(0)er@P*CP? nondisplaceable

@J‘,_: Szﬂ.'-‘C',{[Phx cr’Pn-I'l ’ Sacfmlﬁ(mz#ﬁz) J NR

S<S caprcr
g e
“iﬂl'lﬂ'ﬂ’“ HF4‘O from HF(T{L(‘:) e O .
nmdisffatml:@,
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Eh‘.’- fmanaﬁane) S)/ﬂplecfzb Z-C‘afm Wf (2-;0)
objects (N,w) closed befc ranito o , monotore ¢ [wl= tc,

morphisms : /%r(ﬁa,M,) ={ %*—-L*)M, monotone Fn.Lag,r.corres':.}
Compsition: M (MoM,) = Mo (M, M) —> Sy, /%)

)
G ] ] o [, ]

(dmtity : 1,:=[ 2] e Mo (mM) (wt Apch<M is o weak édhéit'y)

L

2-morphisms : Mo (1,50, nEn) = HF(L#)7) ”C”:
LT
:5_ ’!‘- ;l“(—}
mdngn 55' /ffw’(f_ L )Gﬁv“.-' L )*’“"%(é A )
é: i T et (Fg) T Fﬁg
n. s
| n., 4 I
=== S: y Mo C
2- (dlentity - 1& T 5_5 € %’V(Hol—':m. 1 Hw{':ﬁﬂ;) K

comfosi{'fon ﬁmcfor: /ﬁ'(’%ﬂ‘ﬂ) " /ﬁ'f/‘l»,ﬂz) —> Mo (M, /)

S - gﬁ{;\ Loy Lia — L"' *lp

T [ = =§52=&E ; Loy L, = é’l‘“( LI
SENY. '
ot O Wl L)OHLL) ~ HLAL Lel)
LM E (fig) - {#g
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Thm: L~L geometriaally equivalent = (SomorphtC in Syn/r.:
Roalonicty cragial] (e Zomll L), pe2m(LL) ¢ ctoe 1y, ra=ty )

COr—uaary f@éeyoriﬁkuﬁbn) ! Thee exists a Functor
# Objects - Categories

W‘F’ — Yat [M&}m: Functors }

- compoxition & idintity Fynctor

° MSymp{e.c\l.ic — //hf(rf‘,M)::-am#{ﬁ) Domﬂon*ﬂkaya

) category
Ohjer.(v ger- ngmnjfans pt=2—M
Morphisms : HF classes
ey HFIL,LY) AL
compesition: LS o o T) o HFLLL)

L TR n
e b e B
T L
dontity: A 5 (@ADL e HRLL)

= paept
L # #
L4 M, ;"""'Mz g:./.a’n 2 é& "aprn (M,)“"”’.ﬁh (l‘fz) functor
resp- L, L.# L
proa =M, pta MM,
,,)'F = ‘F‘gi!__
Aﬁ; HF(éuyt) HF “.:!‘L,_&#é)
L L,
o =< M, ﬁ ¢
S L e
= g; (]
Mo=q®
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