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The noncommutative Batalin-Vilkovisky equation

The noncommutative Batalin-Vilkovisky equation (S.B.,2006a)

�h∆S +
1
2
fS ,Sg = 0

S 2 Symm(ΠCλ)[[�h]] (even scalar product case) , or S 2 SymmCλ[[�h]]
(odd inner product case),

Cλ = (�∞
j=1Hom((ΠV


j ), k)Z/jZ)

S = ∑g�0 �h
2g�1+iSg ,i , Sg ,i 2 Symmi ,

fS0,1,S0,1g = 0,

S0,1- A∞�algebra with (even/odd) scalar product, so S�multiloop, higher
genus generalization of A∞�algebra.
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Main features of noncommutative Batalin-Vilkovisky
formalism

framework for writing noncommutative topological lagrangians in physics like
nc-analogs of Chern-Simons, of σ�models,of Yang-Mills...(S.B.2006b,2009b)

counting of higher genus curves with boundaries, in symplectic geometry
(open GW) gives solutions to nc-Batalin-Vilkovisky equation

solutions to nc BV-equation have characteristic homology classes in

H�(M
K
g ,n)(S.B.,2006a); this answers questions of M.K: �nd algebraic

structure extending invariants of A∞�algebras in H�(Mg ,n) to H�(Mg ,n),
and E.Witten: �nd nice combinatorial model for compacti�cation ofMg ,n

gives framework in order to �nd nice higher genus analogue for the theory of
variations of (nc-)Hodge structures (of CY-type), (recall (S.B., 2000),
A∞�periods:

nc � VHS ( HC�t � HP)!
�
H�(M0,n)� action

�
on HH

also with exponential (nc-)Hodge
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Main features of noncommutative Batalin-Vilkovisky
formalism (cont�d)

nc-BV formalism is related with summation over graphs in a similar way that
A∞�structures are related with summation over trees (it is in fact an
example of Kapranov-Getzler�s Feynman transform of "modular operad")

Related on fundamental level with supersymmetric simple associative
superalgebras: odd general linear algebra q(N) of Bernstein-Leites, and with
gl(N jN), via invariant calculus on q(N)
ΠV , gl(N jN)
ΠV .
(S.B.,2006b) "SUPER-SYMMETRIC MATRIX INTEGRALS" integration
theory (super-invariant w.r.t q(N) and gl(N jN)) in the non-commutative
setting with �nite-dimensional integrals, ∆ $ dDR
...
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Noncommutative Batalin-Vilkovisky di¤erential (even inner
product)

Let V = V0 � V1, β : V
2 ! k be an even symmetric inner product on V :

β(x , y) = (�1)xy β(y , x)

F = Symm(�∞
j=1Π(ΠV
j )Z/jZ)

De�ne the noncommutative BV di¤erential on F via

∆(aρ1
. . . aρr

)λ(aτ1 . . . aτt )
λ =

= ∑
p,q
(�1)εβρpτq

(aρ1
. . . aρp�1aτq+1 . . . aτq�1aρp+1

. . . aρr
)λ+

∑
p�1 6=q

(�1)eεβρpρq
(aρ1

. . . aρp�1aρq+1
. . . aρr

)λ(aρp+1
. . . aρq�1 )

λ(aτ1 . . . aτt )
λ

∑
p�1 6=q

(�1)eeεβτpτq
(aρ1

. . . aρr
)λ(aτ1 . . . aτp�1aτq+1 . . . aτt )

λ(aτp+1 . . . aτq�1 )
λ
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Noncommutative Batalin-Vilkovisky di¤erential cont�d

signs are the standard Koszul signs taking into account that
(aρ1

. . . aρr
)λ = 1+∑ aρi

, ai 2 ΠV .

∆2 = 0
Odd inner product: eF = Symm(�∞

j=1(V

j )Z/jZ), and

(aρ1
. . . aρr

)λ = ∑ aρi
, ai 2 V .

∆ = ∆1 + ∆2,
∆1�Lie algebra di¤erential (!non-commutative symplectic geometry, ribbon
graph complex, open moduli space H�(Mg ,n)(M.K.,1992))

∆1 + �h∆2 !non-commutative Batalin�Vilkovisky geometry, stable ribbon
graphs, compacti�ed moduli spaces H�(M

K
g ,n)(S.B.,2006a)

Theorem (S.B.,2009b) Ker∆1 + ∆2 = Im ∆1 + ∆2 (�?related with
Madsen-Weiss)...
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Solutions (A-model).

Conjecture (S.B,2006a). Counting of holomorphic curves (Σ, ∂Σ, pi )! (M,

ä Li ,�H�(Li
\
Lj )), with Z/2Z-graded local systems, gives solution to

the nc-BV equations.

subtleties:
1
2
dimR M � even =) F = Λ(Cλ)

1
2
dimR M � odd ) F = S(Cλ),



Solutions (A-model).

Conjecture (S.B,2006a). Counting of holomorphic curves (Σ, ∂Σ, pi )! (M,

ä Li ,�H�(Li
\
Lj )), with Z/2Z-graded local systems, gives solution to

the nc-BV equations.

subtleties:
1
2
dimR M � even =) F = Λ(Cλ)

1
2
dimR M � odd ) F = S(Cλ),



Bernstein-Leites algebra with odd trace and tautological
classes.

A- associative, odd scalar product

Assume: I - an odd derivation acting on V , preserving the scalar product: ,
in general I 2 6= 0 (!), 9eI , [I ,eI ] = 1, str([a, �]) = 0 for any a 2 A.
Theorem (S.B,2009a) This data !Cohomology classes in H�(MK

g ,n)

Example q(N), q(N) = f[X ,π] = 0jX 2 gl(N jN)g ,where π�odd
involution, q(N) has odd trace otr , I = [Ξ, �], Ξ- odd element
Ξ =

�
0 jdiag(λ1, . . . ,λn)

�
, ( I 2 6= 0 (!))

Theorem (S.B,2009a) This is the generating function for products of
tautological classes c1(Ti ).

Similarly, with even scalar product and an odd derivation, with, in general
I 2 6= 0.
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