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PERMUTOHEDRA, ASSOCIAHEDRA, AND BEYOND

ALEXANDER POSTNIKOV

Abstract. The volume and the number of lattice points of the permutohe-
dron Py, are given by certain multivariate polynomials that have rem  arkable
combinatorial properties. We give several dierent formul as for these poly-
nomials. We also study a more general class of polytopes that includes the
permutohedron, the associahedron, the cyclohedron, the Pi tman-Stanley poly-
tope, and various generalized associahedra related to wond erful compacti ca-
tions of De Concini-Procesi. These polytopes are construct ed as Minkowski
sums of simplices. We calculate their volumes and describe t heir combinatorial
structure. The coe cients of monomials in Vol P, are certain positive inte-
ger numbers, which we call the mixed Eulerian numbers. These numbers are
equal to the mixed volumes of hypersimplices. Various speci alizations of these
numbers give the usual Eulerian numbers, the Catalan number s, the numbers
(n+1)" 1 of trees, the binomial coe cients, etc. We calculate the mix ed
Eulerian numbers using certain binary trees. Many results a re extended to an
arbitrary Weyl group.

1. Introduction

from (X1;:::;Xn) by permutations of the coordinates. Permutohedra appear m
representation theory asweight polytopesof irreducible representations ofGL, and
in geometry asmoment polytopes

In this paper we calculate volumes of permutohedra and numbes of their inte-
ger lattice points. Let us give a couple of examples. It was kawn before that the
volume of the regular permutohedronP, (n;n 1;:::;1) equals the numbern™ 2 of
trees on n labeled vertices and the number of lattice points of this poytope equals
the number of forests on n labeled vertices. Another example is thehypersimplex

kn IS the Eulerian number, that is the number of permutations of sizen 1 with
k 1 descents, divided by 6 1).. This calculation dates back to Laplace [Cap].
These examples are just a tip of an iceberg. They indicate at aich combinatorial
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2 ALEXANDER POSTNIKOV
structure. Both the volume and the number of lattice points of the permutohe-

remarkable properties.

We present three di erent combinatorial interpretations o f these polynomials
using three di erent approaches. Our rst approach is based of Brion's formula
that expresses the sum of exponents over lattice points of aglytope as a rational
function. From this we deduce a formula for the volume of the prmutohedron
as a sum onn! polynomials. Then we deduce a combinatorial formula for tre
coe cients in terms permutations with given descent sets. We extend the formula
for the volume to weight polytopes for any Lie type. There aresome similarities
between this formula and the Weyl's character formula.

Our second ap,proach is based on a way to represent permutohexdas a weighted
Minkowski sum vy, | of the coordinate simplices. We extend our results to a
larger class of polytopes that we callgeneralized permutohedra These polytopes
are obtained from usual permutohedra by parallel translations of their faces.

We discuss combinatorial structure of generalized permutbedra. This class in-
cludes many interesting polytopes: associahedra, cyclodea, various generalized
associahedra related to De Concini-Procesi's wonderful ecopacti cations, graph
associahedra, Pitman-Stanley polytopes, graphical zonafpes, etc. We describe the
combinatorial structure for a class of generalized permutbedra in terms of nested
families. This description leads to a generalization of the Catalan nunbers.

We calculate volumes of generalized permutohedra by rst ciulating mixed
volumes of various coordinate simplices usingBernstein's theorem on systems of
algebraic equations. More generally, we calculate thé&hrhart polynomial of gen-
eralized permutohedra, i.e., the polynomial that expresse their number of lattice
points. Interestingly, the formula for the number of lattic e points is obtained from
the formula for the volume by replacing usual powers in monorals with raising
powers. We also found an interesting newduality for generalized permutohedra
that preserves the number of lattice points.

We introduce and study root polytopesand their triangulations. These are convex
hulls of the origin and end-points of several positive rootsor a type A root system.
In particular, this class of polytopes includes direct products of two simplices. We
apply the Cayley trick to show that the volume of a root polytope is related to the
number of lattice points in a certain associated generalizeé permutohedron. Each
triangulation of a root polytope leads to a bijection between lattice points of the
associated generalized permutohedron and its dual geneiaéd permutohedron.

As an application of these techniques we solve a problem abbwombinatorial
description of diagonal vectors of shifted Young tableaux 6the triangular shape.

Our third approach is bas'gd on a way to represent permutohedx as a Minkowski
sum of the hypersimplices ux n. We express volumes of permutohedra in
terms of mixed volumes of the hypersimplices. We call these red volume the
mixed Eulerian numbers. Various specializations of these numbers lead to the usual
Eulerian numbers, the Catalan numbers, the binomial coe cients, the factorials,
the number (n + 1)" ! of trees, and many other combinatorial sequences. We
prove several identities for the mixed Eulerian number and dve their combinatorial
interpretation in terms of weighted binary trees. We also exend this approach and
generalize mixed Eulerian numbers to an arbitrary root sysem.
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A brief overview of the paper follows. In Section[®2, we de ne grmutohedra,
give their several known properties, and discuss their refgonship with zonotopes.
In Section[d, we give a formula for volumes of permutohedra (fieorem[3:1) based
on Brion's formula and derive another formula for volumes (Theorem[32) that in-
volves numbers of permutations with given descents sets. lisection[4, we give a
formula for volumes and lattice points enumerators of weigh polytopes for any Lie
type (Theorems[Z2 and[ZB). In Sectiorlb, we give a formula fovolume of per-
mutohedra (Theorem[&]) based on our second approach. In Séan Bl we discuss
generalized permutohedra and several ways to parametrizents class of polytopes.
In Section[d, we discuss combinatorial structure for a clasef generalized permu-
tohedra in terms of nested families (TheoremZZH). In Sectin @, we apply this
description to several special cases of generalized pernalitedra. In Section[®, we
extend Theorem[&1 to generalized permutohedra and calcute their volumes (The-
orem[X3) using Bernstein's theorem. In Sectiorl0, we givel@rnative formulas
for volumes (TheoremsIOM andI0I2) based on our rst approzh. In Section[T1,
we state a formula for the Ehrhart polynomial of generalizedpermutohedra (Theo-
rem[LT:3) and derive the duality theorem (Corollary[TT3). In Section[I2, we discuss
root polytopes and their triangulations for bipartite grap hs. In Section[IB, we treat
the case of non-bipartite graphs. In Sectiol”IK, we show howriangulations of roots
polytopes are related to lattice points of generalized perratohedra. We also nish
the proof of Theorem[ITB. In SectiorIb, we describe diagofsof shifted Young
tableaux. In Section[I®, we discuss our third approach basedn the mixed Eulerian
numbers. We prove several properties of these numbers (Theems[I&3 and_I6H).
In Section[I4, we give the third combinatorial formula for volumes of permutohe-
dra (Theorem[IZ1) and give a combinatorial interpretation for the mixed Eulerian
numbers (Theorem[IZY). Finally, in Section[I8 we extend outhird approach to
weight polytopes for an arbitrary root system (Theorems[I83 and[I&%). In Appen-
dix 9, we review and give short proofs of needed general rdgiion enumeration
of lattice points in polytopes.

Let us give a notational remark about our use of various coorthate systems.
We use thex-coordinates to parametrize permutohedra expressed in thetandard
form as convex hulls of Sy-orbits of (x1;:::;Xn). We use the z-coordinates to
parametrize (generalized) permutohedra expressed by lirsg inequalities asft j
fi(t) zig, i.e., the z-coordinates correspond to the facets of these polytopes.
We use the y-coordinatesF;o parametrize (generalized) permutohedra witten as
weighted Minkowski sums y, | of the coordinate simplices. Finally, we use the
Fy—coordinates to parametrize permutohedra written as weigled Minkowski sums

Uk nk Of the hypersimplices. For all other purposes we use thé-coordinates.
Throughout the paper, we use the notation h] := f1;2:::;ngand [m;n] := fm; m+

Acknowledgments: | thank Richard Stanley and Andrei Zelevinsky for helpful
discussions.

2. Permutohedra and zonotopes

De nition 2.1. For x1;:::;Xn 2 R, the permutohedron P, (xy1;:::;X,) is the
convex polytope in R" de ned as the convex hull of all vectors obtained from
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where S, is the symmetric group. This polytope lies in the hyperplaneH. =
f(ty;:nty) jta+t  +th=cg R",wherec= X1+ + X,. Thus Pn(X1;:::;Xn)
has the dimension at mostn 1.

For example, forn = 3 and distinct x1;X2; X3, the permutohedron P3(x1;X2; X3)
is the hexagon shown below. If some of the numbers;;Xx2; X3 are equal to each
other then the permutohedron degenerates into a triangle, oeven a single point.

(X1; X2; X3)

P2(X1; X2, X3) =

For a polytope P 2 H¢, de ne its volume Vol P as the usual f 1)-dimensional

of the integer lattice Z" \ H. is 1.
In this paper, we calculate the volume

degreen 1 in the variables xj;:::;X,. The polynomial V, is the top homo-
geneous part ofN,. The Ehrhart polynomial of the permutohedron is Ep, (t) =

Po(n  1;:::;0) = ConvexHull(( w(1) 1;::5w(n) 1)jw2S,)

is the most symmetric permutohedron. It is invariant under the action of the
symmetric group S,,. For example, forn = 3, it is the regular hexagon:



PERMUTOHEDRA, ASSOCIAHEDRA, AND BEYOND 5

regular hexagon subdivided into 3 rombi

We will call this special permutohedron P, (n  1;:::;0) the regular permutohe-
dron. The volume of the regular permutohedron and its Ehrhart polynomial can
be easily calculated using the general result on graphicalanotopes given below.

Recall that the Minkowski sum of several subsetsA, ..., B in a linear space is
the locus of sums of vectors that belong to these subsets+ + B := fa+ + bj
a2 A;:::;;b2 Bg. If A;:::;B are convex polytopes then o) is their Minkowski
sum. The Newton polytope Newton( ) for a polynomial f = = _,,. ati* i
is the convex hull of integer pointsa 2 Z" such that , 6 0. Then Newton(f Q)
is the Minkowski sum Newton(f ) + Newton( g). A zonotopeis a Minkowski sum of
several line intervals.

De nition 2.2.  For a graph on the vertex set [n] := f1;:::;ng, the graphical
zonotopeZ is de ned as the Minkowski sum 81‘ the line intervals:
1

X Y
Z = le; 1= Newton @ ti t)A;
()2 (i )2
where the Minkowski sum and the product are over edgesiyj ), i <j , of the graph
,and e;;:::;e, are the coordinate vectors inR". The zonotope Z lies in the
hyperplane H¢, where c is the number of edges of . The polytopeZ was rst
introduced by Zaslavsky (unpublished).

The following two claims express well-know properties of gaphical zonotopes
and permutohedra.

Proposition 2.3.  The regular permutohedron P,(n  1;:::;0) is the graphical
zonotopeZg, for the complete graphK .

Proof. The permutohedron P,(n  1;:::;0) is the Newton polytope of the Van-
dermonde determinant det(t’i 1)1 iion- On the other hand, the Vandermonde
determinant is equal to the product =, i . (i ti), whose Newton polytope is
the zonotopeZy , .

The following claim is given in Stanley [St2, Exer. 4.32].

Proposition 2.4. For a connected graph on n vertices, the volumeVol Z of
the graphical zonotopeZ equals the number of spanning trees of the graph. The
number of lattice points of Z equals to the number of forests in the graph.

In particular, the volume of the regular permutohedron isVol P,(n  1;:::;0) =
n" 2 and its number of lattice points equals the number of forest®n n labeled
vertices.
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The zonotope Z can be subdivided into unit parallelepipeds associated wh
spanning trees of , which implies the rst claim.

a zonotope. We cannot easily calculate its volume by subdidling it into paral-
lelepipeds.

linear inequalities.

Proposition 2.5. Rado [Rad] Let us assume thatx; Xn. Then a point

have the following well-know statement.

Proposition 2.6.  Let us assume thatx; > > X . The d-dimensional faces of

equations

ti= X1+  +Xg,[ By fork=1;:::n d
i2B1[ [ Bk

are connected by an edge if and only ifv = us;, for some adjacent transposition
s =(i;i +1).

3. Descents and divided symmetrization

Theorem 3.1. Let us x distinct numbers 1;:::; » 2 R. The volume of the
permutohedron P, = Pn(Xq1;:::;Xn) is equal to
1 X (woyXat + wmXn)" !
Vol P, = ——— _
(n 1) w2s, ( wa w2 ) we) w@) Cwon n wo)):

Notice that all ;'s in the right-hand side cancel each other after the symmetiza-
tion. Theorem B2 below gives a similar formula for any Weyl goup. Its proof is
based on the Brion's formula [Bri]; see AppendixIDb.

Theorem[3 gives an e cient way to calculate the polynomials V, = Vol Py.
However this theorem does not explain the combinatorial sigi cance of the coe -
cients in these polynomials. The next theorem gives a combatorial interpretation
for the coe cients.

and then removing the last ° 1'. For example, the sequence (2; 1; 1;0; 1) gives
(1;1; 1; 1;1; 1;1; 1, 1;1). This map is actually a bijection between the sets
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f(ciiiiic) 22 ja+ +c=n lgandf( ;i an 2) 21 1g?" 2]
1+ + 21 2=00. Letus de ne the setl¢,;...c, by

(- =fi2fL::n 1gj 1+ + 2 1< 0g

The descent setof a permutation w 2 S, isl(w) = fi2f1:::;n 1gjw >
Wi+1 0. Let Dy (1) be the number of permutations in S, with the descent setl (w) =
.

Theorem 3.2. The volume of the permutohedronP, = P, (X1;:::;X,) is equal to
Vol P, = X ( 1)J|c1;:::;c nl D (l _____ ) X1 Xﬁn .
n Cyii%) Chnh C | Cn! 1

where the sum is over sequences of nonnegative integexs:::;c, such thatc; +
+c,=n 1
We can graphically describe the setl, ..., as follows. Let us construct the
lattice path P on Z? from (0;0) to (n  1;n 1) with steps of the two types (0; 1)
\up" and (1 ;0) \right" such that P has exactly¢ up steps inthe ( 1)-st column,
fori=1;:::;n. Notice that the (2i 1)-th and 2i-th steps in the path P are either
both above thex = y axis or both below it. The setl,...c, is the set of indicesi

such that the (2i  1)-th and 2i-th steps in P are below thex = y axis.

(€1;:::5¢€10)=(2:;1;,0;1;0;0;2; 3,0, 0; 1)
leie s = £5;6;7;,109

2 2 2
Example 3.3. We haveV, = X1 Xz andVsz = -+ X1X2 2X1X3 272+ XpXz+ 2.
The following gure shows the paths corresponding to all tems in V, and V.

W1 <W 2 W1 >W 2
X1 X2
W1 <W 2 <Wg3 W1 <W 2 <Wg3 W1 <W 2 >W 3 W1 >W 2 <W g3 W1 >W 2 >W 3 Wi >Wo>W3
X1X2 2X1X3 X2X3 73

For example, l1.01 = f2g and there are 2 permutatlons 132231 2 S3 with the
descent setf 2g. Thus the coe cient of x;x3 in Vzis 2.

For a polynomial f ( 1;:::; n), de ne its divided symmetrization by
X s
Hi:= W Pl n) ;
wes, (122 3 (na1 n)

where the symmetric groupS,, acts by permuting the variables ;.
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Proposition 3.4. Let f be a polynomial of degreen 1 in the variables 1;:::; ,.
Then its divided symmetrization Hf i is a constant. If degf <n 1, then i =0.

Q

Proof. We can write ifi = g=, where = i< (i j) is the common denomi-
nator of all terms in Hf i and g is a certain polynomial of degree deg = 2 . Since
H i is a symmetric rational function, g should be an anti-symmetric polynomial and
thus it is divisible by . Since g and have the same degree, their quotient is a
constant. If degf <n 1, then degg < deg and, thus, g=0.

Proposition 3.5.  We haveh § Gj=( 1)'D,(I), wherecs;:::;c, are non-
negative integers withc; +  + ¢y, =n landl = l¢ e, .

Proof. We can expand the expression%j, i <] as the Laurent series that con-
verges in the region ; > > ,>0:

C1 Cn

Let us use this formula to expand each termw T asa Laurent
seriesf,, that converges in this region. Let CT,, be the constantsterm of the

seriesf . Then, according to Proposition[Z32, we haveh {* mi= s, CTw.
Equivalently, the number CT,, is the constant term in the seriesw *(fy), i.e., the
Laurent series obtained by the expansion of each term- 1i+1 in - 2)11( nnnl )
as 8 X
[ 1 !(+1; for w(i) <w (i +1);
1 _ k
v B ko XL forw(i) >w(i+1):
' k 0
Let I = I(w) be the descent set of the permutationw. Then CT,, equals ( 1)}

(cr;iiiic)= vy + + Vv, 1, where
(ki+1)eg kigs; forib62 (W <wijsp);
Vi =
' kie+(k+1)ew: fori2| (W >Wisn);

and the g are the coordinate vectors. Notice that, for a xed permutation w, there

CTy 2f1;, 1;0g.
Let P be the lattice path from (1;1) to (n;n) constructed from the sequence

(c1;:::;¢q) as shown after Theorem33R. In other words,P is the continuous
piecewise-linear path obtained by joining the points
(0;0) (0;c1) (L) (Lia+c) (2a+c) (2;61+ o+ Ca) (n Ln 1)

by the straight lines.

Let r be the maximal index such that w(1) <w (2) < <w (r). Then we have
ct=ki+1, coc=ky+1 ki,...,c 1=k 1+1 k 2, = k& ki 1. Thus
ki = ¢ + +¢ 1 O fori=1;:::;r 2,ky 1=0¢c + +¢ 1 (r 1)=0
and k; = ¢ = 0. This means that the path P stays weakly above thex = y axis
as it goes from the point (0 0) to the point (r 1;r 1), then it passes through
the point (r  1;r 1), and goes strictly below thex = y axis (if r <n +1). For
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i=1;:::;r 1, the numberk; is exactly the distance between the lowest point of
the path P on the line x = i and the point (i;i).

Let r° be the maximal index suchw(r) > w(r +1) > > w(r9. Then we
havec = k =0, ¢41 = kk+1  Kr41, ..., Go 1 = ko 2+1 ko 1, and
Go=(ko 1+1)+( ki+1). Thus k=i r ¢ G=i 1 ¢ ¢ O,
fori=r::::r% 1, andko= ¢ + + co r 0. This means that the path

P stays weakly below thex = y axis as it goes from the point ¢ 1;r 1) to
the point (r® 1;r® 1), then it passes through the point ¢° 1;r° 1) and goes
strictly above the x = y axis (if r°<n +1). For i = r;:::;r% 1, the numberk; is
the distance between the highest point of the pathP on the linex = i 1 and the
point (i 1;i 1).

We can continue working with maximal monotone intervals in the permutation
w in this fashion. Let r®be the maximal index such that w(r% < < w(r%,.
Similarly to the above argument, we obtain that that path P° stays weakly above
the x = y axis until it crosses it at the point (r®% 1;r% 1), etc.

We deduce that the indicesr;r %r%::: characterizing the descent set ofw cor-
respond to the points where the pathP crosses thex = y axis. Thus the descent

set of w is uniquely reconstructed from the sequencedy;:::;¢y) asl = l¢ e,
Moreover, for any permutation w with such descent set, the nonnegative integer
sequenceki;:::;ky 1) is uniquely reconstructed from the sequenced;;:::;c,) as
K = minfy 1 (i;y) 2 Pg if i 62;
P =

minfi 1 yj(i 2Ly)2Pg ifi2l;

and, thus, CT,, = ( 1)'i. This shows that only permutations with the descent set
| = I¢,.mc, Make a contribution to h § e i, and the contribution of any such

permutation is ( 1)I'l. This nishes the proof.

Proof of Theorem [3. According to Theorem [37, the volume of the permutohe-
dron can be written as the divided symmetrization of the powe of a linear form:

— 1 n 1 _ X c Cnh; X(l:1 Xﬁn .
Vn—m(xl 1+ +Xn n) - hll nIC_l! Cnl

ci+ +cp=n 1

Now apply Proposition B3.

4. Weight polytopes

Theorem[31 can be extended to any Weyl group, as follows. Letbe a root
system of rankr. Let be the associated integer weight latticeand g = R be
the weight space. The roots in span the root lattice L . The associated Weyl
group W acts on the weight space r. Let (x;y) be a nondegeneraté/ -invariant
inner product on g.

Denition 4.1. For x 2 g, we can de ne theweight polytopePy (x) as the convex
hull of a Weyl group orbit:

Pw (x) := ConvexHull( w(x) jw 2 W) R
For the Lie type A;, the weight polytope Py (x) is the permutohedron Py 11 (X).

Let us x a choice of simple roots 1;:::; , in . Let Vol be the volume form
on g normalized so that the volume of the parallelepiped generatd by the simple
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roots ; is 1. Recall that a weight 2 g is calledregularif (; ) 6 0 for any root
2 . Aweight is calleddominantif (; ;) O,fori=1;:::;r.

Theorem 4.2. Let 2 g be a regular weight. The volume of the weight polytope
is equal to

_1X Gw ()" .
VLW OO =5 Tw i) Gw( )

For type A;, W = S;;; and Theorem[Z2 specializes to Theorerfi3.1.

Let G be a Lie group with the root system . For a dominant weight , let V
be the irreducible representation ofG with the highest weight . The character of
V is a certain nonnegative linear combinationch(V ) of the formal exponentse ,

2 . (These formal exponents are subject to the relatone e = e * .) The
weights that occur in the representation V with nonzero multiplicities, i.e., the
weights such that e has a nonzero coe cient in ch(V ), are exactly the points of
the weight polytope Py ( ) in the lattice L +x (the root lattice shifted by ). Let

S(Pw () = e
2Py ( O\ (L+ )

be the sum of formal exponents over these lattice points. In ther words, S(Pw ( ))
is obtained from the characterch(V ) by replacing all nonzero coe cients with 1.
For example, in the type A, the expressionS(P,( )) is obtained from the Schur
polynomial by erasing the coe cients of all monomials.

We have the following identity in the eld of rational expres sions in the formal
exponents.

Theorem 4.3. For a dominant weight , the sum of exponents over lattice points
of the weight polytopePy ( ) equals
eW( )

S(Pw())= @ ewln) (1 ew ,)):

w2 W

Notice that if we replace the product over simple roots ; in the right-hand
side of Theorem[ZB by a similar product overall positive roots, we obtain exactly
Weyl's character formula for ch(V ).

Theorems[Z [P, andZI3 follow from Brion's formulal[Biiijlon summation over
lattice points in a rational polytope. In Appendix I9] we give a brief overview
of this result and related results of Khovanskii-Pukhlikov [KPI] KPZ] and Brion-
Vergne [BVI, BVZ]. The following proof assumes reader's faitarity with the
Appendix.

Proof of Theorems[31,[4.2.[43. Let us identify the lattice L + embedded into
r With Z" R". Then (for a regular weight ) the polytope Py ( ) is a Delzant
polytope, i.e., for any vertex of Py ( ), the cone at this vertex is generated by an
integer basis of the latticeZ"; see AppendiXxCID. Indeed, the generators of the cone
at the vertex are 1;:::; . Thus the generators of the cone at the vertex
w( ), forw2 W, areg ()= Ww( i), i=1;:::;r. Now Theorem[Z3 is obtained
from Brion's formula given in Theorem [33(2). As we mentionin the proof of
Theorem[T3B(1), this claim remains true for non-regular wégghts  when some of
the vertices w( ) may accidentally merge. Similarly, Theorems[Z1 andZ4PR, e

obtained from Theorem[T32(4).
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In a sense, TheoremBZ12 and3.1 are deduced from Theoréml4rBthe same way
as Weyl's dimension formula is deduced from Weyl's characteformula, cf. Appen-
dix [3.

5. Dragon marriage condition

In this section we give a di erent combinatorial formula for the volume of the
permutohedron.

Yyi= X1
2= X2t Xa

Y3= Xz+2X2 X1
" Yn = nolxn"' n;I_anl Eixl
Write V, = Vol Pp(X1;:::;X,) as a polynomial in the variablesys;:::;yn
Theorem 5.1. We have
1 X
Vol P, = Y] Yiaaii  Yion i
J15dn 1)

where the sum is over ordered collections of subsefls;:::;J, 1 [n] such that,
for any distinct i1;:::;ik, we havejd;, [ [ Ji,j k+1.

We will extend and prove Theorem[51 for a larger class of polppes called
generalized permutohedra; see Theorefid.3. Theorefn®.1 iigs that (n 1)!'V,

Example 5.2. We have V, = Vol ([( X1;X2); (X2;X1)]) = X1 X2 = y2 and 2V3 =
X2 +2X1Xp  AX1X3  2X3+2XoX3+ X3=6YyZ+6y,y3+ Y3

condition in Hall's marriage theorem [Hal]. One just needs b replace the inequality
k +1 with  k to obtain Hall's marriage condition.

Let us give an analogue of the marriage problem and Hall's therem.

Dragon marriage problemThere are n brides, n 1 grooms living in a medieval
town, and 1 dragon who likes to visit the town occasionally. &pose we know all
possible pairs of brides and grooms who do no mind to marry ea®ther. A dragon

comes to the village and takes one of the brides. When will ielpossible to match
the remaining brides and grooms no matter what the choice ohe dragon was?

Proposition 5.4. LetJi;:::;Jn 1 [n]. The following three conditions are equiv-
alent:

(1) For any distinct iq;:::;ix, we havejdi, [ [ Ji,j k+1.

(3) There is a system of2-element representatived aj;bg  Ji, i =1;:::;n 1,

Proof. It is clear that (2) implies (1). On the other hand, (1) implie s (2) according
to usual Hall's theorem. We leave it as an exercise for the reder to check that
either of these two conditions is equivalent to (3).
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We will refer to the three equivalent conditions in Proposition as thedragon
marriage condition.

Example 5.5. Let M, be the number of sequences of subset¥;;:::;Jn 1

[n] satisfying the dragon marriage condition. Equivalently, M is the number of
bipartite subgraphs G K, 1., such that for any vertex j in the second part there
is a matching in G covering the remaining vertices. According to Theoren &l vith

y1 = =y, =1, we haveM, =(n 1)!VolP,( 1, 2 4;:::; 2" 1). Letus
calculate a few numbersM,, using Theorem[31.
n (2|3 |4 5 6 7 8

o1

Mp || 1] 13| 1009| 354161| 496376001} 2632501072321 5208013611087078

6. Generalized permutohedra

De nition 6.1. Let us de ne generalized permutohedraas deformations of the
usual permutohedron, i.e., as polytopes obtained by movingrertices of the usual
permutohedron so that directions of all edges are preservend some of the edges
may accidentally degenerate into a singe point); see Appeng [3. In other words,
a generalized permutohedron is the convex hull oh! points v, 2 R" labeled by
permutations w 2 S, such that, for any w 2 S, and any adjacent transposition
si = (i;i+1), we havevy Vws, = Kw;i (Ew(i) €w(i+1) ), fOr some nonnegative number

Each generalized permutohedron is obtained by parallel traslation of the facets
of a usual permutohedron. Recall that these facets are giveby Rado's theorem
(Proposition EZH). Thus generalized permutohedra are parmetrized by collections
fzy gof the 2" 1 coordinatesz , for nonempty subsetsl  [n], that belongs to a
certain deformation coneD,. Each generalized permutohedron has the form

X X
P:(fzig)= (t1;:::;th) 2 R"j ti = Znp; ti  z; for subsetsl ;
i=1 i21
forfzyg2 Dy. If zz = z; wheneverjlj = jJj, then P, (fz g) is a usual permutohe-

dron.
The following gure shows examples of generalized permutoédra:

According to Theorem[I9:3, we have the following statement.

Proposition 6.2.  The volume of the generalized permutohedroR,, (f z, g) is a poly-
nomial function of the z's de ned on the deformation cone D,. The number of
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lattice points Pn(fz g)\ Z" in the generalized permutohedron is a polynomial func-
tion of the z,'s de ned on the lattice points Dy \ z2" 1 of the deformation cone.

Let us call the multivariate polynomial that expresses the rumber of lattice
points in P, (fz g) the generalized Ehrhart polynomialof the permutohedron.
Let us give a di erent construction for a class of generalize permutohedra. Let

m; = ConvexHull(e1;:::;e,) be the standard coordinate simplex inR". For a
subsetl  [n], let | = ConvexHull(g ji 2 |) denote the face of the coordinate
simplex  [n3:

| = ConvexHull(e ji21):

Let fy, g be a collection of nonnegative parametery, 0, for all nonempty subsets
I [n]. Let us de ne the polytope P} (fy, g) as the Minkowski sum of the simplices
| scaled by the factorsy; :

X
PY(fyig):= ERE
I [n+1]

Proposition 6.3. Let fy,g be a collection of nonnegative real numbers for all
nonempty subsetd [n], and let f z; g be the collection of numbers given by
7 = yy; for all nonempty I [n]:
J |
Then PY(fyig= P (fzg.

Proof. Let us rst pick a nonempty subset 1y [n] and sety, = (I;1 o) (Kro-
necker's delta). Then PY(fy,g) = ,, because the Minkowski contains only 1
nonzero term. In this case, we havezy = 1, if | lg, and z; = 0, otherwise.

The inequalities describing the polytope P} (f z g) give the same coordinate sim-
plex ,. The general case follows from the fact that the Minkowski sun of two

generalized permutohedraP?(f z g) and PZ(f z%g), for fz g;fz’g 2 Dy, is exactly

the generalized permutohedronP?(fz; + z°g) parametrized by the coordinatewise
sumfz + z2’g 2 Dy. This fact is immediate from the de nition of PZ(fz g).

B
A
1 1
+\
1 2 _
+ 2 -
3 + /2
3 3 F

E

Remark 6.4. Not every generalized permutohedronPZ(f z, g) can be written as a
Minkowski sum P} (fy, g) of the coordinate simplices. For example, forn = 3,
the polytope PJ (fy g) (usually a hexagon) is the Minkowski sum of the coordinate
triangle 3 and 3lineintervals 129, f1.3g: f2;39 Parallelto its edges (scaled by
some factors); see the gure above. For this hexagon we alwayhavejABj j DE|j.
On the other hand, any hexagon with edges parallel to the edgeof 5 is a certain
generalized permutohedronP$ (f z, g).
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p The points fz g of the deformation cone D, that can be expressed ag, =
5 | Ys through nonnegative parametersy, form a certain region D9 of top di-
mension in the deformation coneD,. Since the volume and generalized Ehrhart
polynomial are polynomial functions on Dy, it is enough to calculate them for the

class of polytopesP} (fy, g) and then extend from D9 to D, by the polynomiality.

In what follows will refer to the polytopes P} (fy, g) as generalized permutohedra,
keeping in mind that they form a special class of polytope®/(f z; g).

7. Nested complex

The combinatorial structure of the generalized permutohedon PY = PY(fy; g)
depends only on the seB 2"l of nonempty subsetsl  [n] such thaty, > 0. In
this section, we describe the combinatorial structure ofPy when the setB satis es
some additional conditions.

De nition 7.1.  Let us say that a setB of nonempty subsets inS is a building set
on S if it satis es the conditions:

B IfI;J2Bandl\ J6;,thenl [ J2B.
(B2) B contains all singletonsfig, fori 2 S.

Condition (B1) is a certain \connectivity condition" for bu ilding sets. Note
that condition (B2) does not impose any additional restrictions on the structure
of generalized permutohedra and was added only for convemee. Indeed, the
Minkowski sum of a polytope with ¢4, which is a single point, is just a parallel
translation of the polytope.

Let Bmax B be the subset of maximal by inclusion elements irB. Let us say
that a building set B is connectedif it has a unique maximal by inclusion element
S. According to (B1) all elements of Bhax are pairwise disjoint. Thus each building
set B is a union of pairwise disjoint connected building sets, cdéd the connected
componentsof B, that correspond to elements 0fB ay -

For a subsetC S, de ne the induced building setasBjc = fl 2B jl Cg.

Example 7.2. Let be a graph on the set of vertices S. De ne the graphical
building B() as the set of all nonempty subsets C S of vertices such that the
induced graph jc is connected. Clearly, it satis es conditions (B1) and (B2).

The building set B() is connected if and only if the graph is connected. The

connected components oB () correspond to connected components of the graph
. The induced building set is the building set for the induced graph: B() jc =

B( je)

De nition 7.3. A subsetN in the building set B is called anested setif it satis es
the following conditions:
(N1) Forany I;J 2 N, we have eitherl J,orJ 1,orl andJ are disjoint.
(N2) For any collection of k 2 disjoint subsets J;;:::;Jk 2 N, their union
Ji[ [ JkisnotinB.
(N3) N contains all elements ofB max -

The nested complexN (B) is de ned as the poset of all nested families irB ordered
by inclusion.

Clearly, the collection of all nested sets inB (with elements of Bmax removed)
is a simplicial complex.
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Theorem 7.4. Let us assume that the seB associated with a generalized permuto-
hedron P} is a building set on[n]. Then the poset of faces oP} ordered by reverse
inclusion is isomorphic to the nested complexN (B).

This claim was independently discovered by E. M. Feichtner ad B. Sturm-
fels [ES, Theorem 3.14]. They also de ned objects similar toB -forests discussed
below; seel[F5, Proposition 3.17].

Proof. Each face of an arbitrary polytope can be described as the saif points of
the polytope that minimize a linear function f. Moreover, the face of a Minkowski
sum Qg + + Qn that minimizes f is exactly the Minkowski sum of the faces of
Qi's that minimize f.

Let us pick a linear function f (t1;:::;tn) = agty + + antn, on R". It gives
an ordered set partition of [n] into a disjoint union of nonempty blocks [n] =
Ai[ [ As suchthat & = a, wheneveri andj are in the same blockAs, and
a < aj, wheneveri 2 Ag andj 2 A, for s <t. The face of a coordinate simplex

| that minimizes the linear function f is the simplex p, where P:= 1\ A,
andj = j(I) is the minimal index such that the intersection | \ Apis nonempty.
We deduce that the face ofPy minimizing f is the Minkowski sum |,z Yy .

We always havej (1) j(J),forl1 J. Let N B be the collection of elements
| 2 B suchthatj(l) j(J), forany J ) I,J 2 B. We can also recursively
construct the subsetN B, as follows. First, all maximal by inclusion elements of
B should be inN . According to (B1), all other elements of B should belong to one of
the maximal elementsl,. For each maximal elementl, 2 B, all elements| ( I
suchthatj(l)= j(Im), i.e., the elementsl that have a nonempty intersection with
R,, do not belong to N. The remaining elementsl ( |, are exactly the elements
of the induced building setBj, |, . Letus repeat the above procedure for each of
the induced building sets. In other words, nd all maximal by inclusion elements
I o in lem nb, - These maximal elements should be ilN. Then, for each maximal
elementl o, construct the induced building setlemonprn ,» etc. Let us keep on doing
this branching procedure until we arrive to building sets that consist of singletons,
all of which should be inN.

It follows from this branching construction that N is a nested set inB. It is

subsets andJ; [ [ Jk 2 B, k 2, then we should have includedd; [ [ Jk
in N in the recursive construction, and then the J; cannot all belong to N. This
implies condition (N2). It is also clear that, given N, we can uniquely reconstruct
the subsetP I, for eachl 2 B. In%eed, nd the minimal by inclusion element
J2 N suchthatd I.ThenP=Jn k(K 2n K and Pis the intgrsection of the
last set with I. Thus the nested setN uniquely determines the face |,z y; p of
PY that minimizes f .

Let us show that, for any nested setN £ N (B), there exists a face ofPY
associated with N. Indeed, let A; = I n ;. ,;,yJ, forany | 2 N. Then

1on Al is a disjoint decomposition of ] into nonempty blocks. Let us pick
any linear order of A; < < A of the blocks A, such that A, < A, for
I ( J,and anyPIinear function f on R" that gives this set partition, for example,
f(ti;iinith) = 4 24, itj. Then the function f minimizes a certain faceFy of Py
and if we apply the above procedure toFy we will recover the nested setN. We
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also see from this construction that the faceFy contains the faceFy o if and only
if N N°

Wg, can express the generalized permutohedro®? (fy, g) as PZ(fz g), where
zy = 4, Y see Sectiob. Let us give an explicit description of its faes.
Proposition 7.5.  As before, let us assume thaB is a building set. The facePy
of PY(fyig) = PA(fz g) assoc)i(ated with a nested serNXZ N (B) is given by

Pv = f(ty:ith) 2 R ti=2z; forl 2 N; ti zy; for J 2 Bg:
i21 i2J
The dimension of the facePy equalsn j Nj. In particular, the dimension of
Pr){(fYI g) isn ] Bmaxj-
Proof. According to the proof of Theor§m [Z3, for a nested seN 2 N (B), we
have the disjoint decomposition h] = |, A into nonempty blocks, and the
corresponding face oP} is given by X

Pn = Yi o oAl
12N;J 2B;J\ A 6;
This |:L\/Iinkowski sum involves the terms ,, among others. Thus dimPy
dm( ,,y a,)=n j Nj. Italso follows from I{-he construction that J\ A, 6 ;
implies that J 1. Thus we have the equality ,,,ti = z, for1 2 N and any

Together with the inequality for the dimension, this implie s that dim Py = n j Nj
and the facePy is described by the abovgN j linear equations, as needed.

Theorem[Z3 implies that vertices of P} are in a bijective correspondence with
maximal by inclusion elements of the nested complexN (B). We will call these
elementsmaximal nested families. The following proposition gives their description.

Proposition 7.6. A nested setN 2 N (%) is maximal if and only if, for each
| 2 N, we havejA;j =1, where Ay =1 n ;. ;,yJ. For a maximal nested set
N, the map!| 7! i,, wherefijg= A, is a bijection betweenN and [n].

Proof. According to the proof of Theorem[Z3 and Propositionlﬁ, a ested set
2 N (B) is maximal (and Fy is a point) if and only if dm( ,,y a,) =
oy A 1) =0, i.e., all Aj should be one elements sets. The map 7! i

is clearly an injection. On the other hand, for any i 2 [n] and the minimal by

inclusion element! of N that contains i, we havel 7! i.

For a maximal nested setN 2 N (B), let us partially order the set [n] by i n j
whenever | J. The Hasse diagram of the order \ " is a rooted forest, i.e., a
forest with a chosen root in each connected component and edg directed away
from the roots. The set of such forests can be described, aslifmws.

For two nodesi and j in a rooted forest, we say thati is a descendantof j if
the nodej belongs to the shortest chain connecting and the root of its connected
component. In particular, each node is a descendant of itsél Let us say that two
nodesi and j areincomparableif neither i is a descendant of , nor j is a descendant
of i.

De nition 7.7.  For a rooted forestF and a nodei, let desc(; F ) be the set of all
descendants of the node in F (including the node i itself). De ne a B-forest as a
rooted forestF on the vertex set [n] such that
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(F1) For any i 2 [n], we have desd(F ) 2 B.
(F2) There are nok 2 distinct incomparable nodesiy;:::;ix in F such that
}(:l descf;;F) 2 B.
(F3) The sets desc{; F ), for all roots i of F, are exactly the maximal elements
of the building set B.
Condition (F3) implies that the number of connected componeits in a B-forest
equals the number of connected components of the building $eB. We will call
such graphsB -trees in the case whenB is connected.

Proposition 7.8.  The mapN 7! Fy is a bijection between maximal nested families
N 2 N (B) and B -forests.

Proof. The claim is immediate from the above discussion. Indeed, rte that each
maximal nested setN 2 N (B) can be reconstructed from the forestF = Fy as

Proposition 7.9. The vertex vg = (ty;:::;tn) oflghe generalized permutohedron
Py associated with aB-forest F is given byti = = ;,5.i55 geseir) Yo, for i =
1;::55n

i) ti = z, for eachl 2 N. Notice that, for each J 2 B, there exists a unique
i 2Jsuchthati 2 J desc(;F). Indeed, desc(;F) should be the minimal el-
ement of N containing J. Thus, for the numbers t; de ned as in Proposition [Z9

and any | 2 N, we have
X X X

ti = Yi= Yi=12;
i21 i21 J2B:i2J desc(i;F) J |

as needed.

Proposition 7.10. Let F be aB-forest and let v be the associated vertex of the
generalized permutohedrorP). For each nonrooted nodei of F, de ne the n-vector
Oir = €& €, where the nodg is the parent of the nodei in F. (Here e;;:::;e, are
the coordinate vectors inR".) Then the integer vectorsgir generate the local cone
of the polytopeP) at the vertexve. In particular, the generalized permutohedron
PY is a simple Delzant polytope; see Appendix19.

Proof. Let N be the maximal nested set associated with the foresE. Then each
edge ofP? incident to vg correspond to a nested sets obtained fronN by removing
an elementl 2 N nBna. There aren j Bnax] such edges and Propositiofi 715
implies that they are generated by the vectorsg;r .

Let fg (q) be the f -polynomial of the generalized permutohedrorP?. According
to Theorem[Z32 is is given by
X1 X o
fe(@=  fid = g N
i=0 N2N (B)
wheref; is the number of i-dimensional faces ofP}. The recursive construction of
nested families implies the following recurrence relatioa fort the f -vector.
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Theorem 7.11. The f -polynomial f g (g) is determined by the following recurrence
relations:

(1) If B consists of a single singleton, therfg (g) =1.

fe(d) = fe. () fe,(0):
(3) If B is a connected building onS, then

X
fg(g) = g © g ()
c(s
De nition 7.12.  We de ne the generalized Catalan numberfor a building set B,
as the numberC(B) = fg (0) of vertices of the generalized permutohedrorP?, or,
equivalently, the number of maximal nesting families inN (B), or, equivalently, the
number of B -forests.

The reason for this name will become apparent from examplesithe next section.
The generalized Catalan numbersC(B) are determined by the recurrence relations
similar to the ones in Theorem[ZZI1, where in (3) we sum only asr subsetsC S
of cardinality jSj 1.

In the following section we show that the associahedron is apecial case of
generalized permutohedra. Thus we can also call this class polytopes generalized
associahedra However this name is already reserved for a di erent generézation
of the associahedron studied by Chapoton, Fomin, and Zelewsky [CEZ].

Even though Chapoton-Fomin-Zelevinsky's generalized asxiahedra are di er-
ent from our \generalized associahedra," there are some siiharities between these
two families of polytopes. In [Zel] Zelevinsky gives an altenative construction for
generalized permutohedra associated with building sets wibh is parallel to the con-
struction from [CEZ]. He rst constructs the dual fan for the nested complexN (B)
and then shows that it has a polytopal realization.

A natural question to ask is how to nd a common generalization of Chapoton-
Fomin-Zelevinsky's generalized associahedra and geneizd permutohedra dis-
cussed in this section.

8. Examples of generalized permutohedra

8.1. Permutohedron.  Let us assume that building setB = By = 2"l nfg
is the set of all nonempty subsets infi]. Then P} is combinatorially equivalent
to the usual permutohedron, say,P,(n;n 1;:::;1). This is the generic case of
generalized permutohedra. In this case, nested families ar ags of subsetsJ; (
Ja ( ( Js =[n]. Indeed, two disjoint subsetsl and J cannot belong to a nested
set because their unionl [ J is in B. The maximal nested families are complete
ags on n subsets. Clearly, there aren! such ags, which correspond to then!
vertices of the permutohedron. In this case,Bg, -trees are directed chains of the

The generalized Catalan number in this case iC(Bg ) = nl.

8.2. Associahedron. Assume that the building setB = By = f[i;j]1j1 i

] ng is the set of all continuous intervals in |n]. In this case, the generalized
permutohedron is combinatorially equivalent to the associahedron,also known as
the Stashe polytope, which rst appeared in the work of Stashe [5fa].
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A nested setN  Bjy is a collection of intervals such that, for anyl;J 2 N, we
either havel J,J |, orl andJ are disjoint non-adjacent intervals, i.e., | [ J
is not an interval. Let us describeBj,; -trees.

Recall that a plane binary tree is an tree such that each node has at most 1 left
child and at most one right child. (If a node has only one child we specify if it
is the left or the right child.) It is well known that there are the Catalan number
Cnh = % zn“ of plane binary trees onn unlabeled nodes.

For a nodev in such a tree, letL, be the left branch and R, be the right branch
at this node, both of which are smaller plane binary trees. Ifv has no left child,
then L, is the empty graph, and similarly for R,. For any plane binary tree onn
nodes, there is a unique way to label the nodes by the numbers; 1::;n so that,
for any nodev, all labels in L, are less than the label ofv and all labels in R, are
greater than the label ofv. Indeed, label each nodev by the number jLj + 1.

We can also describe this labeling using thalepth- rst search. This is the walk
on the nodes of a tree that starts at the root and is determinedby the rules: (1) if
we are at a some node and have never visited its left child, thego to the left child;
(2) otherwise, if we have never visited its right child, then go to the right child; (3)
otherwise, if the node has the parent, then go to the parent; 4) otherwise stop. Let
us mark the nodes by the integers 1:::;n in the order of their appearance in this
walk, as follows. Each time when we visit an unmarked vertex ad do not apply rule
(1), we mark this node. The labeling of nodes de ned by any of hese equivalent
ways is called thebinary search labeling It was described by Knuth in [Knul 6.2.1].
Example[B3 below shows a plane binary tree with the binary sarch labeling.

Proposition 8.1. The By, -trees are exactly plane binary trees om nodes with
the binary search labeling.

Proof. Let N be a maximal nested set. Suppose that the maximal elemenn] 2 N
corresponds toi = if,; under the bijection in Proposition Then N n[n] is the
union of two maximal nested families on [1i 1] and on +1;n]. Equivalently, each
Bint -tree is a rooted tree with root labeledi and two branches which areBj.; -trees
on the vertex sets [ti 1] and [i + 1;n]. This implies the claim.

Thus in this case the generalized permutohedron has the Catan number C,
vertices associated with plane binary trees. Propositiod_&A implies the following
description of the vertices ofP} (fy; g), wherey; = yy;; | foreachinterval [i;j ]  [n].
For a plane binary trees T with binary search labeling, let desck; T) = [ Ix;rk], for
k =1;:::;n. Then the left branch of a vertex k is Ly = [lx;k 1] and the right
branch isRx = [k +1;rk].

Corollary 8.2. F'j'he vertexvr = (ty;:::;t,) associated with a plane binary treel
is given byty = | ; « ; . Vi Inparticular, in the case wheny; =1, for any
1 i j n,we have

vr = ((JLa + DR +1)5 S ((Lnj+ D(jRaj +1)):

The polytope Ass, with the C, vertices given by the second part of Corollanyf(8.P
is exactly the realization of the associahedrondescribed by Loday [Cod]. The will
refer to this particular geometric realization of the assoéahedron as the Loday
realization. This 80Iytope can be equivalently de ned as the Newton polybbpe

Ass, = Newton 10 ot + tieg + + tj) . We will calculate volumes and
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We can also describe the Loday realization, as follows. TherareC,, subdivisions

n rectangles; see Thoma$[THo, Theorem 1.1] and Stanley's Cafan addendum [S£3,
Problem 6.19u®)]. These subdivisions are in simple a bijective corresporehce
with plane binary trees on n nodes. Thei-th rectangle in such a subdivision is the
rectangle that contains the i-th corner of the triangular shape. Then, for a vertex

ti equals the number of boxes in thei-th rectangle of the associated subdivision;
see Exampld BB below.

Example 8.3. Here is an example of a plane binary treél’ with the binary search
labeling:

3 7
This tree is associated with the maximal nested set

This tree corresponds to the following subdivision of the tiangular shape into
rectangles. (Here we used shifted Young diagram notation foa future application;
see SectiorI5.)

.0

The corresponding vertex of the associahedron in the Lodayeaalization is
21 1,23;11;21;54;1 3;11;2 1)

Example 8.4. The next gure shows the Loday realization of the associahetbn
for n=3:

8.3. Cyclohedron. Let B = B¢y be the set of allcyclic intervals in [n], i.e., sub-
sets of the form |;j Jand [Li][ [;n],forl i j n. Inthis case, the generalized
permutohedron is the cyclohedron that was also introduced by Stashe [Sid]. If we
restrict the building set B¢y to [n]nfig, then we obtain the building set isomorphic
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to the set Bj; of usual intervals in [n 1]. Thus we obtain the following description
of Beyc-trees.

Proposition 8.5.  The set of B¢yc-trees is exactly the set of trees that have a root
at some vertexi attached to a plane binary tree onn 1 nodes with the binary
search labeling by integers iffn] nfig with respect to the orderi +1 <i +2 < <
n< 1< <i 1

2n 2

The generalized Catalan number in this case iC(Beye)=n Cy 1= ' [ .

8.4. Graph associahedra. Let be a graph on the vertex set [n]. Let us assume
that B = B() is is the set of subsets I [n] such that the induced graph |

is connected; see Exampl€&Zl2. In this case, the generalizgermutohedron PY

is called the graph associahedron. The above examples are special cases of graph
associahedra. If = A, is the chain with n nodes, i.e., the type A, Dynkin
diagram, then we obtain the usual associahedron discussedave. In the case of
the complete graph = K, we obtain the usual permutohedron. If is the n-cycle,
then we obtain the cyclohedron.

Various graph associahedra, especially those graph assabiedra that correspond
to Dynkin diagrams and extended Dynkin diagrams, came up edrer in the work
of De Concini and Procesi[[DP] on wonderful models of subspacarrangements
and then in the work on Davis-Januszkiewitz-Scott [DJS]. The class of graph
associahedra was independently discovered by Carr and Deslass in [CO]. They
constructed these polytopes using blow-ups, cfL]DJS]. Thee polytopes also recently
appeared in the paper by Toledano-Laredd[Tdl] under the nara De Concini-Procesi
associahedra. We borrowed the term graph associahedra frofCD]. Since they
are special cases of our generalized permutohedra, we cars@lcall them graph
permutohedra.

In the case of graph associahedra it is enough to require coittbn (N2) of Def-
inition T3land condition (F2) of De nition 7.Zbnly for k = 2. Indeed, if we have
several disjoint subsetsl;:::;l1x 2 B() such that j;,; [ 1, is connected, then

Jii[1; is connected for some paii and j.

De nition 8.6. For a graph , let us de ne the -Catalan number as C() =
C(B()), i.e., it the number of vertices of the graph associahedron, or, equivalently,
the number of B ()-trees; see De nition T.IZ]

For the n-chain = A,, i.e., the Dynkin diagram of the type A, the A,-Catalan
number is the usual Catalan numberC(Ay) = C,. For the complete graph, we have
C(Kp) = nl. Let us calculate several otherG-Catalan numbers.

.....

with nq;:::;n, nodes. For example,T1.1.; is the Dynkin diagram of the type Dy4.
Proposition 8.7.  For a positive integer r, the generating function C(Xq;:::;X;)
for the T,,...n , -Catalan numbers is given by

X C(x1)  C(x)

C(Tnl;:::;n ,)Xrl11 . ::Xp' =

1 x1C(x1) X C(X,)’

lpl 4x

N is the generating function for the usual

P
where C(x) = | ,Cnax" =
Catalan numbers.
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Proof. According to the recurrence relation in Theorem[ZTL, we hag

X Rk
(8.1) C(Tn,:mn,)= Cn, Ch, + C(Tnyn e vne inger i) G

k=1 i=1
Indeed, the rst term corresponds to removing the central node and splitting the
graph Tp,.=n . into r chains. The remaining terms correspond to removing a node
in one of the chains and splitting the graph into two connectal components. This
relation can be written in terms of generating functions as

X
Clxyiinixe) = C(xa) :1:C(x )+ X C(xz;iii%r) C(xi);
k=1
which is equivalent to the claim.

Let us calculate -Catalan numbers for a class of graphs whit includes all
Dynkin diagrams. Let D, = T1.1n 3, A, be the (n+1)-cycle, En = T1.2n 4.

Proposition 8.8. The -Catalan numbers for these graphs are given by
C(An)=Cn= i 2" forn 1
C(Ay)=(n+1)Cy= 2" ;forn 3
C(Dn)=2Ch 2Ch 1 C, o forn 3
C(En)=3Cn 4Ch 1 3C, 2 2Cy 3 forn 4

Proof. We already proved that C(A,) = C,. Using Theorem[ZTl, we deduce
that C(A,) = (n + 1) C(A,). According Theorem [ZZI1 or [1), we deduce that
the numbers C(B ) can be calculated using the recurrence relation€C(D,) =
Ch 3+2C, 1+ C(Dn i)Ci 1,forn 4,andC(D3) =5. In order to prove
that C(D,)=2C, 2C, 1 C, :itisenough to check that the right-hand side
satisfy the recurrence this relation and that 2C3 2C, C; =5. v'!ge can easily do
this using the recurrence relation for the Catalan numbersC, = _; C; iCi 1,
for n 1. Similarly, the numbers C(E, )Pare given by the recurrence relation
C(En)= Cn 1+GfDn 1)+ Cn 2+2Cq 4+ ,*C(En )Ci 1=3Cn 1 Cn 2
Ch 3+2Cy 4+ i”:l‘"C(En i)Ci 1,forn 5, and C(E4) = 14. Again, we can
easily check that the right hand side of C(E,)=3 C, 4C, 1 3C, 2 2C;, 3
satis es this relation, and that 3 C, 4C; 3C, 2C;=14.

Similarly, for any xed ni;:::;ng 1, the numberf, = C(Tn,:n,:on, 5:n) Can be
expressed as a linear combination of several Catalan numbgr

Remark 8.9. One can de ne the generalized Catalan number for any Lie type How-
ever this number does not depend on multiplicity of edges in he Dynkin diagram.
The Catalan number for the Lie types B,, and C, is the usual Catalan numberC, .

8.5. Pitman-Stanley polytope. All above examples are special cases of graph
associahedra. Let us consider an example that does not belgrio this class.

Let BP— Bag = f[1][2];:::;[n]g be the complete ag of subsets in ], and
let z; = i=1 Vil fori =1;:::;n. According to Proposition £33, the generalized
permutohedron is this case is the polytope given by the ineqalities:

f(ty;irnstn)jti O ta+ + 6 z; fori=1;::5n 1 1+ 4ty = 2,0
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This is exactly the polytope studied by Pitman and Stanley [PiSt]. We will call it
the Pitman-Stanley polytope.

singletons. The generalized permutohedron foBJ;lg is just a parallel translation
of the Pitman-Stanley polytope. The set B’;g is a building set. Nested families
N 2N (B7, ) are the subsetsN B, such that (1) if [i]2 N then fi +1g 62N,

and (2) [n] 2 N. Let us encode a nested seN by a word us;:::;u, 1 in the
alphabetf0;1; g suchthat,fori =1;:::;n 1,if[i]2 N thenu; =0,if fi+1g2 N
then u; = 1, otherwise u; = . This gives a bijection between nested families and

3" 1 words of lengthn 1 with these 3 letters. A nested setN contains a nested
set N % whenever the word for N is obtained from the word for N © by replacing
some 's with 0's and/or 1's. In particular, a nested set is maximal if its words
contains only 0's and 1's. Thus the nested complexXN (ng ) is isomorphic to the
face lattice of the (n  1)-dimensional hypercube.

Proposition 8.10.  The Pitman-Stanley polytope has2" ! vertices and it is com-
binatorially equivalent to the (n  1)-dimensional hypercube.

Thus the generalized Catalan number in this case is:(B;g y=2" 1,

Example 8.11. The following gure shows the combinatorial structure of the
Pitman-Stanley polytope for n = 3 in terms of nested families.

Da
0 ‘ 01

00‘

-
()

10 1 11
Note that, as a geometric polytope, the Pitman-Stanley polytope is a non-regular
quadrilateral, as shown on the following gure.

« + — 4

flg f1;29
f1;2;3g

8.6. Graphical zonotope. Let be a graph on the vertex set [n], and let B be
the set of all pairsfi;j g [n] such that (i;j ) is an edge of . The set B does not
satisfy the axioms of a building set; see De nition[ZZ1. The mnimal building set
that contains B is the graphical building setB (); see Example [ The generalized
permutohedron for the setB is the graphical zonotopeZ ; see De nition 2. In
this case, we can not describe combinatorial structure oZ using nested families.
However it is well-known that the vertices of Z correspond to acyclic orientations
of the graph . It is not hard to describe the faces of this polytope as well. Note
that the polytope Z is dual to the graphic arrangement for the graph .
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9. Volume of generalized permutohedra via Bernstein's theorem

Let G Kmn be a bipartite graph with no isolated vertices. (This graph
should not be confused with graphs used in SectioBl8.) We willabel the vertices
G by 1;:::;m;1;:::;n and call 1;:::;m the left vertices and 1;:::;n the right
vertices. Let us assomate this graph W|th the collectionl ¢ of subsetsl 1 m

The polytoqg Po(y1;:::; m) is exactly the generalized permutohedronP} (fy, g),
wherey; = ;2 Vi

Remark 9.1. The class of polytopesPg (1;:::;1) is as general a®g (y1;:::;Ym) for
arbitrary nonnegative integers yi;:::;Ym. Indeed we can always replace a term
yi 1, with y; terms |,. We use the notationPg (y1;::: 'ym) in order to emphasize
dependence of this class of polytopes on the parameteys;:::;Ym.

De nition 9.2.  Letus 8y that a sequence of nonnegative integerg{;:::;am)is a
G-draconian sequencef a = n 1 and, for any subsetfi; < <ixg [m], we
havejli, [ [ li,j a&,+ +a,+1 Equwalently (a1;:::;am)is an G-draconian
sequence of integers if the sequence of subsdz{é';1 """ 182m) where ) meansl

repeateda times, satis es the dragon marriage cond|t|0n see Proposion B4

Theorem[&] can be extended to generalized permutohedra, dsllows.

Theorem 9.3. The volume of the generalized permutohedroRg (y1;:::;Ym) equals
..... yit il
Vol Pg (y1;:::5Ym) = al  anl’
(ar;sam)
where the sum is over allG-draconian sequencegas;:::;am)

We can also reformulate Theoren @13, as follows.

Corollary 9.4.  The volume of the generalized permutohedroR? (fy, g) is given by

Vol PY (fy, g) = Ya, Yo o

1
(n 1)

such that, for any distinct i1;:::;ix, we havejd;, [ [ Ji,j k+1.

Proof. Assume in Theorem[@B thatG is the bipartite graph associated with the
collection I1;:::;lm, m = 2" 1, of all nonempty subsets in fi]. Then replace
the summation over G-draconian sequencesd);:::;am) by the summation over

n.}  rearrangements (1;:::;Jdn 1) of the sequence ({*;:::;15m)),

Example 9.5. Suppose thatly;:::;lm, m= 7 ,is the collection of all 2-element

subsets in pl and G K., is the associated bipartite graph. ThenPg(1;:::;1)
is the regular permutohedronP, 1(n  1;n 2;:::;0). In this case, there arenn 2
G-draconian sequencesd;;:::;am), Which are in a bijective correspondence with
trees onn vertices. For a treeT Kn, the a's corresponding to the edges off
are equal to 1 and the remaininga;' are zero, cf. Proposition[23. Thus we recover
the result that Vol P,(n L;n  2;:::;0)= n" 2,
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De nition 9.6. A sequence of positive integersty;:::;by) is called a parking
function if its increasing rearrangementc; C Cyn satises ¢ i, for
i=1;::0m.

Recall that there are (m +1)™ ! parking functions of the length m.

Example 9.7. Suppose thatl; =[n+1 i],fori=1;:::;m, wherem=n 1.
In this case, the generalized permutohedrorPg (y1;:::;Ym) is the Pitman-Stanley
polytope; see Subsectio8]5. AG-draconian sequence is a nonnegative integer
sequencedy;:::;am)suchthata;+ +a i,fori=1;:::;m,anda;+ +ayn =
m. There are the Catalan number C,, = ﬁ ZnT such sequences. Let us call
them Catalan sequences.A collection of intervals Iy, ;:::;1p, satises the dragon
marriage condition if and only if (by;:::;by) is a parking function. We recover

the following two formulas for the volume of the Pitman-Stanley polytope proved

in [PiS]:

I Yoo Yo

where the rst sum is over Catalan sequencesd;;:::;am) and the second sum is
(m+#p) ™ *

over parking functions (by;:::;by). In particular, Vol Pg(1;:::;1) = *“—H— =

m!
nn 2
(n 1)

The proof of Theorem[@3 relies on Bernstein's theorem on sysms of polynomial

P
For a nite subset A Z", let fa(ty;::i5th) = 54 aty*  t3 be a Laurent

Theorem 9.9. Bernstein [Bef] Fix n nite subsets Ay;:::;A,  Z". Let Qi be

isolated solutions in(Cnf0g)" whenever the collectiop of all coe cients of the poly-
nomials f 5, belong to a certain Zariski open set inC A,

Bernstein's theorem is usually used for nding the number of solutions of a
system of polynomial equations by calculating the mixed volime. We will apply
Bernstein's theorem in the opposite direction. Namely, we il calculate the mixed
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volume by solving a system of polynomial equations. Actualy, in our case we need
to solve a system of linear equations.

Proof of Theorem [@3. According to Proposition .8 and the de nition of the poly-

tope Pg(y1;:::;¥m) as the Minkowski sum of simplices, we have
X
Vol P (y1;::1;Ym) = Vol (vpsrtty )Y VYie o
[ERSH I
where the sumis overalliy;:::;in 12 [m]. Here we can de ne fi 1)-dimensional

(mixed) volumes of polytopes embedded intoR" as (mixed) volumes of their pro-

jections into, say, the rst n 1 coordinates. It remains to show that the mixed

volume of several coordinate simplices is equal to

ﬁ if J1;:::;J, 1 satisfy DMC;

Vol (' g5ty 0, )= _
0 otherwise,

where \DMC" stands for the dragon marriage condition; see Pioposition[24. Con-

sider the following system ofn 1 linear equations in the variablesty;:::;t, 1:
8 P
2 20, 1t =0;
> P

230 . n 1i 4§ =0;

where we assume that,, = 1. According to Bernstein's theorem, this system has
exactly (n - 1)!'Vol( 3,;:::; 3, ,) isolated solutions in (CnfOg)" ! for generic
coecients ; 2 C, forj 2 Jj.

Of course, we can always solve this linear system using Cranis rule. Let
B =( j)bethe(n 1) n-matrixformed by the coe cients of the system, where
we assume that ij =0, for j 62; and let jB()j be the i-th maximal minor of this
matrix. The system in nondegenerate if and only ifiB(")j & 0. In this case, its only
solution is given by t; = ( 1)jBMj=jB(™M)j, fori =1;:::;n 1. Thus the system
has a single isolated solution in Cnf0g)" * if and only if all n maximal minors of
B are nonzero. Otherwise, the system has no isolated solutienin (C nf0g)" *.

The matrix B = ( i; ) is subject to the only constraint ; =0, for j 62J;. For
generic values of j; , the k-th maximal minor of this matrix is nonzero if and only if
there is a system of distinct representatives ofl;;:::;J, 1 thatavoids k. According

to Proposition B4, these conditions are equivalent to the eeded condition. This
nishes the proof.

10. Volumes via Brion's formula

Let us give a couple of alternative formulas for volume of geeralized permutohe-
dra that extend results of Section[3. It is more convenient toexpresses generalized
permutohedra in the form PY(fy; g); see Sectiorlb.

Theorem 10.1. For any distinct 1;:::; 5, we have

=) n o1
X (min 1)) Yw(1)
Vol PY (fy; g) = UL

(n 1) w2s, ( wa w2)  Cwin 1 wm)
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This theorem is deduced from Brion's formula (see Appendid) in exactly the
same way as TheoremE4l2 and3.1.
For example, we have

1Yr1g t 2Yr2gt  1Yr1;2g + 2¥i2g t 1¥Yr1igt 2Yr2:1g _

Vol sz(f yig) = = Yi12g

1 2 2 1
Note the terms ;y;ij; make a zero contribution. Thus in the summation in Theo-
rem[I0 we can skip singleton subsets.

as in Section[B. TheorenZ3P can be extended as follows.
Theorem 10.2. We have X

) X
Vol PY(fyig) = (O DIy G Ve 1)
J1;d n 12[n] w

This result is deduced from Theorem[ IOl using the same arguemt as in the
proof of Theorem[32.

Theorem[IO1 is convenient for explicit calculations of valmes. Let us give a
couple of examples obtained with some help of a computer.

Example 10.3. Let A, =(n 1)!'VolAss,, where Asg is the associahedron in
the Loday realization; see Subsectioli 812. According to Therem[IO1 we have
P n 1
A, = X 1 j n miw)
w2S,

( w(1) W(2)) ( w(n 1) W(n));
where m(i;j;w ) = w(min(w *([i;j ]))) = min fk j w(k) 2 [i;j ]g. The numbers A,

nj1/2/3|4 5 6 7 8
An||1|1]|7]|142|5895| 417201| 45046558 6891812717

Example 10.4. (cf. Example[®3) Let us call a subgraphG K., aHall graph if
it contains a perfect matching or, equivalently, satis es the Hall marriage condition.
Let H, be the number of Hall subgraphs inK,,. According to Corollary B,
ﬁ Hn 1 is the volume of the generalized permutohedroP) (fy; g) with y; =1,
for subsetsl  [n] suchthatn 2 I, andy, =0, otherwise. Using TheoremIO1 we
can calculate several numberdd,.

n |(11/2|3 4 5 6 7
Hn || 1| 7| 247| 37823| 23191071 54812742655 494828369491583

11. Generalized Ehrhart polynomial

In this section we give a formula for the number of lattice ponts of generalized
permutohedra.

Let us de ne the Minkowski di erence of two polytopes P;Q R" asP Q=
fx2R"jx+ Q Pg. Its main property is the following.
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Lemma 11.1. For any two polytopes, we havgP + Q) Q= P.

Proof. We need to prove that, for a point x, we havex + Q P + Q if and only
if x 2 P. The \if" direction is trivial. Let us check the \only if" dir ection. It
is enough to assume thatx = 0. We need to show that Q P + Q implies that
02 P. Suppose that 062P. Because of convexity of® we can nd a linear form f
such that f (p) > 0, for any point p 2 P (and, of course,f (0) = 0). Let Onin 2 Q
be the point of Q with minimal possible value of f (gnin).- Then for any point
p+qg2P+ Q,wherep2 P andqg2 Q, we havef (p+ g = f(p)+ f(q) >f (Gnin).
Thus gmin 62P + Q. Contradiction.

De nition 11.2. Let us de ne the trimmed generalized permutohedronas the
Minkowski di erence of Pg(y1;:::;ym) and the simplex [y}

Pe(Yuiii5iym) = Pe(yniiitiym) 1= fX2R"jx+ [ Pgg:
This is a slightly more general class of polytopes than genatized permutohedra
Ps. Suppose thatl; = [n], i.e., the vertex 1 in G is connected with all vertices

in the right part. (If this is not the case, we can always add swch a vertex to G.)
According to Lemmal[TT1, we have

In other words, if one of the summands in the Minkowski sum forPg is [} then
the trimmed generalized permutohedronP; equals the (untrimmed) generalized
permutohedron given by a similar Minkowski sum without this summand. Also

notice that the class of polytopesPg (1;:::;1) is as general aPg (y1;:::;ym) for
arbitrary nonnegative integer y1;:::;ym, cf. Remark[&1.

Let us give a formula for the generalized Ehrhart polynomialof (trimmed) gen-
eralized permutohedra. De ne raising powers asy), := y(y+1) (y+a 1), for

a 1,and (y)o := 1. Equivalently, e .= yra 1
Theorem 11.3. For nonnegative integersys;:::;Ym, the number of lattice points
in the trimmed generalized permutohedronPg (y1;:::;ym) equals
..... no_ (Y1)a, (Ym)an .
Pe (Yiiiitiym)\ 2" = a al
(ar;am)
where the sum is over allG-draconian sequenceqas;:::;am). In particular, the
number of lattice points in Pg(y1;:::;Ym) equals the above expression witly re-
placed byy; + 1, assuming thatl; =[n].
This also implies that the number of lattice points inPg (1;:::;1) equals the

number of G-draconian sequences.

In other words, the formula for the number of lattice points in P is obtained
from the formula for the volume of Pg by replacing usual powers in all terms by
raising powers. We will prove this theorem in Sectior_TH.
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In this case, G-draconian sequences are in a bijection with forest& K. The

G-draconian sequence d3;:::;an) associated with a forestF with ¢ connected
components is given bya; = ¢ 1, a = 1if |; is an edge ofF, anda = 0
otherwise, fori = 2;:::;m. Theorem[II3 implies that the number of lattice points

of lattice points in the regular permutohedron equals the number of labeled forests
on n nodes. More generally, if we set somg;'s to zero, then we deduce that the
number of lattice points in a graphical zonotope equals the nomber of forests in the
corresponding graph; see Propositioi214.

Theorem[II3 and ExampldIIH also imply the following stateent.

Corollary 11.5. Let be a connected graph on the vertex s¢n]. Let Z be the
graphical zonotope, i.e., the Minkowski sum of intervalde;; g ], for edges(i;j ) of

. Also consider the Minkowski dierence Z = Z ;- Then the volume of
Z equals the number of lattice points inZ

VolZ =#(2Z2 \ Z");

and both these numbers are equal to the number of spanningdein the graph .
In particular, the number of lattice points in the permutohedron P,(n 2;n  2;n

Example 11.6. Suppose thatl; =[n+1 1],fori=1;:::;m, wherem=n 1,
as in Example[@T. TheorenITI3 implies the following expresson for the number
of lattice points in the Pitman-Stanley polytope proved in [IPiSi]:

(y1+1)a, (Ym)am .
as! an! '

number of lattice points in Pg (1;:::;1) = Pg(0;1;:::;1) = g + o
equals the Catalan numberC, = C, 1. Also the nurﬁ,ber of lattice points in
Pc(1;::5;1) = [+ + [n)equalsthe Catalan number ( am)(a1+1): Cn,
where the sum is over Catalan sequences.

aiz;.

For a bipartite graph G K, let G Knm be mirror image of G obtained
by switching the left and write components. In other words, G is the same graph

Proof. In order to prove the lemma we just need to check all de nitions. Let
PRSI [m] be the collection of subsets associated with the graplG , i.e.,

ot + | R™. This is exactly the polytope P7 (fz g, wherez =# fi |
I I g, for nonempty |  [m]; see Proposition[6:B. According to Sectiorf16, this
polytope is given by the inequalities
X X
Pe (1;:::;1)=f(ty;:::;tm) 2 R™j ti=n; ti oz forl  [m]g:
i2[m] i21
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polytope and |3, is given by
X X
Ps (1;::::1) = f(ty;itm) 2 R™ ti=n 1 ti oz forl  [m]o:
i2[m] i21

We havez =#fj 2 [n]ji 2 I, forany edge {;j) 2 Gg = nP szJ [ , for
I [m] and J = [m]nl. Thus we can rewrite the inequality ,, t; z, as
P 204 SjZJ I; 1. These are exactly the inequalities from the de nition of
G-draconian sequence, which proves the claim.

This shows that Theorem[ITB gives a formula for the number ofattice points of

vise versa. In particular, we obtain the following duality for trimmed generalized
permutohedra.

sions and they might be very di erent. In Theorem [Z9 we will describe a class of
bijections between lattice points of these polytopes.

Example 11.9. Let G = Knn be the complete bipartite graph. Then Py
is the (n  1)-dimensional simplex inated m 1 times: P, = (m 1) [
The polytope for the mirror image of the graph is obtained by svitching m and n:
Pk = (n 1) mj. Corollary [TH says that these two polytopes have the same

H H - m+n 2 _ m+n 2
number of lattice points. This is a advanced way to say that " '",< = "7,

Theorem [I923(2) from Appendix B (Euler-MacLaurin formula for polytopes)
gives the following alternative expression for the generéted Ehrhart polynomial,
i.e, for the number of lattice points in PZ(f z; g). Without loss of generality, we will
assume thatz;,; = 0. The volume Vol P3(fz g) is a homogeneous polynomial,
in the z;, for all nonempty | ( [n].

Proposition 11.10.  The number of lattice points in the generalized permutohedn
P4 (fz g) is given by the po(lynomial obtained from the polynomiaW, by applying
the Todd operator Todd, = ¥ [n]Todd @_@z , where Todd(g) = q1 e 9 =
t? t

t
I+5+ 7 70t

12. Root polytopes and their triangulations

De nition 12.1.  For a graph G on the vertex set |n], let Qz  R" be the convex
hull of the origin 0 and the points & ¢, for all edges (;j ), i <j , of G. We will

call polytopes Qg root polytopes. In other words, a root polytope is the convex hull
of the origin and some subset of end-points of positive rootfor a root system of
type A, 1. Polytopes Qg belong to ann 1 dimensional hyperplane.
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In the case of the complete graphG = K,, the polytope Qk, was studied
in [GGP]. In particular, we constructed a triangulation of t his polytope and proved

thatits (n  1)-dimensional volume equals; iy Cn 1, WhereCy 1 = & 2An 1) g

n n 1
the (n  1)-st Catalan number.
In this section we study root polytopes for a bipartite graphs G~ Kp.p . It is
convenient to introduce related polytopes

Qc = ConvexHull(e ¢ jfor edges {;j) of G) R™"";

whereey;:::;en;€.;:::; €, are the coordinate vectors inR™*". Since G is a bi-
partite graph, the polytope Qg belongs to an fn + n  2)-dimensional a ne sub-
space. The polytopeQg is the pyramid with the base Qg and the vertex 0. Thus
r'vol, Qs = (r 1)!Vol, 1 Qg, where Vol stands for the r-dimensional volume.
Slightly abusing notation, we will also refer to polytopes Qg asroot polytopes

The polytope Qk ,,,, for the complete bipartite graph K, is the direct product
of two simplices ™ 1 n 1ofdimensionsm 1)and (n 1). (Here ™ 1'

(m]-) For other bipartite graphs, the polytope Qg is the convex hull of some subset
of vertices of ™ 1 " 1 These polytopes are intimately related to generalized
permutohedra.

whenever (;j) 2 G. Let Pg = Pg(1;:::;1)= |, + + |, andPg = Pg (n]-

Theorem 12.2. For any connected bipartite graphG Ky, the (m+n  2)-
dimensional volume of the root polytopeQg is expressed in terms of the number of
lattice points of the trimmed generalized permutohedrorP; as

(P \ Z").
Vol Qe = ()

We will prove this theorem by constructing a bijection between simplices in
a triangulation of the polytope Qg and lattice points of the polytope Pg ; see
Theorem[TZ9.

For a bipartite graph G Kmn, let G* Km+1:n be the bipartite graph
obtained from G by adding a new vertexm + 1 connected by the edgesih +1;j),
j =1;::5;n, with all vertices of the second part. ThenP;, = Pg.

Corollary 12.3.  For any bipartite graph G = Kn.n without isolated vertices, the
(m+ n 1)-dimensional volume of the polytopeQg-+ is related to the number of
lattice points in the generalized permutohedron as

#(Pc\ Z")

Vol QG" = (m+ n 1)|

De nition 12.4. A polyhedral subdivisionof a polytope Q is a subdivision of Q
into a union of cells of the same dimension aB such that each cell is the convex hull
of some subset of vertices of) and any two cells intersect properly, i.e., the inter-
section of any two cells is their common face. Polyhedral sutlivisions are partially
ordered by re nement. Minimal elements of this partial order, i.e., unsubdividable
polyhedral subdivisions, are calledtriangulations. In a triangulation each cell is a
simplex.

Triangulations of the product ™ 1! n 1 were rst discussed by Gelfand-
Kapranov-Zelevinsky [GKZ, 7.3.D] and then studied by seveal authors; e.g., see
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Santos [Sah]. We will analyze triangulations of more geneflaroot polytopes Qg.
The following 3 lemmas were originally discovered circa 199 by the author in
collaboration with Zelevinsky and Kapranov in the context of triangulations of
m 1 n 1
Assume that the graphG K., is connected. First, let us describe the sim-
plices inside the polytopeQg.

Lemma 12.5. For a subgraphH G, the convex hull of the collectionfe, g j
(i; J) is an edge ofH g of vertices of Qg is a simplex if and only if H is a forest in
the graph G. Such a simplex has maximal dimensiom + n 2 if and only H is
a spanning tree of G. All (m+ n 2)-dimensional simplices of this form have the
same volume

(m+n 2)!°
Proof. If H contains a cycle (1;j1);(1;12);(i2;j2);:::;(k;i1), then the vectors
e, §,,§, &, ...,§, €, corresponding to the edges in this cycle are linearly

dependent. (Their sum is zero.) Thus the end-points of thesevectors cannot be
vertices of a simplex. Conversely, for a forest, i.e., a grapwithout cycles, all vectors
are linearly independent and, thus, form a simplex.

For a forestF G, we will denote the simplex from this lemma by
r := ConvexHull(e ¢ j (i;]) is an edge ofF):

A triangulation of Qg as a collection of simplices +,;:::; 1.0, for some spanning
treesTy;:::;Ts of G such that Qs = [ 1,; and each intersection 1, \ 7, is the
common face of these two simplices.

Let us now describe pairs of simplices that intersect propdy. For two spanning
trees T and TOof G, let U(T;TY be the directed graph with the edge setf (i; j) |
(i;7)2 Tg[f (;i)j(i;j) 2 T, i.e., U(T; TY is the union of edgesT and T° with
edges ofT oriented from left to right and edges of T° oriented from right to left. An

Lemma 12.6. For two trees T and TO the intersection 1\ tois a common
face of the simplices 1 and to if and only if the directed graph U(T;T9 has no
directed cycles of length 4.

Proof. Suppose thatU(T;T9 has a directed cycle of length 4. Then the graphs
T and T have nonempty partial matching (i.e., subgraphs with disjaint edges) M
and M © such that (1) M and M © have no common edges; and (2M and M © are
matching @ the same vertex seb Then bothM and M ° should havek 2 edges.
Letx= ¢ em(& §)= & (ij)zmo(& §). Thusx2 1\ 1o However,
the minimal face of the simplex 1 that contains x is y and the minimal face
of to that contains x is mo. SinceM 6 M we have y 6 o. Thus the
intersection of the simplices 1 and 1o is not their common face.

Conversely, assume thatU(T;T9 has no directed cycles of length 4. Let
F = T\ TObe the forest formed by the common edges of and T° Because
U(T;T9 is acyclic, we can nd a function h : f1;:::;m;1;:::;ng! R such that
(1) his constant on connected components of the foredt ; and (2) for any directed
edge @;b) 2 U(T;TY9 that joins two dierent connected components of F, we
have h(a) < h(b). The second condition says that if @;b = (i;j) is an edge
of T then h(i) < h(j), and if (a;b) = (j;i) is an edge of T° then h(i) > h(j).
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The function h de nes a linear form f;, on the spaceR™*" with the coordinates

that (1) for any vertex x in the common face ¢ of 1 and to, we havef,(x) =0,
(2) for any vertex x 2 1t n g, we havefh(x) < 0; and (3) for any vertex x 2

ton g, we havef(x) > 0. In other words, the hyperplanef(x) = 0 intersects
the simplices 1 and to at their common face and separates the remaining vertices
of these simplices. This implies that +\ to= £, as needed.

De nition 12.7. For a spanning tree T 2 Kn.n, let us de ne the left degree

di =deg;(T) landd; =deg;(T) 1 are the degrees of the verticesandj in T
minus 1. Note that LD (T) and RD (T) are nonnegative integer vectors because all
degrees of vertices in a tree are strictly positive.

Lemma 12.8. Letf +r,;:::; 7.0 be a triangulation of Qs. Then, for i 6 j, T;
and T; have di erent left degree vectorsLD (T;) 6 LD (T;) and di erent right degree
vectors RD (Ti) 8 RD (T;).

Proof. It is enough to prove that it is impossible to nd two dierent spanning
trees T and T? have have same degrees in, say, the left part dg@) = deg;(T9,

of length 4. Suppose that we found two such trees. LeF be the forest formed
by the common edges ofl and T® The directed graph U(T; T9 induces an acyclic
directed graph on connected components oF . Because of the acyclicity of this
graph, we can nd a minimal connected componentC of F such that no directed
edge ofU(T;T9 enters to any vertex of C from outside of this component. Since
T 6 TY the component C cannot include all vertices. Thus some vertexi of C

should be joined by an edgei(j) 2 T nF with a vertex in some other component.
Since we assumed that dedT) = deg;(T9, there is an edge (k) 2 T°nF. But

this edge should be oriented ask; i) in the graph U(T;T9, i.e., it enters the vertex

i of C. Contradiction.

An alternative proof of Lemma [[Z3 follows from LemmalIZP blow.

For a bipartite graph G 2 Kmn, let G 2 K. be the same graph with the
left and right components switched, i.e.,G is the mirror image of G. Recall that
the trimmed generalized permutohedronP is the Minkowski di erence of the
generalized permutohedronPg and the simplex [,;.

Theorem 12.9. For any triangulation f r,;:::; t_g of the root polytopeQg, the

in the polytope P for the mirror image of the graph G.

We will prove this theorem in Section[I4. This theorem says tlat each triangu-
lation =1f +,;:::; 7.9 o0f the root polytope Gq gives a bijection

#(Pg \ ZM) ! #(Pg \ Z™)

between lattice points of the polytope P; and the lattice points of the polytope
Ps suchthat :RD(T;) 7! LD(T;), fori=1;:::;s.
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It is interesting to investigate which properties of a triangulation can be recov-
ered from the bijection . Also it is interesting to intrinsically describe the class
of bijections associated with triangulations of Qg.

Example 12.10. Suppose thatG = K., . Theorem[IZ9 says that each triangula-
tion of the product ™ ! " 1 of two simplices gives a bijection between lattice
points two in ated simplices P, =(m 1) " 'andP,  =(n 1) ™ % see
Example [LT9. ' '

Another instance of a similar phenomenon related to maximalminors of matrices
was investigated by Bernstein-Zelevinsky[[BZ].

13. Root polytopes for non-bipartite graphs

Let us show how to extend the above results to root polytopesQs for a more
general class of graph$& that may not be bipartite. Assume that G is a connected
graph on the vertex set p] that satis es the following condition:

Fori<j<k ,if (i;j) and (jk) are edges ofG, then (i;k) is also an edge ofG.

The polytope Qg is has the dimension 6 1). Let us say that a triangulation of
the polytope Qg is central if any (n 1)-dimensional simplex in this triangulation
contains the origin O.

De nition 13.1. Let us say that a tree is alternating if there are noi <j <k
such that (i;j ) and (j;k) are edges inT. Equivalently, labels in any path in an
alternating tree T should alternate.

Alternating trees were rst introduced in [GGP]lin order to d escribe triangula-

tions of Q. They also appeared in[[Pas] and[PoSt].
For a spanning treeT G, let 71 = ConvexHull(0O;e ¢ j(i;j)2 T;i<j).

Lemma 13.2. cf. [GGP] A simplex ~t may appear in a central triangulation of
Qg if and only if T is an alternating tree. All these simplices have the same uane
1

(n 1)

Proof. Suppose that a treeT is not alternating. Let us nd a pair of edges (i;] )

and (j;k) in T with i<j <k . Let T?be the tree obtained fromT by replacing the

edge (;j ) with (i;k) and T%be the tree obtained for T by replacing the edge [;k)

with (i;k). Then two simplices ~to and ~tw intersect at their common face. Their
union ~1o[ 1o properly contain the simplex ~t. Moreover, for neighborhood
B of the origin, (Tto[ Tt)\ B = T\ B. If the simplex ~1 belongs to some
central triangulation then with can replace it by the pair of simplices ~to and 1o

and obtain a \bigger" triangulation, which is impossible.

For an alternating tree T, we say that a vertexi 2 [n] is a left vertex if, for any
edge ;j ) in T, we havei <j . Otherwise, if, for any edge {;j ) in T, we havei >j ,
we say thati is aright vertex. For a disjoint decomposition [n] = L [ R, let G.r
be the subgraph ofG given by

Gur =f(i;5j)2Gji2Lj 2R;i<j @
The graph G_.r is a bipartite graph with the parts L and R. Spanning trees of the

graph G_r are exactly alternating trees of G with xed sets L and R of left and
right vertices. Note that in general there are 2' 2 possible choices of the subsets
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and R because we always have 2 L and n 2 R and for any other vertex we have
2 options. However, some of these choices may lead to discawuied graphsG.r
that contain no spanning trees.

Since each alternating tree inG belongs to one of the graphs5,.r , we deduce
that each simplex ~1 in a central triangulation of Qg belongs to one of the poly-
topes Qg,, . Thus we obtain the following claim.

groposition 13.3. The polytope Qs decomposes into the union of polytope®c =

Lr Qe.r over disjoint decompositions[n] = L\ R such that the graphG.r is
connected. Terms of this decompositions are in a bijection Vth the facets of Qg
that do not contain the origin. Each such facetF has the foomF = Qg and

Qc,.r is the pyramid with the baseF. Each central triangulation of Qg is obtained
by selecting a triangulation of each partQg, . -

Since each graphG_.r is bipartite, we can apply the results of this section and
relate the volume of Qg . to the number of lattice points in a certain (trimmed)
generalized permutohedron. By Proposition[I3B, we can expss the volume of
the root polytope Qg as a sum of numbers of lattice points in several trimmed
generalized permutohedra.

Example 13.4. In [GGP] we constructed a triangulation of the polytope Qk , , for
the complete graphG = K. This triangulation is formed by the simplices ~1, for
all noncrossing alternating trees T, i.e., alternating trees that contain no pair of
crossing edgesi(k) and (j;1), for i<j <k <1 . The number of such trees equals
the (n  1)-st Catalan number C,, ;.

For a disjoint decomposition [n] = L\ R, let K_.r be the bipartite graph with
the edg% setf(i;j)ji 2 L;j 2 R;i<] g. According to Proposition [[33, we have
Qk, = _r Qk.r » where dierent terms have no common interior points. The
collection of simplices ~1, for all noncrossing spanning treest of the graph K g ,
form a triangulation of the polytope Qk . .

This example and Theorem[ZIZP imply the following statement

Corollary 13.5. For any disjoint decomposition [n] = L\ R such that1 2 L
and n 2 R, the number of noncrossing spanning trees of the grapK _.r equals the
number of lattice points in the trimmed generalized permutbedron P e

complete bipartite graph. We deduce that the number of noncpssing trees in the
complete bipartite graph K|.n | equals the number of lattice points in the polytope
Pc,,  =(I 1) "' 1 whichequals | 7.

14. Mixed subdivisions of generalized permutohedra

In this section we study mixed subdivisions of generalized rmutohedra into
parts isomorphic to direct products of simplices. For this we use the Cayley
trick that relates mixed subdivisions of the Minkowski sum of several polytopes
Py + + Py to all polyhedral subdivision of a certain polytope C(Py;:::;Pm)
of higher dimension. The Cayley trick was rst developed by Surmfels [Siu] for
coherent subdivisions and by Humber-Rambau-Santos [HRS]of arbitrary subdi-
visions. Santos[[Sah] used this trick to study triangulations of the product of two
simplices.
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De nition 14.1. Let d be the dimension of the Minkowski sumP; + + P,

A Minkowski cell in this Minkowski sum is a polytope B; + + By of the top

dimension d, where eachB; is a convex hull of some subset of vertices d?;. A

mixed subdivision of the Minkowski sum is its decomposition into a union of sev-
eral Minkowski cells such that the intersection of any two cdls is their common
face. Mixed subdivisions form a poset with respect to re nenent. A ne mixed

subdivision is a minimal element in this poset.

Lemma 14.2. A mixed subdivision is ne if and only if, fg; each mixed cellB =
B+ + B, in this subdivision, all B; are simplices and dimB; =dim B = d.

Proof. We leave this claim as an exercise, or refer td_[Shn, Propogin 2.3].

The mixed cells described in this lemma are calledne mixed cells. The lemma
implies that each ne mixed cell By +  + By, is isomorphic to the direct product
B1 Bm of simplices, i.e., the simplicedB; span independent a ne subspaces.
In order to emphasize this fact, we will use the direct produt¢ notation for ne cells.

Leter;:::;em;e1;:::;e, be the standard basis oR™*" = R™ R". Embed the

yi =1, the intersection of C(Py;:::;Pmn) with the a ne subspace (y1;:::;Ym)
R" is exactly the weighted Minkowski suny;P;+  + ym Py (shifted into this a ne
subspace).

Proof. Indegd, by the de nition, the polytope C(Pi;:::; le) is the locus of points
of the form i”;l i(e + pi), wherepi 2 P;,, ; 0and i = 1. Intersecting a

This gives the needed Minkowski sum.

The next proposition expresses theCayley trick.

yi = 1. For a polyhedral subdivision ofC(P1;:::;Pm), intersecting its cells with
(y1;:::;¥n) R™ we obtain a mixed subdivision ofy;P; + + YmPm. This gives
a poset isomorphism between polyhedral subdivisions &{P;;:::;Pmn) and mixed
subdivisions ofy;P; + + YmPm.
Proof. The rst claim that a polyhedral subdivision of C(P;;:::;Pm) gives a mixed
subdivision ofy;P; +  + yy, Py, is immediate. On the other hand, we can recover
a polyhedral subdivision of C(P1;:::; Pm) from a mixed subdivision ofy;P; +  +
YmPm . We can always rescale cells of the mixed subdivision by chging values of
y1;:::;Ym and obtain a mixed subdivision ofy9P;+  +y2 P, for any nonnegative
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0,y1 + + Ym =1, the unions [, =~ 1yB, for each mixed cellB, form cells of

Let G Kmn be aconnected bipartite graph. Letls;:::;1m  [n] be the asso-
ciated collection of nonempty subsets:l; = fj j(i;j) 2 Gg, fori =1;:::;m. Then
the Cayley embedding of the simplices ,;:::; 1, is exactly the root polytope

Qe = C( 1,515 1)

Po(y;::5¥m)= Y1 b+ +Ym ins

for the nonnegativey;. Proposition [[Z3 specializes to the following claim.

This correspondence is given by intersg;:ting a polyhedraubdivision of Qg with the
subspace(%;:::;¥™) R", wheres= y;, and then in ating the intersection by
the factor s.

In particular, this implies that the number of cells in a ne m ixed subdivision of
Pc equals m+ n 2)!Vol Qg.

formy; 3, Ym 3., for some sequence of nonempty subseis= (J1;:::;JIm)
in [n], such that G; is a spanning tree ofG.

Proof. By Lemma [IZ2, each ne cell has the formy; ;, Ym 3, Where
Ji lj, fori =1;:::;m, i.e, Gp is a squraph of G, the simplices ;, span
independent a ne subspaces, and 5= (Jj 21)=n 1. Thisis equivalent
to the condition that G; is a tree.

Let us denote the ne cell associated with a spanning treeT G, as described
in the above lemma, by

TE=Yr o5 Ym  Jms
where J; = fj j(i;j) 2 Tg, fori =1;:::;m. These ne cells t are exactly the
cells associated with the simplices + Qg from Section[12 via the Cayley trick:
- Yio.... Ym no.
T S T \ s’ s R )

P
wheres = y;. So it is not surprising that the ne cells 1 are labeled by the
same objects|spanning trees of G.

cell 7.
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d1 d
_ Y1 m .

Vol T ! a1 .
Proof. Indeed, d; = jJ;j 1=dim , , fori=1;:::;m.
Lemma 14.9. Let us specializey; = =ym =1. Foraspanning treeT G, the
ne cell 1 contains the shift (a;;:::;an)+ 4 of the simplex ) by an integer
vector (ag;:::;ay) 2 Z" if and only if (a1;:::;an) is the right degree vectorRD (T)
of the tree T. Moreover, if (a1;:::;ay) 2 Z" is not the right degree vector ofT,
then the shift (a;;:::;an)+ [n; has no common interior points with the cell 1

Proof. Notice that, for two subsets I;J [n] with a nonempty intersection, we
have the following inclusion of Minkowski sums:

o a+ g
Indeed, the polytope ;5 + |\ is the convex hull of all possible sumse + g,
whereeg; is a vertex of |[; and g avertexof \;,ie,i21[ Jandj 21\ J.
We have either ( 2 | andj 2 J), or (i 2 J andj 2 1), or both. In all cases, we
havee + g 2 |+ 3.
For the necell = 5, Im =, t + 3, pick two summands
3, and 5, with a nonempty intersection J; \ J; (what should contain exactly
one elementk) and replace them by ;5 and 3, . We obtain another cell
To 1, where the tree T%is obtained from T by replacing all edges [ 1) 2 T,
for | 8 k, with the edges (; I). Notice that the tree T° has exactly the same right
degree vectorRD (T9 = RD(T). Let us keep repeating this operation until we
obtain a cell of the form o= i g+ + i g% [ T, l.e., all summands
are single vertices except for one simplex ;. Since the tree T%has the same

#fjjij =ig=d,fori =1;:::;n. Inotherwords, too=(dy;:::;dn)+ [ E
It remains to show that any other shift (a;;:::;an) + [q), for an integer vec-
tor (az;:::;an) 6 (dq;:::;dy), has no common interior points with the cell 1

point b+ r is an interior point of (d;;:::;dn) + [0 1. Thus the whole line
interval [b; bt r] belong to the interior of the necell ¢ = Jn - Here
b2 R" andr is a nonzero integer vector. Thus at least one projection, B+ r9 of
the interval [b; b+ r] to some component ; of the direct product has a nonzero
length. Herer%is should be a nonzero integer vector anddf: b°+ r9 should belong to
the interior of the simplex ;,. But this is impossible. No coordinate simplex can
contain such an interval strictly in its interior. Indeed, t he diameter of a coordinate
simplex in the usual Euclidean metric onR" is 2+. The only integer vectors that
have smaller length are the coordinate vectors g . If b’ belongs to a coordinate
simplex then i’ g does not belong to it, because the vector g does not lie in
the hyperplane where all coordinate simplices live. We obtan a contradiction.

Let us now prove Theoremd_IZP an@T113.

Proof of Theorem [[Z3. It is enough to prove the statement about right degree vec-
tors and deduce the statement about left degree vectors by symetry. By Corol-
lary [Z8, simplices in a triangulationf +,;:::; 1.g of the root polytope Qg are
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in one-to-one correspondence with cells in the corresponalj ne mixed subdivision
f 1,;:::; 1.9 of the generalized permutohedronPg. By Lemma [IZ3, each cell

7, contains the shifted simplexa+ ,, wherea = RD (T;), and each integer
shift a+ [ Pg belongs to one of the cells t,. Notice that the set of integer
vectorsa 2 Z" such that a+ [,; Pg is exactly the set of lattice points of the
trimmed generalized permutohedronPg . This proves that the map 1, 7! RD(T;)
is a bijection between simplices in the triangulations and éttice points of Py, as
needed.

di (T dm (T
xXn yll( ) yo ( ).

i=1

Theorem[@3. We deduce that the map (T;) 7! LD (T;) is a bijection between ne
cells t, in this subdivision and G-draconian sequences. According to the Cayley
trick and Theorem [Z4, the number of ne cells in this subdivision equals the
number of simplices in a triangulation for Qg equals the number of lattice points

we do this transformation the right-hand sides of expressios given by Theoren{TTLB
agree. For example, if we replace the terny; |, in the Minkowski sum with the

sumzy |, + 2z, ,, wherey; = z; + 7z, then the can %orrespondingly modify the

right-hand side using the identity Y2z = verar 2 =0 @) G2,

Remark 14.1Q0 We can also deduce that the number ofG-draconian sequences
equals (n+ n  2)!I'Vol Qg, i.e., the number of simplices in a triangulation of Qg,
using integration. Let us calculate the volume VolQg by integrating the volume
of its slice Pg(y1;:::;y¥m) given by Theorem[@3 over all points of the (n  1)-

Vol Qg = Vol Pg(y1;:::;Ym)dyr  dym 1!
(Y25 m)2  m

Yam

am!

Now we can use the fa<|‘:; that the integral of a monomial% over the simplex

m] €quals (m 1+ a)) L.

Also remark that the rst part of the above proof and Theorem [ZZ9 gives an
alternative proof of Lemma [IIJ saying that the set of G-draconian sequences is

Example 14.11. Let us assume thatly;:::;lm, m = 2" 1, are all nonempty
subsets of fi] and G is the associated bipartite graph. The G-draconian sequences
of integers are in one-to-one correspondence with alinordered collections of sub-
sets in |n] satisfying the dragon marriage condition. For a draconiansequence
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Ay A associated ordered sequences of subsets. In this
case,Pg = Pp(2" ;2" 2:::;2;1)and Pg = Py(2" 1 1;2" 2:::;2;1) (both are
usual permutohedra). The number of draconian sequences ixactly the number

of lattice points in the permutohedron P,(2" 1 1;2" 2:::;2;1).

Another approach to counting lattice points in generalizedpermutohedra is based
on constructing its ne mixed subdivision and paying a specal attention to lower
dimensional cells. Let us say that asemi-polytopeis a bounded subset of points in
a real vector space given by a nite collection of a ne weak and strict equalities.
De ne coordinate semi-simplicesas

_ ( X X )
BTSN gnfjg = Xi € j Xi=1; x; 0y fori2l;andx; >0 ;
i2l i2l
forj 21 [n].
Alternative semiproof of Theorem[TT33. Let P (y1;:::;Ym) = Y1 1+ +VYm 1, -

Assume that |, = [n]. It seems feasible that there exists aisjoint decomposition

(14.1) P (yei::ym) = yioa Ve ST, ym 5L

Q153 m)
where the sum is over sequences of subset3;(:::;Jm) and j2;:::;jm such that
ji 2 J; |, and bipartite graphs associated with J1;:::;Jy) are spanning trees

T of G. In particular, the closure of each term is a ne mixed cell 1 of top
dimension.

Here is a not quite rigorous reason why this should be true. Leus start with the
top dimensional simplexy; ,, 1 =[n]. When we add the simplexy, ,,, we create
severalnew ne cells. Each of these cells is the direct prodity: 3, Y2 3, ofaface
ofy; |, and aface ofy, |, gluedtoy; |, byoneifits facetsy: 3, Y2 J,nfj,g-
This is why we exclude elements of this facet. When we adgi; |, we again create
several new ne cells. Again each of these new cells is a difteproduct of one of
the faces of the polytope created on the earlier stage and adays; ;, ofyz |,.
Again each of these cells should be glued by a facet 9§ 3., etc.

Let us show that just an existence of a decomposition for the drm ([[Z1)
already implies Theorem[ITB. Indeed, the number of latticepoints in one of

the terms of this decomposition equals(’“ﬂ)al (y2)a, (ygr:a!m and its volume

ap! ap!
is %% ’;mmm!, wherea; = dim 3, = jJ;j 1. Thus the formula for the
number of lattice points in Pg(y1;:::;y¥m) is obtained from the formula for the

volume given by Theorem[@3B by replacing usual powers with rsing powers, as
needed.

In order to make this proof more rigorous, we need to careful analyze all
possible cases. Preferably one would like to have an explicconstruction for a
decomposition of the form [IZ1).

In Section[I3, we will need the following statement.

Proposition 14.12.  Any integer lattice point of the generalized permutohedron
Pc= 1,+ + |, hastheforme,+ +¢,,wherej, 2 Iy, for k=1;:::;m.
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Remark 14.13 Proposition 14.12 says that any lattice point of the generailzed per-
mutohedron is the sum of vertices of its Minkowski summand. Mte that of a similar
clam is not true for an arbitrary Minkowski sum. For example, the Minkowski sum
of two line intervals [(0; 1); (1;0)] and [(0; 0); (1; 1)] contains the lattice point (1;1)
which cannot be presented as a sum of the vertices.

Proof of Proposition 14.12. Each lattice point of Pg belongs to a ne mixed cell
in a ne mixed subdivision of Pg; see Section 14. According to Lemma 14.7, each

ne mixed cell is a direct product  j, J,, of simplices, whereJ; |, for
i=1;:: ;m, and the graph T = Gy,;::3,,) Kmn IS @ bipartite tree. Any lattice
p0|nt (bl """ yby) of g, J, comes from a functionlg’> f@i;))g! R o

de qu on edges of the treeT such that (1) f(i;j) 0, (2) f(i' j)=1, and
3) f(j)=Dh,foranyi=1;:::;mandj =1;:::;n. SmceT is a tree and
the sum of values off over edges at any node oﬂ' is integer, we deduce that
f has all nonnegative integer values. (First, we prove this fo leaves of T, then
for leaves of the tree obtained by removing the leaves of, etc.) Thus, for any
i=1;: ;m, we havef(l i) =1, for somej;, and f (i;j) =0, for j 6 j;. Thus
(by; o, bn) = + g, , as needed.

15. Application: diagonals of shifted Young tableaux

A standard shifted Young tableauxof the triangular shape (n;n  1;:::; 1) is
a bijective map T : f(i;j)j 1 i | ng!f L:::; "ty |ncreas|ng in the
rows and the columns, i.e.,, T((i;j)) < T ((i +1;j)) and T((i;j)) <T((i;j +1)),
whenever the entries are de ned. Let us say that thediagonal vector of such a
tableau T is the vector diag(T) = (dy;:::;dn) :=(T(1;1); T(2;2);:::;T(n;n)); see

n+l

Example 15.5 below. Is clear, thatd; = 1, d, = ", , and d.+1 > dj. In this
section we describe all possible diagonal vectors.

For a nonnegative integer fi 1)-vector (az;:::;an 1), let N(ag;:::;an 1) be
the number of standard shifted Young tableaux T of the triangular shape with
the diagonal vector diag(T) = (1 ;a3 +2;a; + az +3;ia + + a, 1+ n),or,
equivalently, & = dis;  di  1,fori=1;:::; 1.

Theorem 15.1. We have the following identity:
X N(ag;:::: )ﬁ t?"f: Yoottt t g
..... toeetlan e ol i :
ap;san 1 0 1 i< n
Proof. Let = ( ; n) be a partition. The Gelfand-Tsetlin polytope
GT( ) is de ned as the set of triangular arrays (pj )ij 1i+j n 2 R("2") such that
the rstrow is ( p11;pi2;:::;pwn) = and entries in consecutive rows are interlaced

Pi1 Pi+11 P2 Pi+12 Jfori=1;::; 1.

Let us calculate the volume of the polytopeGT( ) in two di erent ways. First,
recall that lattice points of GT( ) correspond to elements of the Gelfand-Tsetlin
basis of the irreducible representationV of GL(n) with the highest weight
Thus the number of tBe lattice points is given by the Weyl dimension formula:

#GT()\ z(3)y= "~ | %1 we deduce that the volume of GT ()

n J
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is given by the top homogeneous component of this polynomiah 1;:::; y:
Y , _
Vol GT( )= e
1 i< n J :

On the other hand, note that the shape of an array @ ) 2 GT( ) is equivalent to
the shape of a shifted tableau. Let us subdivideGT( ) into parts by the hyper-
planesp; = pu, for all i;j;k; | . A region of this subdivision of the Gelfand-Tsetlin
polytopes GT( ) correspond to a choice of a total ordering of thep; compatible
with all inequalities. Such ordering are in one-to-one corespondence with standard

shifted Young tableaux of the triangular shape (;n 1;:::;1). For a tableau T
with the diagonal vector diag(T) = (di;:::;dn), the associated region ofGT( )
is isomorphic to f (y; < < Y )) iYa, = i; fori=1;:::;ng, thatis, to the
direct product of simplices (1 ) 9 4 1 (n1 n) dr dn 1 1 The
volume of this direct product equals
'Yl( i i+l)di+1 di l.
(disa o 1)

i=1
Thus the volume of GT( ) can be written as the sum of these expressions over
standard shifted tableaux. Comparing these two expressios for VolGT( ) and

writing them in the coordinates t; = i+1 , we obtain the needed identity.
Theorem 15.1 implies thatN (a;1;:::;ay) can be nonzero only if @1;:::;a,) is a
lattice point of the Newté)n polytope 1
Y X
Ass, 1 := Newton @ (ti + tjy + + t]' 1)A = j 11
1 i< n 1 i< n

This Newton polytope is exactly the associahedron in the Lody realization, for n
1; see Subsection 8.2. Using Proposition 14.12, we obtain ¢hfollowing statement.

Corollary 15.2. The number of dierent diagonal vectors in standard shifted
Young tableaux of the shapén;n 1;:::;1) is exactly the number of integer lattice
points in the associahedronAss, 1. More precisely, N (az;:::;an 1) is nonzero if
and only if (a1;:::;ay 1) is an integer lattice point of Ass, 1.

It would be interesting to extend this claim to other shifted shapes.

Example 15.3. Let D, be the number of di erent diagonal vectors, or, equiva-
lently, the number integer lattice points in Ass, i1, or equaIeBtIy the number
of nonzero monomials in the expansion of the product =i Tty. Several
numbers D, are given below.

n (|1(2|3(4|5 |6 7 8 9
Dn||1|1]|2|8]|55|567|7958| 142396| 3104160

1 i n

Theorem 15.1 also implies thatN (az;:::;an) equaIsQ,n ll(a.)l=(1|2I (n 1))
times the number of ways to write the point (a;;:::;a, 1) as asum of vertices of the
simplices [i; 1. In particular, if (a1;:::;a, 1) is a vertex of the associahedron
Ass, 1 then the second factor is 1.

Recall that vertices of Ass, 1 correspond to plane binary trees onn 1 nodes;
see Subsection 8.2. For a plane binary treeon 1 nodes, letL;;R;,i =1;:::;n 1,
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be the left and right branches of the nodes arranged in the biary search order; see
Subsection 8.2. Also letl; = jLjj+1 and r; = jR;jj + 1.

Corollary 15.4. The numbers of standard shifted Young tableaux with diagoha
vectors corresponding to the vertices of the associahedroare given by

(ll rl)! (ln 1 I'n 1)' _ ¢ .
120 (n 1) ~lhon lh 1 Tn 1

wherefy | is the number of standard Young tableaux of the rectangulathspek |I.

The second expression can be obtained from the rst using thehook-length
formula for the number of standard Young tableaux. We can al® deduce it directly,
as follows. Recall that binary trees onn 1 nodes are associated with subdivisions
of the shifted shape 6 1;n 2;:::;1)into n 1 rectangles of size$; rq, ...,
In 1 rn 1; see Subsection 8.2. Each shifted tableaux with the diagonavector

(dy;:in;dy) = (@; 2+ 11 ry; 3+ 11 ri+ 1y ry; ) is obtained from such a
subdivision by adding n diagonal boxes lled with the numbers d;;:::;d, and
ling the i-th rectanglel; r; with the numbersd, +1;d;i +2;:::;di+1 1 so that
they from a rectangular standard tableau, fori = 1;:::; 1

Example 15.5. The diagonal vector (;3;10;12; 15; 36;40; 43;45) is associated
with the plane binary tree and the subdivision into rectangles from Example 8.3.
Here is a shifted tableau with the this diagonal vector obtaned by lling the rect-
angles of this subdivision:

‘1“2_4 5 |7 [[16]17 [18 | 23

3 /16 |8 |9 [|19]20 |21 |24

10“1_1 13[f22 | 25 | 26 | 29

12|14 |27 |28 | 31 | 34

15(f30 (32 |33 | 35

E”ﬁ 38 39

43|44

a5

16. Mixed Eulerian numbers

Let us return to the usual permutohedron Pn+1 = Pps1 (X1;:::;Xp+1 ). Let us
use the coordinatesus;:::;un, related to x1;:::;Xp+1 by
Up = X1 Xz, U2 = X2 X3, y Un = Xn Xp+1

This coordinate system is canonically de ned for an arbitrary Weyl group as the
coordinate system in the weight space given by the fundamea weights.
The permutohedron P+ can be written as the Minkowski sum

Ph+1 = U1 1n+1 F U2 2n+ +Un pn+t

of the hypersimplices n+1 = Pn+1 (1;:::;1;0;:::;0) with k "1's. For example,
the hexagon can be expressed as the Minkowski sum of the hysémplices ;.3 and
2:3, Which are two triangles with opposite orientations:
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@

According to Proposition 9.8, the volume of P,.; can be written as

X ucl uCn
Vol Pp4 = Ac, e, C_ll n' ;
C1:uCn 1: Cn:
where the sum is overcy;:::; 0,¢c + + ¢, = n, and
..... c
Acl;:::;cn - n|V( 1n+1 ] nr;]n+1)22>0

is the mixed volume of hypersimplices multiplied byn!. HereP' means the polytope
P repeated| times.

De nition 16.1. Let us call the integersAg,..-c, the mixed Eulerian numbers

The mixed Eulerian numbers are nonnegative integers becaeshypersimplices
are integer polytopes. In particular, n! Vol P41 is a polynomial in uy;:::;u, with
positive integer coe cients.

Example 16.2. We have

Vol P, = 1u1,

Vol P3 = 1—+ 2u1u2+ 1

Vol Py = 15+ 2—u2+ 4u1—+ 4“2 + 3”1u3+ 6u1u2u3+
+4”2u3+ 3u1—+ 2u2u3 + 1”3:

Here the mixed Eulerian numbers are marked in bold.

Recall that the usual Eulerian number A(n; k) is de ned as the number of per-
mutations in S, with exactly k 1 descents. It is well-known thatn!Vol .n+1 =
A(n;k); see Laplace [Lap, p. 257 ].

Theorem 16.3. The mixed Eulerian numbers have the following properties:

(1) The numbersAc,...c, are positive integers de ned forcy;:::; 0, ¢+
+ Ccy, = N.
(2) We haveAc, e, = Ac, e

(3) For 1k n, the number Aok 1.0.0n « IS the usual Eulerian number
A(n; k). Here and below0' denotes the sequence dfzeros.

(4) We have ﬁAcl;;;;; =(n+1)" 1, where the sum is ovecy;:::;cy
0 with Clp +c,=n.
(5) We have Ac,..c, = n!C,, where again the sum is over alt;;:::;¢, O
1 n
with ci+  + ¢, =nandCy= -1 2" is the Catalan number.
(6) For 1 k nandi=0;:::;n, the numberAgc 1., . o0 « 1 iS equal to

the number of permutauonsw 2 Sn.1 With k descents andw(n+1) = i+1.
(7) We haveA;...1 = nl.

(8) We haveAyo;0n k= -
(9) We haveAg,...c, = 1°12c2 n if ¢ + +¢ i, fori=1;:::; 1,

and ¢ + + ¢, = n. There are exactly C, such sequence$c1; i :;cn).
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Proof. Properties (1) and (2) follow from the de nition of the mixed Eulerian num-
bers. Property (3) follows from the fact that n!Vol .n+1 = A(n; k). Property (4)
foIIows from the fact that the volume of the regular permutohedron P41 (N; N

""" :;0), which corresponds tou; = = u, =1, equals (n+1)" *; see Propo-
s|t|on 2.4. Property (5) follows from Theorem 16.4 below. It was conjectured by
R. Stanley. Property (6) is equivalent to the result by Ehrenborg, Readdy, and Ste-
ingrimsson [ERS, Theorem 1] about mixed volumes of two adjacentypersimplices.
Property (7) is a special case of Property (9).

(8) According to Theorem 3.2, we have

xn k Xn k
VOl Prot (X2;0; 1130 Xns1 ) = ()" KDpap ((k+1;n]) 22 0+
o k' (n K
where D41 ([k +1;n]) = } is the number of permutationsw 2 Sy.1 such that
wy < < Wiep > Wiep > > Wp41 . This permutohedron corresponds to
U= X1, Uz2= Uy 1=0, Un =  Xps1, which implies that Ao::0m k= | -

(9) Let us use Theorgm 5.1. They-variables are related to theu-variables as

Y2 = Ug;
% Y3 = U2  Uj;

Y4 = Uz 2Uz+ Ug;

X 1 . n 1
% Yn+1 = (1) i Un i
i=0
Using these relations, we can express any coe cientys  u{"]Vn+1 of the
polynomial V,+1 = Vol Ph41 written in the u-coordinates as a combination of

0 0
coe cients [yrc]+l yg ] Vh+1 of this polynomial Written in the y-coordinates. Let

us assume that €;;:::;c,) satises ¢ + + ¢ ,fori =1;:::;n 1, and
c1+ + ¢, = n. Then any sequence @;:::;c2) that appears in thrs expression
satis es the same conditions. For such a sequence we have
[ cﬁ]v _ 1 n+1 @ n+1 @ n+1
y'”l Y2r[¥na = Al @ n+1 n 2
Indeed, any collection of subsetsly;:::;Jn,  [n+1] such that ¢ of them have the
cardinality n+2 i, fori =1;:::;n, automatically satis es the dragon marriage
condition; see Theorem 5.1. Thus we have
c1 Cn C1 C2
= @ @ = @ @ nl_a@
Acizicn = @y @u Vn+1 @% @y, 1 @%na
C3
@ n2 _@ n 1 @ -
@y 1 1 @ t @y +1 Vh+1
- n+#l G nel n1 ntl 2 s N2 n+l Lo 1 on+l Cs -
n+1l n 1 n+1 n 1 1 n 2 n+l
=1%2%2 S

In the last equality we used the binomial identity
K1 n k4 n+1
1)' . o =k; forl k ;
o (1 i n+2 k+i or :

which we leave as an exercise.
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Let\ " be the equivalence relation of the set of nonnegative integr sequences

(9556 Q) (caycn)
In other words, the sum of mixed Eulerian numbers in each equalence class isn!.

There are exactly the Catalan numberC,, = 4 11 Zn” equivalence classes.

This claim was conjectured by R. Stanley. For example, it sag that Aj....; = n!

and that An;() """ 0 + AO’r‘w """ 0 + AO;O;n;;;:; 0 + + AO """ o;n = n!, i.e., the sum Of

usual Eulerian numbers |, A(n; k) is n!.

Remark 16.5 The claim that there are C,, equivalence classes is well-known. Every
equivalence class contains exactly one sequenag :::;c,) suchthatc;+ +¢ i,

=(up+ + Up+r )"

This claim has a simple geometric explanation in terms of aloves of the a ne
Weyl group. Cyclic shifts come from symmetries of the typeA, extended Dynkin
diagram.

Proof. Let W = S+ be the type A, Weyl group. The associateda ne Coxeter

arrangement is the hyperplane arrangement in the vector spac&®"*! =(1;:::; 1)R"
R" givenbyt; t =k, forl i<]j n+1and k 2 Z. Here and below in
this proof the coordinatests;:::;ty+; in R"*! are understood modulo (1:::; 1)R.

These hyperplanes subdivide the vector space into simplice which are called the
alcoves. The re ections with respect to these hyperplanes generatetie a ne Weyl
group W, that acts simply transitively on the alcoves.

The fundamental alcoveA is given by the inequalitiest; > t, > >the >
t; 1. Itis the n-dimensional simplex with the verticesvy = (0;:::;0), vi =

oty ntnen) 7 (et teen st Loty 1)
preserves the fundamental alcove and sends the vertex to the origin vo. We have
VolA = va% = ﬁ assuming that we normalize the volume as in Section 4.

representative in each alcove. For any vertex of the a ne Coxeter arrangement,

i.e., for a 0-dimensional intersection of its hyperplanesthe convex hull of elements
the orbit W, x contained in the alcoves adjacent tov is a (parallel translation) of

a permutohedron. This collection of permutohedra associad with vertices of the
arrangement forms a subdivision of the linear space.
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For the origin v = vo, we obtain the permutohedronPg) = Pp+1 (X1;::0; Xn+1 ),
and, for the vertex v;, i = 1;:::;n, we obtain the permutohedron
Piy = i Pret (i) = Prst (Xiwt 51055 Xnet 3 X1 Liiiyx 1)
Note that, for i = 0;:::;n, we have VoIPG \ A = 7 Vol P(;). Indeed, each

permutohedron P(; is composed of Wj isomorphic parts obtained by re ections of
Vol P(i) \ AL

Thus the volume of the fundamental alcove timesjW | equals the sum of volumes
of n + 1 adjacent permutohedra, For example, the 6 areas of the ble triangle on
the following picture is the sum of the areas of three hexagos

P
In other words, we have 1 =jWj VolA = i”:O Vol Pgiy. The last expression can
be written in the u-coordinates as

assuming that u; + + uy = 1. The case of arbitrary uy;:::;u, is obtained
by multiplying all u;'s by the same factor which corresponds to multiplying the
volume by ".

Proof of Theorem 16.4. We obtain the required equality when we extract the coef-
cient of uf*  uSul,, in the both sides of the identity in Proposition 16.6.

Proposition 16.6 together with Theorem 3.1 implies the folbwing identity. It
would be interesting to nd a direct proof of this claim.

Corollary 16.7. The symmetrization of the expression

1 (aur+( 1t 2t (2t + nea)unsa)”
n! (1 2 (n  na)

of up;:::un+1 equals(uy + + Un+1)".

17. Weighted binary trees

Let us give a combinatorial interpretation for the mixed Eul erian numbers based
on plane binary trees.

Let T be a plane binary tree on p] with the binary search labeling of the nodes;
see Subsection 8.2. There are the Catalan numbeC, of such trees. For any node
i = 1;:::;n, the set desc(;T) of descendants ofi (including the node i itself)
is a consecutive interval desd(T) = [Il;;r;] of integers. In particular, we have
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li i rj. Forapair nodesi andj in T suchthati 2 desc;T),ie.,l; i rj,
de ne the weight
P . + i o+ J'
(17.1)  wi(ij)=min i*Lt.n T+l
i+l j+l S L

rp j+1
Let h(j; T ) := jdesc(; T )j be the \hook-length" of a node j in a rooted tree T.

Theorem 17.1. The volume of the permutohedronP,.; is given by the following

0 1

Qr—F—= @
T j=1 h(;T) i=1  i2desc(jT )

VoI Ppi = wt(i;j ) uiA;

where the sum is overC, plane binary treesT with n nodes.

Example 17.2. For n = 3, we have the following ve binary trees, where we
indicated the binary search labeling inside the nodes and ab indicated the hook-
lengths of the nodes:

3 3 3 3 3
, , @ﬁ\@
f 2@ ?@2 x ! !
1 1 1 1

hook-lengths of binary trees
Theorem 17.1 says that
Vol Py = (u)(2up+ up)(3up+ Sup+ us) + (up + 2up)(uz)(3ur+ Sup+ ug)
+(up+ Sup+ 2us)(uz)(Fuz + ug) + (U + Zux + Sug)(uz + 2us)(us)
+2 (U1)(3Uu1+ Uz + 3Us)(Us):
Corollary 17.3.  We have

nt Y 1
7 Yhem
i2 (:T)

(n+1)n 1_

T T

where is sum is overC,, plane binary treesT with n nodes.

For n = 3, the corollary says that (3+1)2 = 3+3+3+3+4; see gure in
Example 17.2.

Proof. Let us specialize Theorem 17.1 fou; = = up = 1. In this case, Pn+1
is the regular permutoEedron with volume (n +1)" 1, see Proposition 2.4. Easy
calculation shows that = yeser ) WE(I ] ) = w Thus the right-hand side of
Theorem 17.1 gives the needed expression.

Various combinatorial proofs and generalizations of Cordary 17.3 were given by
Seo [Seo], Du-Liu [DL], and Chen-Yang [CY].

An increasing labeling of nodes in a rooted tre€T on [n] is a permutation v 2 S,
such that, wheneveri 2 desc(;T ), i.e., the nodei is a descendant of the nodg,
we havev(i) v(j). It is well-known that the number of increasing labelings is
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given by the following \hook-length formula;" see Knuth [Knu, Exer. 5.1.4.(20)]
and Stanley [St1, Prop. 22.1]. It can be easily proved by indation.

Lemma 17.4. The number of increasing labeling of a treel equals%.

- hG
Let us say that an increasing binary tree (T; V) is a plane binary tree T with the

binary search labeling as above and a choice of an increasitgpeling v of its nodes.
It is well-known that there are n! increasing binary trees. The map [;v) 7! vis a
bijection between increasing binary trees and permutatiosv 2 S, ; cf. [St2, 1.3.13].

weight of an i-compatible increasing binary tree (T;v) as

Y
wt(i;T;v) = Wt(iygy:)):
j=1
wherewt(iyj);j) is given by (17.1). The numbern!wt(i; T;v) is always a positive
integer. The following lemma can be easily proved by inducion, cf. Lemma 17.4.
We leave it as an exercise.

Lemma 17.5. We have, n! divided by all denominators inwt(i; T;Vv) equals the
number labelings of the nodes of by permutationsw 2 S,, such that, for any nodej ,
for which we pick the rst (respectively, second) case in thale nition of wt(iyj);j),
the labelw(j) is less than labelswn(k) of all nodesk in the left (respectively, right)
branch of the nodej .

Example 17.6. The following gure shows ani-compatible increasing binary tree,
for i = (3;4;8,7,1,7;4;3). The labels for the binary search labeling are shown
inside the nodes. The increasing labeling iv = 5;2;8;7;1;3;6;4 (shown in blue
color). The intervals [l ;r;] are [1 1], [1; 2], [3;3], [3; 4], [1, 8], [6; 8], [7; 7], [7;8]. We
also marked each nodg by the variable uj,,, (shown in red color). The i-weight

of this tree iswt(i;T;v)= 2 £ 1 1 1 1 2 1

an i-compatible binary tree

Let us give a combinatorial interpretation for the mixed Eul erian numbers.

Theorem 17.7. Let (i1;:::;in) be any sequence such that;, Ui
Then

_ C1 c
= uit ugn.

n

X
Acyiic, = ntwt(i; T;v);
(Tov)

where the sum is oveli-compatible increasing binary trees(T;v) with n nodes.
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Note that all terms n!wt(i; T;V) in this formula are positive integers. Actually,

this theorem gives not just one but cl..h..cn di erent combinatorial interpreta-

tions of the mixed Eulerian numbersAc, ..., for each way to write uf* u$ as

Ui, ui, . We will extend and prove Theorem 17.1 in Section 18. Let us nw derive
Theorem 17.7 from it.

Proof of Theorem 17.7. The volume of the permutohedron is obtained by multi-
plying the right-hand side of Theorem 17.1 by% Ui, Ui, and summing over all

n

Vol Pp+1 = Ui, ui, wt(i;T;Vv);
i2[n]" (T;v)
where the second sum is over-compatible increasing binary trees {T;v) with n
nodes. This formula together with Lemma 17.4 implies the neded expression.

18. Volumes of weight polytopes via -trees

In this section we extend the results of the previous sectiorio weight polytopes
for an arbitrary root system.

Let be an irreducible root system of rank n with a choice of simple roots

basis to the basis of simple coroots - = (2.—'.) Let Pw (x) be the associated
weight polytope, wherex = u;! 1 + + up! n; see De nition 4.1. Its volume it a

V (uz;:::;up):=Vol Py (ui! 1 + + up! n):
Recall the de nition of B()-trees; cf. De nition 7.7 and Subsection 8.4.

De nition 18.1.  For a connected graph , a B() -tree is a rooted tree T on the
same vertex set such that

(T1) For any node i and the setl =desc(i; T) of all descendants ofi in T, the
induced graph j, is connected.

(T2) There are no two nodesi 6 j such that the sets| = desc(i;T) and J =
desc; T ) are disjoint and the induced graph ji;; is connected.

An increasing B () -tree (T;v)isB()-tree T together with an increasing labeling
v of its nodes, de ned as in Section 17. In the case when is the Pnkin diagram
of the root system , we will call these objects -trees and increasing -trees.

The next proposition extends the well-known claim that there aren! increasing
binary trees on n nodes.

Proposition 18.2.  For any connected graph on n nodes, the number of increasing
B() -trees equalsn!.

Proof. The map (T;v) 7! v is a bijection between increasingB ( )-trees and per-
mutations v 2 S,.

For a subsetl [n], let | be the root system with simple rootsf ;ji 2 Ig,
and let W, W be the associated parabolic subgroup. Let !, i 2 | be the

fundamental weights forFt;he root system . Forj 2 1| [n], let us de ne the

linear form f; (u) := Ji i2) Ui (11;1]) in the variables u;.

I
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Theorem 18.3. The volume of the weight polytopdy (X) is given by
..... g2 W] X :
\ (ul,...,un): n . fdesc(j;T);j (U),
i=1 ( i |) T j=1
where the sum is over all -treesT.

De nition 18.4.  The mixed -Eulerian numbers A, ... , for c;;:::; 0,

c1+ + ¢, = n, are de ned as the coe cients of the polynomial expressing he
volume of the weight polytope:

X C1 [
up uy' .

1l ol cy !’

Equivalently, the mixed -Eulerian numbers are the mixed vo lumes of the -
hypersimplices,which are the weight polytopes for the fundamental weights.

For a sequenced = (i1;:::;in) 2 [n]", let us say that an increasing -tree (T;V)
is i-compatible if i,y 2 desc{; T ), for j =1;:::;n.
Theorem 18.5. Let (i1;:::;in) be any sequence such that;, ui, = uf ug.
Then o
_ 2" JWJ X\ | desc(j;T ). | desc(j;T )
Acl;:::;cn - n ( . ) T v )
i=1 s 1 (T;V)j:l

where the sum is oveli-compatible increasing -trees (T;V).

The proof of these results is based on the following recurrase relation for volumes
of weight polytopes. Let (j) := [njnfjg D€ the root system whose Dynkin diagram
is obtained by removing thej th node, and let W(;y := Wnntj 4 be the corresponding

Proposition 18.6. For i =1;:::;n, we have
iwj (i)
—V (ug;:ii;up) = ——— S(ULiiiiiup 1 Ujer ;i Un)
@u " j:1JW(j)J(j;!j) » : " "

Note that ( j;!'i)= 3( i ) 7:')=3Ci: i)
Proof. The derivative @V=@u is the rate of change of the volume of the weight
polytope as we move its generating vertex in the direction of the ith fundamental
weight ! ;. It can be written as the sum of (n  1)-dimensional volumes of facets

of Pw (x) scaled by some factors, which tell how fast the facets moveFacets of

Pw (x) have the form w(Pw,,, (X)), where j 2 [n] and w 2 W=W;,. In other words,
Pw (x) has j\JNVY,-])j facets isomorphic to Py, (x).
The facet Py, (x) is perpendicular to the fundamental weight! ;. Note that

this facet Pw,,, (x) is a parallel translate of PW(H(XO), where x° = uy! gj) + +

uy ! e+t @ andt )= 1 M9 Indeed, the fundamental
weights ! i“) for the root system (;) are projections of the fundamental weights! ;,
i 8 j, for to the hyperplane perpendicular to !;. Thus the (n 1)-dimensional
volume of this facet is VoIPw;, (X) = V ;,(U1;::55U; 13 Uj+1 57005 Un).

If we move x in the direction of a vector v, then the facet Py, (x) moves with
the velocity proportional to (v;!;). Recall that we normalize the volume so that
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the volume of the parallelepiped generated by the simple rot3 1;:::; , is 1; see
Section 4. Thus the scaling factor forv = ; is 1, and, in general, the scaling

factor is ((Vj”,!ij)). In particular, for v = !, we obtain the needed factor%. By
symmetry, all facets w(Pw ;, (x) come with the same factors.

Proof of Theorem 18.5. Fix a sequencei = (iy;:::;ip) such that u;, u;, =
ugt  uS. Then, by the de nition,
A oo @ @ V (ug;::ii;up)

Applying Proposition 18.6 repeatedly, we deduce thatA_, ..... equals the weighted

sum over i-compatible increasing -trees (T;V), where each tree comes with the
weight

Y QWid 2 (Hhenley

k=1 |JW|k;IJ ( jko jk) koK
whereji;:::;jn is the inverse permutation to v, I = desc(jx;T), and Iy, | =
1;2;:::, are the vertex sets of the branches of the vertexy in T. Note that all

terms in the rst quotient, except the term jWj, cancel each other. Thus we obtain
the expression in the right-hand side of Theorem 18.5.

right-hand side of Theorem 18.5 by% ui, Ui, and summing over all sequences

nojwjp X L .
T S incr(T)  (jdescl; T)j fesc(iT ) (U));
. i=l( [} I) T j=1

where the sum is over all -trees T and incr(T) is the numtajzr of increasing labeling
of T. Using Lemma 17.4, which says that incrT) = nl= " jdesc{; T )j, we derive
the needed statement.

For the Lie type An, Proposition 18.6 specializes to the following claim. Let s

write Vol P41 as a polynomial V41 (Ug;:::;uUn) in Ug; i Up
Proposition 18.7. Forany i =1;:::;n, we have@—%vn+1 (ug;::iup) =
X'n+l j(n+1 j
. 17( 1 J)Wti;j;n Vj(ul;'”;uj 1) Vn j+1(uj+1;"';un)y
=1 n+
where wtijn = min( J'— = ]' .
Proof. In this case, we haveW = Syi1, Viw = Vha (Ug;iiiiUn), Wiy = S
Sn+1 i, Pwp = P Pna g, and Vi, = Vi(uasiisiup 1) Vi e (Ujed 53005 Un).
Thus j\Jszli])j = “;'1 . The root system lives in the spacef (t1;:::;th+1) 2 R™™ j
ty + th+1 = 0g with the inner product induced from R"*!. In this space, the
simple roots are | = & €41 and the fundamental weights are! ; = e + +
& mr(Lisl), fori=15:0n. We have (j; j)=2and( j;!j)=1. Thus

iti) — . — i i ij — 1
ﬁ—(!iy!j)—mm(hl) niT _J(TT])Wti;j:n-
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Proof of Theorems 17.1 and 17.7.By Theorem 18.5 and proof of Proposition 18.7,
the mixed Eulerian number A, ..., equals the weighted sum overi-compatible

increasing binary trees, where each treeT; v) comes with the weight

 h+nth+1 ) o vy i+l g+l
hj+1 i |j+1 ' I j+1 '

(n+1)!
j=1

wherel;  r; are dened as in Section 17 andh; = jdesc(;T)j = r; |j +1.
All terms in the rst quotient, except the term ﬁ cancel each other. Note that
the product ~_, min('”j‘”Ij 'jfl ; ”,J, '”j“+)1+1) is exactly wt(i; T;v). Thus the total

weight of (T;v) equals (W +1)! —- wt(i; T;v), as needed.

19. Appendix: Lattice points and Euler-MacLaurin formula

In this section, we review some results of Brion [Bri], Khovanskii-Pukhlikov [KP1,
KP2], Guillemin [Gui], and Brion-Vergne [BV1, BV2] related to counting lattice
points and volumes of polytopes. For the completeness sakaye included short
proofs of these results.

Instead of calculating the volume or counting the number of kttice points in a
polytope, let us sum monomials over the lattice points in the polytope. We can
work with unbounded polyhedra, as well.

Recall that a polytope in R" is a convex hull of a nite set of vertices. A ratio-
nal polyhedronin R" is an intersection of a nite set of half-spaces with rationd
(equivalently, integer) coordinates. In particular, rati onal polyhedra include poly-
topes with rational vertices and rational cones, i.e., cones with a rational vertex
and integer generating vectors.

Let p :Z" ! Q be thecharacteristic function (restricted to the integer lattice)
of a polyhedronP given by p(x) =1,if x 2 P,and p(x) =0, if x 62P. The
algebra of rational polyhedraA is the linear space of functionsZ" ! R spanned by
the characteristic functions p of rational polyhedra. The spaceA is closed under
multiplications of functions, because p o = p\ . The algebraA is generated
by the Heaviside functionsHne = txjn(x) cg» Where h is an integer linear form
andc?2 Z.

The group algebra of the integer latticeZ" is the algebra of Laurent polynomials
Qlt, Lo it 1. Let Q(ty;:::;t,) be the eld of rational functions , which is the eld
of fractions of the group algebra. For a vectora2 Z", let t® := t§*  t2n.

Theorem 19.1. Khovanskii-Pukhlikov [KP1] There exists a unique linear map
S:A! Q(ty;:::;ty) such that

(@ S()=1,where = o is the delta-function.

(b) Forany 2 A anda2 Z", we haveS( (x a))= t2S().

The map S has the following properties:

(1) For a function on Z" with a nite support, we pave S()= P . (@t
In particular, for a polytope P, we haveS( p) = _,p, zn t%
(2) If 2 A is a b-periodic function for some nonzero vectorb 2 Z", i.e.,
(x) (x b), then S( ) = 0. Thus, for a rational polyhedron P that
contains a line, we haveS( p)=0.
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(3) For a simple rational coneC = v+ R o0 + + R oQm, wherev 2 Q"

and gi;:::;0m 2 Z" are linearly independent, we have
I
X T
S( c)= @ )5
a2 \zn i=1

where is the parallelepipedfv+ cigi+ +cnOnjO0 ¢ < 1g.

Proof. Let us rst check th@t conditions (a) and I{,b) imply propertie s (1), (2), and
(3). We have S( ) = S( , (@ (x a) = . (@)t?, for a function  with
a nite support. For a b-periodic functon 2 A, we haveS( ) = t°S( ) by
(b), and, thu§, S() = O'P Let us write, using the inclusion-exclusion principle,

= cp i C+g + p< C+a+g . Thus by (b)Qwe have S( ) =
SCc) ( it")S(c)+( g t979)S( ¢) =S( ¢) (@ t%) whichis
equivalent to (3).

Let us now prove the existence and uniqueness of the map. We can subdivide
any rational polyhedron P into rational simplices and simple rational cones. Fur-
thermore, we can present the characteristic function of a shplex as an alternating
sum of characteristic functions of simple rational cones. Tus we can write p
as a linear combination of characteristic functions of simpe rational cones. Since
conditions (a) and (b) imply expression (3) for S( ¢ ) for each simple rational cone,
the expressionS( p) is uniquely determined by linearity.

Let us verify that this construction for S is consistent. In other words, we need
to check that, for any linear dependencet;, ¢, + + by ¢, =0 of characteristic
functions of simple ration@ cones, we havé, S( ¢,)+ + by S( ¢, ) =0, where
each term S( ¢,) = fi j(1 tVi ) ! is given by expression (3). Heref; are
certain Laurent polynomials. Let us assume thatly ¢, + + by ¢y =0and
by S( (§1) + + bnS( ¢, )= f=D, wheref is a nonzero Laurent polynomial and
D= 74 (1 tYi)is the common denominator of the termsS( ¢,). Let us select

a norm on Z", for example,jaj ;== af+ + a2. Let R be a suciently large
number such that R > jaj for any monomial t? that geeurs inf or D with a Q?nzero

coe cient. We can write each term as S( ¢,) = jaj 3R Ci (a)td + f7 ]-(1

tVi ) 1, where, for any monomialt? that occurs in f7, we havejaj > 2R. Let us sum
the right-hand sides of these expressions with the coeF(;ietse . Thenthe rstterms
cancel and we obtainb S( ¢,) + +bnS( )= Y j(1 tvi) 1= f=D.
We deduce thatf is a linear combination of monomialst? with jaj > R, which
contradicts to our choice of R. This proves the existence and uniqueness of the
map S.

Let A°be the subspace in the algebra of rational polyhedra\ spanned by char-
acteristic functions p of rational polyhedra P that contain lines. According to
Theorem 19.1, we haveS(f) = 0, for any f 2 A% Thus we obtain a well-de ned
linear map S : A=A°! B.

For a rational polyhedron P and a point u 2 Z", let Cp., denote the rational
cone with the vertex at u such that P\ B = Cp,, \ B for a su ciently small open
neighborhood B of u. Notice that ¢,, 62A°if and only if u is a vertex of the
polyhedron P.

For an analytic function f (t) de ned in a neighborhood of 0, let t"]f (t) de-

note the coe cient of t" in its Taylor expansion. Notice that te =1+ % +
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P _ . . :
i:l ( 1k 1By % is an analytic function at t = 0, where By are the Bernoulli

numbers.

Theorem 19.2. Brion [Bri], Khovanskii-Pukhlikov [KBl]

(1) For any rational polyhedron P, we have p v2v Cey Modulo the sub-
spaceA°, where the surg,,is over the vertex se¥ of P.
(2) We haveS(P)= 5y S(Cp,). In particular, for a simple rational polyhe-
dron P, we have
P
( ) x a2 \ zn Za
S(P) = Qr=r=;
v2v in:1  zo)
where the sum is over verticey of P, gi.v;:::;0ny 2 Z" are the integer generators

of the coneCp.,, and = fv+ cigsy + +COv JO G < lg.

(3) For a simple rational polytope P, the number of lattice points in P equals

!
#fP\Z”g:[t”](x g " ;)
h iv
v2V a2 \2zZn i=1 1 ehio)

whereh 2 (R") is any linear form such that h(g;.y ) 6 0, for all vectors g; .

(4) The volume of a simple rational polytopeP equals

1 X jdet(guy; 1 Gnv )i h(V)"
VolP = = TR g ;
n! ( )" T h(gv)

Tv2v
wheredet(gi.v;:::; Onv ) iS the determinant of then n-matrix with the row vectors
giv and h 2 (R") is any linear form such that h(g;, ) 6 O, for all vectors gy .

The formula for the sum of exponentsS(P) was rst obtained by M. Brion [Bri].
The formula for Vol P was given by Khovanskii-Pukhlikov [KP2] (in case of Delzant
polytopes) and by Brion-Vergne [BV1] in general.

Proof. (1) As we have mentioned in the proof of Theorem 19.1, we can \ite the
characteristic function of a rational ponhedrorbas a nite linear combination of

characteristic functions of rational cones: p = ;b ¢,. Let U V be the set of
vertices of all conesC;. For u 2 L,}, let I, be the collection of indicesi such that the
coneC; has the vertexu. Then  ,, b ¢, ceo (Mod A9. Also c,, 2 A°

for u2 U nV. This proves the claim.
(2) This claim follows from (1) and Theorem 19.1.
(3) Let us pick a linear form h that does not annihilate any of the vectorsg;, .

such that h(b) 6 0. Let e, : B! R((qg)) be the homomorphism from B to the ring
of formal Laurent series in one variableq given by z2 7! €1 "(® and 5 7! -
Let us apply the homomorphisme, to the expression forS(P) given by (2). Then
the number of lattice points # f P\ Z"g is the constant coe cient of the resulting
Laurent series. This is exactly the need claim.

(4) The volume of a polytope P can be calculated by counting the number
of lattice points in the in ated polytope kP for large k. Explicitly, Vol P =
limgn #fkP\ Z"g=k". The vertices of the in ated polytope kP are the vec-
tors kv, for v 2 V, and the generators of the coneCypy are exactly the same
vectors g, as for the original polytope P. We may assume that the limit is




56 ALEXANDER POSTNIKOV

taken over k's such that all vectors kv are integer. Each Srm in the expyes-
sion for #fkP \ Z"g given by (3) has the form "] et M(kv+a®) <n W =
o ,

n
[t] e h(kv+a?) Qinzl( rey * O(t) , wherea®2 (v Vv)\ Z". Sincek appears
only in the rst exponent, this expression is a polynomial in k of degreen with the
top term k" Lhv)"( 1)" T, W . There arejdet(giy;:: ;0w )i = | vi
choices fora®. Thus summing these expressions over aW and a° we obtain the
needed expression for VdP.

is a polytope of the form P°= ConvexHull(v{;:::;vy ) 2 R" such that v v =
kij (vi vj), for some nonnegativekj 2 R o, whenever [;;v;] is a 1-dimensional
edge ofP. A generic deformation of P has the same combinatorial structure asP.
However in degenerate cases some of the vertice$ may merge with each other.
Deformations of P are obtained by parallel translations of its facets. Suppos
that the polytope P hasN facets and is given by the linear inequalitiesP = fx 2

R" j hi(x) G; i =1;:::;Ng, for someh; 2 (R") and ¢ 2 R. Then any

cone in RN that we call the deformation cone If P is a simple polytope then
Dp has dimensionN, because any su ciently small parallel translations of the

fan coincides with the fan of P.

A simple integer polytope P is called aDelzant polytopeif, for each vertex v of
P, the coneCp., is generated by an integer basis of the latticez". Such polytopes
are associated with smooth toric varieties. Formulas in Th@rem 19.2 are especially
simple for Delzant polytopes. Indeed, in this case , \ Z" consists of a single

pick the linear forms h; corresponding to the facets ofP so that h; are integer and
are not divisible by a nontrivial integer factor.

Let Ip(z1;:::;zn) =# TP (z1;:::;2zn)\ Z"g be the number of lattice points and
Vp(z1;:::;2zn) = Vol P(zy;:::;2zy) be the volume of a deformation ofP.

Let Todd(q) = 2. Since Todd(g) expands as a Taylor series aig = 0, we
have the well-de ned operators Todd @—@Z acting on polynomials in z3;:::;zn .

number of lattice points|p (z1;:::;zn) and the volumeVp (z1;:::;2zy ) are given by
polynomials in z3;:::;zy of degreen. The polynomial Vp (z1;:::;2zn) is the top
homogeneous component of the polynomidk (z3;:::;2n).

Z N ) = dd — Z Z
| yaae, = o \Y/ AR .
p(l N) - @z P(l N)
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parallel translation of its facets results in a simple polytope. ThusP can be thought
of as a degenerate deformation of a simple polytope and the alve argument works.
(2) For a simple polytope P, we have
@ . _ i Okv;, If v belongs to thei-th facet;
7Vl (z;::52n) 0 otherwise
for some positive constants j , where gy, is the only generator of the coneCp,,
that is not contained in the i-th facet. Indeed, a small parallel translation of thei-th
facet, moves each vertexy; in this facet in the direction opposite to the generator

gkv; and does not change all other vertices. IfP is a Delzant polytope then all
constants j are equal to 1. In this case, by Theor%m 19.2(4), we have

1 X hy (735:::20))" :[tn]<>M eth(w;l:m”)) )
= o, ( 1)nY':1 h(giv,);
j=1 : :

nt,, € D" iz h(Giv,)
The only term in this expression that involves z;'s is the exponente! M(Vi (21552 n)

For an analytic function f (g), the operator f @_@z maps this exponent to
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