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AFFINE WEYL GROUPS IN K-THEORY AND
REPRESENTATION THEORY

CRISTIAN LENART AND ALEXANDER POSTNIKOV

Abstract. We give an explicit combinatorial Chevalley-type formula f  or the
equivariant K -theory of generalized ag varieties G=P. The formula implies a
simple combinatorial model for the characters of the irredu  cible representations
of G and, more generally, for the Demazure characters. The const ruction is
given in terms of a certain R-matrix, that is, a collection of operators satisfying
the Yang-Baxter equation. It reduces to combinatorics of de compositions in
the ane Weyl group and enumeration of saturated chains in th e Bruhat
order on the (nona ne) Weyl group. The formula implies sever  al symmetries
of coe cients in the equivariant K -theory. We derive a Pieri-type formula and
a dual Chevalley-type formula for this ring. The paper conta ins some other
applications and examples. Finally, we conjecture a Pieri- type formula for the
quantum K -theory of G=B. The proofs are completely combinatorial.
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1. Introduction

The Chevalley formula [CheV] from Schubert calculus expreses the products of
the classes of Schubert varieties with the classes of certaline bundles in the coho-
mology ring of the generalized ag variety G=B, where G is a complex semisimple
Lie group and B is a Borel subgroup. This formula implies a rule for products
of special Schubert classes with arbitrary Schubert classe known as Monk's rule
in type A. Fulton and Lascoux [FuLa] extended this formula to the equwariant
Grothendieck ring K+ (SL,=B) of the classical ag variety, using combinatorics of
Young tableaux, cf. [Led] for another Monk-type formula in K (SL,=B). Pittie and
Ram [PIRa] extended the Chevalley formula to the equivariart Grothendieck ring
K1 (G=B) using LS-paths, which are special cases of Littelmann path. However,
the Pittie-Ram formula is often hard to use for explicit calculations. It works for
dominant weights only and involves some nontrivial recursve procedures. In this
article, we present a simple nonrecursive combinatorial Chvalley-type formula for
products in the equivariant Grothendieck ring K1 (G=P), where P is a parabolic
subgroup in G. Our formula implies a nonnegative combinatorial model for the
characters of the irreducible representations ofs and for the Demazure characters.
This model is more e cient computationally than other known models for charac-
ters, such as the Littelmann path model. Our formula easily explains two symme-
tries of Chevalley coe cients in the equivariant K -theory, clari es their connection
with a Pieri-type formula in this ring, and implies positivi ty (or negativity) of these
coe cients. One of these symmetries was earlier derived by Bon [Brion] using a
nontrivial geometric argument. Our formula is based on a cdection of operators
that satisfy the Yang-Baxter equation. Its proof is completely elementary. It does
not rely on any geometric arguments. It just uses combinatoics of the a ne Weyl
group and some algebraic manipulations withR-matrices and Demazure operators.

Littelmann paths give a model for the characters of the irrecucible representa-
tions V of G. Littelmann [LitL ILif2]lshowed that the characters can be described
by counting certain continuous paths in hgy. These paths are constructed recursively
starting with an initial one, by using certain operators acting on them, which are
known as root operators. By making speci c choices for the iitial path, one can
obtain special cases which are described combinatoriallyOne such class of paths,
corresponding to a straight line initial path, is known as the class of Lakshmibai-
Seshadri paths (LS-paths). These paths were introduced befe Littelmann's work,
in the context of standard monomial theory [LaSe]. They havea nonrecursive
characterization in terms of the Bruhat order on the quotient W=W of the corre-
sponding Weyl group W modulo the stabilizer W of . Recently, Gaussent and
Littelmann [GaLlll motivated by the study of Mirkove-Vil onen cycles, de ned an-
other combinatorial model for the irreducible characters d a complex semisimple



AFFINE WEYL GROUPS IN K -THEORY AND REPRESENTATION THEORY 3

Lie group. This model is based on LS-galleries, which are c&in sequences of faces
of alcoves for the corresponding a ne Weyl group.

A geometric application of LS-paths was given by Pittie and Ram [PiRal, who
used them to derive a Chevalley-type multiplication formula in the T-equivariant
K -theory of the generalized ag variety G=B. Let K1 (G=B) be the Grothendieck
ring of T-equivariant coherent sheaves onG=B. According to Kostant and Ku-
mar [KoKu], the ring K1 (G=B) is a free module over the representation ringR(T)
of the maximal torus, with basis given by the classesQy], w 2 W, of structure
sheaves of Schubert varieties. Pittie and Ram showed that th basis expansion of
the product of [Oy] with the class [L ] of a line bundle, for a dominant weight
can be expressed as a nonnegative sum over certain special-p&ths. The fact that
the product in the Pittie-Ram formula expands as a nonnegatve linear combina-
tion was also explained geometrically by Brion [Briorl] and Mathieu [Mat]. The
coe cients in the Pittie-Ram formula were identi ed as cert ain characters by Lak-
shmibai and Littelmann [LaLill using geometry. Littelmann and Seshadri [LiSé]
showed that the Pittie-Ram formula is a consequence of starard monomial the-
ory [CLM/] LaSe] [Lif3], and, furthermore, that it is almost eq uivalent to standard
monomial theory.

In this paper, we present an alternative simple Chevalley-ype formula® for the
product of [Oy] and [L ] in the equivariant Grothendieck ring K+ (G=P). The
formula is based on enumerating certainsaturated chains in the Bruhat order on
the corresponding Weyl groupW. This enumeration is determined by analcove
path, which is a sequence of adjacent alcoves for the a ne Weyl grop W, of
the Langland's dual group G-. Alcove paths correspond to decompositions of
elements in the a ne Weyl group into products of generators. Our Chevalley-type
formula is conveniently formulated in terms of a certain R-matrix, that is, in terms
of a collection of operators satisfying theYang-Baxter equation We express the
operator E  of multiplication by the class of a line bundle [L ] as a composition
Rl ! of elements of theR-matrix given by a certain alcove path. In order to prove
the formula, we simply verify that the operators R ! satisfy the same commutation
relations with the elementary Demazure operatorsT; as the operatorsk .

Our equivariant K -theory Chevalley formula has the following nice features.

The formula works for line bundles corresponding to arbitrary weights. The
Pittie-Ram formula works for dominant weights only. Note th at several
applications require to work with nhondominant weights.

For dominant weights , our formula implies a simple combinatorial model
for the characters of the irreducible representationsV and for the De-
mazure charactersch(V.y ).

The formula is equally simple for regular and nonregular wejhts. Note
that the de nitions of LS-paths and LS-galleries are more canplicated for
nonregular weights. There are some extra choices involvedat add to their
computational complexity. Furthermore, the Pittie-Ram fo rmula and stan-
dard monomial theory require Deodhar's lift operators W=wW ! W from
cosets moduloW , which are de ned by a nontrivial recursive procedure
[DeoZ]. The picture becomes even more complicated f@&=P when, besides

INotational remark: We call a rule for[ L ] [Ow]a Chevalley-type formula and reserve the term
Pieri-type formula for a rule for products [ Ow s;] [Ow] of special classes Pw s;] with arbitrary
classes Pw]. Note that Pittie and Ram called their rule for[ L ] [Ow] a Pieri-Chevalley formula.
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W , there is another parabolic subgroup involved. In our constuction, no
lift operators are needed, since we are working iW.

Our formula easily implies a Pieri-type formula for products of the classes
[Ow] with the special classes for codimension one Schubert vaties. Indeed,
the special classes are expressed in terms of the classesiné lbundles for
the negative fundamental weights. It is more di cult to appl y the Pittie-
Ram formula for this computation, because the latter formula makes sense
for dominant weights only.

The present model facilitates the study of certain symmetres of coe cients
in the equivariant K -theory, which is not easily carried out based on other
methods.

Our formula immediately implies the dual Chevalley-type formula for prod-
ucts of [L ] with elements of the dual basis tof [Oy]] w 2 Wg.

The independence of our formula from the choice of an alcovegth follows
from the fact that the R-matrices used in the construction satisfy the Yang
Baxter equation. No such explanation is available for the oher models.
The proof of the formula is completely algebraic/combinatarial.

As a preview of our main result, let us present here a formuladr the product
[L ] [Ow] of classes in the usual (nonequivariant) Grothendieck rig? K (G=B).
Let A be the a ne Coxeter arrangement for the Langland's dual group G-. The
regions of A, called alcoves, correspond to the elements of the a ne Weylgroup
W, . Fix a weight . Let (t) be a continuous path in h; that connects a point

(0) inside the fundamental alcove with the point (1) = (0) . Assume that
(t) does not pass through pairwise intersections of hyperplags inA. Ast changes
from O to 1, the path (t) crosses the hyperplane#d;:::;H; 2 A. Let ; be the
root perpendicular to H; with the opposite orientation to the path (t). We call a

sequence of roots (1;:::; |) obtained in such a way a -chain. Actually, -chains
are in a bijective correspondence with decompositions of aertain elementv  of
the a ne Weyl group into products v =s;; s, of the generators ofW, .

For positive roots 2 *, let us de ne the Bruhat operators B that act on the
Grothendieck ring K (G=B) by

(0] if “(ws )= "(w) 1
B :[04]7! [Ows ] ( _) (w)
0 otherwise.
Alsolet B = B . These operators are specializations of the quantum Bruhat
operators from [BEP]. The operators 1 +B satisfy the Yang-Baxter equation.

Theorem 1.1. (K -theory Chevalley formula) Let be any weight (dominant or

w2 W, we have
L] Owl=@2+B,) @+B ,)[Ouw]
in the Grothendieck ring K (G=B).

The number of times a root appears in the -chain ( 1;:::; |) minus the
number of times appears in the -chain equq{a (; -). Thus the linear part of
the expansionof (1+B |) (1+B ,)isprecisely . ,(; -)B . Thislinear part

2The ring K (G=B) is not related to Russian security services.
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produces the classical Chevalley formula for products of elsses in the cohomology
ring H (G=B).
We say that a -chain is reduced if it has minimal possible length. Reduced

-chains correspond to reduced decompositions in the a ne Wegl group. If is
a dominant weight, then all roots in a reduced -chain are positive. In this case,
Theorem[L] involves only positive terms. If is an anti-dominant weight, then all
roots in a reduced -chain are negative. In this case, the sign of the coe cient d
[Ow]in[L ] [Ou] equals ( 1) (W) ™) and Theorem[IZl gives a subtraction-free
expression for this coe cient.

fundamental weights, and letw be the longest element inW. The special classes
[Ow s;] 2 K(G=B) for codimension one Schubert varieties can be expressed as
[Ows]=1 [L ,,]. Notethat( 1;:::; 1)isa -chainifandonlyif( ;:::; 1)
isa( )-chain.

Corollary 1.2. (K -theory Pieri formula) Let us x a simple re ection s;. Let

Ows] [Owl=1 @ B,) @ B )([Ow])
in the Grothendieck ring K (G=B).

The special classey s, ] generate the Grothendieck ringk (G=B). Thus Corol-
lary 2 gives a complete characterization of the multipliative structure of the
Grothendieck ring.

Our construction was developed independently of the LS-gd¢ries of Gaussent
and Littelmann [GaLil. Learning about the latter prompted u s to subsequently
reformulate the model for characters ofV that follows from our formula by using
admissible foldings of galleries. For regular weights, ouadmissible foldings are
similar (but not equivalent!) to LS-galleries. However, for nonregular weights,
these two models diverge. Our model is simpler and more e ciat computationally
than the models based on LS-paths and LS-galleries. It elimiates several choices
that appear in the de nitions of LS-galleries and LS-paths. Also it is harder to
work with sequences of lower dimensional faces of alcovesStgalleries) than with
reduced decompositions in the a ne Weyl group (our model). Note that we cannot
discard the case of nonregular weights as something of lesgportance than regular
weights. The fundamental weights, which are highly nonreglar, are, in a sense,
the most important weights for our purposes. Indeed, these wights appear in
Pieri-type product formulas. Also note that LS-galleries were not applied to the
Demazure characters and to theK -theoretic Chevalley formula.

In a forthcoming publication [LePo], we are planning to devdop the combinato-
rial model introduced in this paper entirely within representation theory, describe
root operators, derive an explicit Littlewood-Richardson rule for decomposing ten-
sor products of irreducible representations, and investigte the relationship of this
model with the Littelmann path model.

The general outline of the paper is as follows. In Sectiofl2, & review basic
notions related to roots systems and x our notation. In Section [3, we present
some background on the Grothendieck ringK + (G=B). In Section @, we discuss
the relationship between the Grothendieck ring and the Demaure characters. In
Section[®, we remind a few facts about a ne Weyl groups. In patticular, we show
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that decompositions of a ne Weyl group elements correspondto sequences of ad-
jacent alcoves, which we call alcove paths. In Sectiofll 6, wetate our combinatorial
formula for products in equivariant K -theory, that is, our K1-Chevalley formula.
As a corollary of the Kt -Chevalley formula, we obtain a combinatorial model for
the characters of the irreducible representationsv and for the Demazure charac-
ters. In Section[d, we extend theK 1 -Chevalley formula to equivariant K -theory of
G=P. In Section[d, we present several applications of ouK 1-Chevalley formula.
We derive the K t-Pieri formula for the product of an arbitrary class [Oy] with
a special classQy s, ]. We gave the dualK 1-Chevalley formula. Then we study
two symmetries of the coe cients in the K+t -Chevalley formula. In the following
sections, we develop tools needed to reformulate our rule ia compact operator
notation and to prove this rule. In Section @, we discuss the ng-Baxter equa-
tion. In Section [0, we construct a certainR-matrix and show that it satis es the
Yang-Baxter equation. In Section[I1, we derive commutationrelations between
the elements of the R-matrix and the Demazure operators T;. These commuta-
tion relations are the core of the proof of our formula. In Setion we de ne
compositionsRL 1 of elements of theR-matrix. We use tail- ips of alcove paths to
prove that the operators Rl 1 satisfy the same commutation relations with T; as
the operatorsE . In Section[I3, we reformulate and prove our main result|the
K 1 -Chevalley formulajusing the R-matrix notation. We show that Rl ! coincides
with the operator E of multiplication by [ L ] in the Grothendieck ring K1 (G=B).
In Section[I4, we use central points of alcoves to prove the ed@valence of the two
formulations of our main result. In Sections[I$ and_Ib, we gig several examples for
types A, B, C, and G,. In Section[I1, we conjecture a natural generalization of ou
K -theory Pieri formula to quantum K -theory. In Appendix we reformulate our
model for characters using admissible foldings of gallerseand compare our model
with LS-galleries and LS-paths.

Acknowledgments:  We are indebted to Shrawan Kumar for several geometric
explanations and useful suggestions. We are grateful to V. dkshmibai for inter-
esting discussions and thoughtful comments. We thank AllenKnutson, Yuan-Pin
Lee, and Andrei Zelevinsky for helpful remarks.

2. Notation

Let G be a connected, simply connected, simple complex Lie group.Fix a
Borel subgroup B and a maximal torus T suchthat G B T. Let h be the
corresponding Cartan subalgebra of the Lie algebray of G. Let r be the rank of

the Cartan subalgebrah. Let h be the corresponding irreducibleroot system
Let hy h be the real span of the roots. Let * be the set of positive
roots corresponding to our choice ofB. Then is the disjoint union of * and

= *.Let g1;:::; v 2 * be the correspondingsimple roots They form a
basis ofh. Let (; ) denote the nondegenerate scalar product o induced by
the Killing form. Given aroot , the correspondingcorootis - :=2 =(; ). The
collection of coroots - :=f -j 2 gforms the dual root system.

The Weyl group W Aut( hg) of the Lie group G is generated by the re ections
s :hg! hg,for 2, given by

s 7 (; -):
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sponding to the simple rootss; := s ,, subject to the Coxeter relations:

where mj; is half of the order of the dihedral subgroup generated bys; and s;.
An expression of a Weyl group elementv as a product of generatorsw = si,  sj,
which has minimal length is called areduced decompositiorfor w; its length ~(w) = |
is called the length of w. The Weyl group contains a unique longest elementw
with maximal length “(w ) = j *j. For u;w 2 W, we say that u covers w, and
write umw, if w= us , forsome 2 *,and (u) = “(w)+ 1. The transitive
closure \>" of the relation \ m" is called the Bruhat order on W.
The weight lattice is given by

(2.1) = f 2hgj(; -)2Zforany 2 g
The weight lattice is generated by the fundamental weights! 1;:::;!, which
are de ned as the elements of the dual basis to the basis of siphe coroots, i.e.,
(Yi; 7)= . The set * of dominant weightsis given by
*=f 2 j(; -) Oforany 2 *g
Let = !+ + 1, = % o, + . The height of a coroot - 2 - is
(; -)=¢c+ +cif -=c¢ 1+ + ¢ +. Since we assumed that is

irreducible, there is a uniquehighest coroot - 2 - that has maximal height. The
dual Coxeter numberish- :=(; -)+1.

3. Equivariant K -theory of generalized flag varieties

In this section, we remind a few facts about the Grothendieckring K+ (G=B).
For more details on the Grothendieck ring, we refer to Kostat and Kumar [KoKul}
see also Pittie and Ram[[PIRa].

The generalized ag variety G=B is a smooth projective variety. It decomposes
into a disjoint union of Schubert cellsX,, := BwB=B indexed by elementsw 2 W
of the Weyl group. The closures of Schubert cellX,, := X, are called Schubert
varieties. We have u > w in the Bruhat order (de ned as above) if and only if
Xy Xw. Let Oy := Ox, be the structure sheaf of the Schubert varietyX,.

Let Z[] be the group algebra of the weight lattice . It has a Z-basis of for-
mal exponentsfe j 2 g with multiplicaton e e = e™* , e, Z[] =
Z[e '1; ;e 'r]is the algebra of Laurent polynomials inr variables. The group
of charactersX = X (T) of the maximal torus T is isomorphic to the weight lat-
tice . Its group algebra Z[X] = R(T) is the representation ring of T. The rings
Z[] and Z[X] are isomorphic. (However we will distinguish these two rirgs.)
Let us denote by x the element of Z[X] corresponding toe 2 Z[]. Thus
Z[X]1= Z[x '*; ;x '"]. LetL := G g C be the line bundle over G=B
associated with the weight , whereB acts onG by right multiplications, and the B-
actiononC = C is the one-dimensional representation with charactex 2 Z[X].
(The character x  of T extends to B by de ning it to be identically one on the
commutator subgroup [B; B ]).

Denote by K 1 (G=B) the Grothendieck ring of coherentT -equivariant sheaves on
G=B. According to Kostant and Kumar [KoKu]l the Grothendieck ri ng K+ (G=B)
is a free Z[X ]-module, and the classesQy] 2 K+ (G=B) of the structure sheaves
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Oy form its Z[X ]-basis. The classed] ] of the line bundlesL also spanK 1 (G=B)
as aZ[X ]-module.

We now discuss the presentation of the Grothendieck rind + (G=B) as a quotient
ofZ[X] Z[]. The Weyl group W acts on the group algebraZ[]by w(e ):= e¥( ),
Let Z[]1 W be the subalgebra ofW -invariant elements. The tensor product Z[X ]
Z[]is the algebra of Laurent polynomials in 2r variablesx' *;:::;x' r;€ 1;:::;€'r
with integer coe cients. Let i:Z[] ! Z[X] be the natural |somorphism given by
i(e ):= x . Letl betheidealinZ[X] Z[]generated by the following elements:

= i(f) 1 1 fjf2z[ W
The Grothendieck ring K 1+ (G=B) is canonically isomorphic to the quotient ring
3.1) Kr(G=B)" (Z[X] Z[]) =I:
The isomorphism is given by theZ[X ]-linear map [L ] 7! e 2
It is possible to express all classeg],,] as Laurent polynomlals in Z[X] Z[] by

choosing a representative of the clas<];] and by applying Demazure operators, as
described below. The action of the Weyl group onZ[] de ned above is extended

Z[X]-linearly to Z[X] Z[]. For i=1;:::;r, the elementary Demazure operator
Ti 1 Z[X] Z[]1 ! Z[X] Z[]isthe Z[X]-linear operator given by

ey [oe isi(f)
(3.2) Ti(f):= T e

Note that the numerator is always divisible by the denominator?, so the right-hand
side is a valid expression in the algebr&Z[X] Z[]. One can verify directly from
the de nition that the operators T; satisfy the following relations:

(3.3) T2=T;
(3.4) (TyT)™ =1,
(3.5) Ti(fg)=f Ti(g); ifsi(f)="f:

Equations (Z3) and (Z3) imply that the operators T, give an action of the corre-
sponding Hecke algebraH  specialized atq = 0, e.g., see[[Hum]. Equation [35)
implies that the operators T; preserve the ideall. Thus the elementary De-
mazure operatorsT; induce operators acting on the Grothendieck ringk + (G=B) '
(Z[X]1 Z[] =, which will be denoted by the same symbols.

For a reduced decompositionw = s;; s;, 2 W, the Demazure operator Ty, is
de ned as the following composition of elementary Demazureoperators:

(3.6) Tw =Ty, T

The Coxeter relations {34) imply that the operator T,, depends only onw, not on
the choice of a reduced decomposition. Equation{313) impés that an arbitrary
product T;,  T;, reduces toT, for somew 2 W. Kostant and Kumar [KoKu]
showed that, for anyw 2 W,

(3.7) [Ow]= Ty 1([O1]):
For type A, the elementary Demazure operatord; are also calledsobaric divided
di erence operators. The polynomial representatives of the structure sheavesQ,,]

obtained by applying these operators to a certain polynomiarepresentative of [O4]
are the double Grothendieck polynomialof Lascoux and Schatzenberger[LaSc].

3Check this for f = e .
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The product [L ] [O,] in the Grothendieck ring K 1+ (G=B) can be written as a
nite sum

X
(3.8) [L ] [Ou]= Ciw X [Owl;
w2W; 2

wherec;,, are some integer coe cients. We will call these coe cients K 1 -Chevalley
coe cients, because they extend the coe cients in the usual Chevalley fomula, as
shown below in this section. In this paper, we present an exjdit combinatorial

formula for c;.,, , see Theorem§®ll andT3.1. We will see that., =0 unlessw u
in the Bruhat order, and that c;, = ; . If is a dominant weight, then we will
see that all coe cients c;,, are nonnegative. In this case, Pittie and Ram [PIR@]
showed thatc;,, count certain LS-paths, cf. also Lakshmibai-Littelmann [LaLi] and
Littelmann-Seshadri [LiS€].

For a weight ,let E : f 7! e f be the operator of multiplication by the
exponente in the ring Z[X] Z[]. The induced operator on K+t (G=B), which
will be denoted by the same symbolE , acts as the operator of multiplication by
the class [ ] of a line bundle. It follows from the de nitions that E and T; satisfy
the following commutation relation:

E Esi()
(3.9) ETi=TE"O+ ——————
The quotient in this expression expands as the Laurent polyomial
E Esi() _ X _— X —
1 E '
0 k< (; 1) (i 1) k<O

Also, we have
(3.10) E ([O1]) = x [O4]:

Let H be the ring generated by the operatorsTy;:::;T, andE , 2 . Then
H is described by relations [3B), [32), and [ID), i.e.H is a certain degeneration
of the a ne Hecke algebra. This follows from the fact that the elementsT,, 1E ,
w2 W, 2 ,forma Z-basisoffd. Indeed, according to the relations, the elements
Tw :E spanH. On the other hand, these elements are linearly independent
becauseT,, :E ([O1]) = x [Ow]-

Using the commutation relation in (B9) repeatedly, we obtan, for any u 2 W
and 2 , the following identity in the)r(ing H:
(3.11) E T,:= Ciw Tw 1 E ;

w2Ww, 2

for some integer coe cients c;,, . Applying both sides of this expression to the
class P4] and using (31) and [31D), we deduce that the coe cientsc;,, in (BXI)
are equal to the K 1 -Chevalley coe cients in (E8].

The commutation relation (B9) gives a recursive procedurefor calculating the
product [L ] [Oy]in K1 (G=B). In this paper, we present a simple nonrecursive rule

for this product. The proof of our rule is based on the followng trivial observation,
which is implied by the above discussion.

Lemma 3.1. Let A be an algebra that contain&Z[X ], and let K" = K1 (G=B) z[x]
A. The action of the Demazure operatorsT; extendsA-linearly to K. Suppose
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that R , 2 ,is a family of A-linear operators acting on the spaceK such that
relations (B9) and (BI0) hold with E replaced byR . Then the operator R
preservesK 1 (G=B) K and coincides withE for all

Proof. The conditions imply that relation (IT] holds with E replaced byR .
Applying this expression to [O1], we deduce thatR ([Oy]) = E ([Oy]), for any
u2w.

Let us also mention another basis ofK 1 (G=B) studied by Kostant and Ku-
mar [KoKu], see also recent paperIGrRRa] by Grieth and Ram. One can easily

check that the map givenby :T; 711 T;,i=1;:::;r,and :E 7'E

is an automorphism of the ring . In other words, the operators”; =1  T;, for
i =1;:::;r, satisfy relations (33), (34), and (33) with T; replaced by"; and E
replaced byE . Thus one can correctly de ne the elements'y, := ";, ", 2 H,

for a reduced decompositionw = s;;, s, 2 W. For w 2 W, let [l ] be the
element of K + (G=B) given by

(3.12) fwl="w +([O1]):
According to Kostant and Kumar [KoKu]l the elements [I ], w 2 W, form a Z[X ]-

basis of K1 (G=B). If follows from [KoKu] that the bases f[l ] j w 2 Wg and
f[Ow]jw 2 Wg are related to each other, as follows:

X
[lw]= ( 1)‘(u)[ou] and [Ow] = ( 1)‘(u)[| ult
u w u w

The fact that these two relations are equivalent to each othe is basically the state-
ment of Verma's result [Ver] about Mebius inversion on the Bruhat order.

The element || w] can be described geometrically as the class of the shekf, =
kx. given by the exact sequence 01 x, 'O x, 'O @x, ! 0, where@X, =

uew Xu is the boundary of the Schubert variety X,. Brion and Lakshmibai [BrLa]
showed that the classesl|, ] form the dual basis tof [Oy] j w 2 W g with respect to
the natural intersection pairing in K -theory.

Applying the above involution toxboth sides of [311), we obtain

E ",:= Ciw "w 1 E
w2WwW; 2

Then applying both sides of this relation to [O;], we immediately deduce the fol-
lowing dual form of (38)

X
(3.13) L 10d= G X [ul:
w2WwW,; 2
wherec;,, are the sameK 1-Chevalley coe cients as those in (38) and (Z11).

Note that relations (B3), (B2), and (BJ) in the algebra 1 are equivalent to the
relations obtained from them by reversing the order of all tems. This symmetry
of the relations implies that the expreision

(3.14) T.E = Cow E Tw
w2W; 2
has the sameK 1 -Chevalley coe cients c;., -

The (nonequivariant) Grothendieck ring K (G=B) of coherent sheaves orG=B
can be obtained by the specializatiork 7! 1, forall ,i.e., by ignoring all exponents
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X in equivariant K -theory. This ring has a Z-basis of the classes(,,] of the
structure sheavesO,,, w 2 W. By a slight abuse of notation, we will use the same
symbols Oy ] and [L ] for classes inK (G=B) as in equivariant K -theory.

Let us also recall the way in which Schubert calculus in cohoralogy can be re-
covered fromK -theory. Let H (G=B) := H (G=B; Q) be the cohomology ring of
G=B with rational coe cients. It has a linear basis of classes of Schubert vari-
eties Xy], w 2 W, called Schubert classes.The cohomology ring is Z-graded by
deg(Xw]) =2("(w) “(w). Let hy h be the Q-span of the weight lattice ,
and let Sym(hg) be its symmetric algebra, i.e., the ring of polynomials onhg. The
classicalBorel theorem says that the cohomology ringH (G=B) is isomorphic to
the following quotient of the symmetric algebra:

H (G=B)' Sym(hg)=J ;

whereJ = f 2 Sym(hQ)W jf(0)=0 is the ideal generated by W -invariant
polynomials without constant term. The isomorphism identi es the Chern class
[ 12 H?(G=B) of the line bundle L with the coset of modulo J . The product
of [ ] and a Schubert class X,] in the cohomology ring is given by the following
classical formula due to Chevalley [Ck)l(ev]:

(3.15) [] [Xul= (; ) Xus I
2 %% (us )="(u) 1

The Chern character is the ring isomorphism ChCh : K(G=B) Q! H (G=B)
that sends the classe = [L ] 2 K(G=B) of the line bundle L to exp[ ] :=
1+ J+[ 1?=2'+ 2 H (G=B). Then

ChCh([Ow]) = [ Xw] + higher degree terms

This shows that the Chevalley formula (Z7I8) for the product[ ][Xy]inH (G=B)
is obtained from the expression[ ] [Oy] [Oy]in K1 (G=B) by expanding it us-
ing @8), ignoring the exponentsx , applying the Chern character map, and then
extracting terms of degree deg(K,])+2. In other words, for 2 , u2w, 2 *
such that “(us )= “(u) 1, the coe cien)t(in the Chevalley formula equals

(3.16) (; -)= CLi;us
2

A rule for computing the coe cients ¢;,, can be thought of as a generalization of
the Chevalley formula to T-equivariant K -theory.

Remark 3.2. In fact, Pittie and Ram [PIRa] worked in a more general setup than
the Grothendieck ring K1 (G=B). Their construction implies that the same K-
Chevalley coe cients c;., as in (33) give the product of classes oL and Oy in
the K -theory of a G=B-bundle over a smooth base. Thus, the results of the present
paper apply to this more general case as well.

4. Demazure characters

Lakshmibai-Littelmann [LaLiland Littelmann-Seshadri [L_iS€] indicated that the
product [L ] [Oy] in the Grothendieck ring K1 (G=B) is related to representa-
tion theory. This relation is also implicit in the Pittie-Ra m formula [PIRa]. Ku-
mar [Kum] pointed out that the Demazure characters can be expessed in terms of
the Kt -Chevalley coe cients, as shown below.
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For a dominant weight 2 *,let V denote the nite dimensional irreducible
representation of the Lie groupG with highest weight . For 2 * andw2 W,
the Demazure moduleV., is the B-module that is dual to the space of global
sections of the line bundleL on the Schubert variety X,,:

(4.1) Vi = HOXy;L ) :

For the longest Weyl group elementw = w , the spaceV,, = H%G=B;L ) has
the structure of a G-module. The classicalBorel-Weil theorem says that V., is
isomorphic to the irreducible G-moduleV . The formal clgaracters of these modules,
called Demazure characters are given by ch(V., ) = >, My ()e 2 Z[],
where m ., () is the multiplicity of the weight in V., . They generalize the
characters of the irreducible representationsch(V ) = ch(V., ). The Demazure
character formula [Dem)] says that the characterch(V., ) is given by

(4.2) ch(V.w ) = Tw(e );
where Ty, is the Demazure operator [35).

Lemma 4.1. Forany 2 * andu?2 W, the Demazure characterch(V., ) can
be expressed in terms of thé& 1 -Chevalley coe cients c;,, in (@) as follows:

X .
ch(V ) = Ciw € -
w2W, 2

In particular, the character of the irreducible representaion V of G is equal to

X :
ch(Vv )= Cy w€:
w2W; 2

Proof. Applying both sides of identity (BI4) to [O,, ] =1 and using Ty (1) = 1, we
obtain
X .
Tu(e ) = Ciw € ;
w2W; 2

which, together with the Demazure character formula [Z2), proves the lemma.

Let us also give a geometric argument that proves Lemmd&—4l1. tlis implicit
in [LaLi] and [LiSe] and was reported to us by Kumar [Kum]. Let : K1 (G=B)!
Z[] be the Euler characteristic map given by

X _ _
SV 7! ( 1)'ch(H'(G=B;V) );
io
for a coherent sheafv on G=B. For a dominant weight , the Euler characteristic
([L ] [Oy)) is equal to the Demazure characterch(V., ). Indeed, this follows from
(#D), the fact that
H(G=B;L O y)= H'(Xu;L );
and the vanishing of the cohomologiesH (X ;L ), for i 1. In particular, we

have ([Ow]) =1, forany w 2 W. Thus (x [Oy]) = e . Applying the Euler
characteristic map to both sides of [Z8), we obtain LemmdaZ1L.



AFFINE WEYL GROUPS IN K -THEORY AND REPRESENTATION THEORY 13

5. Affine Weyl groups

In this section, we remind a few basic facts about the a ne Weyl group and
alcoves, see Humphreys [Huin, Chaper 4] for more details. Tinewe de ne -chains
that will be used in the rest of the paper.

Let W, be theane Weyl group for the Langland's dual group G-. The a ne
Weyl group W, is generated by the ane re ections s :hg! hg, for 2
and k 2 Z, that re ect the space h, with respect to the a ne hyperplanes

(5.1) Hy =f 2hgj(; -)= kg
Explicitly, the a ne re ection s is given by
Sk 1 s ()+k = ¢, -) Kk:

The hyperplanesH ;x divide the real vector spacehg into open regions, called
alcoves. Each alcoveA is given by inequalities of the form

A=f 2hygjm <(; -)<m +1forall 2 *g;

wherem = m (A), 2 *,are some integers.
A proof of the following important property of the ane Weyl g roup can be
found, e.g., in [Hum, Chapter 4].

Lemma 5.1. The ane Weyl group W, acts simply transitively on the collection
of all alcoves.

The fundamental alcoveA is given by
A =f 2hgjO<(; -)<1lforal 2 *g

Lemma & implies that, for any alcove A, there exists a unique elementva of
the ane Weyl group W, such that va(A ) = A. Hence the mapA 7! v, is a
one-to-one correspondence between alcoves and elementgtad a ne Weyl group.
Recall that - 2 - is the highest coroot. Let 2 * be the corresponding
root, and let ¢ = . The fundamental alcove A is, in fact, the simplex given

by
(5.2) A =f 2hgjO<(; ¢)fori=1;::5;r and (; -)< 1g;

Lemmal& also implies that the a ne Weyl group is generated by the set of re ec-

So = S ,. 1ands;g;iii; s 2 W are the simple re ectionss; = s ,.9. As before, a
decompositionv = s, s, 2 W, is called reduced if it has minimal length; its
length “(v) = | is called the length ofv.

Like the Weyl group, the a ne Weyl group W, is a Coxeter group, i.e., it is
described by the relations

(5.3) (s)’=1 and (sis))™i =1; foranyi;j 2f0;:::;rg;

where mj; is half of the order of the dihedral subgroup generated bys; and s; .
We say that two alcoves A and B are adjacent if B is obtained by an ane

re ection of A with respect to one of its walls. In other words, two alcoves a

adjacent if they are distinct and have a common wall. For a par of adjacent

alcoves, let us write A ! B if the common wall of A and B is of the form H
and the root 2 points in the direction from A to B. By the de nition, all
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alcoves that are adjacent to the fundamental alcoveA are obtained from A by

the re ections sp; 's,and A T si(A).
De nition 5.2.  An alcove pathis a sequence of alcovesA\p; A1;:::; A;) such that
Aj 1 andA; are adjacent, forj =1;:::;l. Let us say that an alcove path isreduced

if it has minimal length | among all alcove paths fromAg to A,.

Let v 7! v be the homomorphismW, ! W de ned by ignoring the ane
translation. In other words, s« =s 2 W.

The following lemma, which is essentially well-known, sumnarizes some proper-
ties of decompositions in a ne Weyl groups, cf. [Hum].

Lemma 5.3. Let v be any element oW, , and let A = v(A ) be the correspond-
ing alcove. Then the decompositionsy = s, s;, of v (reduced or not) as a
product of generators in W, are in one-to-one correspondence with alcove paths

Ag! YAl R I ' A, from the fundamental alcoveAy; = A to A, = A. This
correspondence is explicitly given byA; = s, s, (A ), for j =0;:::;1; and the
roots 1;:::; | are given by
1= iy 2= S50 i,) 3= SuSi, (i) =8, S, ()
Let r; 2 W, denote the ane re ection with respect to the common wall of the
alcovesA; 1 and Aj, for j = 1;:::;1. Then the ane reections rq;:::;r are
given by
=S5 2= 5i;Si,Si,; s = Si;S8i,Si3Si,Si;, -+:; N = Si; Si, Si, -

We haver; = s, andv=1ys;, s, =1r ri. Moreover, the following claims are
equivalent:

(@) v=si, sj is areduced decomposition;

(c) all ane reections ry;:::;r; are distinct;

(d 6 j,foranyiandj.
Finally, forany 2 *,we havem (A)=# fjj ; = g #fjj ;= g
Proof. Let v = s;, s be a decomposition andA; = s, s (A ), for j =
0;:::;1. Then Ag = A and A; = v(A )= A. Applying s, si; , tothe adjacent
pair A | " s (A ), we deduce that the pair A; ; ! ' A; is adjacent as well,
where ;| = s;; s ,( i;). Thus (Ao;:::;A;) is an alcove path fromA to A.

The re ection s;; switches the alcovesA and s;; (A ). Thus the re ection rj =
Si, Si Si, is the re ection with respect to the common wall of A; 1 and A;.

On the other hand, let (Ag;:::;A|) be any alcove path from A to A, and
let r; be the re ection with respect to the common wall of A; { and A;, for
j =1;::50 Then Aj =1 ry(A). Applying (r; 1 ri) *=r1 1 1to
the adjacent pair (Aj 1;A;), we obtain the adjacent pair (A ;s(A )), where s =
rv 1y 1rjrj 1 ri. Thus s should be a re ection with respect to one of the walls
of A . Thus there areiy;:::;ij 2f0;:::5rgsuchthatry  ry grjry 1 ry=sj,
forj =1;:::;1. The ane Weyl group element s;;, s, =r r; mapsA to A,
and is equal tov.

(@), (b). Thisis clear, because a decomposition and the correspding alcove
path have the same length.
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(b) , (c). The fact that all a ne re ections rq;:::;r, are distinct for a reduced
decomposition is given in [Hunh, Lemma 4.5]. On the other handthe length | of
any alcove path should be at least the number of hyperplanesfdhe form H ., that
separate Ag and A,. If all ane re ections ry;:::;r are distinct, then the path
never crosses the same hyperplane twice, and, thus, its letigequals the number
of hyperplanes that separateA, and A,.

(¢, (). If = ;= |, thenthe alcove path crosses two parallel hyperplanes
H .« and H. in opposite directions. It follows that the path crosses oneof these
hyperplanes twice, and, thus, the a ne re ections ry;:::;r; are not distinct. On the
other hand, if rq;:::;r; are not distinct, then the path crosses the same hyperplane
more than once. It follows that the path should cross this hyperplane in opposite
directions. Thus ; = j for somei andj.

The last claim follows from the fact that, each time the alcovwe path crosses a
hyperplane of the formH « , 2 ¥, in positive (respectively negative) direction,
the number m increases (respectively decreases) by 1, and all othen 's do not
change.

The ane translations by weights preserve the set of a ne hyp erplanesH . ,
cf. @) and ). It follows that these a ne translations map alcoves to alcoves.
Let A = A + be the alcove obtained by the a ne translation of the fundamental
alcoveA by aweight 2 . Let v = va be the corresponding element ofV, ,
i.e,. v isdenedby v (A )= A . Note that the element v may not be an a ne
translation itself.

De nition 5.4.  Let be aweight, and letv = s, s;, be any decomposition,
reduced or not, ofv  as a product of generators ofW, . Let us say that the
-chain of roots associated with this decomposition is the sequence (;:::; |) of
the roots in given by
1= 15 2= Si( i) 3= SiSi,( i) 1=si; s ,(i):
Sometimes we will abbreviate \ -chain of roots" as, simply, \ -chain." Let us also
say that the -chain of re ections associated with the above decomposition for
is the sequencer(y;:::;r) of the a ne re ections in W, given by
= Sj;; 2= Si;Si,Si;; 3 = Si;Si,Si3Si,Si;; :: = Si; Si, Si;:
In particular, ri = s,
According to Lemmal[ba3, we can equivalently de ne a -chain as a sequence of

roots ( 1;:::; |) such that there exists an alcove pathAg ! * I A from
Ap = A to A = A with edges labeled by the roots 1;:::; . The j-th
element of the corresponding -chain of re ections (rq1;:::;r)) is the a ne re ection

r; with respect to the common walls of the alcovesA; 1 and Aj, forj =1;:::;1.
Finally, we say that a -chain is reduced if it is associated with a reduced de-
composition for v

Remark 5.5. If Al B is a pair of adjacent alcoves, thenA+ )! (B + ),
for any a ne translation of the alcoves by the weight . Thus, a translation of an
alcove path by a weight is an alcove path labeled by the same sequence of roots.
For a -chain of roots ( 1;:::; ), let us translate the corresponding alcove path

A" I'"A Dpythe weight , and then reverse its direction. We obtain the
alcove pathA ! I'* A associated with the ( )-chain ( ;:::; 1.



16 CRISTIAN LENART AND ALEXANDER POSTNIKOV

6. The Kt-Chevalley formula

In this section, we formulate our main result and give its seeral specializations
and applications to characters.

Theorem 6.1. (Kt-Chevalley formula) Fix any weight . Let (rq1;:::;r) and
1;::1; 1) be the -chain of re ections and the -chain of roots associated with
a decompositionv  ='s;; s, 2 W, , which may or may not be reduced. Let
u;w2 W, and 2 . Then the Kt-Chevalley coe cient c;,, , i.e., the coe cient
of x [Ow] in the expansion of the productlL ] [Oy], can be expressed as follows:

(6.1) Ciw = (")
J
where the summation is over all subsetd = fj; < <jsgoffl;:::;lg satisfying
the following conditions:
(@ umurj, murj,rj,m murj,rj, rj, = wis a saturated decreasing chain
from u to w in the Bruhat order on the Weyl groupW;
() =ur, ()

In Section [T3, we reformulate this theorem in a compact form ad then prove
it, using a certain R-matrix. In Sections [[3 and[I®, we give several examples that
illustrate this theorem.

Lemmal®3 implies the following statement.

Lemma 6.2. Let ( 1;:::; |) be a reduced -chain of roots. Let 2 be a root
suchthat(; -) O. Then#fij = g=(; -)and#fij ;= g=0.

In particular, if is a dominant weight, then all roots 1;:::; | are positive.
Also, if is an anti-dominant weight, that is, 2 *,then all roots 1;:::; |

are negative.

In the special cases corresponding to dominant and anti-doimant weights ,
Theorem[&] can be reformulated in a more explicit way. In these cases, for reduced
-chains, Theorem[&1 gives a manifestly positive formula, Wich is not the case in

general.

Corollary 6.3. Consider the setup in TheoremeZl Assume thatv =s;, s,
is a reduced decomposition inW, .

If is a dominant weight, thenc;,, equals the number of subsetd f 1;:::;Ig
that satisfy conditions (a) and (b) in Theorem

If is an anti-dominant weight, then ( 1) ) ) ¢; equals the number of

Proof. For a dominant weight , all roots i;:::; | are positive; thusn(J) = 0.
For an anti-dominant weight , all roots 1;:::; | are negative; thusn(J) = jJj =
(u) (w).

Theorem[6 specializes to following rule for products in tle (nonequivariant)
Grothendieck ring K (G=B).

Corollary 6.4. The coe cient c,,, of [Oy] in the product [L ] [O,] of classes
in K (G=B) has the same combinatorial description as in Theorer.l, except that
condition (b) on the weights involved is dropped.
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P
Proof. We havec,,, = 2 Ciw-

Theorem[61 implies the following combinatorial model for the Demazure char-
actersch(V., ) and, in particular, for the characters ch(V ) of the irreducible rep-
resentationsV of the Lie group G.

Corollary 6.5. Let be a dominant weight, letu 2 W, and let (ry;:::;r)) be a
reduced -chain of re ections. Then the Demazure characterch(V., ) is equal to
the sum X
Ch(V;u ): e Yria ris( )
J

over all subsets] = fj; < <jsg f 1;:::;lg such that

umurj, mur; rij, m mur;, rj, fjs
is a saturated decreasing chain in the Bruhat order on the Wdygroup W.
Proof. Apply Corollary €3land Lemma E.

We can slightly simplify the formula for the characters ch(V ) = ch(V., ) of
the irreducible representations ofG, as follows.

Corollary 6.6. Consider the setup in CorollarylEE3 We have
X

Ch(v): e Fiq Tjs( )'
J
where the summation is over all subsetd = fj; < <jsg f 1;:::;1g such that
1 rjy borgr, |l Lorj,rg, Mis

is a saturated increasing chain in the Bruhat order on the Wey group W.

Proof. Multiplying elements in a decreasing chain byw on the left results in an
increasing chain in Bruhat order. On the other hand, we can renovew from the
exponent because the charactech(V ) is W -invariant.

In the rest of this section, we show how to construct -chains of re ections
(r1;:::;r) and -chains of roots ( 1;:::; ). Clearly, there are many possible
choices.

Let us x an arbitrary weight . Let :[0;1]! hg be a su ciently generic
continuous path such that (0) 2 A and (1) 2 A . Here \su ciently generic"
means that the path does not cross any face of an alcove of codimension 2 or
higher. For example, the path :t 7! t + , where is a generic point in
A , will suce. Suppose that the path  passes through the sequence of alcoves

In order to make our formula completely combinatorial, we present one particular
choice for a -chain of re ections and the corresponding -chain of roots. The
construction depends on the choice of a total order ; < < ; on the simple
roots in . Suppose that = - :[0;1]! hg is the path given by

A A i R
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where " is a su ciently small positive real number. Let R = R W, be the
set of a ne re ections with respect to a ne hyperplanes H  that separate the
alcovesA and A . Thisgset is given by

> fsx jO k> (; -)g if(; -)>0;

R=R = o fsxjo<k (5 -)g if(; -)<0;
2 ; if(; -)=0:
For any sx 2 R, 2 ™, the pa « crosses the ane hyperplane H .« at

the point t = ty =(; -) ¥ k+ [, (i; -)""). Note that (; -) 60, for
Sk 2R.Leth:R! R'! be the map given by
(6.2) heise 70(; =) YO k(g =)i(es -));
for any sx 2 R with 2 *. Then, for suciently small " > 0, we have
tx <t ogoif and only if h(sy ) is less thanh(s oko) in the lexicographic order
on R"*1 . We claim that the map h is injective. Indeed, if h(s ) = h(s oko), then
= O Otherwise, the root system - would contain two proportional positive
coroots - 6 ( 9-, which is not possible. Also, the fact that = Cimplies that
k =K
Let b: fane reections g! be the map given by

ifk Oand 2 *;
if k>0and 2 *:

We obtain the following result by using LemmalG33.

b:sy 7!

Proposition 6.7. LetR = fr; <r, < < r g be the total order on the setR
such that h(r1) < h(rp) < < h(r)) in the lexicographic order onR"*1. Then

-chain of roots associated with a certain reduced decompdgn of v

Example[T&1 illustrates this proposition.

7. Generalization to G=P

Let P be a parabolic subgroup inG such that P B. In this section, we show
that the K1 -Chevalley formula can be easily extended to equivarianK -theory of
the generalized partial ag variety G=P.

Let p be the subset of the simple roots associated with the paraba subgroup
P. Let p be the set of roots that can be written as sums of rootsin p, and
let 5= p\ *.Then p isarootsystem itself, with the Weyl group Wp W
generated by the simple re ectionss;, for ; 2 p. Each cosetw = wWp in
W=Wp has a unique representative of maximal length. Let us denotdghe set of
maximal coset representatives byWw P W, and let us identify it with W=Wp.
The Bruhat order on W induces the Bruhat order onWP ' W=W, . According to
Deodhar [Deol], the covering relations ilW " are of the form umw, wherew = us ,
forsome 2 *n J,and (u)= “(w)+1. In particular, every covering relation
in WP is a covering relation in the Bruhat order on W.

The generalized partial ag variety G=P decomposes into Schubert cellX,, =
BwP=P indexed by w 2 W=Wp. Their closures X,, := X,, are called Schubert
varieties. Let Of, = Oyx,, w 2 W=Wp, be the structure sheaf of the Schubert
variety X,. If is a weight satisfying (; ) =0, forall in p (or, equivalently,
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Wp W ,whereW is the stabilizer of ), then determines a character of?, and
so a line bundleL? := G p C on G=P. Let[OF] and [L"] be the corresponding
classes inK 1 (G=P). Then the classes Q] form a Z[X ]-basis ofK 1 (G=P), and
the classeslI[”] spanK 1 (G=P) over Z[X].

The equivariant K -theory of G=P can be recovered fronK 1 (G=B), as stated in
[KoKu]. We have the canonical projection p : G=B ! G=P. This determines an
injective Z[X ]-linear homomorphism , : K1(G=P)! K1(G=B). Moreover, the
image of this map, with which K 1 (G=P) can be identi ed, consists precisely of the
Wp -invariants in K1 (G=B). It is straightforward to show that

(7.1) p(Oy) =[0w]; and R(L"]D=[L I;

wherew 2 WP is the maximal coset representative ofw 2 W=Wp , and the weight
issuchthat Wp W .
Let us de ne the integer coe cients ¢, for uyw 2 W=Wp and ; 2 , with
Wp W , by the following expansion of the product in K 1 (G=P):

X
(7.2) [L°] [Of1= Ciw X [OR]:

w2W=Wp; 2

Our combinatorial Chevalley-type formula for K1 (G=B) can be generalized to
K1 (G=P), as follows.

Corollary 7.1. Let u;w 2 WP be the maximal coset representatives ofi;w 2
W=Wp, and let ; 2 suchthatWp W . Then we havecli;W = Cjw ., Where
C;w IS the Kt -Chevalley coe cient for K1 (G=B), which have the combinatorial
description given in Theorem[E Moreover, if we work with reduced -chains,
then all the elements of the corresponding saturated chaing the Bruhat order lie
in WP,

Proof. The rst part of the proof is immediate by applying the map | to both
sides of [Z2), and by using[[Z]l). The second statement falvs from the fact that,
given the choice of ,wehave (; -)=0,forall in p. Indeed, by Lemmala3, a
reduced -chain of roots does not contain any rootsin p. Therefore, the conclusion
follows from the above description of the Bruhat order onWP .

8. Applications: Ky -Pieri formula and duality formulas

In this section, we present several applications of oulK +-Chevalley formula.
First, we give a rule for products [Oy s, ] [Ou], which we call the K 1 -Pieri formula.
We also give thedual K 1 -Chevalley formulafor products [L ] [l 4 ]. Then we derive
two duality formulas for the Kt-Chevalley coe cients. The rst one has been
already stated for K (G=B), in a slightly imprecise way, by Brion in [Brion] Theorem
4], and proved using some fairly involved geometric argumes. We present a concise
combinatorial proof, based on ourK 1 -Chevalley formula. The two dualities came
from the two involutions w 7! ww andw 7! w wonW. Our K 1-Chevalley formula
is symmetric with respect to these involutions, because thg map increasing chains
in the Bruhat order to decreasing chains.

Let us call the classesQy 5,12 K1 (G=B) of structure sheaves of codimension
one Schubert varietiesX, s, the special classes.



20 CRISTIAN LENART AND ALEXANDER POSTNIKOV

Lemma 8.1. (a) [Brion] For a simple re ection s;, we have
[OW Si]:]' x¥ (!i)[L !i]
in the Grothendieck ring K+ (G=B).

K1 (G=B) as an algebra oveiZ[X].

Brion proved that [Ow 5;] =1 [L ;] in K(G=B) using a simple geometric
argument based on the exact sheaf sequence!@. |, 'O g5 /O wg ! O.
Brion also mentioned that this argument extends to T -equivariant K -theory.

Proof. (a) Let us apply Theorem &1, foru = w and = ;. Every satu-
rated chain in the Bruhat order decreasing fromw should start with a simple
re ection. For a reduced ( !;)-chain of re ections (ryi;:::;r)), exactly one of
the re ections rq;:::;r is simple. Namely, r; = s; and, moreover,r; = s .1.
Thus the expansion of the product L ,,] [Ow ] consists of the two terms corre-
sponding to the subsets) = ; and J = flg. This expansionis L ,] [Ow ] =
x W D0y ] x W DOy g Since Dw 1= 1, we obtain the required identity.

(b) Let us identify K1 (G=B) with the quotient in (). There is a nite setD
of exponentse that spans K+ (G=B) as a Z[X ]-module. Indeed, we can take all
exponents in some representatives for the classe®| ] in Z[X] Z[]. For a weight

2 , the exponent e is an invertible element in K1 (G=B); and, thus, the set
eD=fe* je 2 Dgalsospan 1(G=B). For a su ciently large anti-dominant
weight , all exponents in the sete D correspond to anti-dominant weights. On
the other hand, according to (a), we havee '' = x W ('!i)(1 [0y ]); thus, all
classese = [L ], for anti-dominant weights , can be expressed in terms of the
special classesQy, s ]. This implies the statement.

The second part of Corollary[&3, for = !;, and Lemmal81(a) imply the fol-
lowing combinatorial rule for products of the special classs with the basis elements
in K1 (G=B).

Corollary 8.2. (Kt -Pieri formula) Fix a simple re ection s;, and let (ry;:::;r))
be a reduced ! )-chain of re ections. Then, for any u 2 W, we have

X
Ows] [Oud=@ x" ¢ utiyo,]+ (1) tx D [0yy)];
J

umurj, murj,rj, m murj,rj, rj, = wis a saturated decreasing chain in the
Bruhat order from utow = w(J), and (J)=w ('y) wurj, ri, ('),

Since the special classe€)y s, ] generate the Grothendieck ringK 1 (G=B), Corol-
lary B2 completely characterizes the multiplicative structure of this ring.

Remark 8.3. In the equivariant case, the expansion of @y, ;] [Oy] contains the
term [Oy] with a nonzero coe cient. This term vanishes in the nonequivariant
case ofK (G=B). A similar phenomenon happens in the Pieri-type formula fo
equivariant conomology, which can be derived from Corollay B2.

Recall that the classes [w], w 2 W, given by @&I2) form the dual basis to
f[Ow]j W 2 Wg with respect to the natural pairing in K -theory. De ne the dual
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Kt -Chevalley coe cients d;.,, , for uyw2 W, ;2 , by the expansion
X
L] D= diy X [Tw]:
w2W; 2L

Corollary 8.4. (dual K1-Chevalley formula) The dual K 1 -Chevalley coe cients
are related to the K1 -Chevalley coe cients as d;,, = ¢, . Thus Theorem[gl

provides a combinatorial description for the coe cients dy., .
Proof. Follows from (Z13).

Remark 8.5. In a recent paper, Gri eth and Ram [GrRa]l provided more details
of the proof of the Pittie-Ram formula and gave a dual K 1 -Chevalley formula, for
dominant weights , using LS-paths. They also derived Lemmd8l1(a) above and
Theorem[88 below, for dominant . Note that our dual K1 -Chevalley formula is
just the usual K 1 -Chevalley formula (Theorem[6) with and replaced by
and . Since the Pittie-Ram formula does not work for nondominant weights,
Gri eth and Ram had to derive its dual version separately. The symmetry between
the Pittie-Ram formula and its dual version given in [GrRa] i s not so transparent as
the symmetry in our construction. Actually, Gri eth and Ram gave four di erent
formulas for the products L ] [Ow], [L  1[Ow], [L™ (7] [Ow], and [Oy s, ] [Ow], for
a dominant weight , using LS-paths. From our point of view, these four products
are given by various specializations of theK t -Chevalley formula, for arbitrary

Let us now discuss symmetries of theK 1 -Chevalley coe cients. In order to
make our notation compatible with that in [Brion]l we de ne t he coe cients ¢ ( )
in Z[X] by

X
[L ] [Ou]= /() [Owl]:

w2 W
In other words, the g{,“( ) are expressed in terms of theK 1 -Chevalley coe cients,
as follows: ¢/ ( ) = > Ciw X , see[38).

Theorem 8.6. [Brion] Theorem 4] We have the following duality formula:
()= DO Ml (w ):

Proof. Let ( 1;:::; 1) and (ry;:::;r) be the -chain of roots and the -chain of
re ections associated with some alcove path. Let us translte this alcove path by

, reverse its direction (cf. Remark[25), and then apply the nap A 7! w (A) to
the corresponding alcoves. Note that w (A ) = A . The resulting alcove path

corresponds to the (v )-chain of roots (w ;:::;w 1) and a certainw ( )-chain
of re ections (r:::;r?). We can express the ane re ections r?, as follows. Let

andt be the operators onhg given by : 7! andt : 7! + . Then
rP=w t rjt w . Thusr)=wrw.

Clearly, to each sequence = (j1;j2;:::;]s) with

umurj, murj,rj, m murj,rj, fig = W;
corresponds the sequencd®= (js;js 1;:::;j1) with
ww mww ) mww rlr? omo o mww rlr? o = uw

4[GrRa_\ appeared in arXiv after the present paper was nished.
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This correspondence is a bijection. Sincev maps positive roots to negative roots,
we haven(J9 = s n(d)= "(u) “(w) n(),so( 1)"O) =( 1)W "W 1)@,
This takes care of the sign in the duality formula.

It remains to check that the sequences] and J° produce the same weight, see
condition (b) in Theorem Bl It su ces to show that

Marp, s ()= g inrow e ol w ()
Let us denotev = rj, rj, 2 W, . Then the left-hand side of this expression is
v( ). We can write the right-hand side of this expression as

e retors ot ()= vty o)

We claim that
(8.1) v( )= vt v }0);

foranyv2 W, and 2 . Indeed, if v( )= v( )+ ,thenv 0) =
v )= v 1) Thusvtv 1(0)=v() ,asneeded.

Let us also present a new duality formula. We denote by the involutory auto-
morphism of Z[X] given by :x 7! x W

Theorem 8.7. We have the following duality formula:
Q)= W MW@ N:

Proof. Let ( 1;:::; 1) and (ry;:::;r) be the -chain of roots and the -chain of
re ections associated with some alcove path. Let us translte the alcove path and
reverse its direction, as discussed in Remailk™.5. We obtaithe ( )-chain of roots
( 1;::1; 1) and the corresponding ( )-chain of roots (r:::;r?). Let t be
the operator of translation by , as before. Thenr? =t rjt . Thusr?=r;. Inan
almost identical way to the proof of Theorem[8®, we can now costruct a bijection
between the appropriate decreasing saturated chains frona to w, and those from
w w to w u. The discussion about the signs is also similar. It remainsd verify
the weight condition:
0

— 0 .
iz NC) = g, rarpry o ()
This identity can be writtenas v( )= vtv 't (), forv=r;, rj,, which
is equivalent to ().

0
isf

The two duality formulas above imply the following formula.

Corollary 8.8.  We have
Q)= (@ (w )

Note each of the two duality formulas in Theorems[8®6 and_8l7 an be obtained
from the other one combined with Corollary [E38.

Kumar provided us with the following geometric explanation of Corollary B8.
This duality in equivariant K -theory is induced by the standard involution on G=B,
which interchanges the Schubert varietiesX, and X, ww - Let us denote by the
canonical isomorphism [31) from g[X] 2Z[]) =l to K1 (G=B).

Proposition 8.9.  There is an involutive automorphism! on K1 (G=B) such that
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(a) the involution ! maps each clas§Oy] to [Ow ww I;
(b) under the isomorphism , the involution ! mapsx e tox Y eV |,
for ; 2

Algebraic proof. The involutive automorphism of Z[X] Z[] given by x e 7!
x W) e w () preserves the ideall and, thus, induces an involutive automor-
phism! on K1(G=B) ' (Z[X] Z[]) =l . Applying this involution to the de -
nition of the elementary Demazure operatorsT; in (B2), we deduce that! T ;! =
T;, wherej is given by ; = w ( i), or equivalently, s; = w sjw . Thus
ITw! = Ty ww ,» for any w 2 W. Kostant-Kumar's formula (7] implies that
I i [Ow]l 7' [Ow ww ]

Geometric proof (due to Kumar [Kum]). Letc : G! G be the Chevalley isomor-
phism. This is an algebraic group isomorphism mappingt 7! t * for t in T, and
B 7! B , where B is the opposite Borel subgroup. Also letc, : G! G be
the automorphism given by g 7! W gw !, wherew in N (T) is a representative of
w . Let : G! G bethe compositec ¢, . Then (B)= B. Thus induces a
variety isomorphism : G=B ! G=B. Moreover, sincec induces the identity map
on the Weyl group, we see that (X) = Xw ww . Thus induces the involution
I on K1 (G=B) such that ! : [Ow] 7! [Ow ww -

To show that, under the isomorphism , we have! : e 7! e ¥ | we identify
G=B with K=T, where K is a maximal compact subgroup ofG. Let us consider

the following bundle morphism.
b

? ?
KT — = K=T

Here we let IO(k;v ) = ( (k);v ), wherev is a generator ofC , ,andVv is a
generator ofC . Itis easy to see thatP is well de ned. Thus, we have! @a e)=
(1 eY™ ). Theproofof! :x 7! x V¥ s similar.

Note that the map  in the above proof is not T-equivariant, whence the invo-
lution ! is not a Z[X ]-linear map.

Let o)y, 2 Z[X] be the structure constants ofK 1 (G=B) with respect to the basis
of classes of structure sheaves of Schubfrt varieties:

[Ou] [Ov]=  ciy [Ow]:

w
The coe cients cff( !;) are related to certain structure constants ¢, , as follows.
Corollary 8.10. cf. [Brion] For v 6 w, we have
@ a( 1= x Woa gy
(b) cf(ti)=( 1)W  Ixtiedt, .
© cf(ti)=C D ™ ' (qf & w)-
Also, we havecy, 4., =1 xW (0 uCti),

The rst two formulas (a) and (b) were given by Brion [Brion[lf or K (G=B) in a
slightly imprecise form.
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Proof. Identity (a) is obtained from the formula in Lemma &T]a) by m ultiplying
both sides by [Oy]. Identity (b) is obtained from (a) and the duality formula i n
Theorem[88, as follows:

)= DO M (wE= @ Mgy (1)
=( 1)@ W) Iy w (!i)C\LAleSj I 1) (@ W) 1yt quw

SiW [ WW
Here we used the fact that w ; is the simple root j such thats; = w siw .
Similarly, we obtain identity (c) using the duality formula in Theorem[B.

Remark 8.11 We can easily expand the product Oy 5] [Ou] using our K-
Chevalley formula, as shown in Corollary[822. However, it ishard to apply the
Pittie-Ram formula directly to the calculation of this expa nsion, because the latter
formula works for dominant weights only. In order to use this formula, one needs to
invert the operator of multiplication by [ L, ] acting on the jW j-dimensional space
K1 (G=B). Alternatively, one can use Brion's geometric argument to derive the
second formula in Corollary[810. But then, one needs to appl the Pittie-Ram
formula for computing all products [L,;] [Oww ], for w 2 W, and extract the
coe cient of [ O,y ] in each result, wherej is given by s; = w siw . Indeed, we
have no way of knowing in advance to which Weyl group element a LS-path leads,
via Deodhar's lift operator. In other words, it is hard to \in vert" the Pittie-Ram
construction based on LS-paths and Deodhar's lifts.

9. The Yang-Baxter equation

Our construction is based on a certainR-matrix, that is, a collection of operators
satisfying the Yang-Baxter equation. In this section, we dscuss the Yang-Baxter
equation, following the approach of Cherednik [[Chelr].

For a pair of roots ; 2 suchthat( ; ) O, the subset of roots
obtained from and by a sequence of re ectionss and s is a rank 2 root
system of type Ay A1, Az, By, or G,. The reections s and s generate a
dihedral subgroup in W of order 2m, wherem = 2;3;4;6, for types A;  Aj, Ay,
B,, Gy, respectively. The condition (; ) O implies that ; form a system of
simple roots for . The m rootsin expressible as nonnegative linear combinations
of and can be normally ordered as follows:;s ( );s s ( );:::;8 ();

The following de nition was given by Cherednik [Cher, De nition 2.1a] in a
slightly di erent form.

Denition 9.1.  We say that a collection of invertible operatorsfR j 2 g
labeled by roots satis es the Yang-Baxter equationif R = (R ) ! and, for any
pair of roots ; 2 suchthat( ; ) 0, we have

(91) RRS()RSS() Rs()R :RRS() Rss()Rs()R:

A collection of operatorsfR j 2 g satisfying the Yang-Baxter equation is also
called an R-matrix.

For example, the operatorsR and R commute whenever (; ) =0. If is of
type A, then the Yang-Baxter equation (@) says that

RR+R =RR+ R:

The following two lemmas are implicit in [Cher].
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Lemma 9.2. Consider a collectionfR j 2 *gofinvertible operators labeled by
positive roots which satis es the Yang-Baxter equation[@.1), for any pair of positive
roots ; 2 * suchthat(; ) 0. Letus extend this collection to all roots 2
byR :=(R ) ! Then the collectionfR j 2 gis an R-matrix.

Proof. Let us multiply the Yang-Baxter equation (I] by R  on the left and on
the right. We get

R RRs(Rss()y Rs()=Rs() Rss()Rs ()RR

This is the same equation with (; ) replaced by the pair (s ( );s ( )). Applying
this procedure repeatedly, we can always transform the pair(; ) into a pair of
positive roots.

For a decompositionv = s;;, s;, 2 W, , reduced or not, of an a ne Weyl
group elementv, let ( 1;:::; |) be the corresponding -chain of roots. For an
R-matrix fR j 2 g, letusdene RS S =R R R,R ..

1

Lemma 9.3. Let fR j 2 g be anR-matrix. Then the operator R(3i1 Sit)
depends only on the a ne Weyl group elementv = s;,  s;,, not on the choice of
the decomposition.

Proof. The Coxeter relations (&3) imply that any two decompositions of v can
be related by a sequence of local moves of the following two pes: (1) adding or
removing segmentss; s;; (2) the Coxeter moves

mj terms mj terms

9.2) s, s, (sisjss )s, s, ! Si, Si, (s )sSi, Si:

Adding or removing a segments;s; in a decomposition for v results in adding
or removing a segment ; in the sequence of roots (1;:::; |). This does not
change the operatorR ;, R ,, becauseR R =1. A Coxeter move (&2) results
in applying the Yang-Baxter transformation

s (s ()b s (s ()
to the segment (a+1;:::; b 1) = ( ;s (); ;) inthe sequence (1;:::; 1)
Here we have = s;, si,(i)and = s, s,( ). Notethat (; ) =
(i) 0. The Yang-Baxter equation (@) guarantees that this transforma-
tion of the sequence (1;:::; |) does not change the operatoR , R ;.

10. Bruhat operators
In this section, we present a class of solutions of the Yang-&«ter equation.

It will be convenient to extend the ring of coe cients Z[X]= R(T) in K+ (G=B)
as follows. Let us shrink the weight lattice h- times by de ning =h- := f =h - j
2 g,whereh- :=(; -)+1isthe dual Coxeter number. Let Z[X] be the group
algebra of =h-, which has formal exponentsx =" -, for 2 . This is the algebra

KT(G=B) = K1(G=B) zixZ[XT:

The spaceK't (G=B) has the Z[X']-linear basis given by the classe<},,], forw 2 W.
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For a positive root 2 *, let us de ne the Bruhat operator B acting Z[X]-
linearly on K1 (G=B) by
[Ows ] if (ws)="(w) 1

10.1 B :[Ow]7!
( ) [Ou] 0 otherwise.

Also dene B := B ,if s a negative root. The operatorsB move Weyl
group elements one step down in Bruhat order.
For a weight , de ne the Z[X]-linear operators X acting on K1 (G=B) by

(10.2) X :[Ow] 7! xV(ZN [0y ]:

For 2 and ; 2 ,these operators satisfy the following relations:
(10.3) (B )2=0;
(10.4) X X =X " ;
(10.5) B X =xs0)B

For a xed weight and k 2 Z, we de ne a family of operatorsfR | 2 ¢
labeled by roots 2 acting on K1 (G=B) as follows:
(10.6) R =xK +x0G ) B =X (XX +B )X

Using relations (I03) and [I03%), we obtain

R =x kK xtG B =(R) %

Theorem 10.1. Fix a weight and k 2 Z. The family of operatorsfR j 2 ¢
given by ([I0.8) satis es the Yang-Baxter equation (E1).

Proof. Let us rst assume that =0 and k = 0. InthiscaseR =1+ B .
In [BEP], we proved the Yang-Baxter equation for a general chss of operators by
checking it for all the rank 2 root systems (that is, for types A; A1, Ay, By,
and G;). In particular, the results of [BEP] imply that the family o f operators
f1+B j 2 Tgsatisesthe Yang-Baxter equation @1). AlsoR =1 B =
(1+B ) *=(R ) ! According to Lemma[@3, the collectionf1+B j 2 gis
an R-matrix.
Let us now consider the general case. For 2 and n 2 Z, let us de ne
R":=1+ X" B :
ThenR = X% RCG ) X For 2 | we get, using (ITH),
(10.7) R"X =X R" G )
Let us write the left-hand side of the Yang-Baxter equation @) as follows:
R, R, =XKiRuxkzRrz xknpgn.
m 1 2 m’
where (1;::5; m)=(3s (); s () )andni=(; ) k. Using (I01) to
commute all Xk ' to the left, we obtain the expression

0 0 0
R R, =xKkor +m)RURY RO

1

where
xn
Q= n; k(5 7)=( K( i1 m) ) ki

j=i+l



AFFINE WEYL GROUPS IN K -THEORY AND REPRESENTATION THEORY 27

Let us show that
(14 + i1, r):(i+1+ + m; i‘);

forall i =1;:::;m. Suppose thati (m +1)=2. The re ection s, sends the

respectively. Thus
(2+ + i1 p)=(Cisa+ + 2015 7) and (2+ + n; ;)=0;
as needed. Since (; ) =2, we get
= k(in m) ) k=( k%)

where %= %( 1+ + ) isthe \rho" for the rank 2 root system generated by
and
This shows that

R Rm=X2k%IQ(i 1) R ™ = X +zk%|Qo1 If\;omx ;
where = k% Analogously, the right-hand side of the Yang-Baxter equa-
tion (EZI) can be written as

R R, =X "R ROX

m

1

The fact that the operators R® =1+ B satisfy the Yang-Baxter equation implies
that the family fR j 2 g satis es the Yang-Baxter equation as well. This
concludes the proof.

In the rest of the paper, we only use a special case of the ope¢cas R de ned
in (LO8), namely we set := and k := 1, which leads to

(10.8) R =X +xG ) B =X (X +B)X ; for 2
11. Commutation relations

Let T; be the operator onK't (G=B) induced by the elementary Demazure opera-

on K1 (G=B) as
T : [Ow] 7! [Ows; ] ff :(wsi)= :(W)+1;
[Ow] if “(wsi)= “(w) L

Let B; := B , be the Bruhat operator for a simple re ection, which is the Z[X]-
linear operator on K1 (G=B) de ned by

Ows;] if "(ws)= "(w) 1,
B, : [On] 7! [Ows; ] | \( i) \( )
0 if "(wsj)= "(w)+1:
Let us de ne a similar Z[X]-linear operator B; by
[Ouws, ] if “(wsi) = (W) +1;
0 if “(wsij)= "(w) 1L
Since both operatorsB; and B; map [Oy] to [Ows, ] or to zero, we have
(11.1) X B, =B, Xx8(); and X B;=B;xs();

for any weight 2 .
The operator B; can be expressed in terms of; and B; as follows.

B, :[Ow] 7!
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Lemma 11.1. We haveB; = Ti(1 B;)=(1+ Bi)(Ti 1),fori=1;:::;r.

Proof. It is enough to check this claim for restrictions of the operdors on the 2-
dimensional invariant subspace spanned byQ,,] and [Ows, ], for any w 2 W such
that “(ws;) = “(w) + 1. The required identity is
oo0o_ o000 1 1 _ 1
10 11 0 1 ~ o0
which we leave to the reader as an exercise.

1 10
1 0

1

Recall that B are the Bruhat operators given by {IT01).

Lemma 11.2. cf. Deodhar [Deol, Lemma 2.1]We haveB B; = B; Bg (), for
i=1;:::;rand 2 suchthat 6 i

Proof. We may assume that 2 *. Let %= s( ). Then °2 * and °6 ;.
Both operators B B; and B; B o map [Ow] t0 [Ows;s ] = [Ows os,] OF to zero.
Thus, we need to show thatB B, ([Oy]) is nonzero if and only if B; B o([Oy]) is
nonzero.

Suppose that this is not true. One possibility is that we haveB B; ([Ow]) =0
and B; B o([Ow]) 60. Then "(w) = “(ws o)+1= “(ws;j)+1= "(ws os). Indeed,
B, B o([Oy]) 6 O implies that “(ws o) = “(w) 1 and “(ws os;) = “(ws o) + 1,
while B B; ([Ow]) = 0 implies that “(ws;) 6 “(w)+1, and, thus, “(wsj) = “(w) 1.

Let us choose a reduced decomposition fow = s;, s, such that ij = i.
By the Strong Exchange Condition [Hund, Theorem 5.8], the fat that “(w) =
“(ws o) + 1 implies that there exists k 2 f1;:::;lgsuch thats;, &, S isa
reduced decomposition fows o. Furthermore, we have °='s;  s; ., ( i,). Since

96 ;, we havek 6 |. We obtain a reduced decomposition forws o that ends
with s;. Thus “(ws osj) = “(ws o) 1, which is a contradiction.

Now suppose that we haveB B; ([Ow]) 8 0 and B, B o([Oyw]) = 0. Then
‘(W)= “(wsi)) 1=(wso) 1= "(ws os)or, equivalently, (w9 = “(w%;)+1 =
‘W% )+1 = (W% s), for w@ = ws;. The above argument shows that this is
impossible.

Remark 11.3 The contradictions derived in the above proof are essentidy the
content of Lemma 2.1 in [Deadl], which is proved in a similar wg

LetfR j 2 gbe the R-matrix given by (8). The main technical result of
this section is the following statement that gives a commutdion relation between
this R-matrix and the Demazure operatorsT;.

Proposition 11.4. Forany 2 andi=1;:::;r, we have
@R, i=TTR ,+R,,
(b)R iTi:TiRi Ri,
(C)RTi:TiR iRsi()Riif 6 i

Proof. We haveR ., = X i(1+Bj)andR ,=(1 Bj)X .

(@) By LemmallTd, (1+B;)(T; 1)=Ti(1 Bj). Thus
X 12+B)Ti=X'"T;(1 By)+X '(1+Bj):
Then use [T1) to commuteX  with T; (1 B;) = B, in the rst term in the

right-hand side. This produces (a).
(b) Multiply (a) by R , onthe left and by R , on the right.
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(c) Let 9= si( ). Identity (c) can be written as
X +XKB)Ti =T B)X (X "+X<°BoX ' (1+B);

wherek =(; -)andk°=(; ( 9-)=(si(); -)=( i; -). The right-hand
side of this identity can be written as

T Bi)(X '+ X¥°B o+ B):

Indeed, X B oX i = Xk "B o, becausek® ©  +5s o i) =( i =)0
(i:(9-) °=(; -) °=k % Commuting X “and XX °B owith T/ (1 B;)=
B, using (IT1) and LemmaIIR, we can rewrite this as

(X +XK B)B(1+Bj)=(X +X“B)T;

which is equal to the left-hand side of required identity.

kOO

12. Path operators

Recall that v. 2 W, , 2 , is the unique element of the a ne Weyl group

suchthatv (A)=A =A . Each decompositionv = s;; sj, in W,
corresponds to an alcove pathA ! * I ' A ; and the sequence of roots
( 1;:::; 1) is called a -chain, see De nition 4. Also recall that there is an

associated alcove pathA !’ I'* A, as discussed in Remark®5l5.
For 2 , letus de ne the operator R! ! acting on K1 (G=B) by
(12.1) RII:=R R R,R ;

where ( 1;:::; |)isa -chain, and the R-matrix fR j 2 gis given by (I0O3).

1

Remark 12.1 Theorem[IU0:1 and LemmddB imply that the operatorR! ! depends
only on the weight and does not depend on the choice of a-chain.

The following result is not used in subsequent proofs. We st it because it
exhibits the commutativity of the operators E and E in our combinatorial model,
based on RemarlCTZ11.

Proposition 12.2. Forany ; 2 ,we haveRl1 RIT=R[* I,

Proof. Let us choose a -chain ( 1;:::; ) and a -chain ( %;:::; 2). They cor-
0 0
respond to alcove pathsA ! ' A andA I" I A . If we translate
0 0
all alcoves in the second path , we obtain the alcove pathA '™ AL

Let us concatenate the rst path from A to A with the translated path from A
to A . . We obtain the alcove path

Al 1A !g ! ' Ao
This shows that the sequence (9;:::; &; 1;:::; |)isa( + )-chain. Thus
RIIRII=R R,R; Ry=RL*I
as needed.
Lemma 12.3. Let ( 1;:::; |) be a -chain. Then, for any i = 1;:::;r, the se-
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Proof. Applying the re ection s; to the alcove path A ! I'* A, we obtain
the alcove paths (A ) ¢ Y g (A ). We haveA | ' s(A ). Translating
this relation by s;j( ), we obtain (s;(A )+ si( ) ! ' (A + si( )), or, equivalently,
Si(A)!" Ag(). Thus

A isa)d) A gy Ay

is an alcove path, and (i;si( 1);::::si( 1); i) is an sj( )-chain.
Lemma 12.4. Let ( 1;:::; ;) be a -chain, and let Ag ! ' 'Y A be the
corresponding alcove path fromAg = A to Aj = A . Assumethat ;= ;isa
simple root, for somei 2f 1;:::;rgandj 2f1;:::;1g. Then

CissiCa)irrmssiCy a); jeasiiisa

is an s( )-chain, wheres = s ,x denotes the ane re ection with respect to the

common wall of the alcovedA; j ! A j+1 -
Proof. Let us apply the following tail- ip to the alcove path Ag ! YA
We leave the initial segmentAg ! ' A i unmodi ed and apply the a ne

re ection s to the remaining tail: S(A| j+1) G g, i+2) i g,
Note that A; ; = s(A; j+1) and s = s;. Also note that s(A;) = s(A + ) =
si(A )+ s( ), and, thus, s(A)) I ' Ag (). Let us add the steps(A|) I ' Ag () at
the end of the alcove path with ipped tail. We obtain the alco ve path

Aol P ATV YA ) P ST a1 Ay
from A to Ag (). Thus ( i;si( 1);::00si(j 1)s j+1;::5 1) isans( )-chain.
Proposition 12.5. Forany 2 andi2f1;:::;rg, we have

R T,=T1; RECT 4+ X R[ kil X R kil
0 k< (5 1) (; 7) k<O
Proof. Let us choose a -chain ( 1;:::; |). Let Ag !’ 1Y A, be the corre-

sponding alcove path fromAp = A to Aj = A . And let r; be the a ne re ection

with respect to the common wall of the alcovesA; ; ! TOA j+1 -
Then RL1 = R, R ,. Using the relations in Proposition [[I2 repeatedly to
commute T; with R | R ,, we obtain

R, R.,Ti = TR Rg(,) Rg(yR,
X
+ R, Ri+1 RSi(i 1) Rsi(l)Ri
it
R| Rj+1 RSi(j 1) Rsi(l)Ri:

According to Lemmas[IZB andIZ}, the right-hand side of ttd expression can be
written as

X X
Rl T =T RO 4 R C) R C1-
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For a hyperplane H of the form H ,«, k 2 Z, let px be the number of times
the alcove path A ! I'* A crossesH in the positive direction, and ng
be the number of times the path crossedd in the negative direction. In other
words, px =#fjj j= i;rj=s ,kgandng =#fjj ;= iv i =S ,k0
Then px  ng is nonzero if and only if H separates the alcove®A and A . More
speci cally, 8
> 1 ifo<k (; 1)
P Nk= 1 if0 k> (; +);
0 otherwise
This shows that X X
=18 T, =T RO 4 RIS ix ()] R[Si;k()];
o<k (i ) (; ;)<k 0
which is equivalent to the claim of the proposition.

13. The Kt-Chevalley formula: operator notation

We can formulate and prove our main result|the equivariant K -theory Cheval-
ley formulajusing the operator notation, as follows. Recal | that

RIl=R, R,=X (X'"+B,) (X 2+B,)(X '+B )X ;

Theorem 13.1. For any weight , the operator Rl ! preserves the spac& 1 (G=B).
For any u 2 W, we have

[L 1 [0u]= RUI(Ou]);
i.e., the operator Rl I acts on the spaceK t (G=B) as the operator of multiplication
by the class[L ] of the corresponding line bundle.

Proof. Proposition [Z3 says that the operatorsR[ 1 satisfy the same commutation
relations with the elementary Demazure operatorsT; as the operatorsE , see [3D).
Also Rl 1([04]) = x [03], by Proposition IZH. Now Lemmal3l implies that the
operator Rl 1 preservesK 1 (G=B) K1 (G=B) and acts as the operatorE of
multiplication by the class [L ] of the corresponding line bundle.

In Section [I4, we show that TheoremI3]1 is equivalent to Theem [E1. In
Sections[Th andIb, we illustrate TheoremE®& 1 and 13.1 by senal examples.

Remark 13.2 If is a dominant weight, then, according to Lemmda&.2, the opertor
R[ ! expands as a positive expression in the Bruhat operator8 , 2 *, and the
operators X . Indeed, a reduced -chain involves only positive roots. In this case,
Theorem[I3] gives a positive formula forll ] [Oy].

Specializing x 7! 1, we obtain the nonequivariant K -theory Chevalley for-
mula. In the following corollary, [L ] and [O] denote classes in the nonequivariant
Grothendieck ring K (G=B).

Corollary 13.3. Let 2 and( 1;:::; |) be a -chain. Then the operator
Ry =(1+B,) (@1+B))

acts on the Grothendieck ringK (G=B) as the operator of multiplication by the class
[L ] of the corresponding line bundle.
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Remark 13.4 We claim that Corollary implies the classical Chevallg for-

mula (BZI8). In order to derive this formula, we need to collet linear terms in

the expansion of the product (1+B ) (1+ B ,). Indeed, the coe cient ¢, ,

for "(us ) = “(u) 1, equals to the number of times the termB appears in the
expansion minus the number of timesB  appears in the expansion. According to
LemmalR3, forany 2 *, this coe cient is

#fp) 5= 9 #fjj ;= 9= m(A )=(; -)

which is exactly the coe cient in the Chevalley formula. Thu s, (318) and [3I5h)
follow.

14. Central points of alcoves

In this section, we show that Theorem[G.1 is equivalent to Th@rem[I31. In
order to do this, we show explicitly the way in which the operaor R[ 1 acts on
basis elementsQ,]. It is convenient to do this using central points of alcoves

Letus denethe setZ hg as
Z=f 2 =hj(; -)6Zforany 2 g;

i.e., Z is the set of the elements of the lattice =h- that do not belong to any
hyperplane H .x . Then every element ofZ belongs to some alcove. The ane
Weyl group W, preserves the seZ. This set was considered by Kostant[[Kost].

Lemma 14.1. [Kost] Each alcove contains precisely one element of the sét.
The only element ofZ in the fundamental alcoveA is =h-.

Proof. Itis enough to prove the statement only for the fundamental dcove, because
W, acts transitively on the alcoves. Let us express the highestoroot as a linear
combination of simple coroots: - = ¢ 1 + + ¢ 7. Then ¢ are strictly
positive integers andh- = ¢c;+  + ¢ +1. Every element of Z can be written as
=(ap!q+ + ar ! [ )=h-, whereas;:::;a, 2 Z. The conditionthat 2 Z\ A

For an alcove A, the only element o of Z\ A is called the central point of
the alcove A. In particular, o = =h-. The map A 7! A is a one-to-one
correspondence between the set of all alcoves arl.

Lemma 14.2. For a pair of adjacent alcovesA ! B, we have g A= =h-.

Proof. It is enough to prove this lemma for the fundamental alcoveA = A . All
alcoves adjacent toA are obtained from A by the re ections sgp;s3;:::;s; and
A ! ' s(A). Applying these re ections to the central point o = =h-, we
obtainsi(a) a = i=h-,fori=0;:::;r.

In fact, in the simply-laced case, the converse statement isrue as well.

Lemma 14.3. Suppose that is a root system of typeA-D-E. Then A! B if
and only if g A= =h-.
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Proof. Again, we can assume thatA = A is the fundamental alcove. In view
of Lemma[I42, it remains to show that = =h- + =h- 62Z, for any root
2 nf ;i r; g Forany such , there is a simple root ; such that
+ jisaroot. Thus (; )= 1land(; ;)=0. Thisimpliesthat belongs
to the hyperplane H .0 and, thus, 62Z.

Remark 14.4. In the case of a nonsimply-laced root system, the statementanverse
to Lemmal[IZ2 is not true. In other words, there are nonadjacet alcovesA and B
such that g A = =h - for some root .

Let us now x an alcove path A ! * I ' A and the associated -chain
( 1;:::; 1). By the de nition, the operator Rl ! can be expressed as
(14.1) RIl=X (X '"+B,) (X 2+B,)(X *+B )X
We can expandR! ! as a sum of 2 terms. For a subsetd f 1;:::;lg, let R} ! be

the term that contains B |, if j 2 J, and X i, otherwise. It is convenient to give

the following interpretation for the term RB ] using tail- ips.

Let = (0; o; 1;:::; 1; ) be a collection of points in h;. We can think of
this collection as a continuous piecewise-linear path irhgy from 0 to . Let j be
an index such that ; ; 6 ;, and let r; be the ane re ection with respect to
the perpendicular bisector of the segment [j 1; j]. In other words, the ane
re ection r; is given by the conditionr;( ; 1) = ;. For such an indexj, we de ne
the j-th tail-ip of as

Then f;( ) corresponds to a path from O torj( ). Let us associate with the
following composition of operators

X = Xh_(l )Xh_(l 1) Xh‘(o 1)Xh—(0 o):X h- :
Then X, () = X h-rji (),
Let us now assume that =(0; a,;:::; a5 ) i.e., i's are the central points

of the alcovesA;. Then

X =X X' XX =x":
Indeed, h-(0 A ) = » h-Ca A)) = j,and h-(a « N=,
see LemmadT4]1 an@T4.2. The expression is precisely the term R;[ Vin the

expansion of [TZ1).
In this case, r; is the a ne re ection with respect to the common face of A; ;

elementj. The corresponding term Rf[j]g in the expansion of [IZ1) is obtained from

the above expressiorX by replacing the term X i with B ;. Let us commuteB ,
all the way to the left using relation (LO5). We obtain

RIJ=Xx x' X imB X1t XX

fig
=B XnO)xrnCn) xrnCialy i1 X 1X
]
The product of X's in the last expression is precisely the operatoiX¢, ( ) for the
j-th tail-ip . In other words, REJ.]Q =B X¢,()-
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In general, for a subsetd = fj; < <jsg f 1;:::;lg, we have
(1= .
Ry"=B . B X, .0
Indeed, let us start with the expressionX . Replace the termX is initwith B |_,
and commute it all the way to the left. This leads to the expressionB | Xy, ().
Then replace the term X 's + with B, ~and commute it to the left. This leads

1
to the expressionB ; B X¢

is 1fisC ) etc.
We have

is 1
ijl f.0) = X h-rj; ris( ):
According to (IU3), this operator is explicitly given by

Xt,, f.0):[0u]70 x Ui fsC O]

Let us summarize our calculations.

Proposition 14.5. Let 2 be a weight. Let(ry;:::;r) and ( 1;:::; 1) be
the -chain of re ections and the -chain of roots associated with a decomposition
v =S, si. Then the operator Rl I is given by
RIT:[0y] 7! x U GO B ([0u])
J
over all subsets) = fj; < <jsg f 1;:::;10.

We can now nish the proof Theorem[G.

Proof of Theorem Bl This follows from Theorem[I31 and Proposition[IZb.

15. Examples for type A

In this and the next sections we illustrate our results by presenting several ex-
amples.

Suppose that G = SL,. Then the root system is of type A, 1 and the
Weyl group W is the symmetric group S,. We can identify the spacehy with

in R" spanned by the vector (1 :::;1). The action of the symmetric group S, on
V is obtained from the (left) S,-action on R" by permutation of coordinates. Let

"1;::5;"n 2 V be the images of the coordinate vectors irR". The root system

can be representedas = f 3 =" " ji6j 1 ij ng. The simple
roots are | = i+, fori = 1;:::;n 1. The longest coroot is - = 1.
The fundamental weights are! ; = "1 + + ", fori=1;:::;n 1. We have =
n";+(n 1)',+ +2", 1+",. The dual Coxeter numberish- =(; -)+1= n.
The weight lattice is = Z"=Z(1;:::;1). We use the notation [ 1;:::; ] for a
weight, as the coset of (1;:::; n)in Z".

Let nZ be the set Z of central points of alcoves scaled by the factoh- = n.
The fundamental alcove corresponds to the point in nZ. According LemmalTZ.3,
two alcoves are adjacentA ! B, 2 ,if and only if the corresponding elements
of nZ are related byn g n o = . In this case, we writen o ! n g. Thus,
we have the structure of a directed graph with labeled edgesrothe setnZ. Alcove
paths correspond to paths in this graph. The setnZ can be explicitly described as

nZ =f[ 1;:::5 nl2 j 1;:::; o have distinct residues modulong:
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Foran element =[ 1;:::; n]2 nZ, there exists an edge !’ ( + j ) if and
only if ;+1 j mod n. Given a weight , the corresponding -chains are in
one-to-one correspondence with directed paths in the grapmZ from to n .

Example 15.1. Suppose thatn =4 and = !, =[1;1;0;0]. The directed path
[4:3,21] ! * [4231]! ®[3;241]! * [3142]! ¥ [21,473]

from =1[4;3;2;1] to n!, =[0; 1;2;1] = [2;1;4; 3] produces the! ,-chain
(23 13 247 14)

Example 15.2. For an arbitrary n, we have! ; = "1 =[1;0;:::;0]. The path

[mn L1 ! % Lnn 2511 ®[n 2mn Ln 3]

' *Mn 3nmn 1Ln 2n 4:::;1]! " I I s O o I )
from to n! i gives the! ;-chain ( 12; 13; 14;:::; 1n)- INn general, for any
k=1;:::;n, we have the"-chain
(15.1) ( kk+1; kk+237005 kns k13 k230115 kk 1)
given by the corresponding path from to n"y.

Recall that v is the unique element ofW, suchthatv (A )= A . Equiv-
alently, we can dene v  in terms of central points of alcoves by the condition
Y, ( =h _) = =h-

Lemma 15.3. Suppose that is of type A, 1. Then, for k = 1;:::;n 1, the
ane Weyl group element v ,, belongs, in fact, toS, W, . This permutation
is given by

1 2 n k n k+1 n

VT ki1 k42 n 1 k 2S0 Wa:

Proof. This permutation maps =[n;:::;1]Jto[k;k 1;:::;Ln;n 1;:::;k+1]=
[0; 1;:::; k+1;n kin k 1;:::;1]= n!y, as needed.

Corollary 15.4.  For k = 1;:::;n, the operator of multiplication by [L- ] in the
Grothendieck ring K 1 (SL,=B) is given by

R = R 1Rk 2 ReiRknRin 1 Rikt:

For k=1;:::;n 1, the operator of multiplication by the line bundle[L, ] corre-
sponding to thek-th fundamental weight! i is given by

. . . Y Y
(15.2) R« = R R = Rj

The combinatorial formula for multiplication by [ L, ,] in the Grothendieck ring
K (SL,=B) that follows from formula (I52) was originally found in [Cen].



36 CRISTIAN LENART AND ALEXANDER POSTNIKOV

Proof. The expression forRl'«1 is given by the " -chain (I51). The expression for
RI' <! can be obtained by simplifyingRl']  RI'«] as shown in[Len]. Alternatively,

the reduced decompositionv y, = (sk  Sp 1)(Sk 1 Sn 2) (S1 sn «) for

the permutation v ,, given by Lemmal@3} corresponds to an -chain, see De ni-

tion B4l This ! -chain produces the needed expression farl' I,

Example 15.5. For n =3, Corollary [54] says that
R[! = R13R12 and R[! 2l = R13 Ros:

For a weight = aj!l;+ + a,!,, we can obtain an expression forRl 1 by
concatenation ofa; copies ofR[' 11, a, copies ofR[' 2, etc.
Theorem[B71 says that that the coe cient of [Oy] in the product [L ] [Oy] in

give saturated decreasing chainim  mw in the Bruhat order on W. Let us
illustrate this theorem by the following two examples.

Example 15.6. Suppose thatn =3, =1!j,andu=w = $;5;5; 2 W. Let us
calculate the product [L ] [Oy] in K1 (SL,=B) using Theorem[&1. The! ;-chain
(1 2) = ( 12; 13) is associated with the reduced decompositiors;s, = v ;.
The corresponding! 1-chain of re ections is (r1;r2) = (S1;515281) = (S 1,:0;S 1:0)-
Three out of four subsequences in (1; 2) correspond to decreasing chains in Bruhat
order starting at w : (empty subsequence), (12), and ( 12; 13). Thus we have

[Lii] Owl=x " [0y ]+ x W 0II[0g6,]+ x W 220 1[0, ]:
We can write this expression as
[Liz;0,00] [Ow ]1= x%t[o,, 1+ X[o;l;O][OS:lSZ] + X[1;0;01[052]3

The character of the irreducible representationV, , is obtained from the right-hand
side of this expression by replacing each ternx [O,,] with e :

ch(Vi ) = €oi0:il] 4 oiLi0] 4 L0,
Let us give a less trivial example.
Example 15.7. Supposen =3 and =21!;+!,=][3;1;0]. The path
3:21]! *[231]! ®[132]! *[123]
P 2[0;2;4] ! [ 1;3,4]! ®[ 2,3,5]
from =[3;2;1]to n =[ 2;3;5] gives the -chain
(1005 6)=( 125 130 237 137 127 13);

which is associated with the reduced decompositiorv. = $;5,515051S2 in the
a ne Weyl group. We have

RIJ=R, R, =RizRizRizRsRizRy; = RIIRIRE

The corresponding -chain of re ections is

Suppose thatu = sps;. There are ve saturated chains in Bruhat order de-
scending fromu: (empty chain), (umus , = S), (umus , = s1), (Uumus , m
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us ;8 5 = =1), (umus ,, mus 158 1 =1). Thus, the expansmn of L ] [O ]is

12 23

(empty SUbSEQUGHCG)( 12); ( 13);( 127 23); ( 137 12):

the form ( 12), three subsequences of the form (13), one subsequence of the form
( 12; 23), and two subsequence of the form (13; 12). Hence, we have

[L ] [Os,s,]= x UC ) [Og,s,]+ x Wil )4 x Wl ) [Og,] +
+ ox U2l ) gy wal ) px wel ) [Og ]+
+ x UarsC O]+ x UafsC )4 x urarsC ) [Oq]:
We can explicitly write this expression as
Lzl [Ospsi]= X030y, ]+ xB0H 4+ x[20:2 [0, ] +
+ xILZ0 4 ¢[1i21] 4 y[1:1;2] [Os,]+ x[3:1;0] [01] + x[2:2:0] 4 y[2:1:1] [O4]:
The corresponding Demazure character is

Ch(V[S;l;O];szsl) =
g1i0:3] 4 &l3:0:1] 4 J2:0:2] 4 [1;3:0] 4 ([1:21] 4 (15152] 4 (3:150] 4 (2:2:0] 4 2:1;1]-

16. Examples for other types

For an arbitrary root system, we can use the explicit constriction of the -chain

of re ections (ry;:::;r) and the -chain of roots ( 1;:::; |) given by Proposi-
tion 671

Example 16.1. Suppose that the root system is of type G,. Letus nd -
chains for = !; and = !, using Proposition [6E4. The positive roots are
1= 1, 2=3 1+ 25 3=2 1+ 27 4=3 1+2 2 5= 1+ 2 6= 2
The corresponding corootsare r = 1; 5= 1+ 3, =2 1+3 5, 7=
1t2 3, 5= 1+3 32, §= 7.

Suppose that = !;. The set R,, of ane reections with respect to the

hyperplanes separating the alcove®x and A , is
Ri, =fs ;00 S,00 S300 S4; 15 S 400 S 5500
Themaph:R,,! R'*! given by (E2) sends these a ne re ections to the vectors
(0;1;,0); (0:1;1); (0:1;3); (3:1:2); (0;1,2); (0:1;3);
respectively. The lexicographic order on vectors inR? induces the following total
order on the setR,,:
$.:0<S ,;,;,0<S ;;0<S ,;0<S ;;0<S , 1:
Suppose now that = !,. The setR,, of a ne re ections with respect to the
hyperplanes separatingA and A , is
Ri, =15 ,:00 S50 S4; 15 S35 25 S4:00 S4; 15 S5500 Ss; 15 Ss; 23S 6,00
The maph:R,,! R'*! sends these a ne re ections to the vectors
(0;3;1); (0:5;1); (5:5:1) (5:5:1) (0:3:0); (3530
0:5:1); (5:5:0; (5:5:1); (0;0;1);
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respectively. The lexicographic order on vectors inR® induces the following total
order on Ry ,:

S60<S 50<S 4;;0<S 3,0<S ,;0<S 5; 1<S , 1<S , 1<S 4 2<S ; 2!

The total orderson R, , and R, , correspond to the! ;-chain ( 1; 2; 3; 4; 5; 3)
and the ! ,-chain ( 4; s5; 4; 3; 2; 5, 3, 4, 5, 3). Thus, the operators of multi-
plication by the classes L,,] and [L,,] in K1 (G=B) are given by

RIJ=R ,R.R,R,R,R,;
Rl2J=R,R.R,R,R.R,R,R,R.R:

By Lemma [I533, the elementv ,, belongs to the (nona ne) Weyl group W,
for all fundamental weights ! ¢ in type A. Let us show that a similar phenomenon
occurs for minuscule weights in other types as well. A dominat weight is called
minuscule if the set of weights in the G-module V is in the orbit W of the Weyl

group.

Lemma 16.2. Let 2 *.Thenv 2 W ifandonlyif is a minuscule weight.

W-orbit W  and, thus, is minuscule. On the other hand, if is minuscule, then
(; -)=0or1,forany 2 *. Otherwise,if(; -) 2,thenV contains the
weight 62V .

The last two examples concern minuscule weights in type8 and C. Recall that
the elementv  is uniquely de ned by the condition v (=h-) = =h- . f
v 2 W, then we can write this condition asv () = h- .

Example 16.3. Suppose that is of type C,. This root system can be embedded
into R" asfollows: = f "; "j; 2'ji®6 jg, where"y;:::;", arethe coordinate
vectors inR". The simplerootsare 1 =";1 "2, 2="2 "3,... r 1="r 1 "1,

r =2",. The Weyl group W is the semidirect product of S; and (Z=2Z)". It acts
on R" by permuting the coordinates and changing their signs. The indamental
weights are! y = "1 + + ", k=1;::5r;and =(r;ii:; 1) 2 R, The dual
Coxeter numberish- =(; -)+1=2r.

Suppose that = !3. Then h-11=(C rnr Lr 2;:::;1)2 R, This
weight is obtained from by applying the Weyl group element s,-, that changes
the sign of the rst coordinate. Thus v , = s, 2 W W, . The only reduced
decomposition of thiselementisy |, =s; S 1S 1 S1,S0 (v 1,)=2r 1.
This reduced decomposition corresponds to the ;-chain

(15 810 2); s1S2( 3); siiyosaiiise 1( r); iy spiiis iiise( 1) =
"1 "y "1 s v e 2 "+ T A U P
cf. De nition 541 The operator RI' 1l is given by
Rl = Rejvny Repag Rej+r R Ry Rep wyReyp vy

r
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Example 16.4. Suppose that is of type B,. This root system can be embedded
into R" as follows: = f " ";; "iji6 jg where"s;:::;"; are the coordinate
vectors inR". The simplerootsare 1 =";1 "2, 2="2 "s3,... r 1="r 1 "1,

r = "r. The Weyl group W and its action on R" are the same as in typeC,. The
fundamental weights are! = "1+ +"¢,k=1;:::;r 1,and!, = %("1+ +").
Wehave =(r 1%;:::;1 1) 2 R'. The dual Coxeter numberish- = ( ; -)+1=
2r.

Suppose that = !, is the last fundamental weight. Then  h-!, =( %; 1
2,2 %;:t r+ 1) 2 R This weight is obtained from by applying the Wey!
group elementv ;, 2 W W, that reverses the order of all coordinates and
changes their signs. The elemenv , 2 W has length"(v ,,) = r(r +1)=2. One

of the reduced decompositions for this element is
Vo, =(s)(s 1s)(sr 28 18)  (S2 s)(s1 s

The associated (-chainis ( r; Sr( r 1);SSr 1( r); SrS 1S ( ¢ 2);:::). Wecan
explicitly nd the roots in this ! ,-chain and write the operator Rl' 11 as

Rl ] = (R, R Rejerg Rejor )R, Rejury Rogan, Rejer)
(R, ;R v Ry e )R Ry e )R

1+"2

17. Quantum K -theory

In this section, we conjecture a natural Chevalley-type fomula in the quan-
tum K -theory of G=B. The quantum K -theory, which is a K -theoretic version of
guantum cohomology was introduced by Lee [Lek]. The quantumK -theory of ag
varieties, in particular, has been rst studied by Givental and Lee [GILe]. We recall
a few basic facts below.

Let us denote by QK (G=B) the quantum K -theory of G=B. In order to describe

(di;:::;d,), called multidegree, we letq® := ¢f*:::q. As a Z[g]-module, the
guantum K -theory is de ned as QK (G=B) := K(G=B) zZ[q]. Let [w] denote the
class of the structure sheaf of the Schubert varietyX,, w. Then the classes of W]
form a Z[q]-basis of QK (G=B). The multiplication in QK (G=B) is a deformation
of the classical multiplication:

X X
[ M= o Ny (d) [W];

d  w2w
where the rst sum is over all multidegrees d, and N (d) is the quantum K -
invariant of Gromov-Witten type for [u], [v], and the quantum dual of [w]. As
de ned in [Le€], this invariant is the K -theoretic push-forward to SpecC of some
natural vector bundle on the moduli spaceM 3.o(G=B; d) (via the orientation de ned
by the virtual structure sheaf). The associativity of the quantum K -product was
established in [Leé], based on a sheaf-theoretic version ah argument of WDVV-
type.

Let us recall the Chevalley-type formula for the small quantum cohomology
ring QH (G=B) of G=B. For type A, this formula was rst proved in [EGP]
In general type, it was proved by D. Peterson (unpublished) aad by Fulton and
Woodward [FuWo] (who, in fact, obtained a more general formda for G=P). Again,
as aZ[g]-module, QH (G=B):= H (G=B) Z[q]. Thus, the quantum cohomology
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ring has a Z[q]-basis basis given by the cohomology classes of, v, Which we
denoted by hwi.

The Chevalley-type formula in QH (G=B) can be stated using the quantum
Bruhat operators de ned in [BEP]. These are operators on the group algebra
Z[q[W] of the Weyl group W over Z[q]. For each positive root , the quantum
Bruhat operator Q i38 de ned by

< WS if "(ws )= "(w)+1;
Qw=_ ¢ws if (ws)="(w) 2ht( -)+1;
0 otherwise,
where ht( -) = ( ; -) is the height of the coroot -, and g™ ) = ¢f* ¢, for
-=d 1+ +d r,ie,d =(!iy; -). Alsodene Q = Q if isa
negative root. It was proved in [BEP] that the operators Q satisfy the Yang-Baxter

equation.

The map w 7! hwi extends linearly to the isomorphismZ[g][W]! QH (G=B)
of Z[g]-modules, for which we use the same notatiom ! h ai. Similarly, we extend
the map w 7! [w]. The Chevalley formula in quantum cohomology can now be
stated, as follows, see [FuWol BEP].

(17.1) hsii hwi = (Yi; )M (wW)i;
2 +
where s; is a simple re ection and denotes the product inQH (G=B).
Based on Corollary[T2 and [IZ11), we formulate the followig conjecture.

Conjecture 17.1. Fix a simple re ection s;. Let ( 1;:::; |) be an!-chain of
roots. Then we have

[s] WM=[1 @ Q,) @ Q)NWI;
where denotes the product in the ring QK (G=B).

The conjectured formula in QK (G=B) specializes to CorollaryIT.2, upon setting
= = ¢ = 0. It also specializes to QH -Chevalley formula (Z1), upon
taking the linear terms in the expansion of the operator1 (1 Q ,) (1 Q)
cf. Remark[I33. We can extend this conjecture to the quantumr -equivariant K -
theory of G=B, seel[Lek] for the de nition of the ring QK 1+ (G=B). We conjecture
that the operator of multiplication by the class [s;] in this ringis 1 x" ( i)R([q il
where the operatong ‘1] is obtained fromR[ '] by replacing all Bruhat operators
B with the quantum Bruhat operators Q , cf. Theorem[I31. It is not hard to
extend this conjecture to generalized partial ag varieties G=P, as well.

A possible approach to proving this conjecture would be an etension of the geo-
metric argument in [FuWo] from quantum cohomology to quantum K -theory. On
the other hand, in classical types it might be possible to nd an essentially algebraic
proof in the spirit of the proof of the quantum Chevalley formula from [EGP].

18. Appendix: foldings of galleries, LS-galleries, and LS-paths

In this appendix, we introduce admissible foldings of galleies, and use this notion
to reformulate our model for the characters of the irreducilde representations (Corol-
lary E8) and for the Demazure characters (Corollary[&5). Br regular weights,
admissible foldings of galleries are similar, but not equialent, to the LS-galleries
of Gaussent and Littelmann [GaLi]. We clarify this relation ship by showing that it
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is based on Dyer's theorem[[Dyer] about the EL-shellability of the Bruhat order.
Then we compare the computational complexity of our model fo characters with
that of the model based on LS-paths and root operators.

18.1. Admissible foldings.
De nition 18.1. A gallery is a sequence = (Fg;Ao;F1;A1;Fo; i F AL Frler)

Aj 1 and Aj, forj =1;:::;1; Fo is a vertex of the rst alcove Ag; and Fi41 is a
vertex of the last alcoveA,. Furthermore, we require that Fop = fOgandFj.; = f ¢
for some weight 2 , which is called the weight of the gallery. We say that a

These galleries are special cases of the generalized ga#erin [GaLli].

In this subsection, we will consider only galleries such tha Ap = A is the
fundamental alcove. Unfolded galleries of weight with Ag = A are in one-to-one
correspondence with alcove pathsA ;:::;A;) suchthat 2 A,. Indeed, F; should

De nition 18.2.  Let us say that a gallery of weight isreducedif Ao = A , and
has has minimal length among all galleries of weight with Ag = A . Clearly,
every reduced gallery is unfolded.

Lemma 18.3. Let be a dominant weight. Then the last alcove in a reduced
gallery of weight is Aj = A . Hence, reduced galleries with an anti-dominant
weight are in one-to-one correspondence with reduced alcove pattismom A to
A, which, in turn, correspond to reduced decompositions off 2 W, .

Proof. The number of hyperplanesﬁ-l « that separate the point E = f g from
the fundamental alcoveA ism = o +(; -). Thus, the length of any alcove
path from A to an alcove A, with vertex E should be at leastm. The number
m is precisely the length of a reduced alcove path fromA to A . On the other
hand, for any other alcoveA°6 A  such that E is a vertex of A® the number of
hyperplanes that separateA® from A is strictly greater than m.

For a gallery = (Fo;Ao0;F1;: i F ;A Fler), let rq;iii;rp 2 W, denote
the a ne re ections with respect to the a ne hyperplanes con taining the faces
Fi;ii0 F. Forj =15:::;1, let the j-th tail- ip operator f; be the operator that

fi( )= (FoiAoFriAL i A] 1F0= F AL RS AL i AR, )
where A? := rj(Ai) and F?:= rj(F), for i = j;:::;1 +1. In other words, the
operator f; leaves the initial segment of the gallery fromA, to A; 1 intact and
re ects the remaining tail by rj. Clearly, the operators f; commute. Hence, they
determine an action of the group €=2Z)' on galleries. Every gallery is obtained
from an unfolded gallery by applying several tail- ips. Equivalently, using the
operatorsf;, one can always transform (unfold) an arbitrary gallery into a uniquely
de ned unfolded gallery.

Lemma 18.4. If is a gallery of weight , thenf;, f; ( ) is a gallery of weight
r, fri() foranyl ji< <js L

Proof. First, let us apply f;, to . We obtain a gallery of weightr; ( ). Applying
the tail-ip f;, , to f; ( ) changes its weight tor;, ,r; . ( ), etc.
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De nition 18.5. Let be an unfolded gallery, and letry;:::;r; be the ane
re ections with respect to the faces of . An admissible foldingof is a gallery of
the form f;,  f;,( ) forsome 1l j;< <js | such that
T, borgerg, b Lorgprg, g,
is a saturated increasing chain in the Bruhat order on the Wey group W. More
generally, foru 2 W, au-admissible foldingof is a gallery of the formf;, ;. ()
forsomel j;< <js | such that
umurj, mur; rij, m mur;, rj, fis
is a saturated decreasing chain in the Bruhat order on the Welgroup W. We allow

s = 0, so the gallery itself is an admissible (1-admissible) folding of . Notice
that admissible foldings are preciselyw -admissible foldings.

We can also give the following intrinsic characterization d u-admissible foldings.

Lemma 18.6. Let %= (A% FY:::;F%A%LED be a gallery, andrd;:::;r° be the
ane re ections with respect to the faces F2:::;FC% Let fj; < <jsg:=1) 2
f1;:::519 J AY 1 = Alg. Then the gallery °is a u-admissible folding of some
unfolded gallery if and only if

ITmr?

J1

0
J1

0
]2

1 0

J1

0
J2

0
is

u utmrlrulm mrlr rul

is a saturated decreasing chain in the Bruhat order on the Wdygroup W.

Proof. We have %= f;,  f; (). Let ry;:::;r) be the re ections with respect to
the faces of the unfolded gallery . Then

0 — v v b0 — o L0
Iy = Tias Tj = Fialia ey Ty = Faljaljsljpljs 2o

is i i 0,0 0 —= o ) 1 R
This implies ry ry, 1y = (rj,rj, 1) *, fori = 1;:::0s. Now the lemma

follows from De nition 1851

Corollaries 3 and[E®6 are equivalent to the following clan. Let weight( )
denote the weight of a gallery .

Corollary 18.7. Let be a dominant weight, and let be a reduced gallery with
weight( ) =
(1) The character ch(V ) is equal to the sum

X o
Ch(V ): e weight(  °)

0

over all admissible foldings © of the gallery .
(2) Let u2 W. The Demazure characterch(V., ) is equal to the sum

X f 0
Ch(V;u ): e u(weight( %))

0

over all u-admissible foldings ° of the gallery .
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18.2. LS-galleries. In this section, we discuss the relationship between admidisle
foldings and LS-galleries of Gaussent and Littelmann in cas of aregular weight

. We show that LS-galleries can be associated with admissiélfoldings of some
special reduced galleries.

We start by recalling some terminology from [GaLi]. Let us x a dominant
regular weight . Let us say that a gallery of weight is minimal if crosses
only the hyperplanes strictly separating O and . Note that in such a gallery we
have Ag = A , and the last alcoveA; isw (A )+ = A +

Recall that the facets of the fundamental alcove areH; = H .o, fori =1;:::;r;
and Ho = H ,. 1. If F is a face of the fundamental alcoveA , we de ne its type
by

type(F)=fijF H;;i=0;1;:::;rg:

facesF;. The companion of is the sequenceo;:::;us) of elements inW, where
Up 2 W is the unique element such thatu(A ) = Ag; and u; = rj,u; 1, fori =

De nition 18.8.  [GaLl] For a minimal gallery  of a (dominant regular) weight
, the set |5 () of LS-galleries associated with is the set of all galleries °such

decreasing chain in the Bruhat order onW.

The general de nition of LS-galleries given is [[GaLl] for ambitrary dominant
weights is more complicated. They are de ned as certain collectionsof faces
of alcoves that satisfy several conditions, including someositivity and dimension
conditions. The companion of such a gallery is a chain in the Buhat order on the
quotient W=W . For regular weights, the de nition of LS-galleries from [Gall] is
equivalent to the simpli ed de nition above.

It was shown in [GaLl] that, for a minimal gallery  of weight ,

ch(V )= greight( ).
2 s ()
Let us now clarify the relationship between Corollary[I8T(1) and this statement.
Let us say that a gallery of = (Fg;Aq;F1;:::;A|;F+1) is specialif | N =
are adjacent to the origin 0. Let us de ne the transformation
t . fspecial galleries of weight g !f galleries of weight g:

For a special gallery = (Fo;Ao;F1;:::;A;Fl+1) of weight |, the gallery t( ) is

the weight ; (3) reverse the sequence of alcoves and faces in the gallety other
words,
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If = (Fo;Ao0;F1;:::;A;F41) is a special reduced gallery of weight  (De -
nition [82), then Ay =w (A )and F; H ., fori=1;:::;N. All foldings of
are also special. The imagd( ) of is a minimal gallery of weight . Moreover,
all minimal galleries are of this form. Notice that, for a regular weight , we can
always nd a special reduced gallery of weight

Proposition 18.9. Let be a special reduced gallery of weight , where is a
regular weight. Then the map °7! t( 9 is a bijection between the set of admissible
foldings of and the set s (t( )) of LS-galleries associated witht( ). Moreover,
we haveweight(t( 9) =  weight( 9).

The proof of this proposition is based on the following fundanental (and non-
trivial) result, which expresses the EL-shellability of the Bruhat order on a Weyl
group, and is closely related to the Verma theorem[[Ver]. Ths result was proved
for an arbitrary Coxeter group in [Dyer] Proposition 4.3]. We also refer to [BER,
Theorem 6.4] for a new approach and a di erent generalizatio. Recall that re ec-
tion orderings [Huml [Dyer| are total orders on roots in  * that are associated with
reduced decompositionsv = s, :::s;, for w , as follows:

in <SiN( in 1)<:::<SiNSiN 1:::Siz( il):
Proposition 18.10. [Dyer, BEP] Fix a re ection ordering 1 < < n. For

any Weyl group elementw, there is a unique saturated increasing chain in Bruhat
order from 1 to w of the form

(18.1) 1l's. I's. s | il s, iis. =w;

J1 J1 I2 J1 Ip

wherel ji<:::<jp, N.

Proof of Proposition [83. Let ©°be an arbitrary admissible folding of . Every
tail- ip operator f; preserves the type of © that is, type( 9 = type(f;( 9), and
changes its weight by a multiple of a root. Hence, the transfomation t applied to

O can be viewed as a composition of the translation by with a translation by an
element of the root lattice. Note that the second translation is an element ofW, .
Recalling that is mapped tot( ) via the translation by , we conclude that the
gallery t( 9 has the same type agt( ).

a ne re ections with respect to the faces of and © respectively. Let p be such
that j, N andjpss >N . Assume that %= f;, f; (), whereji1 <  <jsg,
S0

I b b Doy, 1y,
is a saturated decreasing chain in the Bruhat order. The compnion of t( 9 is the
sequence

— . 0 . 0 0 ceee. 0 -] .

(up = rj, 1:irjg; Fy Uos Iy FigUo; 11 Iy ...rjsuo).
Butsincer?r?,  rP =(rjr;, 1) bfori=1;:::;s (see the proof of Lemma
[[88), the companion oft( 9 is the sequence

(STRESY ST SPINS SRS SRS ST I

which is a saturated decreasing chain in Bruhat order. We hae thus shown that
the image of mapt is contained in s ( ).

It suces to construct the inverse map. Recall that the rst N facesF; of
satisfy F; H ,.0. This gives a re ection ordering 1 < < N, according to
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Lemmal[53. Given a gallery ®in s (t( )), assume that its companion ends at
somew in W. According to Proposition 810, there is a unique way of wiing
w=s, s forl ji<:i:ii<jp N, suchthat (I81) holds.
Let Us now relabel the faces of ®as follows: FOALFSAY RO ).
Let fjp <:::<jsg=fjjAY; = Alg. We associate with ®the gallery
fi ooty fi. coifi (). The facts stated above imply that this construction gives

the mverse map tot.

Remark 18.11 (i) For a nonregular weight , it is not clear how to associate LS-
galleries with our admissible foldings.

(i) According to [GaLlill one can associate a collection of ontinuous piecewise-linear
Littelmann paths with the set of LS-galleries s ( ) by connecting the centers of
faces in the galleries. In[[LePb], we will discuss other wayt associate Littelmann
paths to our admissible foldings of a gallery.

18.3. Comparison of computational complexities. We conclude with a com-
parison between the computational complexities of our conguction and the con-
struction of LS-paths based on root operators.

Fix a root system of rank r with N positive roots, a dominant weight , and
a Weyl group elementu of length |. We want to determine the character of the
Demazure moduleV., . Let d be its dimension, and letL be the length of the
a ne Weyl group element v (that is, the number of a ne hyperplanes separating
thg fundamental alcove A and A ). Note that L = 2(; -), where - =
5 o + —. We claim that the complexity of our character formula is O(dIL).
Indeed we start by determining an alcove path via the methoddescribed at the
end of Section[®, which involves sorting a sequence df rational numbers. The
complexity is O(L logL), and note that log L is, in general, much smaller thand
(see below for some examples). Whenever we examine some sobavof the word
of length L we xed at the beginning, we have to check at mostL 1 ways to add
an extra re ection at the end. On the other hand, in each casewe have to check
whether, upon multiplying by the corresponding nona ne re ection, the length
decreases by precisely 1. The complexity of the latter opetan is O(l), based
on the Strong Exchange Condition [Hum, Theorem 5.8]. Then, ér each \good"
subword, we have to do a calculation, namely applying at mos®| a ne re ections
to . Infact, it is fairly easy to implement this algorithm.

Now let us examine at the complexity of the algorithm based onroot operators
for constructing the LS-paths associated with . In other words, we are looking
at the complexity of constructing the corresponding crystd graph. We have to
generate the whole crystal graph rst, and then gure out whi ch paths give weights
for the Demazure module. For each path, we can apply root operators. Each path
has at mostN linear steps, so applying a root operator has complexityO(N ). But
now we have to check whether the result is a path already detenined, so we have to
compare the obtained path with the other paths (that were already determined) of
the same rank in the crystal graph (viewed as a ranked poset)This has complexity
O(NM ), where M is the maximum number of elements of the same rank. Since we
have at mostN + 1 ranks, M is at leastd=(N + 1). In conclusion, the complexity
is O(drNM ), which is at least O(d?r).

Let us get a better picture of how the two results compare. Asame we are in
a classical type, and let us rst take to be the i-th fundamental weight, with i
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xed, plus u= w . Clearly | is O(r?), L is O(r), and d is O(r"), so the complexity
of our formula is O(r'*®). For LS-paths, we get at leastO(r?*1). So the ratio
between the complexity in the model based on LS-paths and oumodel is at least
o(r' 2.

Let us also take = . In this cased = 2N, and a simple calculation shows
that L is O(r®). Our formula has complexity O(2N r®), while the model based on
LS-paths has complexity at leastO(22Nr). So the ratio between the complexities
is at least O(2N =r*), where N isr(r +1)=2,r?, and r? r in types A, B=C, and
D, respectively.
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