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FACES OF GENERALIZED PERMUTOHEDRA

ALEXANDER POSTNIKOV, VICTOR REINER, AND LAUREN WILLIAMS

Abstract. The aim of the paper is to calculate face numbers of simple gen -
eralized permutohedra, and study their f-, h- and -vectors. These polytopes
include permutohedra, associahedra, graph-associahedra , simple graphic zono-
topes, nestohedra, and other interesting polytopes.

We give several explicit formulas for h-vectors and -vectors involving de-
scent statistics. This includes a combinatorial interpret  ation for -vectors of a
large class of generalized permutohedra which are ag simpl e polytopes, and
con rms for them Gal's conjecture on nonnegativity of -vectors.

We calculate explicit generating functions and formulae fo r h-polynomials
of various families of graph-associahedra, including thos e corresponding to all
Dynkin diagrams of nite and ane types. We also discuss rela tions with
Narayana numbers and with Simon Newcomb's problem.

We give (and conjecture) upper and lower bounds for f -, h-, and -vectors
within several classes of generalized permutohedra.

An appendix discusses the equivalence of various notions of deformations
of simple polytopes.
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1. Introduction

Generalized permutohedra are a very well-behaved class obovex polytopes
studied in [Post'05], as generalizations of the classicalgrmutohedra, associahedra,
cyclohedra, etc. That work explored their wonderful propetties from the point of
view of valuations such as volumes, mixed volumes, and numbeof lattice points.
This paper focuses on their further good behavior with respet to face enumeration
in the case when they are simple polytopes.

Simple generalized permutohedra include as an important soclass (the duals
of) the nested set complexeonsidered by DeConcini and Procesi in their work
on wonderful compacti cations of hyperplane arrangements; see [DP'95, FS'05]. In
particular, when the arrangement comes from a Coxeter systm, one obtains inter-
esting ag simple polytopes studied by Davis, Januszkiewiz, and Scott [DJS'03].
These polytopes can be combinatorially described in terms fothe corresponding
Coxeter graph. Carr and Devadoss[[CD'06] studied these potppes for arbitrary
graphs and called themgraph-associahedra.

We mention here two other recent papers in which generalizegoermutohedra
have appeared. Morton, Pachter, Shiu, Sturmfels, and Wienad [M{W'06] consid-
ered generalized permutohedra from the point of view ofank tests on ordinal data
in statistics. The normal fans of generalized permutohedraare what they called



FACES OF GENERALIZED PERMUTOHEDRA 3

submodular rank tests Agnarsson and Morris [AM'06] investigated closely the 1-
skeleton (vertices and edges) in the special case where gealized permutohedra
are Minkowski sums of standard simplices.

Let us formulate several results of the present paper. A few énitions are

subsets in h] such that

Q) ifl;J2Bandl\ J6 ;,thenl [ J 2B,
(2) B contains all singletonsfig and the whole set p],

see De nition B.1. An interesting subclass ofgraphical building setsB(G) comes
from connected graphsG on [n]. The building set B(G) contains all nonempty
subsets of verticed  [n] such that the induced graph Gj, is connected.
The nestohedronPg is de ned (see De nition £.3) as the Minkowski sum
X
Pg = |
12B

of the coordinate simplices | := ConvexHull(g j i 2 1), where the g are the
endpoints of the coordinate vectors inR". According to [Post'05, Theorem 7.4]
and [FS'05, Theorem 3.14] (see Theorein 8.5 below), the nestedron Pg is a simple
polytope which is dual to a simplicial nested set complex. Foa graphical building
setB(G), the nestohedronPg g, is called the graph-associahedron.In the case when
G is the n-path, Pg(g) is the usual associahedron; and in the case whe@ = K, is
the complete graph,Pg(g) is the usual permutohedron.

Recall that the f -vector and the h-vector of a simple d-dimensional polytope
P are (fo;f1;:: 'P'fd) and (ho; hp: N hd), where f; is the number of i-dimensional
faces ofP and h; (t+1)' =  f;t'. It is known that the h-vector of a simple
polytope is positive and symmetric. Since theh-vector is symmetric, one can de ne

xd Xe
hit = i@+ e 2
i=0 i=0

A simplicial complex is called a ag complex (or a cligue compley if its
simplices are cliques (i.e., subsets of vertices with comgle induced subgraphs) of
some graph (1-skeleton of ). Say that a simple polytope is ag if its dual simplicial
complex is ag.

Gal conjectured [Gal'05] that the -vector has nonnegative entries for any ag
simple polytope.

Let us that say a connected building setB is chordal if, for any of the sets| =
fig < <i,gin B, all subsetsfis;is+1 ;:::;irgalso belong toB; see De nition 8.2,
By Proposition B.4], graphical chordal building setsB(G) are exactly building sets
coming from chordal graphs. By Proposition[9.7, all nestohdra Pg for chordal
building sets are ag simple polytopes. So Gal's conjectureapplies to this class
of chordal nestohedra,which include graph-associahedra for chordal graphs andni
particular, for trees.

For a building set B on [n], de ne (see De nition 87) the set S,(B) of B-
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vertices of the nestohedronPg; see Proposition 8.1D.

Let des(w) = # fi j w(i) > w (i + 1) g denote the number of descents in a per-
mutation w. Let Qn be the subset of permutationsw of sizen without two con-
secutive descents and without nal descent, i.e., thereisni 2 [n 1] such that
w(i) >w (i +1) >w (i +2), assuming that w(n +1) = 0.

Theorem 1.1. (Corollary and Theorem[11.6) Let B be a connected chordal

building set on[n]. Then the h-vector of the nestohedronPg is given by

X ) X
hi th = tdes(w);

i w2S, (B)

and the -vector of the nestohedronPg is given by

X .
i th = tdes(w):

i w2S, (B)\ 8,
This result shows that Gal's conjecture is true for chordal restohedra.

The paper is structured as follows.

Section[2 reviews polytopes, cones, fans, and gives basiar@nology of face
enumeration for polytopes { -vectors), simple polytopes (h-vectors), and ag simple
polytopes ( -vectors).

Section[3 reviews the de nition of generalized permutoheda, and recasts this
de nition equivalently in terms of their normal fans. It the n sets up the dictionary
between preposets, and cones and fans coming from the braidrangement. In
particular, one nds that each vertex in a generalized assoiahedron has associated
to it a poset that describes its normal cone. This is used to characterizevhen the
polytope is simple, namely when the associated posets havealdse diagrams which
are trees. In Sectiorl 4 this leads to a combinatorial formulgormula for the h-vector
in terms of descent statistics on these tree-posets.

The remainder of the paper deals with subclasses of simple geralized permuto-
hedra. Sectior® dispenses quickly with the very restrictie class of simple zonotopal
generalized permutohedra, namely thesimple graphic zonotopes

Section[® then moves on to the interesting class afiestohedraPg coming from a
building set B, where the posets associated to each vertex are rooted treeShese
include graph-associahedra. Sectioh] 7 characterizes theag nestohedra.

Section[8 discusse8-trees and B-permutations. These trees and permutations
are in bijection with each other and with vertices of the nesbhedron Pg. The h-
polynomial of a nestohedron is the descent-generating furtion for B-trees. Then
Section[9 introduces the class of chordal building sets anchews that h-polynomials
of their nestohedra are descent-generating functions foB-permutations.

Section[I0 illustrates these formulas foth-polynomials by several examples: the
classical permutohedron and associahedron, the cyclohealn, the stellohedron (the
graph-associahedron for the star graph), and the Stanley-Pman polytope.

Section[11 gives a combinatorial formula for the -vector of all chordal nestohedra
as a descent-generating function (or peak-generating furion) for a subset of B-
permutations. This result implies Gal's nonnegativity conjecture for this class of
polytopes. The warm-up example here is the classical permohedron, and the
section concludes with the examples of the associahedron drcyclohedron.
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Section[I2 calculates the generating functions fof -polynomials of the graph-
associahedra for all trees with one branching point and disgss a relation with
Simon Newcomb's problem. Sectioril3 deals with graphs that r@ formed by a
path with two small xed graphs attached to the ends. It turns out that the h-
vectors of graph-associahedra for such path-like graphs cabe expressed in terms
of h-vectors of classical associahedra. The section includexgicit formulas for
graph-associahedra for the Dynkin diagrams of all nite anda ne Coxeter groups.

Section[14 gives some bounds and monotonicity conjecturesif face numbers of
generalized permutohedra.

The paper ends with an Appendix which clari es the equivalerce between various
kinds of deformations of a simple polytope.

Acknowledgments: The authors thank Federico Ardila, Richard Ehrenborg,
Ira Gessel, Sangwook Kim, Jason Morton, Margaret Readdy, Ane Shiu, Richard
Stanley, John Stembridge, Bernd Sturmfels, Oliver Wienand and Andrei Zelevinsky
for helpful conversations.

2. Face numbers

This section recalls some standard de nitions from the theay of convex poly-
topes and formulate Gal's extension of the Charney-Davis cojecture.

2.1. Polytopes, cones, and fans. A convex polytopeP is the convex hull of a
nite collection of points in R". The dimension of a polytope (or any other subset
in R") is the dimension of its a ne span.

A polyhedral conein R" is a subset de ned by a conjunction of weak inequalities
of the form (x) O for linear forms 2 (R") . A face of a polyhedral cone is
a subset of the cone given by replacing some of the inequals (x) 0 by the
equalities (x) =0.

Two polyhedral cones ;1; » intersect properly if their intersection is a face of
each. A complete fan of conesF in R" is a collection of distinct nonempty poly-
hedral cones coveringR" such that (1) every nonempty face of a cone irF is also
a cone inF, and (2) any two cones inF intersect properly. Cones in a fanF are
also calledfaces of F.

Note that fans can be alternatively de ned only in terms of th eir top dimensional
faces, as collections of distinct pairwise properly interscting n-dimensional cones
covering R".

A face F of a convex polytopeP is the set of points in P where some linear
functional 2 (R") achieves its maximum onP, i.e.,

F=fx2Pj (xX)=maxf (y)jy2 Pgg

Faces that consist of a single point are calledrertices and 1-dimensional faces are
called edgesof P.

Given any convex polytopeP in R" and a faceF of P, the normal cone toP at
F, denoted Ng (P), is the subset of linear functionals 2 (R") whose maximum
on P is achieved on all of the points in the faceF, i.e.,

Ne(P)=f 2(R") j (xX)=maxf (y)jy2 Pgforall x 2 Fg:

Then Ng (P) is a polyhedral cone in R") , and the collection of all such cones
Ne (P) as one ranges through all face§ of P gives a complete fan in R") called
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the normal fan N (P). A fan of the form N (P) for some polytope P is called a
polytopal fan.

The combinatorial structure of faces of P can be encoded by thdattice of faces
of P ordered via inclusion. This structure is also encoded by thexormal fan N (P).
Indeed, the mapF 7! N ¢ (P) is an inclusion-reversing bijection between the faces
of P and the faces ofN (P).

A cone is calledpointed if it contains no lines (1-dimensional linear subspaces),
or equivalently, if it can be de ned by a conjunction of inequalities i(x) 0 in
which the ; span (R") . A fan is called pointed if all its faces are pointed.

If the polytope P R" is full-dimensional, that is dim P = n, then the normal
fan N (P) is pointed. For polytopes P of lower dimensiond, de ne the (n  d)-
dimensional subspaceP”  (R") of linear functionals which are constant onP.
Then all cones in the normal fanN (P) contain the subspaceP?. Thus N (P) can
be reduced to a pointed fan in the spaceR") =P~

A polytope P is called simple if any vertex of P is incident to exactly d = dim P
edges. A cone is callegsimplicial if it can be given by a conjunctions of linear
inequalities (x) 0 and linear equations j(x) = O where the covectors ; and

j form a basis in R") . A fan is called simplicial if all its faces are simplicial.
Clearly, simplicial cones and fans are pointed. A convex petope P R" is simple
if and only if its (reduced) normal fan N (P)=P? is simplicial.

The dual simplicial complex p of a simple polytopeP is the simplicial complex
obtained by intersecting the (reduced) normal fanN (P)=P? with the unit sphere.
Note that i-simplices of p correspond to faces oP of codimensioni + 1.

2.2. f -vectors and h-vectors. For a d-dimensional polytope P, the face number
fi(P) is the number of i-dimensional faces ofP. Tlge vector (fo(P);:::;fq(P))
is called the f -vector, and the polynomial fp(t) = L, fi (P)t is caIIed the f -
polynomial of P.

Similarly, for a d- Blmensmnal fanF, f;(F) is the number of i-dimensional faces
of F,and fr(t) = , fi (F)t'. Note that face numbers of a polytopeP and
its (reduced) normal coneF = N (P)=P? are related asf;(P) = fq i(F), or
equivalently, fp (t) = t9fe (t 1).

We will most often deal with the case whereP is a simple polytope, or equiv-
alently, when F is a simplicial fan. In these situations, there is a more compct
encoding of the face numberd;(P) or f;(F) by smaller nonneganve'yﬂegers One
de nes the h-vector (ho(P);:::;hq(P)) and h-polynomial hp (t) = |, h; (P)t
uniquely by the relation

X
(2.1) fp(t)= hp(t+1); orequivalently, f;(P)= j hi(P); j =0;:::;d:

Eorasmphaal fan F, the h-vector (ho(F);:::; hq(F) and the h-polynomial he (t) =
i=o hi (llg)t' are de ned by the relation tdfF (t 1) = he(t +1), or equivalently,
fi(F)y= d'j hi(F), for j =0;:::;d. Thus the h-vector of a simple polytope

coincides with the h-vector of its normal fan.
The nonnegativity of h;(P) for a simple polytope P comes from its well-known
combinatorial interpretation [Zieg'94] x8.2] in terms of the 1-skeleton of the simple

polytope P. Let us extend this interpretation to arbitrary complete si mplicial fans.
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For a simplicial fan F in RY, construct the graph Gg with vertices corresponding
to d-dimensional cones and edges corresponding td ( 1)-dimensional cones of,
where two vertices of Gk are connected by an edge whenever the corresponding
cones share aq  1)-dimensional face. Pick a vectorg 2 RY that does not belong
to any (d 1)-dimensional face ofF and orient edges ofGg, as follows. Orient an
edgef 1; »g corresponding to two cones ; and , in F as ( 1; ») if the vector g
points from ; to  (in a small neighborhood of the common face of these cones).

Proposition 2.1.  For a simplicial fan F, the ith entry h;(F) of its h-vector equals
the number of vertices with outdegree in the oriented graph Gg. These numbers
satisfy the Dehn-Sommerville symmetry:h;(F) = hg i(F).

Corollary 2.2. (cf. [Zieg'94, x8.2]) Let P 2 R" be a simple polytope. Pick a
generic linear form 2 (R") . Let Gp be the 1-skeleton of P with edges directed
so that increases on each edge. Theh;(P) is the number of vertices inGp of

outdegreei.

Proof of Proposition .11 The graph Gg has a unique vertex of outdegree 0. Indeed,
this is the vertex corresponding to the cone inF containing the vector g. For any
faceF of F (of an arbitrary dimension), let Gg (F) be the induced subgraph on the
set of d-dimensional cones of containing F as a face. ThenGg (F) ' Ggo, where
FCis the link of the face F in the fan F, which is also a simplicial fan of smaller
dimension. Thus the subgraphGe (F) also contains a unique vertex of outdegree
0 (in this subgraph).

There is a surjective map :F 7! from all faces of F to vertices of Gg (i.e.,
d-dimensional faces ofF) that sends a faceF to the vertex of outdegree 0 in
the subgraph Gg (F). Now, for a vertex of Gg of outdegreei, the preimage

1( ) contains exactly g ]' faces of dimensionj. Indeed, 1( ) is formed by
taking all possible intersections of with some subset of its @ 1)-dimensional
facesfFy;:::;Fq ig on which the vector g is directed towards the interior of ;
there are exactlyd i such faces because has indegreei in Gg. Thus a face of
dimensionj in () has the form F,; \ \ Fy, ; fora (d j)-element subset
fig;iinig 50 [d il

Let h; be the number of vertices ofGg of outdegreei. lgounting j -dimensional
faces in preimages !( ) one obtains the relationf; (F) = g J' f;. Comparing
this with the de nition of h;(F), one deduces thath;(F) = hy ;.

Note that the numbers h;(F) do not depend upon the choice of the vectog. It
follows that the numbers f; of vertices with given outdegrees also do not depend
on g. Replacing the vector g with g reverses the orientation of all edges in the
d-regular graph Gg , implying the the symmetry i = Ay ;.

The Dehn-Sommerville symmetry means that h-polynomials are palindromic
polynomials: t9 hg (%) = hg (t). In this sense the h-vector encoding is more com-

Whenever possible, we will try to either give further explicit combinatorial inter-
pretations or generating functions for thef - and h-polynomials of simple generalized
permutohedra.

2.3. Flag simple polytopes and -vectors. A simplicial complex is called a
ag simplicial complex or cligue complexif it has the following property: a collection
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C of vertices of forms a simplex in if and only if there is an ed ge in the 1-
skeleton of between any two vertices in C. Thus ag simplicial complexes can
be uniquely recovered from their 1-skeleta.

Let us say that a simple polytopeP is a ag polytope if its dual simplicial complex

p is a ag simplicial complex.

We next discuss -vectors of ag simple polytopes, as introduced by Gall[Gal05]
and independently in a slightly di erent context by Brande n [Bra’'04] Bra'06]; see
also the discussion in[[Stem'07x1D]. A conjecture of Charney and Davis [ChD'95]
led Gal [Gal'05] to de ne the following equivalent encoding of the f -vector or h-
vector of a simple polytopeP, in terms of smaller integers, which are conjecturally
nonnegative whenP is ag. Every palindromic polynomial h(t) of degreed has a

unique expansion in terms of centered binomialg' (1 + t)4 2 for0 i d=2, and
so one can de ne the entries ; = (P) of the -vector ( o; 1;:::; b%c) and the
Ppic
-polynomial p(t) := F:goc it' uniquely by
de
T P B
(1+1)2

i=0
Conjecture 2.3. Gal [Gal'05] The -vector has nonnegative entries for any ag

simple polytope. More generally, the nonnegativity of the -vector holds for every
ag simplicial homology sphere.

Thus we will try to give explicit combinatorial interpretat ions, where possible, for
the -vectorsof ag simple generalized permutohedra. As will beseen in Sectiofi 711,
any graph-associahedron is a ag simple polytope.

Remark 2.4. Section[11 later will employ a a certain combinatorial appraach to
Gal's conjecture and -vector nonnegativity that goes back to work of Shapiro,
Woan, and Getu [SWG'83], also used by Foata and Strehl, and me recently by
Branden; see [Bra'06] for a thorough discussion.

SupposeP is a si#nple polytope and one has a combinatorial formula for lhe h-
polynomial hp (t) =, t"®, wheref (a) is some statistic on the setA. Suppose
further that one has a partition of A into f-symmetric Boolean classesi.e. such
that the f -generating function for each class ig" (1 + t)2" ' for somer. Let R A
be the set of representatives of trlg classes whefda) takes its minimal value. Then
the -polynomial equals p(t)= _,pt"@.

Call f (a) a \generalized descent-statistic." Additionally, de ne

peak(@) = min ff (b) j a and b in the same clasg + 1

and call it a \generalized peak statistic." The reason for this terminology will
become apparent in Section111.

3. Generalized permutohedra and the cone-preposet dictionary

This section reviews the de nition of generalized permutoledra from [Post'05].
It then records some observations about the relation betwee cones and fans coming
from the braid arrangement and preposets. (Normal fans of geeralized permutohe-
dra are examples of such fans.) This leads to a characterizamn for when generalized
permutohedra are simple, an interpretation for their h-vector in this situation, and
a corollary about when the associated toric variety is smoadh.
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The material in this section and in the Appendix (Section [158) has substantial
overlap with recent work on rank tests of non-parametric statistics [M{W'06]. We
have tried to indicate in places the corresponding terminobgy used in that paper.

3.1. Generalized permutohedra. Recall that a usual permutohedronin R" is

the convex hull of n! points obtained by permuting the coordinates of any vector
(az;:::;an) with strictly increasing coordinates a; < < an. So the vertices of a
usual permutohedron can be labelledsy, = (ay 1(2);:::; 1(n)) by the permuta-

tions w in the symmetric group S,,. The edges of this permutohedron areyy ; Vs, ],

wheres; = (i;i +1) is an adjacent transposition. Then, for any w 2 S, and any
sj, one has

(3.1) Vi Vs, = Kwi (Bw(iy  Gw(i+))

basis vectors inR".

Note that a usual permutohedron in R" has dimensiond = n 1, because it
is contained in an a ne hyperplane where the sum of coordinaesx; + + Xp IS
constant.

De nition 3.1.  [Post'05, De nition 6.1] A generalized permutohedronP is the
convex hull of n! points vy, in R" labelled by the permutations w in the symmetric
group Sy, such that for any w 2 S, and any adjacent transposition s;, one still
has equation [31), but with k,; assumed only to be nonnegative, that isky: can
vanish.

The Appendix shows that all n! points v, in a generalized permutohedronP
are actually vertices of P (possibly with repetitions); see Theorem[I5.B. Thus a
generalized permutohedronP comes naturally equipped with the surjective map

p:Sn! Vertices(P)givenby p:w7! vy, forw2Sq.

De nition 31]says that a generalized permutohedron is obtaned by moving
the vertices of the usual permutohedron in such a way that diections of edges
are preserved, but some edges (and higher dimensional fagesay degenerate. In
the Appendix such deformations of a simple polytope are showto be equivalent
to various other notions of deformation; see Propositioi-3] below and the more
general Theoren(15.B.

of hyperplanesfx; Xj =001 i n in the spaceR"=(1;:::;1)R. These hyper-
planes subdivide the space into the polyhedral cones

Cw = fXwa) Xw Xw(n) 9

labelled by permutations w 2 S, called Weyl chambers (of type A). The Weyl
chambers and their lower dimensional faces form a completaraplicial fan, some-
times called the braid arrangement fan.

Note that a usual permutohedron P has dimensiond = n 1, so one can reduce

arrangement fan is exactly the (reduced) normal fanN (P)=P? for a usual permu-
tohedron P R". Indeed, the (reduced) normal coneN,,, (P)=P” of P at vertex
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vy is exactly the Weyl chamber C,,. (Here one identies R" with (R") via the
standard inner product.)

Recall that the Minkowski sum P + Q of two polytopesP; Q R" is the polytope
P+Q:=fx+yjx2P;y2 Qg. Say that P is a Minkowski summand of R, if
there is a polytope Q such that P + Q = R. Say that a fan F isre ned by a fan
FCif any cone inF is a union of cones inF % The following proposition is a special
case of Theoreni_1513.

Proposition 3.2. A polytope P in R" is a generalized permutohedron if and only

Also, generalized permutohedra are exactly the polytopesising as Minkowski
summands of usual permutohedra.

This proposition shows that generalized permutohedra leado the study of cones
given by some inequalities of the formx; x; 0 and fans formed by such cones.
Such cones are naturally related to posets and preposets.

3.3. Preposets, equivalence relations, and posets. Recall that a binary rela-
tion RonasetX isasubsetofR X X. A preposetis a re exive and transitive
binary relation R, that is (x;x) 2 R for all x 2 X, and whenever &;y);(y;z) 2 R
one has k;z) 2 R. In this case we will often use the notationx g y instead of
(X;y) 2 R. Let us also write x r Yy wheneverx ryandx6y.

An equivalence relation is the special case of a preposet whose binary relation
is also symmetric. Every preposelQ gives rise to an equivalence relation o de ned
by x o yifand only if both x o yandy o X. A posetis the special case
of a preposetQ whose associated equivalence relation  is the trivial partition,
having only singleton equivalence classes.

Every preposetQ gives rise to the posetQ= ¢ on the equivalence classe¥= q.
A preposet Q is uniquely determined by o and Q= g, that is, a preposet is just
an equivalence relation together with a poset structure on he equivalence classes.

A preposetQ on X is connectedif the undirected graph having vertices X and
edgesfx;yg for all x g y is connected.

A covering relation x| g y in a posetQ is a pair of elementsx g y such that
there isnoz suchthatx g z ¢ y. The Hasse diagramof a posetQ on X is the
directed graph on X with edges ;y) for covering relationsx | q y.

Let us say that a posetQ is atree-posetif its Hasse diagram is a spanning tree
on X . Thus tree-posets correspond to directed trees on the verteset X .

elements inX suchthaty; o Vy2 o o Yn. Let L(Q) denote the set of all
linear extensions ofQ.

The union R; [ R, of two binary relations R3; R, on X is just their union as
two subsets of X X . Given any re exive binary relation Q, denote by Q the
preposet which is its transitive closure. Note that if Q; and Q, are two preposets
on the same setX, then the binary relation Q; [ Q2 is not necessarily a preposet.
However, we can obtain a preposet by taking its transitive cbsureQ; [ Qo.

Let R  Q denote containment of binary relations on the same set, meang
containment as subsets o)X X . Also let R°P be the opposite binary relation, that
is (x;y¥) 2 R°P if and only if (y;x) 2 R.

For two preposetsP and Q on the same set, let us say thatQ is a contraction
of P if there is a binary relation R P such that Q = P [ R°P. In other words,
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the equivalence classes of o are obtained by merging some equivalence classes of

p along relations in P and the poset structure on equivalence classes ofq is
induced from the poset structure on classes of p.

For example, the preposet 1< f2;3g < 4 (wheref 2;3g is an equivalence class) is
a contraction of the posetP = (1 < 3;2< 3; 1< 4; 2< 4). However, the preposet
(f1;2g< 3; f1;2g < 4) is not a contraction of P because 1 and 2 are incomparable
in P.
De nition 3.3.  Let us say that two preposetsQ; and Q, on the same sefntersect
properly if the preposet Q; [ Q2 is both a contraction of Q; and of Q.

A complete fan of posets on X is a collection of distinct posets onX which
pairwise intersect properly, and whose linear extensionsdisjointly) cover all linear
orders onX.

Compare De nition 8.3]to the de nitions of properly interse cting cones and com-
plete fan of cones; see Sectidn 2.1. This connection will bdueidated in Proposi-
tion

Example 3.4. The two posetsP; ;=1 < 2 and P, ;=2 < 1 on the setf1l;2g
intersect properly. HereP1 [ Py is equal tof1l< 2;2 < 1g. TheseP; and P, form
a complete fan of posets.

However, the two posetsQ; ;=2 < 3andQ, :=1 < 2< 3 on the setf1;2;3g
do not intersect properly. In this caseQ1 [ Q2 = Q2, which is not a contraction of

Q1.

3.4. The dictionary. Let us say that a braid cone is a polyhedral cone in the
spaceR"=(1;:::;1)R ' R" ! given by a conjunction of inequalities of the form
Xi X; 0. In other words, braid cones are polyhedral cones formed bynions of
Weyl chambers or their lower dimensional faces.

There is an obvious bijection between preposets and braid e®s. For a preposet

conjunction of the inequalities x;  x; for all i o j. Conversely, one can always
reconstruct the preposetQ from the cone ¢ by saying that i ¢ j whenever
Xj x; forall pointsin q.

Proposition 3.5.  Let the cones; ©° correspond to the preposet®Q; Q° under the
above bijection. Then

(1) The preposetQ[ QP corresponds to the cone \ °©.

(2) The preposetQ is a contraction of QCif and only if the cone is a face °.

(3) The preposetsQ; Q° intersect properly if and only if the cones ; ° do.

(4) Qis a poset if and only if is a full-dimensional cone, i.e.,dim =n 1

(5) The equivalence relation ¢ corresponds to the linear spanSpan( ) of

(6) The posetQ= o corresponds to a full-dimensional cone insideSpan( q).

(7) The preposetQ is connected if and only if the cone is pointed.

(8) If Q is a poset, then the minimal set of inequalities describinghte cone
isfxi Xxj;jil ojg. (These inequalities associated with covering relations
in Q are exactly the facet inequalities for .)

(9) Q is a tree-poset if and only if is a full-dimensional simplicial cone.

(10) For w2 S, the cone contains the Weyl chamberC,, if and only if Q is a
poset andw is its linear extension, that is w(1l) o w(2) o o w(n).

Iin [M{W'06]./this is called a convex rank test.
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Proof. (1) The cone \ Cis given by conjunction of all inequalities for and ©.
The corresponding preposet is obtained by adding all inequéies that follow from
these, i.e., by taking the transitive closure ofQ [ Q°.

(2) Faces of °are obtained by replacing some inequalitiesx;  x; de ning °
with equalities x; = X;, or equivalently, by adding the opposite inequalitiesx;  X; .

(3) follows from (1) and (2).

(4) is full-dimensional if its de ning relations do not include any equalities
Xj = Xj, thatis o has only singleton equivalence classes.

(5) The cone associated with the equivalence relation ¢ is given by the equa-
tions x;j = x; fori ¢ j, which is exactly Span( ).

(6) Follows from (4) and (5).

(7) The maximal subspace contained in the half-spacéx;  x; gis given by x; =
X;j . Thus the maximal subspace contained in the cone is given by the conjunction
of equationsx; = x; fori ¢ j. If Q is disconnected then this subspace has a
positive dimension. If Q is connected then this subspace is given by; = = Xn,

(8) The inequalities for the covering relationsi | g j imply all other inequalities
for and they cannot be reduced to a smaller set of inequalities.

(9) By (4) and (7) full-dimensional pointed cones correspon to connected posets.
These cones will be simplicial if they are given by exactlyn 1 inequalities. By (8)
this means that the corresponding poset should have exactly 1 covering relations,
i.e., it is a tree-poset.

(10) Follows from (4) and de nitions.

According to Proposition B.5, a full-dimensional braid core associated with a
posetQ can be described in three di erent ways (via all relations in Q, via covering
relations in Q, and via linear extensionsL (Q) of Q) as

o R [
=fxi X ji ojg=1fxi Xjjilgjg= Cw:
w2L (Q)

Let F be a family of d-cones inRY which intersect properly. Since they have
disjoint interiors, they will correspond to a complete fan if and only if their closures
cover RY, or equivalently, their spherical volumes sum to the volumeof the full
(d 1)-sphere.

A braid cone corresponding to a poseQ is the union of the Weyl chambersC,,
for all linear extensionsw 2 L (Q), and every Weyl chamber has the same spherical
volume (% of the sphere) due to the transitive Weyl group action. Therdore,

complete fan on braid cones if and only if

t X
L(Qi) = Sh (disjoint union), or equivalently, if and only if iL(Qi)j = n;
i=1 i=1

cf. De nition 3]

Corollary 3.6. A complete fan of braid cones (resp., pointed braid cones, sipli-

connected posets, tree-posets) ofn].
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Using Proposition[3.2, we can relate Propositiofi 36 and Callary B.6 to general-
ized permutohedra. Indeed, normal cones of a generalized pautohedron (reduced

at the vertex v, as above.

Corollary 3.7. For a generalized permutohedron (resp., simple generalidepermu-
tohedron) P, the collection of vertex posetsf Q, j v 2 Vertices(P)g is a complete
fan of posets (resp., tree-posets).

Thus normal fans of generalized permutohedra correspond taertain complete
fans of posets, which we callpolytopal. In [M{W'06]] the authors call such fans
submodular rank tests,since they are in bijection with the faces of the cone of
submodular functions. That cone is precisely the deformatdn cone we discuss in
the Appendix.

Example 3.8. In [M{W'06]] the authors modify an example of Studery [Stud '05]
to exhibit a non-polytopal complete fan of posets. They alsokindly provided us
with the following further nonpolytopal example, having 16 posetsQ,, all of them
tree-posets: (32 < 3 < 4) (which means that 1< 3 and 2< 3), (1;2< 4 < 3),
(3;4<1<2),(3B4<2<1),1<4<23),4< 1< 23),2< 3< 1;9),
(3<2<1;,4),(1<3<2<4),1<3<4<2),(83<1<2<4),(B<1l<4<2),
(2<4<1<3),(2<4<3<1),@B<2<1<3),(@4<2<3<1). This gives a
complete fan of simplicial cones, but doesot correspond to a (simple) generalized
permutohedron.

Recall that p : Sy ! Vertices(P) is the surjective map p :w 7! v; see
De nition 3.1 The previous discussion immediately implies the following corollary.

Corollary 3.9. Let P be a generalized permutohedron ifR", and v 2 Vertices(P)
be its vertex. Forw 2 S, one has p(w) = v whenever the normal coneN, (P)
contains the Weyl chamberC,,. The preimage Pl(v) S, of a vertexv 2
Vertices(P) is the setL(Q,) of all linear extensions of the vertex poseQ, .

We remark on the signi cance of this cone-preposet dictionay for toric varieties
associated to generalized permutohedra or their normal fasy see Fulton [Ful'93] for
further background.

A complete fanF of polyhedral cones inRY whose cones are rational with respect
to Z9 gives rise to a toric variety X ¢, which is normal, complete and of complex
dimensiond.

This toric variety is projective if and only if F is the normal fan N (P) for some
polytope P, in which case one also denoteX ¢ by Xp.

The toric variety Xg is quasi-smoothor orbifold if and only if F is a complete
fan of simplicial cones; in the projective case, wheré& = N (P), this corresponds
to P being a simple polytope.

In this situation, the h-numbers of F (or of P) have the auxiliary geometric
meaning as the (singular cohomology) Betti numbersh; = dim H'(Xg;C). The
symmetry h; = hy ; re ects Poincae duality for this quasi-smooth variety.

The toric variety X is smooth exactly when every top-dimensional cone of
is not only simplicial but unimodular, that is, the primitive vectors on its extreme
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chosen to form aZ-basis for %) = Hom(Zz9;Z) inside (RY) . One hasXr both
smooth and projective if and only if F = N (P) for a Delzant polytope P, that is,
one which is simple and has every vertex normal cone unimodat.

Corollary 3.10. (cf. [Zel'06, x5]) A complete fan F of posets gives rise to a
complete toric variety X g, which will be projective if and only if F is associated
with the normal fan N (P) for a generalized permutohedron.

A complete fan F of tree-posets gives rise to a (smooth, not just orbifold) tdc
variety X g, which will be projective if and onlyF is associated with the normal fan
N (P) of a simple generalized permutohedron. In other words, sime generalized
permutohedra are always Delzant.

Proof. All the assertions should be clear from the above discussigrexcept for the
last one about simple generalized permutohedra being Delrdh However, a tree-
poset Q corresponds to a set of functionalsx; x; for the edgesfi;j g of a tree,
which are well-known to give aZ-basis for Z9) , cf. [Post'05, Proposition 7.10].

4. Simple generalized permutohedra

4.1. Descents of tree-posets and  h-vectors. The goal of this section is to com-
binatorially interpret the h-vector of any simple generalized permutohedron.

De nition 4.1.  Given a posetQ on [n], de ne the descent setDes(Q) to be the
set of ordered pairs {;j ) for which i | ¢ j is a covering relation in Q with i>7j,
and de ne the statistic humber of descentsdes@Q) := jDes(Q);.

Theorem 4.2. Let P be a simple generalized permutohedron, with vertex posets
f QuOv2 verices( P)- Then one has the following expression for it$1-polynomial:

X
(4.1) hp (t) = tdes(Qv).
v2 Vertices( P)

More generally, for@ complete fanF = fQ, g of tree-posets (see De nition[3.3),
one also hashg (t) = | tdes(Qv),

Proof. (cf. proof of Proposition 7.10 in [Post'05]) Let us prove the more general
claim about fans of tree-posets, that is, simplicial fans carsening the braid ar-
rangement fan.

Pick a generic vectorg = (g1;:::;0n) 2 R" such that g; < < gn and construct
the directed graph Gg, as in Proposition[Z1. Let = fx; xjjil g, jg be the
cone ofF associated with posetQ,, see Proposition3.5(8). Let °be an adjacent
cone separated from by the facet x; = x;, il g, j. The vector g points from
to COif and only if g >r g, or equivalently, i >z j. Thus the outdegree of in
the graph Gg is exactly the descent number dedD). The claim now follows from
Proposition [Z11.

For a usual permutohedronP in R", the vertex posetsQ, are just all linear
orders on p]. So its h-polynomial hp (t) is the classicalEulerian polynomial@

X
(4.2) An(t) = glestwl;
w2S,

2Note that a more standard convention is to call tAp (t) the Eulerian polynomial.



FACES OF GENERALIZED PERMUTOHEDRA 15

where des(v) :=# fi jw(i) >w (i+1) gis the usualdescent numberof a permutation
w.

Any element w in the Weyl group S, sends a complete farF = fQ;g of tree-
posets to another such complete fawF = fwQ;g, by relabelling all of the posets.
SincewF is an isomorphic simplicial complex, with the sameh-vector, this leads
to a curious corollary.

De nition 4.3.  Given a tree-posetQ on [n], de ne its generalized Eulerian poly-
nomial X
Ao(t) = tdes(wQ).

w2S,
Note that Ag depends uponQ only as anunlabelledposet.

When Q is a linear order, Ag(t) is the usual Eulerian polynomial Ay, (t).

Corollary 4.4. The h-polynomial hp (t) of a simple generalized permutohedror®
is the \average" of the generalized Eulerian polynomials ofts vertex tree-posetsQy,:

1 X
he ()= Aq.(1):

" v2 Vertices( P)

See Exampld5.b below for an illustration of Theoreni4]2 and Grollary B.41

4.2. Bounds on the h-vector and monotonicity. It is natural to ask for upper
and lower bounds on the h-vectors of simple generalized permutohedra. Some
of these follow immediately from an h-vector monotonicity result of Stanley that
applies to complete simplicial fans. To state it, we recall ade nition from that
paper.

De nition 4.5.  Say that a simplicial complex © is a geometric subdivision of
a simplicial complex if they have geometric realizations which are topological
spaces on the same underlying set, and every face of is contained in a single face
of .

Theorem 4.6. (see [Stan'92, Theorem 4.1]) If % is a geometric subdivision of
a Cohen-Macaulay simplicial complex , then the h-vector of Cis componentwise
weakly larger than that of
In particular this holds when ; ©°come from two complete simplicial fans and
renes , e.g., the normal fans of two simple polytoped®; P?in which P is a
Minkowski summand ofP.

Corollary 4.7. A simple generalized permutohedronP in R" has h-polynomial
coe cientwise smaller than that of the permutohedron, namdy the Eulerian poly-
nomial Ap(t).

Proof. Proposition 32 tells us that the normal fan of P is re ned by that of the
permutohedron, so the above theorem applies.

Remark 4.8. Does the permutohedron also provide an upper bound for thef -
vectors, ag f - and ag h-vectors, generalizech-vectors, and cd-indices of general-
ized permutohedra also in the non-simple case? Is there alsomonotonicity result
for these other forms of face and ag number data when one haswo generalized
permutohedra P; P%in which P is a Minkowski summand of P%?
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The answer is \Yes" for f -vectors and ag f -vectors, which clearly increase under
subdivision. The answer is also \Yes" for generalizedh-vectors, which Stanley also
showed [Stan'92, Corollary 7.11] can only increase under genetric subdivisions of
rational convex polytopes. But for ag h-vectors andcd-indices, this is not so clear.

Later on (Example 6.11, Section 7.2, and Sectioi 14) there Wibe more to say
about lower bounds forh-vectors of simple generalized permutohedra within variog
classes.

5. The case of zonotopes

This section illustrates some of the foregoing results in tle case where the simple
generalized permutohedron is a zonotope; see also [Posti08.6]. Zonotopal gener-
alized permutohedra are exactly the graphic zonotopes, andhe simple zonotopes
among them correspond to a very restrictive class of graphshat are easily dealt
with.

A zonotopeis a convex polytopeZ which is the Minkowski sum of one-dimensional
polytopes (line segments), or equivalently, a polytope whee normal fanN (Z) co-
incides with chambers and cones of a hyperplane arrangementnder this equiva-
lence, the line segments which are the Minkowski summands & lie in the direc-
tions of the normal vectors to the hyperplanes in the arrangenent. Given a graph
G = (V;E) without loops or multiple edges, on node setvV = [n] and with edge
set E, de ne the associatedgraphic zonotopeZs to be the Minkowski sum of line
segments in the directionsfe; € gj 2.

Proposition 3.2 then immediately implies the following.

Proposition 5.1. The zonotopal generalized permutohedra are exactly the grhic
zonotopesZg.

Simple zonotopes are very special among all zonotopes, aniigple graphic zono-
topes have been observed [Kim'06, Remark 5.2] to corresportd a very restrictive
class of graphic zonotopes, namely those whose biconnectedmponents are all
complete graphs.

Recall that for a graph G = (V; E), there is an equivalence relation onE de ned
by sayinge €°if there is some circuit (i.e., cycle which is minimal with respect to
inclusion of edges) ofG containing both e; €. The -equivalence classes are then
called biconnected componentof G.

Proposition 5.2.  [Kim'06] Remark 5.2] The graphic zonotopeZ corresponding to
a graph G = (V;E) is a simple polytope if and only if every biconnected compomé
of G is the set of edges of a complete subgraph some subset of theices V.

In this case, if Vp;:::;Vy  V are the node sets for these complete subgraphs,
then Zg is isomorphic to the Cartesian product of usual permutohedr of dimensions
jVij lforj=1;2:::r.

Let us give another description for this class of graphs. Fora graph F with n

where fi;j g is an edge in Linef) if and only if the edgese and g of F have a
common vertex. The following claim is left an exercise for tke reader.

Exercise 5.3. For a graph G, all biconnected components ofG are edge sets of
complete graphs if and only ifG is isomorphic to the line graphLine(F) of some
forest F. Biconnected components ofLine(F) correspond to non-leaf vertices ofF.
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For the sake of completeness, included here is a proof of Propition [5.2.

Proof of Proposition 521 If the biconnected components ofG induce subgraphs

product of the zonotopesZg,. Since a Cartesian product of polytopes is simple if
and only if each factor is simple, this reduces to the case whe r = 1. Also note

that when r =1 and G is a complete graph, thenZg is the permutohedron, which

is well-known to be simple.

For the reverse implication, assumeG is biconnected but not a complete graph,
and it will su ce, by Proposition 3[5(9), to construct a vert exv of Zg whose poset
Qu is not a tree-poset. One uses the fact [GZ'83] that a vertexv in the graphic
zonotope Zg corresponds to an acyclic orientation ofG, and the associated poset
Qv on V is simply the transitive closure of this orientation. Thus it su ces to
produce an acyclic orientation of G whose transitive closure has Hasse diagram
which is not a tree.

Since G is biconnected but not complete, there must be two verticed x; yg that
do not span an edge inE, but which lie in some circuit C. Traverse this circuit C
in some cyclic order, starting at the nodex, passing through some nonempty set of
vertices V; before passing throughy, and then through a nonempty set of vertices
V., before returning to x. One can then choose arbitrarily a total order on the node
setV so that these sets appear as segments in this order:

Vi, Xy, Vo, Vo (M Vo [f xy0):

It is then easily checked that if one orients the edges ofs consistently with this
total order, then the associated poset has a non-tree Hasseafjyram: for anyv; 2 V;
and v, 2 V,, one hasv; < x;y <v , with x;y incomparable.

Corollary 5.4. Let Zg be a simple graphic zonotope, with notation as in Proposi-
tion

Then Zg is ag, and its f-polynomial, h-polynomials, -polynomials are all
equal to products forj = 1;2;:::;r of the f-, h-, or -polynomials of (jV;j 1)-
dimensional permutohedra.

Proof. Use Proposition[5.2 along with the fact that a Cartesian product of simple
polytopes is ag if and only if each factor is ag, and hasf -, h- and -polynomial
equal to the product of the same polynomials for each factor.

Note that the h-polynomial for an (n  1)-dimensional permutohedron is the
Eulerian polynomial A, (t) described in (4.2) above, and the -polynomial is given
explicitly in Theorem [T.7] below.

Example 5.5. Consider the graphG = (V;E) with V = [4] := f1;2;3;4g and
E = f12,13;23;14g, whose biconnected components are the triangle 123 and the
edge 14, which are both complete subgraphs on node set§ = f1;2;3g and V, =
f1;4g. Hence the associated graphic zonotopg&¢ is simple and ag, equal to the
Cartesian product of a hexagon with a line segment, that is,Z¢ is a hexagonal
prism.

Its f -, h- and -polynomials are

fzo(t) =@+ t)(6+6t+1?) =12+18t+8t2+ t3
hzo (1) = Ax(D)As(t) =1+ t)(1+4t+1t?) =1+5t+5t2+ 3
7o) =@)@+21) =1+2t
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One can arrive at the sameh-polynomial using Theorem[4.2. One lists the tree-
posets Q, for each of the 12 verticesv of the hexagonal prismZg, coming in 5
isomorphism types, along with the number of descents for edxc

type  posetQy des type poset Qy des
chain: 2< 3< 1< 4 wedge: 2< 3< 1and4<
3<2< 1< 4 3< 2< 1and4<
4<l<2<3 wye: 2< 1< 3and 1<
4< 1< 3< 2

3< 1< 2and 1<

vee: 1< 2< 3andil< 4
1< 3<2and 1< 4

lambda: 3< 1< 2 and 4<
2< 1< 3 and 4<

PO NRNR
[ R N NG gy
NN PR WN

and nds that | ,10esQV) =1+ 5t + 512 + 3,
Lastly one can get this h-polynomial from Corollary #.4] by calculating directly
fhat Achain (1) = 1+ 11t +11t%2 + t3 = A4(t)
Avee(t) =3+10t+8t2 +3t3
Avedge (t) = 3+8 t +10t? + 3t3
Auye () = Alambda (t) =2+ 10 t + 10t? + 23
and then the h-polynomial is

1
ﬁ [4Achain (t) +2 Avee(t) +2 Awedge (t) +2 Awye (t) +2 Alambda (t)] =1+5 t+5t2 + ts:

6. Building sets and nestohedra

This section reviews some results from [ES'05][ [Post'05and [Zel'06] regarding
the important special case of generalized permutohedra thaarise from building
sets. These generalized permutohedra turn out always to beirsple. Their dual
simplicial complexes, the nested set complexes, are de nednd several tools are
given for calculating their f - and h-vectors. The notion of nested sets goes back
to work of Fulton and MacPherson [EM'94], and DeConcini and Procesi [DP'95]
de ned building sets and nested set complexes. However, ouexposition mostly
follows [Post'05] and [Zel'06].

6.1. Building sets, nestohedra, and nested set complexes.

De nition 6.1.  [Post'05, De nition 7.1] Let us say that a collection B of nonempty
subsets of a nite setS is a building setif it satis es the conditions:

B If I;J 2B andl\ J6;,thenl [ J2B.
(B2) B contains all singletonsfig, fori 2 S.

For a building set B on S and a subsetl S, de ne the restriction of B to | as
Bjy :=fJ2BjJ 1g. LetBmnhx B denote the inclusion-maximal subsets of a
building B. Then elements ofBnax are pairwise disjoint subsets that partition the
set S. Call the restrictions Bj;, for | 2 Bnax, the connected componentsof B. Say
that a building set is connectedif Bmax has only one element:Bnax = fSg.

Example 6.2. Let G be a graph (with no loops nor multiple edges) on the node
setS. The graphical building B(G) is the set of nonempty subsets] S such that
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the induced graphGj; on node setJ is connected. ThenB(G) is indeed a building
set.

The graphical building set B(G) is connected if and only if the graphG is con-
nected. The connected components of the graphicd3(G) building set correspond to
connected components of the grapl. Also each restriction B(G)j; is the graphical
building set B(Gj, ) for the induced subgraphGj, .

De nition 6.3.  Let B be a building set on p] := f1;:::;ng. Faces of the standard
coordinate simplex inR" are the simplices | := ConvexHull(g ji 2 I),for| [n],
where the g are the endpoints of the coordinate vectors inR".

De ne the nestohedroi] Pg as the M)i?kowski sum of these simplices

(6.1) Pg = B
12B
wherey, are strictly positive real parameters; seel[[Post'05, Seatin 6].

Note that since each of the normal fansN () is re ned by the braid arrange-
ment fan, the same holds for their Minkowski sum [Zieg'94, Pop. 7.12], and hence
the nestohedraPg are generalized permutohedra by Propositiof_3]2.

It turns out that Pg is always a simple polytope, whose combinatorial structure
(poset of faces) does not depend upon the choice of the posié parametersy, . In
describing this combinatorial structure, it is convenient to instead describe the dual
simplicial complex of Pg.

De nition 6.4.  [Post'05, De nition 7.3] For a building set B, let us say that a
subsetN B nB nax is anested setif it satis es the conditions:

(N1) Forany I;J 2 N one has eitherl J,J I, orl andJ are disjoint.

(N2) For any collection of k 2 disjoint subsets J;;:::;Jx 2 N, their union
Ji[ [ Jkisnotin B.

De ne the nested set complex g as the collection of all nested sets foB.

It is immediate from the de nition that the nested set complex g is an abstract
simplicial complex on node setB. Note that this slightly modi es the de nition of
a nested set from[[Post'05], following[[Zel'0B], in that onedoes not include elements
of Bmax in nested sets.

Theorem 6.5. [Post'05, Theorem 7.4], [ES'05, Theorem 3.14]Let B be a building
set on[n]. The nestohedronPg is a simple polytope of dimensionn B maxj. Its
dual simplicial complex is isomorphic to the nested set contgx 5.

An explicit correspondence between faces ¢z and nested sets in g is described
in [Post'05, Proposition 7.5]. The dimension of the face ofPg associated with a
nested setN 2 g equalsn j Nj jB maxj. Thus vertices of Pg correspond to
inclusion-maximal nested sets in g, and all maximal nested sets contain exactly
n jB maxj elements.

Remark 6.6. For a building set B on [n], it is known [EY'04] Theorem 4] that one
can obtain the nested set complex g (resp., the nestohedronPg) via the following
stellar subdivision (resp., shaving) construction, a comnen generalization of

the barycentric subdivision of a simplex as the dual of the pemutohedron,
Lee's construction of the associahedror [Lee'8%3].

SCalled the nested set polytope in [Zel'06].
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Start with an (n  1)-simplex whose vertices (resp., facets) have been labetl by

the singletonsi for i 2 [n], which are all in B. Then proceed through each of the
non-singleton setsl in B, in any order that reverses inclusion (i.e., where larger
sets come before smaller sets), performing atellar subdivision on the face with

vertices (resp.,shave o the face which is the intersection of facets) indexed by the
singletons in| .

B, then Pg is isomorphic to the direct product of polytopes Pg, Pg,. Thus
it is enough to investigate generalized permutohedraPg and nested set complexes
g only for connected buildings.

Remark 6.8. The de nition (6.1) of the nestohedron Pg as a Minkowski sum should
make it clear that whenever one has two building setsB B © then Pg is a
Minkowski summand of Pgo. Hence Theorem[4.6 implies theh-vector of Pgo is
componentwise weakly larger than that of Pg.

Remark 6.9. NestohedraPg ) associated with graphical building setsB(G) are
called graph-associahedraand have been studied in[[CD'06, Post'05, Tol'05| Zel'08].
In [CD'06], the sets in B(G) are calledtubes and the nested sets are calledubings
of G.

In particular, the h-vector monotonicity discussed in Remark[6.8 applies to
graph-associahedraPg ), Pg(go) associated to graphsG; G® where G is an edge-
subgraph of G°.

Example 6.10. (Upper bound for nestohedra: the permutohedrgnsee [Post'05,
Sect. 8.1] For the complete graphK ,,, the building set B(K ) =2 nf;g consists
of all nonempty subsets in p]. Let us call it the complete building set.The corre-
sponding nestohedron (the graph-associahedron of the cortgie graph) is the usual
(n  1)-dimensional permutohedron inR". The k-th component hy of its h-vector
is the Eulerian number, that is the number of permutations in S, with k descents;
and its h-polynomial is the Eulerian polynomial A, (t); see [4.2).

This h-vector gives the componentwise upper bound ot-vectors for all (d 1)-
dimensional nestohedra. This also implies that thef -vector of the permutohedron
gives componentwise upper bound orf -vectors of nestohedra.

Example 6.11. (Lower bound for nestohedra: the simplex The smallest possible

which is the (n 1)-simplex in R". In this case
Xon 1+t 1
f(t)= AR CL t)
iz !
give trivial componentwise lower bounds on thef -, h-vectors of nestohedra.
6.2. Two recurrences for f-polynomials of nestohedra. It turns out that
there are two useful recurrences foif -polynomials of nestohedra and nested set
complexes.
Let fg(t) be the f -polynom)i(al of the ng(stohedronPB:
fg(t) = fit = tISIB maxjj Nj.
N2
wheref; = f;(Pg) is the number of i-dimensional faces oPg. As usual, it is related
to the h-polynomial asfg(t) = hg(t +1).

and h(t)=1+ t+t2+ +t"?
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Theorem 6.12. [Post'05, Theorem 7.11] The f -polynomial fg(t) is determined
by the following recurrence relations:

(1) If B consists of a single singleton, therfg(t) =1.

fa(t) = fe,(t) fe (D):
(3) If B is a connected building set orS, then

X
fe(t) = R OF
(s

Another recurrence relation for f -polynomials was derived in [Zel'06], and will
be used in Section”IZ}M4 below. It will be more convenient to wdk with the f -
polynomial of nested set complexes

B (1) = tiNj = ¢isiiB maxjfB(t 1);
N2 g
where B is a building set on S.
For a building set B on S and a subsetl S, recall that the restriction of B to
| isdenedasBj =fJ2BjJ Ig. Also de ne the contraction of I from B as
the building set on Snl given by

B=l:=fJ2SnljJ2BorJ[ | 2Bg;

see [[Zel'06, De nition 3.1]. A link decomposition of nestedset complexes was
constructed in [Zel'08]. It implies the following recurrence relation for the f -vector.

Theorem 6.13. [Zel'06, Proposition 4.7] For a building set B on a nonempty set
S, one has

d X
EOE %, () foui () and f3(0)=1:
| 2BNB max

Let G be a simple graph onS and let | 2 B(G), i.e., | is a connected subset of
nodes ofG. It has already been mentioned thatB(G)j, = B(Gj, ); see ExampldG.P.
Let G=I be the graph on the node setS nl such that two nodesi;j 2 Snl are
connected by an edge inG=I if and only if

(1) i andj are connected by an edge irG, or
(2) there are two edges (;k) and (j;1) in G with k;1 2 1.

Then the contraction of | from the graphical building set B(G) is the graphical
building set associated with the graphG=l, that is B(G)=I = B(G=l).

7. Flag nestohedra

This section characterizes the ag nested set complexes andestohedra, and
then identi es those which are \smallest".

7.1. When is the nested set complex ag? For a graphical building set B(G)
it has been observed [[Post'05x8,4], [Zel'06, Corollary 7.4]) that one can replace
condition (N2) in De nition 6[4With a weaker condition:

(N2") For a disjoint pair of subsets 1;J 2 N,onehasl [ J 62B
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This implies that nested set complexes associated to grapbal buildings are ag
complexes. More generally, one has the following characteation of the nested set
complexes which are ag.

Proposition 7.1.  For a building set B, the following are equivalent.

(i) The nested set complex g (or equivalently, the nestohedronPg) is ag.
(i) The nested sets forB are the subsetsN BnB max Which satisfy conditions
(N1) and (N2).
(i) 1f J1;:::;J3- 2B with ™ 2 are pairwise disjoint and their union J.[ [ J:
is in B, then one can reindex so that for some&k with 1 k ° 1 one
has bothJ:[ [ JckandJwsr [ [ J in B.

Proof. The equivalence of (i) and (ii) essentially follows from thede nitions. We
will show here the equivalence of (i) and (iii).

Note that this means ™ 3, and minimality of ~ forcesJ; [ Js 62 Bfor eachr 6 s;
otherwise one could replace the two setd; ; Js on the list with the one set J; [ Js
to obtain a counterexample of size 1. This means that all of the pairsfJ;;Jsg

index edges of g, although fJ;;:::;J-g does not. Hence g is not ag, i.e., (i)
fails.
Now assume (i) fails, i.e., g is not ag. Let J;;:::;J- be subsets inB, for

fail condition (N2). By minimality of °, it must be that the Jq;:::;J- are pairwise
disjoint and their union J;[ [ J- isin B. Bearing in mind that J, [ Js 62 Bfor
r 6 s, it must be that = 3. But then M must give a violation of property (iii),

else one could use property (iii) to produce a violation of () either of sizek or of
size® k, which are both smaller than .

Corollary 7.2.  For graphical buildings B(G), the graph-associahedronPg gy and
nested set complex g(g) are ag.

7.2. Stanley-Pitman polytopes and their relatives. One can now use Propo-
sition [Z.1] to characterize the inclusion-minimal connecte building sets B for which
g and Pg are ag.
For any building set B on [n] with g ag, one can apply Proposition [Z(iii)

disjoint and their union [ n] is also inB. Thus after reindexing, some initial segment
[k] and some nal segment fp]n[k] must also be inB. Iterating this, one can assume
after reindexing that there is a plane binary tree with these properties

each internal node of s labelled by the setl which is the union of the
singletons labelling the leaves of the subtree below it (sanf] labels the root
node), and

the building set B contains of all of the sets labelling nodes in this tree.

It is not hard to see that these sets labelling the nodes of already comprise a
building set B which satis es Proposition [Z1(iii), and therefore give rise to a
nested set complex g and nestohedronPg which are ag. See Figure[7.1 for an
example.
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Figure 7.1. A binary tree and building set B , along with its
complex of nested sets g , drawn rst as in the construction of
Remark[6.6, and then redrawn as the boundary of an octahedron

The previous discussion shows the following.

Proposition 7.3.  The building setsB parametrized by plane binary trees are
exactly the inclusion-minimal building sets among those vith are connected and
have the nested set complex and nestohedron ag.

As a special case, when is the plane binary tree having leaves labelled by the
singletons and internal nodes labelled by all initial segmats [k], one obtains the
building set B whose nestohedrorPg is Stanley-Pitman polytope from [StPi'02];
see [[Post'05,x8.5]. The Stanley-Pitman polytope is shown there to be combiato-
rially (but not a nely) isomorphic to an ( n 1)-cube; the argument given there
generalizes to prove the following.

Proposition 7.4.  For any plane binary tree  with n leaves, the nested set com-
plex g is isomorphic to the boundary of a(n 1)-dimensional cross-polytope
(hyperoctahedron), andPg is combinatorially isomorphic to an (n  1)-cube.

Proof. Note that the sets labelling the non-root nodes of can be grouped into
n 1pairsflqi;J10;:::;fly 1;Jdn 10 of siblings, meaning thatl; Jx are nodes with
a common parent in . One then checks that the nested sets foB are exactly the
collections N containing at most one set from each pairf 1 ; Jxg. As a simplicial
complex, this is the boundary complex of an 6 1)-dimensional cross-polytope in
which each pairfly;Jxg indexes an antipodal pair of vertices.

Note that in this case,
fe =@+ )" % hg =@+ " Y g ()=1=1+0 t+0 t*+

which gives a lower bound for thef - and h-vectors of ag nestohedra by Remark6.8.
If one assumes Conjectur€ 213, then it would also give a lowdyound for -vectors
of ag nestohedra (and for ag simplicial polytopes in general).

Note that the permutohedron is a graph-associahedron (and &nce a ag nestohe-
dra). Therefore, Corollary 4.7 implies that the permutohedron provides the upper
bound on the f - and h-vectors among the ag nestohedra.
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8. B-trees and B-permutations

This section discusse8-trees andB-permutations, which are two types of combi-
natorial objects associated with vertices of the nestohedrn Pg. The h-polynomial
of Pg equals the descent-generating function foB-trees.

8.1. B-trees and h-polynomials. This section gives a combinatorial interpreta-
tion of the h-polynomials of nestohedra. Since nestohedrBg are always simple, one
should expect some description of their vertex tree-poset€), (see Corollaried 3.V
and[3.9) in terms of the building setB.

Recall that a rooted tree is a tree with a distinguished node, called itsroot. One
can view a rooted treeT as a partial order on its nodes in whichi < j if j lies
on the unique path from i to the root. One can also view it as a directed graph
in which all edges are directed towards the root; both viewpmts will be employed
here.

For a nodei in a rooted tree T, let T ; denote the set of all descendants of,
thatis j 2 T ; if there is a directed path from the nodej to the nodei. Note that
i 2 T i. Nodesi and j in a rooted tree are calledincomparable if neither i is a
descendant ofj, nor j is a descendant ofi.

De nition 8.1.  [Post'05, De nition 7.7], cf. [ES'05] For a connected building set
B on [n], let us de ne a B-tree as a rooted treeT on the node set fi] such that

(T1) Forany i 2 [n], one hasT ; 2 B.

Note that, when the nested set complex g is ag, that is when B satis es any
of the conditions of Proposition[7.], one can de ne aB-tree by requiring condition
(T2) only for k = 2.

Proposition 8.2.  [Post'05, Proposition 7.8], [ES'05, Proposition 3.17] For a con-
nected building setB, the map sending a rooted treeT to the collection of sets
fT ; jiis a nonroot vertexy B gives a bijection betweenB-trees and maximal
nested sets. (Recall that maximal nested sets correspond the facets of the nested
set complex g and to the vertices of the nestohedroriPg.)

Furthermore, if the B-tree T corresponds to the vertexv of Pg then T = Qy,
that is, T is the vertex tree-poset forv in the notation of Corollary B.7]

Question 8.3. Does a simple (indecomposable) generalized permutohedroR
come from a (connected) building set if and only if every pose Q, is a rooted
tree, i.e. has a uniqgue maximal element?

Proposition and Theorem[4.2 yield the following corollay.

Corollary 8.4. For a connected building setB on [n], the h-polynomial of the
generalized permutohedrorPg is given by

X
hB(t) — tdeS(T);

where the sum is overB-trees T.

The following recursive description ofB-trees is straightforward from the de ni-
tion.
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Proposition 8.5.  [Post'05, Section 7] Let B be a connected building set 0% and

leti 2 S. Let By;:::;B; be the connected components of the restrictiomBjsys g.
Then all B-trees with the root at i are obtained by picking aB;-tree T;, for each
componentB;, j =1;:::;r, and connecting the roots ofTy;:::; T, with the nodei
by edges.

In other words, each B-tree is obtained by picking a rooti 2 S, splitting the
restriction Bjsprig into connected components, then picking nodes in all conneed
components, splitting corresponding restrictions into canponents, etc.

Recall De nition 81]of the surjection g := p,

B:Sn! \Vertices(Pg) = fB -treeg;

Here and below one identi es vertices of the nestohedro®g with B-trees via Propo-
sition B82. By Corollary B.9] for a B-tree T, one has g(w) = T if and only if w is
a linear extension ofT.

Proposition leads to an explicit recursive descriptionof the surjection .

Proposition 8.6. Let B be a connected building set orfin]. Given a permutation

w = (w(1);:::;w(n)) 2 Sy, one recursively constructs aB-tree T = T(w), as
follows.
The root of T is the nodew(n). Let By;:::;B; be the connected components

of the restriction Bjswq).mw (n 1)g- Restricting w to each of the setsB; gives a

subword ofw, to which one can recursively apply the construction and ohkin a

This association w 7! T(w) is the map 5.

8.2. B-permutations. It is natural to ask for a nice section of the surjection g;
these are theB-permutations de ned next.

De nition 8.7. Let B be a building set on h]. De ne the set S,(B) S, of
B-permutations as the set of permutationsw 2 S, such that for any i 2 [n], the

.....

The following recursive construction of B-permutations is immediate from the
de nition.

Lemma 8.8. A permutation w 2 S, is a B-permutation if and only if it can be
constructed via the following procedure.

Pick w(n) from the connected component oB that contains n; then pick w(n 1)
from the connected component 0Bjyjnf w(n)g that contains the maximal element of
[n]nfw(n)g; then pickw(n 2) from the connected component 0Bjinjnf w(n)w(n 1)g
that contains the maximal element offn] nfw(n);w(n 1)g, etc. Continue in this
manner until w(1) has been chosen.

Let T be a rooted tree on p] viewed as a tree-poset where the root is the
uniqgue maximal element. The lexicographically minimal linear extension of T is
the permutation w 2 S, such that w(1) is the minimal leaf of T (in the usual
order on Z), w(2) is the minimal leaf of T f w(1)g (the tree T with the vertex
w(1) removed), w(3) is the minimal leaf of T f w(1);w(2)g, etc. There is the
following alternative \backward" construction for the lex icographically minimal
linear extension of T.
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Lemma 8.9. Let w be the lexicographically minimal linear extension of a roctd
tree T on [n]. Then the permutation w can be constructed fromT, as follows: w(n)
is the root of T; w(n 1) is the root of the connected component off f w(n)g
that contains the maximal vertex of this forest (in the usualorder on Z); w(n 2)
is the root of the connected component off f w(n);w(n 1)g that contains the
maximal vertex of this forest, etc.

In general, w(i) is the root of the connected component of the forest

Proof. The proof is by induction on the number of vertices in T. Let T be the
rooted tree obtained fromT by removing the minimal leaf I. Then the lexicograph-
ically minimal linear extension w of T is w = (I; w9, where w® is the lexicographi-
cally minimal linear extension of T% and both w and w® are written in list notation.
By induction, wP can be constructed fromT° backwards. When one performs the
backward construction for T, the vertex | can never be the root of the connected

So the backward procedure forT produces the same permutationw = ( I; w9).
The next claim gives a correspondence betweeB-trees and B-permutations.

Proposition 8.10. Let B be a connected building set offin]. The setS,(B) of B-
permutations is exactly the set of lexicographically miniral linear extensions of the
B-trees. (Equivalently, S, (B) is the set of lexicographically minimal representatives
of bers of the map 5.)

In particular, the map g induces a bijection betweerB-permutations and B-
trees, and S, (B) is a section of the map 3.

Proof. Let w 2 S, be a permutation and let T = T(w) be the corresponding
B-tree constructed as in Proposition[8.6. Note that, fori = n  1;n 2;:::;1,
the connected components of the foresT jiwyow (i)g = T F w(n);::o;w(i +1)g

.....

correspond to the connected components of the building seBjs ) .w (i)g, and
corresponding components have the same vertex sets. Accangy to Lemma [8.9,
the permutation w is the lexicographically minimal linear extension of T if and

only if w is a B-permutation as described in Lemmd8.B.

9. Chordal building sets and their nestohedra

This section describes an important class of building set8, for which the descent
numbers of B-trees are equal to the descent numbers oB-permutations. In this
case, theh-polynomial of the nestohedronPg equals the descent-generating function
of the correspondingB-permutations.

9.1. Descents in posets vs. descents in permutations. Let us say that a
descentof a permutationw 2 S, is a pailﬁ (w(i);w(i+1)) such that w(i) >w (i +1).
Let Des(w) be the set of all descents inw. Also recall that the descent set DesQ)
of a posetQ is the set of pairs (@; b) such that al g band a >; b; see De nition &1

Lemma 9.1. Let Q be any poset on[n], and let w = w(Q) be the lexicographically
minimal linear extension of Q. Then one hasDes(w) Des@Q).

4A more standard convention is say that a descent is an index i such that w(i) >w (i +1).



FACES OF GENERALIZED PERMUTOHEDRA 27

Proof. One must show that any descent &; b) (with a >z b) in w must come from
a covering relational g bin the poset Q. Indeed, if a and b are incomparable in
Q, then the permutation obtained from w by transposing a and b would be a linear
extension of P which is lexicographically smaller than w. On the other hand, if
a and b are comparable but not adjacent elements inQ, then they can never be
adjacent elements in a linear extension of).

In particular, this lemma implies that, for a B-tree T and the correspondingB-
permutation w (i.e., w is the lexicographically minimal linear extension ofT), one
has Des(v) Des(T). The rest of this section discusses a special class of buifd)
sets for which one always has Desg() = Des(T).

9.2. Chordal building sets.

De nition 9.2.  Let us say that a building set B on [n] is chordal if it satis es the
following condition: for any | = fi; < <irg2Bands=1;:::;r, the subset

Recall that a graph is calledchordal if it has no induced k-cycles fork 4. Itis
well known [EG'65] that chordal graphs are exactly the grapts that admit a perfect
elimination ordering, which is an ordering of vertices such that, for each vertexv,
the neighbors ofv that occur later than v in the order form a clique. Equivalently,
a graph G is chordal if its vertices can be labelled by numbers inif] so that G has
no induced subgraphGjsii<x ¢ With the edges (;j ), (i;k) but without the edge
(j; k). Let us call such graphs on h] perfectly labelled chordal graph.

Example 9.3. Let us say that a tree on |n] is decreasing if the labels decrease
in the shortest path from the vertex n (the root) to another vertex. It is easy to
see that decreasing trees are exactly the trees which are fdectly labelled chordal
graphs. Clearly, any unlabelled tree has such a decreasingbelling of vertices.

The following claim justi es the name \chordal building set ."

Proposition 9.4. A graphical building setB(G) is chordal if and only if G is a
perfectly labelled chordal graph.

Proof. Suppose thatG contains an induced subgraphGjsi<j«« ¢ with exactly two
edges (;j ), (i;k). Then fi;j;k g 2 B(G) but fj;kg 62 BG). Thus B(G) is not a
chordal building set.

On the other hand, suppose thatB(G) is not chordal. Then one can nd a
connected subsetl = fi; < <i,g of vertices in G such that fig;ig;:::;irg 62
B(G), for somes. In other words, the induced graph G® = Gj;_ ... g is discon-

.....

nected. Let us pick a shortest pathP in Gjsj,...i, 4 that connects two di erent
components of G®. Let i be the minimal vertex in P and let j and k be the two
vertices adjacent ofi in the path P. Clearly, j >i and k >i. Itis also clear
that (i;j ) is not an edge of G. Otherwise there is a shorter path obtained from
P by replacing the edges j ) and (i; k) with the edge (j;k). So one has found a
forbidden induced subgraphGjsijx 4. Thus G is not a perfectly labelled chordal
graph.

SWe can also call them 312 -avoiding graphs because they are exactly the graphs that have no
induced 3-path a|] bl c with the relative order of the vertices a;b;c as in the permutation 312.
Note that, unlike the pattern avoidance in permutations, a 3  12-avoiding graph is the same thing
as a 213-avoiding graph.
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Proposition 9.5. Let B be a connected chordal building set. Then, for an-tree
T and the correspondingB-permutation w, one hasDes(w) = Des(T).

Proof. Let T be a B-tree and let w be the correspondingB-permutation, which
can be constructed backward fromT as described in Lemmd_89. Let us Xxi 2
fn Ln 2;:::519 Let Ty T To: ;TS0 be the connected components of the

subtrees. Letl = T y(+1y [n] be the set of all descendants ofv(i +1) in T. By
De nition &I{T1), one has | 2 B.

of T;. We claim that all vertices in Tp;:::;T, are less thanw(i + 1). Indeed,

this is clear if w(i + 1) is the maximal element in 1. Otherwise, the set1? =

I\f wi+1)+1;:::;n 1;ngis nonempty, |°2 B becauseB is chordal, and | °
contains the maximal vertex m. Since the vertex set] of T; should be an element
of B, it follows that 10 J. So all vertices ofT;:::; T, are less thanw(i + 1).

(w(i);w(i +1)) that attaches the subtree T; to w(i +1). This edge will be a descent
edge inT if and only if w(i) > w(i +1), i.e., exactly when (w(i);w(i +1)) is a
descent in the permutation w.

can be a descent edge anda((i); w(i + 1)) cannot be a descent inw.
This proves that descent edges of are in bijection with descents inw.

Corollary B.4l and Proposition[@.5 imply the following formula.
Corollary 9.6. For a connected chordal building setB, the h-polynomial of the
nestohedronPg equals X
hB (t) - tdes(w);
w2S,(B)
where desfw) is the usual descent number of a permutationw 2 S, (B).

Let us give an additional nice property of nestohedra for cheodal building sets.

Proposition 9.7.  For a chordal building setB, the nestohedronPg is a ag simple
polytope.

Proof. Let us check that a chordal building setB satis es the condition in Proposi-
tion [ZILiii). Using the notation of that proposition, let J;[ [ J = fip< <
irg. Let Us be the union of those subsetsl;;:::;J- that have a nonempty intersec-

the subsetUs should also be inB (by De nition €.1{(B1)). Clearly, Uj is the union
of all Ji's and U, consists of a singleJ;. It is also clear that U;.; either equalsy;
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or is obtained from U; by removing a single subset);. It follows that there exists
an index s such that Us = (J1[ [ J')nJ;. This gives an indexi such that
(J1[ [ J)nJ; andJ; are both in B, as needed.

10. Examples of nestohedra

Let us give several examples which illustrate CorollaryC8Mand Corollary @.8.
The f - and h-numbers for the permutohedron and associahedron are weknown.

10.1. The permutohedron. For the complete building setB = B(K ) the nesto-
hedron Pg is the usual permutohedron; see Exampl€ 6.10 and [Post'05,e8t. 8.1].
In this case B-trees are linear orders onij] and B-permutations are all permuta-
tions Sp(B) = S,. Thus, as noted before in Exampld 6.70, theh-polynomial is
the usual Eulerian polynomial A, (t), and the h-numbers are the Eulerian numbers
hg(Pg) = A(n;k) :=# fw2 S, jdesfw) = kg.

10.2. The associahedron. Let G = Path, denote the graph which is a path
having n nodes labelled consecutively 1 ::;n. The graphical building set B =
B(Path,) consists of all intervals f;j], for 1 i ] n. The corresponding
nestohedronPgparn ,) is the usual Stashe associahedron; see [CD'06, Post'05].
In this case, the B-trees correspond to unlabelled plane binary trees om nodes,
as follows; see [Post'05, Sect. 8.2] for more details. plane binary tree is a rooted
tree with two types of edges (left and right) such that every node has at most one
left and at most one right edge descending from it. From Propaition B.5, one can

node, all nodes in its left (resp., right) branch have smalle (resp., bigger) labels.
Conversely, given an unlabelled plane binary tree, there i& unique way to label its

search Furthermore, note that descent edges correspond to right éges.

It is well-known that the number of unlabelled binary trees on n nodes is
equal to the Catalan number C, = ﬁ Zn” , and the number of binary trees on
n nodes with k 1 right edges is the Narayana number N (n;k) = 2 7 " ;
see [Stan'99, Exer. 6.19c and Exer. 6.36]. Therefore, thk-numbers of the asso-
ciahedron Pgpan ,) are the Narayana numbers: hg (Pgpan ,)) = N(n;k + 1), for
k=0;:::;n 1.

Itis also well-known that the f -numbers of the associahedron aréx (Pgpar , ) =

—Ln b2k This follows from a classical Kirkman-Cayley formula [Cay1890]

for the numt?er of ways to draw k noncrossing diagonals in am-gon.

In this case, the B-permutations are exactly 312-avoiding permutationsw 2 S,.
Recall that a permutation w is 312avoiding if there is no triple of indicesi < j <k
such that w(j) < w (k) < W(i)PThus Corollary says that the h-polynomial of
the associahedrorPgpan ,) i, t%™) where the sum runs over all 312-avoiding
permutations in S,. This is consistent with the known fact that the Narayana
numbers count 312-avoiding permutations according to thei number of descents;

see Simion[[SIim'94, Theorem 5.4] for a stronger statement.

10.3. The cyclohedron. If G = Cycle, is the n-cycle, then the nestohedron
Ps(cycle , ) is the cyclohedron also introduced by Stashe ; seel[CD'06/ Post'05]. The
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h-polynomial of the cyclohedron was computed by Simion[[Sin®3, Corollary 1]:
X2

k.
kt.

(10.1) hB(Cycle n) (t) =
k=0
Note that the n-cycle (for n > 3) is not a chordal graph, so Corollary(9.6 does

not apply to this case.

10.4. The stellohedron. Letm=n 1. LetG = K.,z be the m-star graph with
the central nodem + 1 connected to the nodes 1:::;m. Let us call the associated
polytope Pgk , ., ) the stellohedron.

From Proposition B85 one sees thatB(K 1., )-trees are in bijection with partial

r 1,orm+1if r=0. Forr 1, one has des[) = des(u)+ 1, where the descent
number of a partial permutation is
desW):=# fi=1;:::;r 1juy>uUijn g
Also for the tree T associated with the empty partial permutation (for r = 0) one
has des() = 0. Corollary 841then says that
X XN m X
(10.2) Nk ) (1) =1+ gdes(+l =1 4 A(r; k) tk;
u r=1 k=1
where the rst sum is over nonempty partial permutations w of [m]. In particular,
the total number of vertices of the stellohedronPgx, ., ) €quals
X X mi
foPaeny) = o = O
r=0 r r=0 r

This sequence appears in Sloan's On-Line Encyclopedia of teger Sequenc&as
A000522.

In this case, B(K 1.m )-permutations are permutationsw 2 S 41 such that m +
1 appears before the rst descent. Such permutationsw are in bijection with
partial permutations u of [m]. Indeed, u is the part of w after the entry m + 1.
Since our labelling of K 1., (with the central node labelled m + 1) is decreasing
(see Example[9.B), gorollary(9.6 implies that theh-polynomial of the stellohedron
Ps(kinm) is h(t) = =, t%W) where the sum runs over all such permutations
w 2 S+1 . This agrees with the above expression in terms of partial penutations.

10.5. The Stanley-Pitman polytope. Let Bps = f[i;n];figji =1;:::;ng (the
collection of all intervals [i;n] and singletonsfig). This (hon-graphical) building
set is chordal. According to [Post'05,x8.5], the corresponding nestohedrotPg,, is
the Stanley-Pitman polytope from [StPi'02].

By Proposition B.5, Bps-trees have the following formT(l). For an increasing
sequencd of positive integersi; <ij < <ik = n, construct the tree T(l) on

6http://akpublic.research.att.com/~njas/sequences/
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eachj 2 [n]nl, one has the edgei(;j) where i, is the minimal element of | such
that i} >j .

In this case, Bps-permutations are permutations w 2 S, such that w(l) <
w(2) < <w((k) >w((k+1) > >w (n), forsomek=1;:::;n

Using Bps-trees orBps-permutations one can easily deduce that then-polynomial
of the Stanley-Pitman polytope is hg, (t) = (1+ t)" 1. This is not surprising since
Pg.s is combinatorially isomorphic to the (n  1)-dimensional cube.

11. -vectors of nestohedra

Recall that the -vector ( o; 1;:::; b(ch) of a d-dimensional simple polytope
is de nedpyvia its h-polynomial as h(t) = iti@+ t)? 2; and the -polynomial
is (t)= i t'; see Sectior 2I3.

The main result of this section is a formula for the -polynomial of a chordal
nestohedron as a descent-generating function (or peak-gerating function) for some
set of permutations. This implies that Gal's conjecture (Conjecture [Z.3) holds for
this class of ag simple polytopes.

11.1. A warm up: -vector for the permutohedron. We review here the
beautiful construction of Shapiro, Woan, and Getu [SWG'83] that leads to a non-
negative formula for the -vector of the usual permutohedron. This subsection also
serves as a warm-up for a more general construction in the fllwing subsection.

Some notation is necessary. Recall that alescentin a permutation w2 S, is a
pair (w(i); w(i +1)) such that w(i) >w (i +1), wherei 2 [n 1]. A nal descent is
whenw(n 1) >w(n), and a double descentis a pair of consecutive descents, i.e.
atriple w(i) >w (i +1) >w (i +2).

Additionally, de ne a peak of w to be an entry w(i) for 1 i  n such that
w(i 1) <w(i) >w(i +1). Here (and below) setw(0) = w(n +1) =0 and so a
peak can occur in positions 1 om. On the other hand, a valley of w is an entry
w(i) forl<i<n suchthatw(i 1)>w(i) <w(i +1). The peak-valley sequence
of w is the subsequence irw formed by all peaks and valleys.

Let Qn denote the set of permutations inS,, which do not contain any nal
descents or double descents. Let peal() denote the number of peaks in a permu-
tation w. It is clear that peak(w) 1 = des(w), for permutations w 2 8, (and
only for these permutations).

Theorem 11.1. (cf. [SWG'83, Proposition 4]) The -polynomial of the usual
permutohedron Pgx ) is

tpeak(w) 1_ X tdes(w):
WZQ.-. WZQ.-.

Example 11.2. Let us calculate the -polynomial of the two dimensional per-

mutohedron Pg ,). One has8; = f(1;2;3);(2;1;3);(3;1;2)g. Of these, (1 2;3)

has one peak (and no descents), and (2; 3) and (3; 1; 2) have two peaks (and one
descent). Therefore, the -polynomial is 1 + 2t.

Say that an entry w(i) of w is an intermediary entry if w(i) is not a peak or a
valley. Say that w(i) is an ascent-intermediary entry if w(i 1)<w (i) <w(i +1)
and that it is a descent-intermediary entry if w(i 1) > w(i) > w (i +1). (Here
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again one should assume thatv(0) = w(n+1) = 0.) Note that the set 8,is exactly
the set of permutations in S, without descent-intermediary entries.

It is convenient to graphically represent a permutation w 2 S, by a piecewise
linear \mountain range" M, obtained by connecting the points Xo;0), (X1;w(1)),
(X2;W(2)), ..., (Xn;W(n)), (Xn+1;0) on R? by straight line intervals, for some
Xo < X1 < < Xn+1; See Figure[IT1l. Then peaks irw correspond to local
maxima of M, valleys correspond to local minima ofM,,, ascent-intermediary
entries correspond to nodes on ascending slopes Bff,,, and descent-intermediary
entries correspond to nodes on descending slopesiMf,. For example, the permuta-
tion w =(6;5;4;10; 8; 2;1;7;9; 3) shown in Figure[I1.1l has three peaks;&a.0; 9, two
valleys 4, 1, one ascent-intermediary entry 7, and four descent-intemediary entries
5;8;2; 3. Its peak-valley sequence is (&4; 10;1;9).

Figure 11.1. Mountain range M, for w = (6;5;4;10;8;2;1;7;9;3)

As noted in Section[4.1, theh-polynomial of the permutohedron is the descent-
generating function for permutations in S, (the Eulerian polynomial). In order to
prove Theorem[111, one constructs an appropriate partitiming of Sy into equiv-
alence classes (cf. Remark™2.4), where each equivalence ssles has exactly one
element from 8,. To describe the equivalence classes of permutations, oneust
introduce some operations on permutations.

De nition 11.3.  Let us de ne the leap operationsL, and L, ! that act on per-
mutations. Informally, the permutation L,(w) is obtained from w by moving an
intermediary node a on the mountain range M,, directly to the right until it hits
the next slope ofM,,. The permutation L, (w) is obtained from w by moving a
directly to the left until it hits the next slope of My, .

More formally, for an intermediary entry a = w(i) in w, the permutation L,(w)
is obtained from w by removing a from the i-th position and inserting a in the
position betweenw(j) and w(j + 1), where | is the minimal index such that j > i
and ais betweenw(j) and w(j +1),i.e.,, w(j) <a<w (j+1)or w(j) >a>w (j +1).
The leap operationL , is not de ned if all entries following a in w are less thana.

Similarly, the inverse operation L, (w) is given by removing a from the i-th
position in w and inserting a betweenw(k) and w(k + 1), where k is the maximum
index such that k <i and a is betweenw(k) and w(k + 1). The operation L, is
is not de ned if all entries preceding a in w are less thana.

For example, for the permutation w shown on Figure[I1.1, one had »(w) =
(6;5;4,10,8;1;2;7,9;3) and L, }(w) = (2;6;5,4,10,8;1;7,9; 3).
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Clearly, if ais an ascent-intermediary entry inw then a is a descent-intermediary
entry in L, 1(w), and vise versa. Note that ifa is an ascent-intermediary entry inw,
then La(w) is always de ned, and if a is a decent-intermediary entry, then L , *(w)
is always de ned.

De nition 11.4.  Let us also de ne the hop operationsH, on permutations. For
an ascent-intermediary entry a in w, de ne Ha(w) = La(w); and, for a descent-
intermediary entry a in w, de ne Ha(w) = L, (w).

For example, for the permutation w shown on Figure[11.1, the permutation
Ho(w) = (2;6;5;4;10;8;1;7;9; 3) is obtained by moving the descent-intermediary
entry 2 to the left to the rst ascending slope, and H7(w) = (6 ;5; 4;10; 8;2;1;9;7;3)
is obtained by moving the ascent-intermediary entry 7 to the right to the last
descending slope.

Note that leaps and hops never change the shape of the mountarangeM,,, that
is, they never change the peak-valley sequence of. They just move intermediary
nodes from one slope oM, to another. It is quite clear from the de nition that
all leap and hop operations pairwise commute with each otherlt is also clear that
two hops H, get us back to the original permutation.

Lemma 11.5. For intermediary entries a and bin w, one has(H,)?(w) = w and
Ha(Ho(W)) = Hp(Ha(w)).

Thus the hop operationsH, generate the action of the group £=2Z)™ on the
set of permutations with a given peak-valley sequence, wherm is the number of
intermediary entries in such permutations.

Let us say that two permutations are hop-equivalentif they can be obtained from
each other by the hop operationsH, for various a's. The partitioning of S, into
hop-equivalence classes allows us to prove Theordm 1i1.1.

Proof of Theorem[I1.1. The number desfv) of descents inw equals the number of
peaks inw plus the number of descent-intermediary entries inw minus 1 (because
the last entry is either a peak or a descent-intermediary enty, but it does not
contribute a descent). Notice that if a is an ascent-intermediary (resp., descent-
intermediary) entry in w then the number of descent-intermediary entries inH 5 (w)
increases (resp., decreases) by 1 and the number of peaks da®t change.

If w2 S, hasp = peak(w) peaks then it hasp 1 valleys andn 2p+1
intermediary entries. Lemmal[Il5 implies that the hop-equvalence classC of w
involves 2" 2pP*1 permutations. Moreover, the descent-generating functiorfor these
permutations is =, t9s(W = tP(t + 1) 2P*1_ Each hop-equivalence class has

exactly one representativeu without descent-intermediary entries, that is u 2 8,.
Thus, summing the contributions of hop-equivalence classe one can write theh-
polynomial of the permutohedron as

X X
h(t) - tdes(w) - tpeak(w) 1(t + 1)n+1 2peak(w):
w2S, w28,

Comparing this to the de nition of the -polynomial, one derives the theorem.

11.2. -vectors of chordal nestohedra. According to Proposition @.7, nesto-
hedra for chordal building sets are ag simple polytopes. Thus Gal's conjecture
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(Conjecture[Z.3) applies. This section proves this conjeaire and present a nonnega-
tive combinatorial formula for -polynomials of such nestohedra as peak-generating
functions for some subsets of permutations.

Let B be a connected chordal building set onr]. Recall that S,(B) is the set
of B-permutations; see De nition B.7. Let @n(B) = Snp(B)\ 8, be the subset of
B-permutations which have no nal descent or double descent.

The following theorem is the main result of this section.

Theorem 11.6. For a connected chordal buildingB on [n], the -polynomial of the
nestohedronPg is the peak-generating function for the permutations in@n(B):

B(t) — tpeak(w) 1_ tdes(w):

w28, (B) w298, (B)

As noted earlier, peak@v) 1 =des(w) for w 2 8,.

The proof of Theorem[I1.6 will be an extension of the proof gign for the -
vector of the permutohedron in Section[11.]l. Recall that Coollary interprets
the h-polynomial of Pg as the descent-generating function foB-permutations w 2
Sn(B). Theorem[I1.6 will be proven by constructing an appropriate partitioning
of the setS,(B) into equivalence classes, where each equivalence class lexactly
one representative froan(B). As before, one uses (suitably generalized) hop
operations to describe equivalence classes of elementsyf (B).

One needs powers of the leap operationk} := (L), forr 0, and L} :=
(L, r, forr 0; see De nition [IT.3. In other words, forr > 0, L] (w) is
obtained from w by moving the intermediary entry a to the right until it hits the
r-th slope from its original location; and, for r < 0, by moving a to the left until it
hits ( r)-th slope from its original location. Clearly, L (w) is de ned wheneverr
is in a certain integer interval r 2 [rmin ; Fmax - It is also clear that, if a is an ascent-
intermediary entry in w, then a is ascent-intermediary inL}(w) for evenr and a is
descent-intermediary in L% (w) for odd r, and vice versa ifa is descent-intermediary
in w.

Note that for a B-permutation w 2 S, (B), the permutations L{(w) may no
longer beB-permutations. The next lemma ensures that at least some oftiem will
be B-permutations.

Lemma 11.7. Let B be a chordal building on[n]. Suppose thatw 2 S,(B) is a
B-permutation.

(1) If ais an ascent-intermediary letter in w, then there exists an odd positive
integer r > 0 such thatL}(w) 2 S, (B) and L3(w) 62S,(B), forall 0<s<r .

(2) If ais a descent-intermediary letter in w, then there exists an odd negative
integer r < O such thatL}(w) 2 S,(B) and L(w) 62S,(B), for all 0>s>r .

The proof of LemmalIl.¥ will require some preparatory notaton and observa-
tions.
For a permutation w2 S and a 2 [n] such that w(i) = a, let

fw--ag:=fw()jj ©Ew() ag

be the set of all entries inw which are located to the left of a and are greater than
or equal to a (including the entry a itself). The arrow in this notation refers to
our graphical representation of a permutation as a mountainrange M,: the set
fw- agis the set of entries inw located to the North-West of the entry a.
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According to De nition &7 ]the set S, (B) is the set of permutationsw such that,

areinl and | f w(1);:::;w(i)g. If B is chordal, then 1°:= I\ [w(i);1]
also belongs toB (see De nition B.Z2) and satis es the same properties. Clealy

reformulate De nition §.7lof B-permutations as follows.

Lemma 11.8. Let B be a chordal building set. ThenS,(B) is the set of permuta-
tions w 2 S, such that for any a 2 [n], the elementsa and maxfw- ag are in the
same connected component oBj;,,. a4. Equivalently, there existsl 2 B such that
a2l,maxfw- ag21l,andl f w- ag.

Let us now return to the setup of LemmalllY. There are 2 posslb reasons
why the permutation u = L{(w) may no longer be aB-permutation, that is, fail to
satisfy the conditions in Lemmal[11.8:

(A) It is possible that the entry a and the entry maxfu- ag are in dierent
connected components 0Bjs . ag.

(B) It is also possible that another entry b 6 a in u and maxfu- bg are in
di erent connected components ofBjs . pg.

Let us call these two types of failureA-failure and B-failure. The following auxiliary
result is needed.

Lemma 11.9. Let us use the notation of Lemmg T1J .

(1) For left leapsu = L} (w), r < 0, one can never have a B-failure.

(2) For the maximal left leapu = LI (w), where the entrya goes all the way
to the left, one cannot have an A-failure.

(3) For the maximal right leap u = LI (w), where the entrya goes all the way
to the right, one cannot have an A-failure.

(4) Let u= L{(w) and u®= L. * (w), for r 2 Z, be two adjacent leaps such that
a is descent-intermediary in u (and, thus, a is ascent-intermediary in u®. Then
there is an A-failure in u if and and only if there is an A-failure in u®.

Proof. (1) Sincew 2 S,(B), there is a subsetl 2 B that contains both b and
maxfw- bg and such that| f w- bg. The same subsetl works for u because
fu- bg= fw- bgorfu- bg=fw- bg[f ag.

(2) In this case, a is greater than all preceding entries inu, soa = maxfu- ag.

(3) In this case, a is greater than all following entries inu. The interval | =[a;n]
contains both a and maxfu- ag,| f u- ag, and| 2 B becauseB is chordal.

(4) In this case, all entries between the position ofa in u and the position of a
in u®are less thana. Thus fu- ag= fu®- ag. Sou has an A-failure if and only if
u® has an A-failure.

Proof of Lemma[I1.]. It is easier to prove the second part of the lemma.

(2) By parts (1) and (2) of Lemma 1.9, there exists a negativer such that
LL(w) 2 Sy(B). Let us pick such anr with minimal possible absolute value. Then
r should be odd, by part (4) of LemmalI1.®, which proves (2).

(1) Suppose that there is an entryb 6 a in the permutation w such that b and
m = maxfw- bg are in dierent connected components ofBjsy . pgnfag. IN this
case,a2fw- bg, thatis b <a and bis located to the right of a in w. (Otherwise,
b and m are in dierent connected components ofBjs,, . ng, Which is impossible
becausew is a B-permutation.) Let us pick the leftmost entry bin w that satis es
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this condition. Then the permutation u = L[ (w) has a B-failure if the letter a
moves to the right of this entry b; and u has no B-failure if a stays to the left of b.
By our assumptions, a stays to the left of bin L1(w), so such au exists.

Let u = L{(w) be the maximal right leap (i.e., with maximal r > 0) such that
the entry a stays to the left of b. Then all entries in u between the positions ofa and
b should be less thana. Thus m = maxfu- ag= maxfw- bg. Sincew 2 S,(B),
there is anl 2 B such that bbm2 | and |l f w- bg. This subset| should
also contain the entry a. (Otherwise, b and m would be in the same connected
component Bjy, . pgnf ag, CONtrary to our choice of b.) Thus %=1\ [a;+1]2B
contains bothaand m and 1° f u- ag. This means that there is no A-failure in
u. Thusu 2 S,(B).

If there is no entry bin w as above, then none of the permutationd_}, (w) has a
B-failure. In this case L™ (w) 2 S,(B) by part (3) of Lemma [I1.9.

In all cases, there exists a positive such that L} (w) 2 S, (B) and only A-failures
are possible inL$(w), for 0 <s <r . Let us pick the minimal suchr. Then r should
be odd by part (4) of Lemmal[Il9, as needed.

De nition 11.10.  Letus de ne the B-hop operationsBH ,. For a B-permutation w
with an ascent-intermediary (resp., descent-intermediay) entry a, the permutation
BHa(w) is the right leap u = LL(w), r > 0 (resp., the left leapu = LL(w), r < 0)
with minimal possible jrj such that u is a B-permutation.

Informally, BH,(w) is obtained from w by moving the node a on its mountain
range M, directly to the right if a is ascent-intermediary in w, or directly left if
a is descent-intermediary inw (possibly passing through several slopes) until one
hits a slope and obtain aB-permutation.

Lemmal[IlT says that theB-hop BHa(w) is well-de ned for any intermediary
entry a in w. It also says that if a is ascent-intermediary in w then a is descent-
intermediary in BH,(w), and vice versa. Moreover, according to that lemma,
(BHa)?(w) = w.

Example 11.11. Let G be the decreasing tree shown on Figure—11.2. Then the
graphical building B = B(G) is chordal; see Examplé 9.B. Figuré€ 1112 shows several
B-hops of the B-permutation w = (1;10;8; 3;6;9;7;4;12,11; 5; 2):

BH1(w) = Li(w) =(10;8;3;6;9;7,4,12,11,5;2;1);
BHs(W) = (Ls) °(w)=(1;5,10,8;3;6;9;7;4;12,11,2);
BHg(w) = Lg(w) =(1;10;8;3;9;7;6;4;12, 11, 5; 2):

Let us now show that the B-hop operations pairwise commute with each other.

Lemma 11.12. Let a and b be two intermediary entries in a B-permutation w.
Then BH,(BHp(w)) = BHp(BHa(w)).

Proof. Let us rst assume that both a and b are descent-intermediary entries inw.
Without loss of generality assume thata > b. In this case BH,(w) = L} (w) and
BHp(w) = Li(w) for some negative odd r and s, that is the entries a and b of w
are moved to the left. According to LemmalI1.9(1), in this cag one does not need
to worry about B-failures. In other words, BH(w) is the rst left leap L[ (w) (i.e.,
with minimal r > 0) that has no A-failure. Similarly, BHp(w) is the rst left leap

b (w) without A-failures (where A-failures concern the entry b).
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Figure 11.2. A B(G)-permutation w and someB-hops

Since A-failures for permutationsu = L!(w), t < 0, are described in terms of
the setfu- ag [a;1 ], moving the entry b < a in w will have no e ect on these
A-failures. Thus, for the permutation w®= BHp(w), one hasBH (W% = L’ (w9
with exactly the samer as in BHa(w) = LL(w).

However, for permutations u = Lf(w), t < 0, the setsfu- bg might change
if one rst performs the operation BH, to w. Namely, let w = BH,4(w) and
= Li(w) = Li(LL(w)): Then fa- bg= fu- bg[f agif a is located to the left
of bin ¢ and a is located to the right of bin u (and fu- bg = fu- bg otherwise).
Notice that one always hasm = maxfu- bg=maxfuw- bg, since this maximum is
the maximal peak precedingbin u (or in d), and leaps and hops have no a ect on
the peaks.

If band m are in the same connected component dBj;,. ny then they are also
in the same connected component oBj; . g, that is if there is no A-failure for u
then there is no A-failure for t.

Suppose that there is no A-failure foru-but there is an A-failure for u. Then the
setsfu- bgand fu- bg have to be di erent. That means that a is located to the
left of bin o and a is located to the right of bin u. Let | be the elementl 2 B such
that bbm2 | and1l f w- bg. Then | should contain the entry a. (Otherwise,
I f u- bgand there would be no A-failure foru.)

Let W = Lg(w) be the left leap with maximal possible f 0 such that the
position of a in W is located to the right of the position of b in &. Since u-=
LE(L5(w)), it follows that ifi < jrj. In other words, if one starts moving to the
right from the node b along the mountain range M, the (ascending) slope that
rst crosses the levela is the place where the entrya is located in w. Note that f
is odd becausea should be an ascent-intermediary entry inw? in particular f'< 0.

Since all entries inw*located between the position ofb in & and the position of a
in W are less thana, one deduces thatf u- bg\ [a;1 ] = fWw- ag. Thus the subset
"= 1\ [a;1 ] has three important properties: it lies in B (becauseB is chordal);
it contains both a and m = maxfw- ag; and it is a subset off w- ag. It follows
that there is no A-failure in W. This contradicts the fact that L}(w) 6 Lg(w) is
the rst left leap that has no A-failure.

Thus u has an A-failure if and only if o has an A-failure. It follows that BHp(w) =
L{(w) with exactly the same s as in BHp(w) = L§(w).

This proves that BHa(BHp(w)) = LL(LE(w)) = LE(LL(wW)) = BHp(BHa(w)), in
the case when botha and b are descent-intermediary inw.
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Let us now show that the general case easily follows. Suppogbat, say, a is
ascent-intermediary and b is descent-intermediary inw. Then, for w®= BH,(w)
both a and b are descent-intermediary. One has8H ,(BHp(W%)) = BHp(BH a(W®9).
Thus BH,;(BHp(BHa(W))) = BHu(BHa(BHa(w))) = BHu(w). Applying BH, to
both sides, one deduce8H,(BHa(w)) = BH4(BHu(w)). The other cases are simi-
lar.

Thus the B-hop operationsBH , generate the action of the group Z=2Z)™ on the
set of B-permutations with a given peak-valley sequence, wheren is the number
of intermediary entries in such permutations.

Let us say that two B-permutation are B-hop-equivalentif they can be obtained
from each other by the B-hop operations BH, for various a's. This gives the
partitioning of the set of B-permutations into B-hop-equivalence classes.

One can now prove Theoreni11l6 by literally repeating the argment in the
proof of Theorem[I1.1.

Proof of Theorem[I1.8. For a B-permutation w 2 S (B) with p :Ppeak(w), the
descent-generating function of theB-hop-equivalence clas€ of wis . t4es(W) =
tP(t+1)" 2P*1 . Each B-hop-equivalence class has exactly one representative \it
out descent-intermediary entries, that is, in the seth(B). Thus the h-polynomial
of the nestohedronPg (see Corollary[3.6) is

hp, (1) = tdes(w) — tpeak(w) l(t + 1)n+1 2peak(w) -

Comparing this to the de nition of the -polynomial, one derives the theorem.

Corollary 11.13. Gal's conjecture holds for all graph-associahedra corregmding
to chordal graphs.

11.3. -vectors for the associahedron and cyclohedron.

Proposition 11.14. The -polynomial of the associahedronPgparh ) is

bl tc
X

(t) = c " 1y
(=0 2r

= L 2" s the r-th Catalan number.

whereC; = — ¢

Proposition 11.15.  The -polynomial of the cyclohedronPgcycie , ) IS
— r.
®= o nEnoo2r t
These two formulas can be derived from the expressions for thcorrespondingh-
polynomials (see Sections 1012 and 10.3) using standard gdeatic transformations
of hypergeometric series; e.g., see [RSW'03, Lemma 4.1].
On the other hand, let us mention the following three combingorial interpreta-
tions of the -vector for the associahedrorPgpah ,)-

First proof of Proposition [T.T4] It is known that the Narayana polynomial which

is the h-polynomial of Pgpan ) is also the rank generating function for the well-
studied lattice of noncrossing partitions NC (n). An explicit symmetric chain de-
composition for NC(n) was given by Simion and Ullman [SU'91], who actually
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produced a much stronger decomposition oN C (n) into disjoint Boolean intervals
placed symmetrically about the middle rank(s) of NC(n). Their decomposition
contains exactly C; ”Zrl such Boolean intervals of rankn (2r + 1) for each
r=0;1;:::; ”2—1 which immediately implies the formula for the -polynomial; see
[SU'91, Corollary 3.2].

Second proof of Proposition[ IT1.1#.By Section[10.2, theh-polynomial of Pgpar ,)

counts plane binary trees onn nodes according to their number of right edges.
There is a natural map from binary trees to full binary trees, i.e., those in which
each node has zero or two children: if a node has a unique chijlccontract this

edge from the node to its child. If the original binary tree T has n nodes, then
the resulting full binary tree T°will have 2r + 1 nodes, 2 edges andr right edges
for somer = 0;1;:::;b(n 1)=2c. There are C, such full binary trees for each
r. Given such a full binary tree T one can produce all of the binary trees in its
preimage by insertingn  (2r + 1) more nodes and deciding if they create left or
right edges. One chooses the locations of these nodes from 21 choices, either
an edge of the full binary tree they will subdivide or locatedabove the root, giving

" (2rn+1)(;(r2+1r)+1) ' = n ! possible locations. Thus the generating function with

respect to the number of right edges for the preimage of °is ”Zrl t(t+1)" @+
where the term t"(t + 1)" @™*D) comes from choosing whether each of the new
nodes creates a left or a right edge. Itlj,ollows that the geneaating function for
all binary trees on n nodes ishpan, (1) = |, C; ”Zrl t(t+1)" @*D whereC,
counts full binary trees. This implies the needed expressio for the -vector of the
associahedrorPg pa ) -

Equivalently, one can describe the subdivision of all binay trees into classes
where two binary trees are in the same class if they can be obtiaed from each
other by switches of left and right edges coming from single ild nodes. Then
one gets exactlyC, ”Zrl classes having' (t+1)" @"*1 as its generating function

counting number of right edges, for eachr =0;1;:::;b(n 1)=2c.

Third proof of Proposition [I.I4] This proof is based on our general approach to

-vectors of chordal nestohedra. According to Section_1012B-permutations for
the associahedron e 312-avoiding permutations and-polynomial is equal to the
sumhp, .., ., ()=, gP2W) 1 over all 312-avoiding permutationsw 2 S,. By
Theorem[IL®, (Pg(pan ,)) €quals the number of 312-avoiding permutations with
no descent-intermediary elements and + 1 peaks. The ( attenings of) peak-valley
sequences of such permutations are exactly 312-avoidirajternating permutations
in Sor+1, that is 312-avoiding permutations w® such that w9 > w9 <wj3 > <
w3, ., . It is known that the number of such permutations equals the Catalan
number C,; seel[Man'02, Theorem 2.2]. Then there are“Zr1 ways to insert the
remainingn  (2r + 1) descent-intermediary elements.

12. Graph-associahedra for single branched trees

Our goal in this section is to compute a generating function hat computes the
h-polynomials of all graph-associahedra in which the graphd a tree having at most
one branchedvertex (i.e., a vertex of valence 3 or more).

12.1. Associahedra and Narayana polynomials. First recall (see Sectior 10.P)
that the h-numbers of the associahedrorPgpan ) are the Narayana numbers
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hi(Pgpatn 1)) = N(n;k):== 2 7 ", and the h-polynomial of the associahedron
is the Narayana polynomial

X
(12.1) hean ) (1) = Ca(t) = N(nk)t< *:

k=1

Recall the well-known recurrence relation and the generatig function for the

Narayana polynomials Cn (t). The recurrence for the f -polynomials f g pamn , ) (t) =
hg(path ,)(t+1) = Cp(t+1) given by Theorem[6.12 can be written as follows. When
one removesk vertices from the n-path, it splits into k + 1 (possibly empty) paths.
Thus one obtains

X X
(12.2) Ch(t)= (¢t 1k 1 Cm,(t) Cm,, (t); forn 1
k 1 mit+ +mgs=n kK
P
where the sum is overmyq;:::;my+1  Osuchthat m; = n k. Here one assumes

that Co(t) = 1.
Let C(t;x) be the generating function for the Narayana polynomials:
X

(12.3) C(t;x):= Ca()x" = x+(1+ t)x2+(1L+3t+ t2)x3+
n 1 D
1 x tx 1 x tx)2 4tx2
- 2tx '

The recurrence relation [IZ.2) is equivalent to the followng well-known functional
equation:

(12.4) C=txC?2+(1+ t)xC + x;
see([Stan'99, Exer. 6.36b].

12.2. Generating function for single branched trees. Trees with at most one
branched vertex have the following form. Foras;:::; 0, let Ta,.ma, be the
graph obtained by attaching k chains of lengthsa;;:::;ax to one central node. For

.....

Theorem 12.1. One has the following generating function for theh-polynomials

Tt X000 X) = hro e (DXEE xR
ap;isakx O
1)1«
oL At D)
where ; = x;(1+tC(t;x;)), and C(t; x) is the generating function for the Narayana

polynomials from (IZ.3).

This theorem immediately implies the following formula from [Post'05].

Corollary 12.2.  [Post'05, Proposition 8.7] The generating function for the number
of vertices in the graph-associahedrorPg(r, ... ) IS

X C(x1) C(x)
a ak — 1 k )
Po(Po(r, e X3 X = 1 x1C(x1) Xk C(Xk)'
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_P n_ 1 "Tax ; ;
where C(x) = | ,Cnhx" = =——=is the generating function for the Catalan
numbers.

Proof. The claim is obtained from Theorem[IZ.1 in the limitt! 1. Note however
that one needs to use I'Hopital's rule before plugging int = 1.

The rst proof of Theorem [Z21]is fairly direct, using Corollary B4 and the
solution to Simon Newcomb's problem. The second uses Theare[6.13 to set up a
system of PDE's and solve them; it has the advantage of produog a generating
function for the h-polynomials of one further family of graph-associahedra.

12.3. Theorem 12.1 Via Simon Newcomb's problem. Let us rst review Si-
mon Newcomb's problem and its solution.

such that w(i) > w (i +1). Let des(w) denote the number of descents inv. Simon
Newcomb's Problemis the problem of counting permutations of a multiset with a
given number of descents, seé [Mac'l7, Sec. IV, Ch. IV] and_[3B3], Sec. 4.2.13].
Let us de ne the multiset Eulerian polynomial as

Ac1 ..... - (t) = tdes(w)'

w

vention, set Ag:... o(t) = 1.

In particular, the polynomial Aj....1(t) is the usual Eulerian polynomial. It is

clear that Ac,.oc (1) = cl_:’:‘?.ck , the total number of multiset permutations. A
solution to Simon Newcomb's problem can be expressed by th@flowing generating

function for the Ac,...c, (1).

Proposition 12.3.  [GJ'83, Sec. 4.2.13] One has

X Ac c (t) ycl ka — Q t 1
13:5C 1 kK ~
ci;ck O t :(:1 (1+(t 1)yi)
Theorem[IZ.1 then immediately follows from Proposition 123 and the following
proposition.

Proposition 12.4.  The generating function for the h-polynomials of the polytopes

X
T(tX1;:00 %K) = R (O I A

node, and nally the central node has the maximal labeln.
Let T be aTa,:ma, -tree. Suppose that the rootr of T belongs to the w(1)-st

chain of the graph Ta,.-a, . If one removes the noder from the graph Ta,:ma,,

then the graph decomposes into 2 connected components, oné which is a chain
Pathy,, and the other is Tal;:::;a"w(l) -a, , Where a\%(l) = ayq b 1and all other
indices are the same as before. (The rst component is emptyfib; = 0.) According

to Proposition B85, the tree T is obtained by attaching a Path,, -tree T; and a



42 ALEXANDER POSTNIKOV, VICTOR REINER, AND LAUREN WILLIAMS

Tayia 0 a -lree TOto the root r. (Here one assumes that there is one empty

Pathg-tree Tl, for by = 0.) Let us repeat the same procedure with the treeT?,
Assume that its root belongs to thew(2)-nd chain and split it into a Path y,,-tree T,
and a tree T% Then repeat this procedure with T etc. Keep on doing this until
one gets a treeT’ ° with the root at the central node n. Finally, if one removes
the central node n from T° , then it splits into k trees Ty;:::; Tk such that T; is
a Pathg, -tree, forj =1;:::; k.

So eachTal ----- a,-tree T g|ves us the following data:

.....

(1) a sequenceW(l);:::;Wn) 2 [k]m

(2) a Pathy, -tree T;, for i=1;:::; m;

(3) a Pathg, -tree Ty, for j = 1 """ k
This data satis es the following condmons

X X
des(T)=  des(i)+  des(lj)+ | +des(w);

i=1 j=1

where | is the number of nonempty trees amongTy, ..., T, T1, ..., Tk. Indeed,
all descents in treesT; and T; correspond to descents irll, each nonempty treeT;
or T; gives an additional descent for the edge that attaches thisree, and descents
in w correspond to descent edges that attach tree3 % T90:::

Let us x a sequencew = w(1);:::;w(m). For i 2 [K], Iet ¢ be the number
of times the integer i appears inw. In other words, w is a permutation of the
multiset f1°;:::;k%g. Then the total contribution to the generating function
T(t X100 Xk) of trees T whose data involvew is equal to tdesw) i+t St
Indeed, the term 1 in ; = x;(1+t C(t;X;)) corresponds to an empty tree, and
the term t C(t; X;) corresponds to nonempty trees, which contribute one addibnal

descent. The term f ----------

from the trees Ty;:::; Tk. Summlng this expression over all permutat|onsw of the
multiset f1°;:::; kckg and then over all ¢;;:::; ¢ 0, one obtains the needed
expression for the generating functionT (t; X 1; :::; Xk)

Remark 12.5 One can dualize all de nitions, statements, and arguments i this
section, as follows. An equivalent dual formulation to Theaem[IZ1 says

T(tX1;i00Xk) = ((jjk v 1 K
1t ,@+@ t) )
where ;| = x;(1+ C(t;x;)). The equivalence to Theorem[IZ1 follows from the
relation ; ;=(t 21)( i i), which is a reformulation of the functional equa-
tion (L2.4). p
The dual multiset Eulerian polynomial is Ac, ...c  (t) :== , t¥es(")*1 "where the
sum is over permutationsw of the multiset M = f1%;:::; kckg m=c + + C,

and wdesfv) is the number of weak descentsn the mult|set permutation w, that



FACES OF GENERALIZED PERMUTOHEDRA 43

is, the number of indicesi for which w(i) w(i +1). The bijection which reverses
the word w shows that A¢, ¢, (t) = t™ Ac, . (t 1) and consequently one has an

..........

equivalent formulation of the solution to Simon Newcomb's problem:
X Ac ..... c (t) ycl ka = ~ 1 t
ST Tk o)

Then one can modify the proof of Proposition[IZ.4, by switchng the labelsi $
n+1 iinthe graph Ta,.-a,, and applying a similar argument to show
X

T(tX15:105%0) = Acyie, () 71 gt

12.4. Proof of Theorem 12.1 via PDE. This section rederives Theoren{ 1Z]1
using Theorem[&.I3B. It also calculates the generating funan for f -polynomials of
graph-associahedra corresponding to another class of grag, the hedgehog graphs
de ned below.

Recall that Path,, is the path with n nodes, andTj,...a, iS the graph obtained
by attaching the paths Path,,, ..., Path,, to a central node. Let us also de ne
the hedgehog grapi,,.-a, as the graph obtained from the disjoint union of the

chains Path,,, ..., Path,, by adding edges of the complete graph between the rst
vertices of all chains. For example,Hg.... o is the empty graph, Hy..... 1 = Ky, and

.....

a \leaf" edge hanging from each of thek original nodes. By convention, for the
empty graph, one hasfy,... ,(t) =0.
Theorem[6.13 gives the following recurrence relation fof -polynomials of path
graphs:
d X1
at Path , (1) = (n r+1) fpam, (t) fpan, ,(1):
r=1
Indeed, there aren r + 1 connected r-element subsetsl of nodes of Path,, the
deletion Path,j, is isomorphic to Path,, and the contraction Path, =l is isomorphic
to Path, ..
For graphs Ta,.:.-a . » Theorem[G.I3 gives the following recurrence relation

d X R
a -:i-al;::::a K (t) = fT’ath r (t) f-:ral;::::a §onma g (t) (a| r+ 1) )
i=1 r=1
X
+ Tl—blizzt:b K (t) fT"al bpina by (t)'
where the second sum is oveby;:::;b¢ such that 0 K aj, fori =1;:::;k.

Indeed, a connected subset of vertices of G = Tj,.....a, either belongs to one of

the chains Path,,, or contains the central node. In the rst case, the restriction
is Gji = Path, and the contraction is G=I = Ta,.va; ruza ., Wherer = jlj. In
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except fpath , (1) = fH,.. (1) =0.

The above recurrence relations can be written in a more compzt form using
these generating functions:

X
Fa(t;x):= fPath, () X" = x2+(1+2t)x3+(1+5t+5tH)x*+
X a;+1 ai +1
Fr(t;xq;:iiXk) = Tayia  (DXT1 X

Fu (X xe) = Haya  (OXT 0 XEe

Note that F5o and Ft are related to generating functions from Sectiorl_IP:

Fa(tx) = t IxC(t T+1;tx)

T
4
—~
ot
x
.
X
=~
~
|
i
=~
_|
~~
—
-
+
=
-
x
=
—
x
=~
N

The above recurrence relations can be expressed as the fallmg partial di er-
ential equations with initial conditions at t = 0:

@k _ . @k, .. _ x
(125) @ - FA @, FAJt:O - 1 X,
@Fr — X v, @E i . _ X1 Xk .
126) “gi= | Flx) gyt Fr P Frieo = @ G
Qk
@R _ X _ | O@F L1 R X)),
(12.7) et Fa(tixi) ax +(Fu)?  Fuji=o = d

One can actually solve these partial di erential equations for arbitrary initial
conditions, as follows.

R(t;x1;:::;Xk) to the following system of partial di erential equations with initial
conditions
@F_ _ @F _. _ :
(12.8) @t F @ Fjt=o = fo(x);
@G_X @G .
12.9 — = F(t;x;) =—; Gji=0 = X1;000XK);
( ) ot . (txi) @x jt=o = Qo(X1 k)
Xk
(12.10) OH_ F(t;xi)@—+ H?  Hji=o = ho(X1;::1;Xk);
CI @
@R_X @R .
12.11 — = F(t;xi) =+ R H; Rji=o = ro(xg;:::;X
( ) @t ( I) @x Jt 0 0( 1 k)

i=1
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are given by

fo(x+t F)= F (implicit form)

R= ro( 15 k) A+t ho(a; 5 w) *

Proof. Let us rst solve (IZ8). For a constant C, consider the function x(t) given
implicitly as F (t;x) = C, i.e., the graph of x(t) is a level curve for F(t;x). The
tangent vector to the graph of x(t) at some point (to; Xo) such that F (tg;xg) = C is

(1; W). The derivative of the function F (t; x) at the point (to; Xo) in the direction

of this vector should be 0, i.e., 1 @F(t@‘;f(") + &lto) @F(g;(x") = 0. This equation,
together with the di erential equation (1Z.8) for F, implies that %x(t) = C.
Solving this trivial di erential equation for x(t) one deduces thatx(t)= C t+
B (C), where B is a function that depends only on the constantC. SinceC can be
an arbitrary constant, one deduces that

x= F(tx) t+ B(F(tx)); or, equivalently, B" ¥ (x + t F(t;x))= F(t;x):

Plugging the initial condition Fji= = fo(x) in the last expression, one gets
B" M (x) = fo(x):

Thus the solution F(t;x) is given by fo(x + t F) = F, as needed.

Making the substitution H = (t+ G(t;x1;:::;Xk)) * in dierential equation
(T2.10) for H, one obtains equation [IZID) forG with go = (ho) ®. By the
previous calculation, one hasc =  (ho( 1;:::; «)) . Thus the solution for (I2.10)

isH = (t+(ho(1:::; &) M) &
Making the substitution R = H G in equation (IZ.10) for R, where H is the
solution to (LZ.10), one obtains equation [IZD) forG with gy = ro=hg. By the

above calculation, one hasG = ro( 1;:::;%k)=ho( 1;:::; k). Thus,
R= 1 ro( 157073 Xk) _ fol 1010 %XK)
t+(ho( 1i::5 k) 1 ho( 1 k) 1+t hol 1 «)’
as needed.

Applying Proposition [Z.6lto di erential equation (IZ5) f or Fa (t; x), one obtains
the implicit solution:

(X + t FA)2

1 X t Fa

This is equivalent to the quadratic equation (I2.4) for C(t; x). Explicitly, one gets

1 x 2tx) p(1 X 2tx)?2  4t(t+1)x?
2t(t + 1) '

= FA:

(12.12) Fa(t;x) =
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Applying Proposition to dierential equations (IZ6) and (IZ14) for the
generating functions Fr and Fy , one obtains the following result.

iy e - ! n ;
FT(t,Xl.---an)_ (t+1)(1 1) (1 n) t’
1 1 1) @

t+1)Q@ 1) @ a) t
where ; = x; +t Fa(t;x;) and Fa is given by @Z.12).

Note that the above expression forF1 is equivalent to Theorem[1Z.1, using[(2.11).

13. Graph-associahedra for path-like graphs

The goal of this section is to use Theoreni6.12 to compute th&-polynomials
of the graph-associahedra of a fairly general in nite family of graphs, including all
Dynkin diagrams of nite and a ne Coxeter groups.

Let A and B be two connected graphs with a marked vertex in each, and lehg be
the total number of unmarked vertices in A andB. For n > n g, let G, = G,(A;B)
be the graph obtained by connecting the marked vertices irPA and B by the path
Path, ,, so that the total number of vertices in G, is n. Call graphs of the form
G, path-like graphsbecause, for largen, they look like paths with some \small"
graphs attached to their ends.

The following claim shows that the h-polynomials of the graph-associahedra
Pe(,) can be expressed as linear combinations (with polynomial ecients) of
the h-polynomials C;, (t) of usual associahedra; seé¢ (12.1).

Theorem 13.1. There exist unique polynomialsgo(t); gi(t);:::;0n,(t) 2 Z[t] of
degreesdegg;(t) i such that, for any n > n g, one has

he, (1) = Go(t) Cn(t) + G1(t) Cn 2(t) +  + Ono(t) Cn no(1):
The polynomial g (t) is a palindromic polynomial, that is g(t) = t' g (t 1), for
i=0;:::;ng.

Similarly, one can express thef -polynomials of Pg(g,) as a linear combination
of the f -polynomials of usual associahedra, becaude; (t) = hg(t +1).

One can rewrite this theorem in terms the generating function C(t;x) for the
Narayana numbers; see (12.3).

Corollary 13.2. There exists a unique polynomialg(t;x) 2 Z[t;x] such that, for
any n >n g, one has

hg, (t) = the coe cient of x" in g(t;x) C(t;x):

The polynomial g(t; x) has degree ng with respect to the variablex. It satis es
the equationg(t;x) = g(t ;tx).

Proof. This follows from Theorem 13.1, by settingg(t;x) = go(t) + g1(t) x + +
Ono (1) X0
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Proof of Theorem 13.1. Let us rst prove the existence of the linear expansion (and
later prove its uniqueness and the palindromic property of he coe cients g;(t)).
The recurrence from Theorem 6.12 will be used to prove this @m by induction on
the total number of vertices in A and B. For this argument one should drop the
assumption that A and B are connected. Suppose tha#A or B is disconnected,
say, A is a disjoint union of graphs A; and A, where A; contains the marked
vertex. Let G, := G,(A1;B) and let r be the number of vertices inA,. Then
hg,(t) = hg (1) ha,(t), where degha,(t) r 1. By induction, hg  (t) can

produces the needed expression fdig, (t).

Now assume that both A and B are connected graph%, Theorem 6.12(3) gives
the expression for theh-polynomial as the sumhg, (t) = | (t L Thg (1)
over nonempty subsetd. of vertices of G,, where G, nL denotes the graphG, with
removed vertices inL. (Here one has shiftedt by 1 to transform f -polynomials
into h-polynomials.) Let us write L as a disjointunionL = I [ J[ K, wherel is a
subset of unmarked vertices ofA, J is a subset of unmarked vertices 0B, and K is
a subset of vertices in the path connecting I;,he marked verties. The contribution

of the terms with K = ; to the above sumis' |, (t 1)'1*}90 Thg 1 3)(t). Note
that Gon(I [ J)= G, ((Anl;B nJ), wherer = jlj+ jJj. By induction, one can
express each termhg n [ 5)(t) @as a combination of C,, (t);:::;Cy n,(1).

The remaining terms involve a nonempty subsetK of vertices in the path
Path, n,. When one removes thes&k = jK| vertices from the path, it splits into
k+1 smaller paths Pathy,,;:::; Pathy,,, with m; O; cf. paragraph before (12.2).
Thus the remaining contribution to hg, (t) can be written as

X X L
(t 1)J|J+]J]+k 1hG,,(Anl; )(t)sz(t) ka(t)th( ;BnJ)(t);

15 mey;imygsr O
where is the graph with a single vertex,
p=mi+jAnlj 1,

X g= myg+1 +jBndj 1; and
k + mi=n nNg:

By induction, one can expresshg  (ani; )(t) and hg,( ;g n3)(t) as linear combinations
of the Cro(t). So the remaining contribution to hg, (t) can be written as a sum of
several expressions of the form

X X

s(t) (t 1) 'Cmg()Cm ()  Cmy (1) Cmg,, (1);

md,, bmy+my+ +mg+md, +k=n c This expression depends on
nonnegative integersa; b; csuch that a+ b+ ¢ = ng and a polynomial s(t) of degree
degs(t) c. If one extends the summation to allm%;m?,, 0, one obtains the
expansion (12.2) forC, (t) times s(t). Applying the inclusion-exclusion principle
and equation (12.2()), one deduces that the previous sum equal

X1
s(t) @Cy (1) tCmo()Cn ¢ mo 2(t) A

0—
m2=0
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It remains to show the uniqueness of the linear expansion andhow that the g; (t)
are palindromic polynomials. (Here one assumes that the gr;ahs,ﬁ, and B are con-
nected.) According to Corollary 13.2, the polynomialH (t;x) := .. “hg, (t) X"
can be written asH (t;x) = g(t;x) C(t;x) + r(t;x), where g(t;x);r(t;x) 2 Z][t; x].
If H(t;x) = g(t;x) C(t;x) + ¥(t;x) with g(t;x) 6 g(t;x), then this would imply
that C(t;x) is a rational function, which contradicts the formula (12.3) involving
a square root. This proves the uniqueness claim. One had (t;x) = H(t 1;tx)=t
and C(t;x) = C(t !;tx)=t becauseh-polynomials are palindromic. Thus

H(t;x) = g(t;x) C(t;x) + r(t;x) = g(t *tx) C(t;x) + %r(t Lx):

This implies that g(t;x) = g(t ;tx). Otherwise, C(t;x) would be a rational
function. 5 The equation g(t;x) = g(t 1.tx) says that the coe cients g;(t) of
g(t;x) = gi(t)x' are palindromic.

Let us illustrate Theorem 13.1 by several examples. For a sérs of path-like
graphs anlet of G, g denote the polynomial g(t; x) that appears in the generating
functions = | “hg, () x" = g(t;x) C(t;x) + r(t;x). For instance, the expression
gfDh,g=2 (t+1)x tx? (see the example below) is equivalent to the expression

ho, () =2Cn(t) (t+1) Cy 1(t) tCp a(t), for n> 2.

Examples 13.3. De ne daisy graphsas Daisy,, := T, k 1.1x; see Section 12.
(Here 1¥ means a sequence ok ones.) They include type D Dynkin diagrams
D, := Daisy,.,. For xed Kk, the Daisy,., form the series of path-like graphs for

A = Kk (the k-star with marked central vertex) and B =  (the graph with a
single vertex). Also de ne kite graphs as Kitenx = H, y+1.1¢ 1; see Section 12.4.
They are path-like graphs for A = Ky and B = . The ane Dynkin diagram of

type B, 1 is the nth path-like graph in the case when both A and B are 3-paths
with marked central vertices.
Here are the polynomialsgf G g for several series of such graphs:

gfDhg=2 (t+1)x tx?;
of B 19=4 4@t+1)x+(t 1)?x%>+2t(t+1) x3+ t?x%;
ofKiten.30=2 (t+1)x;
of Daisy, ;=6 6(t+1)x+(1 5t+t?)x* t(t+1)x3
of Daisy,. ,0=24 36(t+1) x +(14 16t+14t%)x*+
+( 1+3t+3t2 t)x® (t+t?2+ %) x%
The formulas for Dy, Kitenk, and Daisy,, were derived from Theorems 12.1

and 12.7 (using the Maple package). The formula for the a ne Dynkin dia-

gram B, ; was obtained using the inductive procedure given in the probof The-
orem 13.1.

Remark 13.4 The induction from the proof of Theorem 13.1 is quite involved. It
is very di cult to calculate by hand other examples for bigger graphs A and B. It
would be interesting to nd a simpler procedure for nding th e polynomialsgf G, g.
Also it would be interesting to nd explicit formulas for the polynomials gf G, g for
all daisy graphs, kite graphs, and other \natural" series of path-like graphs.
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14. Bounds and monotonicity for face numbers of graph-associahed ra

Section 7.2 showed that thef - and h-vectors of ag nestohedra coming from
connected building sets are bounded below by those of hypeubes and bounded
above by those of permutohedra. It is natural to ask for the bainds within the
subclass of graph-associahedra corresponding to connedtgraphs, and to ask for
bounds on their -vectors.

Permutohedra are graph-associahedra corresponding to cqstete graphs, and so
they still provide the upper bound for the f - and h-vectors. For lower bounds onf -
and h-vectors, the monotonicity discussed in Remark 6.9 implieshat the f - and h-
vector of any graph-associahedrofPg gy for a connected graphG is bounded below
by the graph-associahedron for any spanning tree insid&. Thus it is of interest
to look at lower (and upper) bounds forf -, h- and -vectors of graph-associahedra
for trees.

A glance at Figure 14.1 suggests that, roughly speaking, tres which are more
branched and forked (that is, farther from being a path) tend to have higher entries
componentwise in their -vectors, and hence also in theiff - and h-vectors. In fact,
in that gure, which shows all trees on 7 vertices grouped by heir degree sequences,
one sees several (perhaps misleading) features:

(i) The degree sequences are ordered linearly under th@ajorization (or dom-
inance) partial ordering on partitions of 2(n 1) (=2 (7 1)=12 here).
(i) The -vectors of these trees are linearly ordered under the comp@ntwise
partial order.
(iif) Trees whose degree sequence are lower in the majorizah order have com-
ponentwise smaller -vectors.
(iv) The trees are distinguished up to isomorphism by their -vectors.

degree sequence tree gamma-vectdfiener inde
6111111 =i (1,57,230,61) 36
5211111 =3- - (14214233 40
4311111 R (1,36,117,27) 42
-l--- (1287716) 46
3321111 "=« (1,27,74,15) 46
e  (1,24,6513) 48
.}H (1,23,55,10) 48

3222111 <*=. . .. (121,499) 50
S e e e (1,19448) 52

22222211 (1,15,30,5) 56

Figure 14.1. The -vectors( o; 1; 2; 3) for graph-associahedra
of all trees on 7 vertices, grouped according to their degrese-
qguences.

Additionally, it seems that the Wiener index [Wie'47] for graphs has some cor-
relation with the -vector. The Wiener index W (G) of a graph G is de ned as the
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sum of distancesd(i;j ) over unordered pairsi;j of vertices in the graph G, where
d(i;j ) is the number of edges in the shortest path fromi to j. The Wiener index
W (T) of a tree is equal to the number of forbidden 312 patterns (se the remarks
following De nition 9.2) provided by the tree T (plus the constant g ). Thus, for
two trees onn vertices, if one hasw (T) < W (T9, then roughly speaking one might
expect that the generalized permutohedronPg (1) has a larger gamma vector than
PB TO .

SI'h)is is exactly the case for trees on 7 vertices, as shown in ure 14.1. It
shows that as the -vectors decrease, the Wiener indices (weakly) increase. die
that in this case, the Wiener index together with the degree gquence completely
distinguish all equivalence classes of trees.

For trees T on n verfjces, the maximum and minimum values of the Wiener
index are, respectively, i”:ll i(n i)= n(n? 1)=6 for Path,, and (n 1) for
Kjgn 1.

None of the properties (i)-(iv) persist for all trees. For example, when looking
at trees onn = 8 nodes, one nds that

(i) the degree sequences are only partially ordered by the njarization order
on partitions of 2(n 1) = 14:
22222211 32222111
< 33221111 3331111142221111
< 43211111 4411111152211111
< 53111111k 6211111 71111111

(ii) there are trees, such as the two shown in Figure 14.2(a) ad (b), whose
-vectors are incomparable componentwise,

(i) there are trees, such as the two shown in Figure 14.2(d)and (c), where the
degree sequence of one strictly majorizes that of the othehut its -vector
is strictly smaller, and

(iv) there are nonisomorphic trees, such as the two shown in lgure 14.2(d) and
(e), having the same -vector.

32222111 33221111
(m"i°°' T o

(1.3313576)  (13214387)
33221111
(©

(1,42,201,126)

42221111 33221111
(d) Q—I—I—o—o—o (e)
(1,38,174,108)

Figure 14.2. Some trees on 8 nodes and the-vectors of their
graph-associahedra.
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Nevertheless, we do make some monotonicity conjectures abbthe face numbers
for graph-associahedra.

Conjecture 14.1. There exists a partial order on the set of (unlabelled, isomor-
phism classes of) trees witm nodes, having these properties:

Path, is the unique -minimum element,
K1n 1 is the unique -maximum element, and

0 .
T TYimplies p, ., Pa(ro COMpoNnentwise.

We suspect that such a partial order can be de ned so that T; T will, in par-
ticular, be comparable wheneverT;T? are related by one of the ossing moves
considered in [BR'04,x4.2].

Assuming Conjecture 14.1, the -vectors (and hence also thef -, h-vectors) of
graph-associahedra for trees om nodes would have the associahedro®gpar ,)
and the stellohedronPg ,, ,) giving their lower and upper bounds. This would
also imply that the f -, h-vectors of graph-associahedra for connected graphs on
n nodes would have associahedra and permutohedra giving thelower and upper
bounds. To make a similar assertion for -vectors it would be nice to have the
following analogue of Stanley's monotonicity result (Theaem 4.6).

Conjecture 14.2. When ; Care two ag simplicial complexes and °is a geo-
metric subdivision of , the -vector of ©is componentwise weakly larger than
that of

In particular, when B;B° are building sets giving rise to ag nestohedra and
B B © (such as graphical buildingsB(G) B (G9 for an edge-subgrapiG  G9
then the -vector of Pgo is componentwise weakly larger than that oPg.

We close with a question suggested by the sets of permutati@s , (B) and 8, (B)
for a chordal building set B which appeared in Corollary 9.6 and Theorem 11.6.

Question 14.3. Given a (non-chordal) building set B, is there a way to de ne two
sets of permutations S9(B) and 89(B) such that:

the h-polynomial for the nestohedronPg is given by the descent generating
function for S8(B), and

the -polynomial is given by the peak generating function for@ﬂ(B)?

15. Appendix: Deformations of a simple polytope

The goal of this section is to clarify the equivalence betwee various de nitions
of the deformations of a simple polytope, either by

deforming vertex positions, keeping edges in the same patalism class, or
deforming edge lengths, keeping them nonnegative, or
altering level sets of facet inequalities, or but not allowhg facets to move
past any vertices.
There will be de ned below three cones of such deformations hich are all linearly
isomorphic. This discussion is essentially implicit in [P®t'05, De nition 6.1 and
x19], but we hope the explication here clari es this relatiorship.

Let P be a simpled-dimensional polytope in RY. Let V be its set of vertices.
Let E ‘g be its set of edge pairs. LetF be an indexing set for its facets, so
that P is de ned by facet inequalities h¢ (x) ¢ for f 2 F, in which eachh; is a
linear functional in (Rd) ,and ( f)f2F 2 RF.
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De nition 15.1. (1) The vertex deformation coneDY¥ of P is the set of points
(Xv)vav 2 (Rd)v such that

(15.1) Xu Xy 2R o(u v); foreveryedgeuv?2E.

(2) The edge length deformation coneD§ of P is the set of points (ye)eze 2 RE
such that all yo 0, and, for any 2-dimensional face ofP with edgese; = vivy,
€ = VoV3, ..., & 1= Vk 1Vk, & = VkVi, One has

Ye (Vi Vo) + Ve, (V2 V3)+  + Y (W V1)=0:

B)YFor =( 1)i2Fr 2 RF, let P := fx 2 RY | h;(x) ¢; forf 2 Fg be
the polytope obtained from P by parallel translations of the facets. In particular,
P = P. The open facet deformation coné DF°"" for P is the set of 2 RF
for which the polytopes P and P have the same normal fanN (P ) = N (P).
(Equivalently, P and P have the same combinatorial structure.) The (closed)
facet deformation coneis the closureDF of D" inside RF .

It is clear that the de nitions of Dy and DE translate into linear equations and
weak linear inequalities. ThusDY and DS are (closed) polyhedral cones in the
spaces R%)V and RE, correspondingly. The following lemma shows thatD§ is
also a polyhedral cone.

Lemma 15.2. For a simple polytope P, the facet deformation coneD5**" is a
full jFj-dimensional open polyhedral cone insideR, that is a nonempty subset in
RF given by strict linear inequalities. Thus DF is the closed polyhedral cone irRF
given by replacing the strict inequalities with the correspnding weak inequalities.

Proof. Since every polytopeP has facet normals in directions which are a subset
of those for P, the rays (=1-dimensional normal cones) inN (P ) are a subset of
those in N (P). Therefore, one will haveN (P ) = N (P) if and only if P ;P have
the same face lattices, or equivalently, the same collectimof vertex-facet incidences
(v;f). This means that one can de ne the setD;,***" inside RF by a collection of
strict linear inequalities on the coordinates = ( )2 . Itis next explained how
to produce one such inequality for each pair Yo; f o) of a vertex vo and facetfq of
P such that vp 62 g.

linear systemh¢, (x) = ¢, forj =1;::;d. Its corresponding vertexxo in P is then
the unique solution to h¢; (x) = ¢; for j =1;:::;d. Note that this implies xo has
coordinates given by linear expressions in the coe cients . Then the inequality
corresponding to the vertex-facet pair {/; f o) asserts that hs, (Xo) < +,.

Lastly, note that this system of strict linear inequalities has at least one solution,
namely the for which P = P. Hence this open polyhedral cone is honempty.

The following theorem gives several di erent ways to desciie deformations of a
simple polytope.

Theorem 15.3. Let P be ad-dimensional simple polytope inRY, with notation as
above. Then the following are equivalent for a polytopP?in RY:

() The normal fan N (P) re nes the normal fan N (P9).

"This is linearly isomorphic to the type-cone of P described by McMullen in [McM'73, X2, p.
88].
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(i) The vertices of P° can be (possibly redundantly) labellec,, v 2 V, so that
(Xy)v2v is a point in the vertex deformation coneDYy, i.e., the x, satisfy
conditions (15.1).

(i) The polytope P%is the convex hull of pointsxy, v 2 V, such that (Xy)y2v
is in the vertex deformation coneDY .

(iv) P°= P for some in the closed facet deformation coneDF .

(v) P%is a Minkowski summand of a dilated polytopeP , that is there exist a
polytope Q RY and a real numberr > 0 such thatP°+ Q = rP.

Proof. One proceeds by proving the following implications (i)) (i) ) (i) ) (i)
) (v) ) (i), (v) ) (v)) ().

(i) implies (ii). The re nement of normal fans gives rise to the redundant labdling
of vertices (xy)v2p as follows: given a vertexx of P label it by x, for every vertexv
in P having its normal coneN, (P) contained in the normal coneNy (P9. There are
then two possibilities for an edgeuv 2 E of P: either x, = Xy, in which case (15.1)
is trivially satis ed, or else x, 6 x, so that N,(P); N, (P) lie in di erent normal
conesNy, (P% 6 Ny, (P9. But then since N (P) re nes N (P9, these latter two
cones must share a codimension one subcone lying in the samgplerplane that
separatesN,(P) and Ny (P). As this hyperplane has normal vectoru v, this
forcesx, Xy to be a positive multiple of this vector, as desired.

(i) implies (iii). Trivial.

(iii) implies (i). Let P°be the convex hull of the pointsx,. Fix a vertex u 2 V.
Let 2 (RY) be a generic linear functional that belongs to the normal coe N, (P)
of P at the vertex u. Then the maximum of on P is achieved at the point u
and nowhere else. Let us orient the 1-skeleton oP so that increases on each
directed edge. This connected graph has a unique vertex of edegree 0, namely

from vy = v to vi = u in this directed graph. According to the conditions of the
lemma, one has have (xy,) (Xv,) (Xv,), SO (Xv) (Xy). Thus the
maximum of  on the polytope PCis achieved at the point x,. This implies that
X, is a vertex of P9 and the normal coneNy, (P9 of P? at this point contains the
normal coneN,(P) of P at u. Since the same statement is true for any vertex of
P, one deduces thatN (P) re nes N (P9).

(i) implies (iv). First, note thatif N (P9 = N (P) then P°= P for some in the
open facet deformation coneD /" . Indeed, the facets ofP? are orthogonal to the
1-dimensional cones inN (P9, thus they should be parallel to the corresponding
facets of P.

Now assume thatN (P) re nes N (P9. Recall the standard fact [Zieg'94, Prop.
7.12] that the normal fan N (Q1 + Q2) of a Minkowski sum Q1 + Q> is the common
re nement of the normal fans N (Q1) and N (Qz). Thus, for any > 0, the normal
fan of the Minkowski sum P%+ P coincides with N (P). By the previous observa-
tion, one should haveP% P = P, forsome () 2 D" . Since all coordinates
of () linearly depend on , one obtainP%= P for =1lim , o ()2 DE.

(iv) implies (ii). Given 2 DF, it is the limit point for some family f ()g
D{ %" . One may assume that ( ) linearly dependson > Oandlim, o ()= .
HenceP?= P s the limit of the polytopes P ()» Which each haveN (P () =
N (P). In particular, the vertices of P () can be labelled byx,( ), v2 V. These
vertices linearly depend on and satisfy x,( ) Xy( )= R o(u v) for any edge
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uv 2 E. Taking the limit ! 0, one obtains that P%is the convex hull of points
Xy =lim | ¢x,( ) satisfying (15.1).

(iv) implies (v). Note that P + P = P, ,for ; 2 D5. Let P°= P for

2 DE. The point  (such that P = P ) belongs to the open coneD5°P*" . Thus,
for su ciently large r, the point =r also belongs to the open con®°"*" .
Let Q= P . Then one hasP°+ Q=P + P, = P, = rP, as needed.

(v) implies (i). This follows from the standard fact [Zieg'94, Prop. 7.12] on
normal fans of Minkowski sums mentioned above.

Remark 15.4 We are being somewhat careful here, since Theorem 15.3 canilfa
when one allows a broader interpretation for a simple polytpe P to deform into a
polytope P %by parallel translations of its facets, e.g. if one allows faets to translate
past vertices. For example, letting P° be a regular tetrahedron in R3, and P the
result of \shaving o an edge" from P°with a generically tilted plane in R®, one
nds that N (P) does not re ne N (P9).

Let us now describe the relationship between the three defonation conesDY ,
DE, and DE. Let H be the linear subspace in R%)V given by

H:=f(xy)vav 2 (RY)Y jxus xv 2 R(u V) for any edgeuv 2 Eg:
Clearly, the coneDY belongs to the subspaced . Let us de ne two linear maps
'H! RE and :RF! H:

The map sends &y)vav 2 H t0 (Ye)e2e 2 RE, wherexy, Xy = ye(u V), for
any edgee= uv2 E. The map sends =( f)i2r to (Xyv)v2v, Where, for each

For 2 DF", ()= (xy)v2v, where the x, are the vertices of the polytope
P . One can easily check that ( ) 2 H. Indeed, this is clear for 2 D" and
thus this extends to all 2 RF by linearity.

Note that the kernel of the map is the subspace (RY)' RY embedded diago-
nally into (RY9)V. This follows from the fact that the 1-skeleton of P is connected.
The vertex deformation coneD ¥ can be reduced modulo the subspace RY) of par-
allel translations of polytopes. Similarly, the facet defaeamation cone can be reduced
modulo the subspace (R%) = 1(( RY)' RY, where 9Ax):=(hs(x))s2r for
x 2 RY.

Theorem 15.5. The map gives a linear isomorphism between the coneé3f and

DY. The map induces a linear isomorphism between the coneB ¥ =( RY) and
DE. Thus one has

DE ' D¥=( RY)' Df= YRY):
In particular, dimDE =dim DY d=dim Df d=jFj d.
Proof. The claim about the map follows immediately from Theorem 15.3.
Let us prove the claim about . Note that, for (xy)voy 2 DY, the point

(Ye)eze = ((Xv)v2v) satis es the condition of De nition 15.1(2) because

Yo (Vi V2)+ Ve, (V2 Va)+  + Ve (W Vi)

=(Xvy  Xup) H(Xv, Xyt H(Xy Xyy)

=0:
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It remains to show that for any (ye)eze 2 DE there exists a unique (modulo
diagonal translations) element ky)v2v 2 H such that x, Xy = ye(u V) for
any edgee = uv 2 E. Let us construct the points x, 2 RY, as follows. Pick
a vertex vo 2 V and pick any point x,, 2 RY. For any other v 2 V, nd a
path (vo;vi;:::;v) from vo to v = v in the 1-skeleton of P and de ne x, =
Xvo Yvovi(Mo V1) Yv,v, (Vi V2) Yv ov(M 1 V). This point x, does not
depend on a choice of path fromvg to v, because any other path in the 1-skeleton
can be obtained by switches along 2-dimensional faces 8f. These (), satisfy
the needed conditions.

Finally, note that dim D5 = jFj becauseD} is a full-dimensional cone.
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