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ALCOVED POLYTOPES 1

THOMAS LAM AND ALEXANDER POSTNIKOV

ABSTRACT. The aim of this paper is to initiate the study of alcoved polytopes,
which are polytopes arising from affine Coxeter arrangements. This class of
convex polytopes includes many classical polytopes, for example, the hyper-
simplices. We compare two constructions of triangulations of hypersimplices
due to Stanley and Sturmfels and explain them in terms of alcoved polytopes.
We study triangulations of alcoved polytopes, the adjacency graphs of these
triangulations, and give a combinatorial formula for volumes of these poly-
topes. In particular, we study a class of matroid polytopes, which we call the
multi-hypersimplices.

1. INTRODUCTION

The affine Coxeter arrangement of a crystallographic root system ® C V' ~ R" is
obtained by taking all integer affine translations Hy p, = {z € V | (o, ) =k}, a €
®, k € Z, of the hyperplanes perpendicular to the roots. The regions of the affine
Coxeter arrangements are called alcoves. They are in a one-to-one correspondence
with elements of the associated affine Weyl group. If @ is irreducible, then the
alcoves are simplices congruent to each other. We define an alcoved polytope P as
a convex polytope that is the union of several alcoves. In other words, an alcoved
polytope is the intersection of some half-spaces bounded by the hyperplanes H, j:

P={xe€V|by < (a,2) <cq, a € D},

where b, and c, are some integer parameters. These polytopes come naturally
equipped with coherent triangulations into alcoves. Alcoved polytopes include many
interesting classes of polytopes: hypersimplices, order polytopes, some special ma-
troid polytopes, Fomin-Zelevinsky’s generalized associahedra, and many others.
This is the first of two papers about alcoved polytopes. In this paper, we con-
centrate on alcoved polytopes of the Lie type A case and on related combinatorial
objects. In [AP2], we will treat the general case of an arbitrary root system.
Hypersimplices are integer polytopes which appear in algebraic and geometric
contexts. For example, they are moment polytopes for torus actions on Grassman-
nians. They are also weight polytopes of the fundamental representations of the
general linear group GL,,. The (k,n)-th hypersimplex can be defined as the slice
of the hypercube [0, 1]"~! located between the two hyperplanes > x; = k — 1 and
> a; = k. Tt is well-know that the normalized volume of this hypersimplex equals
the Eulerian number Ay ,,_1, i.e., the number of permutations of size n — 1 with
k — 1 descents. Stanley [Sfall] explained this fact by constructing a triangulation
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of the hypersimplex into Ay ,—1 unit simplices. Another construction of a trian-
gulation of the hypersimplex was given by Sturmfels [Stu]. It naturally appears in
the context of Grobner bases. These two constructions of triangulations are quite
different.

In this paper, we compare these triangulations. In Sections BHEl we show that
these triangulations are actually identical to each other and that they can be natu-
rally described in terms of alcoved polytopes. We also give an additional description
of this triangulation in terms of minimal circuits in some graph. In Section[d we de-
scribe the adjacency graph for simplices in this triangulation. In Section B we give
a formula for the normalized volume of alcoved subpolytopes of the hypersimplex
in terms of permutations with descents at certain specified positions.

We can view a collection M of k-element subsets of [n] := {1,...,n} as a subset
of the vertices of the hypersimplex. Define the polytope Paq as the convex hull
of those vertices. In Section [l we classify those collections M for which P, is
alcoved. We call such collections M sort-closed collections.

In Section [ we specialize to the case where M is the collection of bases of a
matroid. The associated polytope Py, called a matroid polytope, is the moment
map polytope for some torus orbit closure X in the grassmannian Gry,. The
normalized volume of Paq equals the degree of X. We describe two classes of sort-
closed matroids. One of them leads to an interesting set of polytopes, which we
call multi-hypersimplices. Whereas a hypersimplex is a slice of a cube, a multi-
hypersimplex is a slice of a direct product of simplices.

In Sections[MIHI3, we study certain graphs, following Sturmfels [Stul, correspond-
ing to the case of rank two matroids and give a formula for the normalized volume
of their associated polytopes. We also calculate the generating function for the
f-vectors of the alcoved triangulations of the second hypersimplices.

In Section [ we define the multi-Eulerian polynomials Ar(t) as generating
functions for volumes of multi-hypersimplices . These polynomials generalize the
usual Eulerian polynomials and have many interesting combinatorial properties. In
the first non-trivial case, we give a formula for the multi-Eulerian polynomial in
terms of the usual Eulerian polynomial.

In Sections [[A and [[A we study triangulations of general alcoved polytopes (of
type A) and the graphs associated to adjacent simplices in these triangulations.
We prove a theorem expressing the volume of an alcoved polytope in terms of the
number of lattice points contained in other alcoved polytopes. In Section 7 we give
a description of the alcoves of an alcoved polytope in terms of homotopy-classes of
maps from a circle with n marked points. In Section 8, we give some final remarks.
We discuss relations with order and weight polytopes and also discuss degrees on
torus orbits on the Grassmannian. In Appendix [[d we give a short introduction to
the relationship between Grébner bases and coherent triangulations, following [Stai.

In the second part [AP2] of this paper, we will extend the hypersimplices to all
Lie types and calculate their volumes. We will prove a general theorem on volumes
of alcoved polytopes. We will give uniform generalizations of the descent and major
index statistics, appropriate for our geometric approach.
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2. HYPERSIMPLICES AND EULERIAN NUMBERS

Let us fix integers 0 < k < n. Let [n] :={1,...,n} and ([Z]) denote the collection

of k-element subsets of [n]. To each k-subset I € ([Z]) we associate the 0l-vector
er = (€1,...,€n) such that ¢, =1, for i € I; and ¢; =0, for ¢ & I.

The hypersimplex Ay, C R™ is the convex polytope defined as the convex hull
of the points €, for I € ([Z]). All these (Z) points are actually vertices of the
hypersimplex because they are obtained from each other by permutations of the
coordinates. This (n — 1)-dimensional polytope can also be defined as

Apn ={(z1,...,20) | 0< z1,...,xp <1; 21 + - + 2, =k}
The hypersimplex is linearly equivalent to the polytope Ak,n C R*! given by
App={(1,.. ;00 1) | 0< 21, .,y <1 k—1<ay + -+ a,1 <k}

Indeed, the projection p : (z1,...,2n) — (21,...,2n_1) sends Ay, to Ak,n- The
hypersimplex Ay, can be thought of as the region (slice) of the unit hypercube
[0,1]"~! contained between the two hyperplanes Y x; =k — 1 and > z; = k.

Recall that a descent in a permutation w € S, is an index ¢ € {1,...,n — 1}
such that w(i) > w(i + 1). Let des(w) denotes the number of descents in w. The
Eulerian number Ay, is the number of permutations in S,, with des(w) = k — 1
descents.

Let us normalize the volume form in R"~! so that the volume of a unit simplex
is 1 and, thus, the volume of a unit hypercube is (n — 1)!. It is a classical result,
implicit in the work of Laplace, that the normalized volume of the hypersimplex
Ay equals the Eulerian number Ay, ,—;. One would like to present a triangulation
of Ay, into Ay ,—1 unit simplices.

In the following sections we give four different constructions of such triangula-
tions of the hypersimplex Ay ,. One of these constructions is due to Stanley [Stal]
and another is due to Sturmfels [Stul.

3. STANLEY’S TRIANGULATION

The hypercube [0,1]"~* C R""! can be naturally triangulated into (n — 1)-
dimensional unit simplices V,, labelled by permutations w € S,,_1 given by

Vo = {(ylu' -'7yn—l) € [Oul]n_l | 0< Yw(1) < Yw(2) <---< Yw(n—-1) < 1} .

Stanley [Stal] defined a transformation of the hypercube ¢ : [0,1]*~! — [0, 1]~}
by 1/’(9517 cee 7:1;77,—1) = (ylu e 7yn—1)7 where

yi= @1 +ao+ - 4x)— [z +ze+ -+ ).

The notation |z| denotes the integer part of . The map ¢ is piecewise-linear,
bijective on the hypercube (except for a subset of measure zero), and volume pre-
serving.

The inverse map ! is linear on the open simplices V,,. Thus it transforms the
triangulation of the hypercube given by V,,’s into another triangulation.

Theorem 3.1 (Stanley [Stall). The collection of simplices =1 (Vy), w € Sp_1,
gives a triangulation of the hypercube [0,1]" =1 compatible with the subdivision of the
hypercube into hypersimplices. The collection of the simplices 1~1(V,,), where w1
varies over permutations in Sp_1 with k — 1 descents, gives a triangulation of the
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k-th hypersimplex Ak,n- Thus the normalized volume of Akm equals the Fulerian
number A p_1.

Proof. Let ¥(x1,...,2p—1) = (Y1,.-,Yn—1) € V. For i =1,...,n — 2, we have,

lz1 + -+ 2] if yi <witis

lz1 4+ 1] = |2y + -+ + 1 if g > yiga.

Thus |z1 + -+ + Zp—1] = des(w™!). In other words, if des(w™!) = k — 1, then
k—1<zi+--F+z,1 < k, ie., (Il,...,Infl) S Ak,n- O

4. STURMFELS’ TRIANGULATION

Let S be a multiset of elements from [n]. We define sort(S) to be the unique
non-decreasing sequence obtained by ordering the elements of S. Let I and J
be two k-element subsets of [n], and let sort(I U J) = (a1, as,...,az;). Then we
set U(I,J) = {a1,as,...,a25,—1} and V(I,J) = {az,a4,...,a2;}. For example,
for I = {1,2,3,5}, J = {2,4,5,6}, we have sort(I U J) = (1,2,2,3,4,5,5,6),
U(I,J) = {1,2,4,5}, and V(I,J) = {2,3,5,6).

We say that an ordered pair (I, J) is sorted if I = U(I,J) and J =V (I,J). We
call an ordered collection Z = (I, ..., I,) of k-subsets of [n] sorted if (I;, I;) is sorted
for every 1 < i < j < r. Equivalently, if I} = {I;; <--- < Iy}, forl =1,...,r,
then 7 is sorted if and Only if 111 S 121 S s S Irl S 112 S 122 S s S Irk- For
such a collection Z, let V7 denote the (r — 1)-dimensional simplex with the vertices
€I1y---5€,..

Theorem 4.1 (Sturmfels [Stul). The collection of simplices V1, where T varies
over all sorted collections of k-element subsets in [n], is a simplicial complex that
forms a triangulation of the hypersimplex Ay, .

It follows that the maximal by inclusion sorted collections, which correspond to
the maximal simplices in the triangulation, all have the same size r = n.

Corollary 4.2. The normalized volume of the hypersimplex Ay, is equal to the
number of mazimal sorted collections of k-subsets in [n].

This triangulation naturally appears in the context of Grébner bases. Let k[zp]
be the polynomial ring in the (Z) variables z; labelled by k-subsets I € ([Z]). De-
fine the map ¢ : k[z;] — k[t1,ta,...,tn] by &1 v i, t5, -+ - t;,, for T = {i1,... 9%}
The kernel of this map is an ideal in k[z;] that we denote by Jj.,. Recall that a
sufficiently generic height function on the vertices €; of the hypersimplex Ay ,, in-
duces a term order on monomials in k[z;] and defines a Grébner basis for the ideal
Jk,n- On the other hand, such a height function gives a coherent triangulation of
Ay . This gives a correspondences between Grobner bases and coherent triangu-
lations. The initial ideal associated with a Groébner is square-free if and only if the
corresponding triangulation is unimodular. For more detail on Grobner bases, see

Appendix [

Theorem 4.3 (Sturmfels [Stul]). The marked set of quadratic binomials

n
Grn = {w —rvanrvas [T € ([k]) } ’
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is a Grébner basis for Ji n under some term order on k[xy] such that the underlined
term s the initial monomial. The simplices of the corresponding triangulation
are Vg, where I varies over sorted collections of k-subsets of [n]. Moreover, this
triangulation is unimodular.

In Section @ we state and prove a more general statement.

5. ALCOVE TRIANGULATION

The affine Cozxeter arrangement of type A, _1 is the arrangement of hyperplanes
in R*! given by

Hsz{(zl,...,zn_l)ER"71 | zi — z; =1}, for0<i<j<n-1,1€Z,

where we assume that zg = 0. It follows from the general theory of affine Weyl
groups, see [Huml, that the hyperplanes Hfj subdivide R”~! into unit simplices,
called alcoves.

We say that a polytope P in R~ is alcoved if P is an intersection of some half-
spaces bounded by the hyperplanes Hzl] In other words, an alcoved polytope is a
polytope given by inequalities of the form b;; < z; — z; < ¢;;, for some collection of
integer parameters b;; and ¢;;. We will denote this alcoved polytope by P(b;;, ¢i;).
If the parameters satisfy b;; = c;; — 1, for all 7, j, then the corresponding polytope
consists of a single alcove (or is empty). Each alcoved polytope comes naturally
equipped with the triangulation into alcoves. Conversely, if P is a convex polytope
which is a union of alcoves, then P is an alcoved polytope.

Assume that z; = 21 + -+ + a4, for i = 1,...,n — 1. The hypersimplex Ak,n is
given by the following inequalities in the z-coordinates:

(1) 0<z1—20,...y2n—1— 2251 k=1< 2,1 —20 <k

Thus the hypersimplex is an alcoved polytope. Let us call its triangulation into
alcoves the alcove triangulation.

6. CIRCUIT TRIANGULATION

Let Gy, be the directed graph on the vertices ey, I € ([Z]), of the hypersimplex
Ay defined as follows. Let us regard the indices i of a vector € = (eq,...,€p)
as elements of Z/nZ. Thus we assume that €,11 = ¢;. We connect a vertex

¢ = (e1,...,€n) with a vertex ¢ by an edge e——¢ labelled by i € [n] whenever
(€i,€i+1) = (1,0) and the vector € is obtained from € by switching ¢; and €;41. In
other words, each edge in the graph Gy, is given by cyclically shifting a “1” in
vector € one step to the right to the next adjacent place. It is possible to perform
such a shift if the next place is not occupied by another “17.

A circuit in the graph Gy, of minimal possible length is given by a sequence
of shifts of “1”s so that the first “1” in € moves to the position of the second “1”,
the second “1” moves to the position of the third “1”, and so on, finally, the last
“1” cyclically moves to the position of the first “1”. The length of such a circuit is
n. We will call such circuits in Gy, ,, is minimal. Here is an example of a minimal
circuit in Gag:

(1,0,1,0,0,0) —= (1,0,0,1,0,0) —— (0,1,0,1,0,0)

IG 12

(0,0,1,0,0,1) <= (0,0,1,0,1,0) <= (0,0,1,1,0,0)
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The sequence of labels of edges in a minimal circuit forms a permutation w =
wy -+ - wy € S,. For example, the permutation corresponding to the above minimal
circuit is w = 312456.

If we do not specify the initial vertex in a minimal circuit, then the permutation
w is defined modulo cyclic shifts wy ...w, ~ wyw;...w,—1. By convention, we
will pick the representative w of the class of permutations modulo cyclic shifts such
that w,, = n. This corresponds to picking the initial point in a minimal circuit with

lexicographically maximal 01-vector e. Indeed, if € — €’ is an edge in Gy, then
€ > €' in the lexicographic order, for i = 1,...,n — 1; and € < €, for i = n.

Lemma 6.1. A minimal circuit in the graph Gy, is uniquely determined by the
permutation w modulo cyclic shifts. A permutation w € S, such that w, = n corre-
sponds to a minimal circuit in the graph Gy n if and only if the inverse permutation
w™L has ezactly k — 1 descents.

Proof. The inverse permutation w~! has a descent for each pair (i < j) such that
b=w; = w;+ 1. Thus a “1” was moved from the b-th position to the (b + 1)-
th position in € before a “1” was moved from the (b — 1)-th position to the b-th
position. This happens if and only if ¢, = 1. Since € has k “1”s, this happens
exactly k times. But the occurrence corresponding to w=!(n) = n > w=1(1) is not
counted as a descent, so w™! has exactly k — 1 descents. Conversely, if w™! has
k — 1 descents, then we obtain a vector € with k£ “1”s, so that w corresponds to a
minimal circuit containing e. (I

For a permutation, w = wy ... w, € S,, let (w) denote the long cycle in S,
given by (w) = (wi,...,w,) in cycle notation. Two permutations u,w € S, are
equivalent modulo cyclic shifts if and only if (v) = (w). The reader should not
confuse circuits in the graph Gy, with cycles in the symmetric group S,,.

Let Ck,, denote the set of long cycles (w) = (w1, ..., wp—1,n) € S, such that
w™! has exactly k — 1 descents. For (w) € Cj,p, let C(w) be the corresponding min-
imal circuit in the graph Gy, ,, whose edges are labelled by w;, ..., w,. Lemma [G1]
shows that that the map (w) +— c(,) is one-to-one correspondence between the set
long cycles Cj,,, and the set of minimal circuits in G, p,.

Each minimal circuit ¢, in G, determines the simplex A, inside the hyper-
simplex Ay , with the vertex set c(y).

Theorem 6.2. The collection of simplices A, corresponding to all minimal cir-
cuits in G, forms a triangulation of the hypersimplex Ay, p,.

Let us call this triangulation of the hypersimplex the circuit triangulation.

Theorem 6.3. The following four triangulations of the hypersimplex are identical:
Stanley’s triangulation, Sturmfels’ triangulation, the alcove triangulation, and the
circuit triangulation.

Let us prove these two claims together. Let I'y », be the collection of (maximal)
simplices of the triangulation of Theorem

Proof. The fact that Stanley’s triangulation coincides with the alcove triangulation

follows directly from the definitions. We leave this as an exercise for the reader.
Let us show that the simplices A, are exactly those in Sturmfels’ triangulation.

An ordered pair of subsets I = {i1 <--- < iy} and J = {j1 <--- < ji} is sorted
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if and only if the interleaving condition i; < j; < 15 < jo < --- < j is satisfied.
When two vertices €7 and e; belong to the same minimal circuit, a “1” from ey is
moved towards the right in €; but never past the original position of another “1”
in €7. Thus the interleaving i, < j, < i,41 condition is satisfied, and similarly we
obtain the other interleaving inequalities. Conversely, the interleaving condition
implies that each sorted collection belongs to a minimal circuit in Gy, p,.

Let us now show that the circuit triangulation coincides with Stanley’s triangu-
lation. Recall that the latter triangulation occurs in the space R*~'. To be more
precise, in order to obtain Stanley’s triangulation we need to apply the projection
p:(x1,...,2n) — (x1,...,2p—1) to the circuit triangulation. Let us identify a
permutation w = wy - wy_1 € Sp_1 with & — 1 descents with the permutation
W1 Wp1M € Sy

We claim that the projected simplex p(A(,)) is exactly the simplex P H(Vy)
in Stanley’s triangulation. Indeed, the map ¥ =1 : (y1,...,¥n—1) — (¥1,. .., Tpn_1)
restricted to the simplex V,, = {O <Yu(1) < < Yu(n-1) < 1}, is given by z1 =
y1 and

Yi+1 — Yi +1 if w’l(i + 1) < w’l(z’)
for i =1,...,n — 2. The vertices of the simplex V,, are the points vy, ...,v,_1 €
R™™1 such that v, = (y1,...,yn—1) is given by Y1) = -+ = Yu() = 0 and
Yw(r+1) = *** = Yw(n—1) = 1. The map ¥~ sends the vertex vy = (0,...,0) to the
point (21,...,2,—1) such that z; = 0 and x;11 = 1 if w™ (i + 1) < w™'(4) and
ziy1 = 0ifw™(i4+1) > w™ (i), fori = 1,...,n—2. The vertex v, is obtained from
v,—1 by changing y,,(,—) from 0 to 1. Thus ¢~ (v,.) differs from ¢! (v,_1) exactly
in the coordinates 2, (,—yy and Ty (n_ry41. Here z, =k — (21 +... + 2,-1). In

{ Yi+1 — Yi if w’l(i + 1) > w’l(i),
Ti+1 =

fact, going from ¢! (v,_1) to ! (v,) we move a “1” from Ty (n—r)41 1O Tuy(n_r)-
Finally, moving from v,,_1 to vy we are changing x; from 1 to 0. Thus as we go
from =1 (v,) to ¥~ (v,11) we are traveling along the edges of the graph Gy, in
the reverse direction. So the vertices ¢~1(v,.) of the simplex ¢~1(V,,) are exactly
the vertices of p(A(,)). This completes the proof of the theorem. O

An explicit bijection 6 between maximal sorted collections of k-subsets of [n] and
permutations w € S,, with k — 1 descents satisfying w,, = n can be constructed as
follows. Let Z = (I3, ..., I,) be such a collection. Every number in [n] must occur in
U, Zi. Set (a1, ..., arn) = sort(|J,; I;). Let by, be such that ap, = k and ap, 1 = k+1.
Then 6(Z) = wyws - - - wy_1n, where w; = b; (mod n—1) with representatives taken
from [n—1]. This bijection is compatible with the correspondences in Theorem [E3
For example, b, modn — 1 tells us when a “1” is moved from ¢; to €¢;41 where by
convention a “1” is moved from e, to €; in the last edge of a cycle.

7. ADJACENCY OF MAXIMAL SIMPLICES IN THE HYPERSIMPLEX

Let us say that two simplices in a triangulation are adjacent if they share a
common facet. Let us describe the adjacent simplices in the triangulation I' ,,
using first the construction of the circuit triangulation.

Theorem 7.1. Two simplices A,y and A,y of Tkn are adjacent if and only if
there exists i = 1,...,n such that u; — u;11 # +1 (mod n) and the cycle (w) is
obtained from (u) by switching w; with wiy1, ie., (W) = (wi, wip1)(w) (U, wig1).
Here again we assume that up41 = ug.
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Proof. The two simplices A(,) and A, are adjacent if and only if exactly one pair
of their vertices differ. This means that the corresponding minimal circuits c(y)
and c(, differ in exactly one place. Let ¢ i, e ¢ be three vertices in order
along the minimal cycle c(,). Then we can obtain another cycle c(, from c(,) by
changing only € if and only if u; — w41 # £1 (mod n) so that ¢ =5 & 25 ¢
are valid edges. When u; — u;41 = £1 (mod n) we are either moving the same “1”
twice or moving two adjacent “1”s one after another. In both cases, the order of

the shifts cannot be reversed, and so € cannot be replaced by another vertex. [

!

Alternatively, let Z = (I1, ..., I,) be a sorted subset corresponding to the maxi-
mal simplex Vz of I'y, . Let ¢ € [n] and I; = {41,142, ...,ix}. Then we can replace
I; in T by another I] € ([Z]) to obtain an adjacent maximal simplex Vz: if and
only if the following holds. We must have I} = {i1,...,4,,...,4,...,9} for some
a # b € [n] and i}, # i}, satisfying i, — i, = i, — 4, = £1 (mod n) and also both
k-subsets {i1,...,%,,...,0p,...,0c} and {i1,...,%,...,%,... g} must lie in Z. For
example, we may replace {1,3,5,8} by {1, 2, 6,8} if and only if both {1,2,5,8} and

{1,3,6,8} lie in 7.
(13240 G120

FIGURE 2. Graph of the triangulation of the hypersimplex A 5.

We can give I'y, ,, the structure of a graph by letting the simplices be the vertices
and letting an edge join two simplices if the two simplices are adjacent. Figures [
and [ give examples of these graphs which we will also denote as I'y, ,,.
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We will investigate degrees of vertices in these graphs in Section[[2 In Section[[H,
we will give another construction for these graphs that works for general alcoved
polytopes.

8. DESCENT-RESTRICTED PERMUTATIONS AND ALCOVED POLYTOPES

Let us consider an alcoved polytope P (as in Section H) which lies within a
hypersimplex Ay . In the z-coordinates, P C R" is defined by the hyperplane
x1+xo+ -+ x, = k, the inequalities 0 < x; < 1 together with inequalities of the
form

bij <wip1 +---+x; <y
for integer parameters b;; and ¢;; for each pair (7, 7) satisfying 0 <i < j <n—1.
Let Wp C S,,—1 be the set of permutations w = wyws - - - w,—1 € S,_1 satisfying
the following conditions:
(1) w has k — 1 descents.
(2) The sequence w; ---w; has at least b;; descents. Furthermore, if w; - - - w;
has exactly b;; descents, then w; < wj.
(3) The sequence w; - - -w; has at most ¢;; descents. Furthermore, if w; - - - w;
has exactly c;; descents, then we must have that w; > w;.

In the above conditions we assume that wg = 0.
Let p : R* — R"~! denote the projection as before. We may apply Stanley’s
piecewise-linear map ¥ to p(P).

Theorem 8.1. A unimodular triangulation of p(P) is given by the set of simplices
Y V1) as w = wiws - - - w,_1 varies over permutations in Wp.

In particular, Iy, induces a triangulation of P.

Proof. By Theorem B3 the polytope p(P) is the union of a set of simplices of the
form ~1(V,,-1) for w € S,,_1. We check that the three conditions defining Wp
hold. The first condition follows as in the proof of Theorem Bl As before, write
zi=x1+-+x; and y; = z; — | z;]. We assume zg = 0 in addition. The inequality
0 <z; <1gives 0 < z;41 — 2; < 1. For a generic point, the number of descents
in the sequence (y;, Yit+1,---,Y;), for 0 <i < j <n —1,is equal to the number of
indices [ € [i,j — 1] such that z; < a < 241 for a whole number a. If y € V-1
then this is also the number of descents in the sequence w;w;41 ---w;. Since we
have b;; < z; — 2z; < ¢;; the latter two conditions defining Wp follow. Conversely,
that w € Wp implies ¥~1(V,,-1) C p(P) follows in the same manner. O

9. SORT-CLOSED SETS

Let M be a collection of k-subsets of [n]. The polytope Pa4 is the convex hull in
R™ of the points {¢;| I € M} and is a subpolytope of the hypersimplex Ay ,,. Let
(I1,...,1I,) be a sorted collection of k-subsets of [n]. If in addition the sets I; are
distinct elements of M then we call (I1,...,I,) a M-sorted subset of size r.

Definition 9.1. A collection M of k-subsets of [n] is sort-closed if for every two
elements I and J in M, the subsets U(I,J) and V(I,J) are both in M.

Theorem 9.2. The triangulation I'y , of the hypersimplex induces a triangulation
of the polytope Paq if and only if M is sorted. The normalized volume of Paq is
equal to the number of M-sorted subsets of size dim(Ppyq) + 1.
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The proof is analogous to that of Theorem We work in the polynomial ring
klxr | I € M]. The ideal Jp, is the kernel of the ring homomorphism ¢ : k[z; | I €
M] — k[tl,tg, . .,tn] given by Ty — tiltig N -tik, for I = {il, N ,ik}.

Proposition 9.3. Suppose that M is sorted. Then there is a term order, <,
on klzr|I € M] so that the reduced Grobner basis of T is given by the nonzero
marked binomials of the form

(2) {zrzs — v nrvan )

with the first monomial being the leading term.

Proof. This proof is essentially the same as that of Sturmfels in [Stul Chapter 14],
see Appendix [[d for background.

We say a monomial XAZp -+ TV = Tay.ayLby-by, ~ " Lug-vy, 18 Sorted if the or-
dered collection of sets (A, B, ..., V) is sorted. As remarked above this means that

(3) ar < <...<v<a b <Ly

Note that the variables in a monomial are considered to be ordered for the purposes
of this argument. The inversion number of a string of integers i1is ..., is the
number of pairs {(e, f) | e < f, i > iy}. The inversion number of a monomial
ZTaye-apLhy-by - - - Loy -y, 1S given by the inversion number of a1b;---vg. Thus a
monomial is sorted if and only if its inversion number is 0.

If a monomial is not sorted than one of the inequalities in (B) is reversed. This
implies that there is a pair of adjacent variables xz;x; which is unsorted. Using
the binomial x;z; — Ty (s, 5Ty (1,7) We can sort this pair. The inversion number is
strictly reduced in this process. Thus we can sort a monomial modulo the ideal
generated by the marked binomials of (@) in a finite number of steps. Using general
results in [Sfu], we conclude that there is a term order < o4 which selects the marked
term for each binomial of ().

We now prove that sorted monomials are exactly the <as-standard monomials
(it is clear that only sorted monomials may be < -standard). This will imply that
the quadratic binomials of @) form a (reduced) Grébner basis of the ideal Jaq. So
suppose my is a sorted monomial lying in in<,, (Ja); then there exists a binomial
my — mg which lies in Jy with mo not lying in in<,, (Jam) (this is a consequence
of the fact that we are working in a toric ideal which is generated by binomials).
Thus ms must be sorted, which is impossible as two sorted monomials with the
same image under ¢ : k[zy | I € M] — k[t1,...,t,] must be the same. O

Proof of Theorem [@A. The ‘if’ direction follows from Proposition and Theo-
rem [[AJl] We may assume that < arises from a weight vector since only finitely
many binomials are involved in ). For the ‘only if’ direction, suppose P = Py is
a convex polytope which is a union of simplices in Iy, ,,. Since the triangulation I'y, ,,
is coherent, this triangulation I'p is also coherent. We know already that all the
faces of I'p are sorted collections of k-subsets of [n] (if we identify a simplex with
its set of vertices). By the correspondence of Theorem [Tl and Proposition L2,
T'p arises from some term-order < which gives rise to an initial ideal which is the
Stanley-Reisner ideal of the triangulation I'p. Let (I, J) € M x M not be sorted,
then my = zray € ins,, (Jrm). As in the proof of Proposition @3 this means there
is another monomial mo so that mi; — ma € Ja. After a finite iteration of this
argument, we see that zjr; = xaxp mod Jp for some < -standard monomial
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zazp. But this means that z4xp must be a sorted monomial since it is an edge
of an alcove. Thus A = U(I,J) and B = V(I,J) satisty A, B € M so that M is
sorted. [l

By Theorem B3, the set of vertices (viewed as a collection of k-subsets of [n])
of an alcoved subpolytope of the hypersimplex is sort-closed. The converse fol-
lows from the description of an alcoved polytope as a convex union of alcoves; see
Section

10. SORT-CLOSED MATROIDS

Let k and n be positive integers satisfying k < n. A (non-empty) collection M
of k-subsets (called bases) of [n] (the ground set) is a matroid if it satisfies the
following axiom (Exchange Axiom):

Let I and J be two bases of M. Then for any i € I there exists
j € Jsothat I —{i} U{j} is a base of M.

The matroid M is then said to be a rank k& matroid on n elements. If I is a base
of M we write I € M. To a matroid M (of rank k on n elements) we associate
the matroid polytope Py as in Section @ We say that M is sort-closed if it is sort-
closed as a collection of k-subsets. Thus by Theorem B2 the triangulation I'y ,
of the hypersimplex induces a triangulation of the polytopes P for sort-closed
matroids M.

We now describe two classes of matroids which are sort-closed. Let II be a
set partition of [n] with parts {m;},_, of sizes |m;| = a;, and b = (b1,...,b;),
¢ = (e1,...,¢-) be two sequences of non-negative integers. We will call the data
(IL, b, ¢) a weighted set partition. Define M p 1 to be the collection of k-subsets
I of [n] such that

(4) by <[INmj| <¢
for all j.
Lemma 10.1. The collection of k-subsets M p 1 defined above is a matroid.

Proof. Let I and J be two such subsets and ¢ € I, say ¢ € w5 for some s. If
I Nnm| = |J Nyl for all k or if |[I Nws| < |J N 7|, one can again find some
jeJnmg—(I—{i})) to add to I — {i} form a base. Otherwise there is some ¢ such
that |7 Nm| < |J Ny < ¢ in which case one can find some j € (J N ) to add to
I — {i} without violating any of the inequalities in (@]). This verifies the exchange
axiom. g

This class of matroids is closed under duality. We call the polytope A p i
associated to the matroid Mmp ., a weighted multi-hypersimpler. When b; = 0
and ¢; = 1 for all j we will denote the matroid and polytope by My, and Ap g
respectively, and we call the polytope A a multi-hypersimplex. Up to affine
equivalence the polytope Ar ; depends only on the multiset {a;};_,. The polytope
An,j is the intersection of the hyperplane 21 + --- 4+ 2, = k with a product of
simplices Anp >~ A,4, X -+ X A, just as the hypersimplices are slices of cubes.
In the z-coordinates, this polytope is determined by intersecting the hypersimplex
Ak,n with the inequalities

0< Zay — 20 < 1, 0< Zaj+as — Zay < 1;...50< 2, — Zajtasttar_1 < 1
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where we assume z, = k. A weighted multi-hypersimplex can be viewed as a slice
of a product of unions of hypersimplices. In particular, when b; = ¢; — 1 for all j,
the polytope A p,c i is the slice z; +--- + 2z, = k of

Anpe > Acyar+1 X Degiantt X oo X Dep gt

where the hypersimplex A, ., (in the notation of SectionB) lives in the coordinates
(Tagt-tas_141s -« s Lag+-ta; ). Let (a1, ..., a,) denote the set partition

{m={1,...,a1},....,mr={a1+...4ar—1+1,...;a1+ ... +a, =n}}.
Proposition 10.2. The matroid M. for any b,c € N" is sort-closed.

Proof. Let I,J € M, k. Suppose to the contrary that one of U(I,J) or V/(I, J)
were not a base. Let (q1,q2, ..., q2r) = sort(JUJ). If |U(I, J)N7s| > ¢ or [V (I, J)N
ms| > ¢s then it must be the case that for some i the entries g;, ¢it2,- .-, Git2c.
belonged to the same part w5, € II. Then g;11,qit3,-..,¢i+2..—1 belong to w5 as
well since qitor < ¢itok+1 < Gitok+2. This is impossible as I and J were legitimate
bases to begin with and contain at most c¢s elements from mg each. A similar
argument guarantees that |U(I, J) N my| > bs and |V (I,J) Nmy| > b, for all s. O

A matroid M is cyclically transversal if it is a transversal matroid specified by
a set of cyclic intervals {Si,...,S;} of [n]. Recall that the bases of a transversal
matroid are the k-element subsets I = (i1,...,ix) of [n] such that is € S;.

Proposition 10.3. Let M be a cyclically transversal matroid defined by the subsets
{S1,...,Sk}. Then M is sort-closed.

Proof. Let I be a k-element subset of [n]. By the Hall marriage theorem, I is a
base of M if and only if

(5) 10 S > |R|

reER
for every subset R of [k]. Now let T and J be bases of M and we now check (@) for
U(I,J) and V(I,J). Since each S; is a cyclic interval of [n] it suffices to consider
the case where (J,p Sy is itself a cyclic interval [a,b]. By hypothesis, the multiset
I U J intersects [a,b] in at least 2|R| elements. Thus each of U(Z,J) and V (I, J)
will intersect [a, b] in at least |R| elements. O

Let us describe Pyq C R™ for a cyclically transversal matroid explicitly in terms
of inequalities. It is given by the hyperplane 1 + 22+ - -+, = n, the inequalities
0 < z; <1 together with the inequalities

> @ > ||
seSR
with Sg = U, cr Sr for every subset R of [K].
We end this section with the question: what other matroids are sort-closed?

11. GRAPHS AND RANK TWO MATROIDS

When the rank k is equal to two (which we will assume throughout this sec-
tion), every matroid M arises as My o for some set partition II. Following [Stul,
Chapter 9] and [LST], we associate a graph on [n] to each maximal simplex of the
matroid polytope My 2. The vertices are drawn on a circle so that they are labelled
clockwise in increasing order. Throughout this section, a “graph on [n]” will refer
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to such a configuration of the vertices in the plane. Since the bases are two element
subsets of [n], we may identify them with the edges.

Lemma 11.1. Let A = (a1,a2) and B = (b1, b2) be two bases. Then the pair A, B
are sorted if and only if the edges (a1,az2) and (by,bs) intersect (not necessarily in
their interior) when drawn on the circle.

Proof. Sorted implies that a; < b; < ag < bs which immediately gives the lemma.
O

Thus ([g])—sorted subsets correspond to a graph on [n] drawn on a circle, so that
every pair of edges cross. Note that two edges sharing a vertex are considered to
Cross.

Proposition 11.2. Let II be a set partition and A2 have dimension d. The mazi-
mal simplices in the alcoved triangulation of Ao are in one-to-one correspondence
with graphs on [n] with d + 1 edges such that all edges are bases and every pair of
edges cross.

Proof. Follows immediately from Theorem and Lemma [T11 O

Without the condition on the number of edges in the graphs of Proposition TT2,
one would obtain graphs corresponding to all simplices (not just the maximal ones)
of the triangulation.

When the dimension of Ar s is n, each such graph G is determined by picking
an odd-cycle C such that all the edges cross pairwise. The remaining edges of
G joins a vertex not on C to the unique ‘opposite’ vertex lying on C' (so that
the edge crosses every edge of C); see Figure We will call the resulting graph
G(C). Let C be a cycle, with pairwise crossing edges, of length 2k 4 1 with vertices
V(C) = {v1,v2,...,v3k41} C [n] labelled so that v; < v < -+ < vgg41. Then the
edges of C are of the form (v;,vg1i41) or (v1,vg4i), where the indices are taken
modulo 2k + 1. Thus the condition that all the edges of C' are bases is equivalent to
[V(C)Nm;| <k for all i. In fact this is enough to guarantee that G(C') corresponds
to a valid maximal simplex of Ao — that the remaining edges not on the cycle are
bases is implied.

FIGURE 3. A graph G(C). The cycle C has been drawn in bold.

Suppose G arises from a sorted subset (I3,...,I). Let w = 0(I4,...,I,) where
6 is the bijection of Section [l The vertices ¢ not on the odd cycle of G are exactly
the positions such that w; = w;_1 + 1.
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a—1 0 a—1 0
b+1 p b+1 p

FIGURE 4. The two simplices in I'; ,, corresponding to two graphs
G and G’ are adjacent if G and G’ are related by the above move.

Proposition 11.3. Let aq,...,a, be positive integers andn = a1+ ---+ a,. Then
the volume of the second multi-hypersimpler Arya, ... .a,),2 1S given by

.....

Vol(Pria,....a)2) = i > <al) <Z)

C
k=1 \c1,..,crr-<k; c1+...+c,=2k+1 1

=2""" - Z 2 (2b +a;+ 1) (n ;ai)

i=1b,d>0

Proof. The first formula follows from enumerating odd subsets S C {1,2,...,n}
with size 2k 4 1 satisfying ¢; := |S N m;| < k for all &. The second formula comes
from counting the odd subsets S” C {1,2,...,n}, where |S' Nm;| > |S’|/2 for some
1€ {l,...,r}, and subtracting them from all odd subsets of {1,...,n}. O

One can also describe the simplices of the polytopes P4 for higher rank matroids
as hypergraphs G satisfying the following conditions:

(1) Every hyperedge A C [n] of G is a base of M.

(2) Let A = {a1 <---<ar}, B = {by <---<br} be a pair of hyperedges
belonging to G. Let C4 be the cycle on [n] drawn with usual edges
(a1,a2),...,(ak,a1) and similarly for Cg. Then each edge of C4 must
touch Cp and vice versa.

12. ADJACENCY OF ALCOVES IN THE SECOND HYPERSIMPLEX

Let A € Tk, be a (maximal) simplex. We say that A has degree d if it is
adjacent to d other simplices. We call A an internal simplex if none of its facets
lies on the boundary of Ay ,. In this case A has maximal degree, namely n.

Proposition 12.1. The two simplices of Iy ;, corresponding to two graphs G and
G’ (via the correspondence of PropositionITA) are adjacent if and only if there are
four distinct vertices labelled a,a+1,b,b+ 1 modn such that G contains the edges
(a,b),(a—1,b),(b+ 1,a) and G’ is obtained from G by changing the edge (a,b) to
(a —1,b+1); see Figure[

Proof. The proposition follows immediately from Proposition T2 and Theorem [T]
applied to the case k = 2 (more precisely, the comments after the proof of the
theorem). O

In fact the proposition is true also for smaller dimensional faces of the simplices
in I'y,. Let C be an odd cycle such that all edges cross and let |C| denote its
length.



ALCOVED POLYTOPES I 15

Theorem 12.2. Let A be the simplex of T'a,, corresponding to the graph G(C).
If G(C) is a triangle then A = Ay 3 is the unique simplex in I'y 3 (and has degree
0). If |C| = 3 and G(C) has two vertices of degree two then A has degree two.
Otherwise, A has degree |C].

Proof. The Theorem follows from Proposition [ZIl Indeed we can perform the
move shown in Figure Bl to an edge (a, b) if it joins two vertices a, b each of degree
at least two, with the exception of the case where a and b both have degree exactly
two and are joined to the same vertex c. When the edge (a, b) can be replaced, the
change is necessarily unique. The case where a and b both have degree two and are
joined to the same vertex c occurs only when C' is a three-cycle. In all other cases,
every edge of C can be replaced, and so A has degree |C. O

The following corollary is immediate from Theorem

Corollary 12.3. Ford > 1, the second hypersimplex I's 5, has (2;;1) simplices with
degree 2d+ 1. No simplex has even degree greater than or equal to 4. In particular,
if n is odd then I'y ,, contains a unique internal simplex. If n is even, then I's ,, has
no internal simplices.

13. F-VECTOR OF THE TRIANGULATION OF THE SECOND HYPERSIMPLEX

Let f‘kn be the simplicial complex associated with the triangulation I'y, ,,. That
is, fk,n includes all simplices of I'y, ,, and all their faces. In this section we discuss
the f-vector of fk,n-

Let T be a tree drawn on a circle such that every pair of edges cross. Every such
tree is obtained from a unique path Pr by inserting edges as shown in Figure B
Let T, denote the number of such unlabeled trees which as a bipartite graph has
a vertices in one part and b vertices in the other part. A direct bijective proof of
the following lemma would be interesting.

Lemma 13.1. Set T'(z,y) = 3_, ;51 T, px%yb. We have

Y
T =—.
Proof. Figure B gives the four kinds of paths Py which can occur, where the paths
are drawn on a circle, and treated as a bipartite graph where the two parts are
distinguished. The trees arising from these four kinds of paths correspond to the
four terms 1%, 12_117 (1_51(’1_1/) and (1_;5‘7(’1_1}) inside the brackets of the expression
T(x,y) = zy (1 + (ﬁ + % + (1_12)9”(@1_11)) T _— ) . The right-hand side of

BRCEIeE)

this expression simplifies to 17?’77!. O

Now let F' be a forest drawn on a circle such that every pair of edges cross and
no vertex is isolated. Thus F' = T3 UT5 U ---UT; is a union of trees, each of which
contains at least one edge. If, for each tree T;, we remove all but one edge and all
non-incident edges, then we obtain a forest F’ where all components are just single
edges, and all edges cross. Conversely, every forest F' can be obtained from some
F' by replacing each edge (s,t) with a tree T in the following manner. Treating
T as a bipartite graph, all vertices of one part are placed very close to s and all
vertices of the other part are placed very close to ¢, and in addition all edges must
cross; see Figure [0
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FIGURE 5. A tree drawn on a circle with all edges crossing. The
corresponding path is drawn in bold with solid dots.

PO

FIGURE 6. Four kinds of paths where every pair of edges cross.
The two parts of the path are to be considered distinguished.

Let B, be the number of such forests which are labelled along the circle in the
natural manner. Thus

Bi,n - Z alTa],blTaz,bg e Tal,bl
a1+bi+-+a;+b=n
where [ = n — ¢ is the number of connected components of the forest and the vertex
labelled ‘1’ is placed in the part of size a; of the first tree. All the other labels
are determined by the writing {1,2,3,...,n} in clockwise order. Let B(t,q) =
Dim B; nt"q". By Lemma [[3l we compute that B(t,q) equals

= 9T (x,y) i . tq(q —tq)
.”L'—ax (T(l‘,y)) z 1 - (1 _ 2tq)(1 _ 2tq _ tq2)'

3=0 yr—tq,r—tq,z—t =1

KoK

FIGURE 7. Replacing edges by trees, to obtain a forest where all
edges cross.

Recall that we define the f-vector f(A) = (f-1, fo,-..,fa—1) of a simplicial
complex A of dimension d—1 by setting f;(A) to be the number of faces of dimension
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i. The f-polynomial is defined as flAL) = Z?:o fl-,lti. Define the generating
function F(t,2) = >, 5, f(I'2,n,t)2", where we define f(I'21,1) = 1.
Theorem 13.2. The generating function F(t,x) is given by
1 [t*(tP® +t3q —tg+ 1) x
11—z | (1 —1tg)%(1 — 2tq — tq?) g2 1—2

F(t,z) =

Proof. According to Proposition T3 f;(G2.,) is given by the number of graphs
on [n], with ¢ + 1 edges such that every pair of edges cross. Let C;, be the
number of such graphs with ¢ edges and n vertices containing no isolated ver-
tex. Thus fifl(rzn) = E::O (:‘I)CLT for ¢ Z 1 and ffl(rzn) = 1. Set C(t,q) =
Y 1<i<nCint'q™. Then one can check that the generating functions are related by
F(t,z)=C(t,z/(1 —x))/(1 —z) +x/(1 — x).

Every graph on [n] such that every pair of edges cross and has no isolated vertices
either contains a unique odd-cycle or is a forest of the type considered above. The
number of graphs which contain a unique odd-cycle is exactly the Eulerian number
Ag 1 = 2""1 — n. All these graphs have as many edges as vertices, so adding

them to the forests we get
C(t,q) = B(t,q) + Z@n—l — )" = tq2(t2q2 + t2q —tqg+1)
WS T U=t =2t — 1)

The theorem follows immediately. (I

One should compare the results of this section to known formulae for the h-
polynomials of the triangulation of the hypersimplex derived from a calculation of
the Erhart polynomial of Ay ,,; see, e.g., [Kaf]. The h-polynomial of a simplicial
complex A of dimension d — 1 is given by t?h(A,t71) = [t¢f(A,t71)]4os—1. For
more details see for example [Hibl [ECTL [Zid]. Write (:)z to denote the coefficient
of t"in (L4t 4> +---t=1)").

Proposition 13.3. The h-polynomial of the simplicial complex ékn is given by

M(Eont) = 3 <kzl(_1)i <7Z> <(k N z) H) "

d=0 \i=0
Note that it is not clear from the above formula that the h-vector is non-negative,
though this follows from general results.

14. MULTI-EULERIAN POLYNOMIALS

Let II be a fixed set partition with parts of sizes {a;};_, of total sizen =", a;
and let b = (b1,...,b.),c = (c1,...,¢.) € N". Define the weighted multi- Eulerian
number Anper = VOl(Amp.cr) as the normalized (n — 1)-dimensional volume
of the corresponding weighted multi-hypersimplex. We will consider polytopes of
smaller dimension to have volume 0 for what follows. Now define the weighted
multi- Bulerian polynomial Amp (t) as

s
Anpe(t) = Ampent®.
k=1

Note that when II is the set partition with all a; = 1 and b; = 0 and ¢; = 1 for all
i, then App.(t) reduces to the usual Eulerian polynomial A,,_1(t) = >, Ag,—1t".
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If IT is a set partition of [n], we denote by II* the set partition of [n + 1] with an
additional part of size one containing n+1. If d = (dy, ..., d,) € Z", then we denote
by d* € Z™! to be the integer vector with an additional coordinate dr+1 =0 and
d' € Z'" similarly with d,1 = 1. Then A+ is affinely equivalent to (and
has the same normalized volume as) the intersection of k — 1 <y + -+ + 2, < k
with the product of unions of hypersimplices

c1 Cr
U A | xox | | D]
i=b1+1 i=b,+1

Thus
n c1 Cr
A**C/lz Aia Aia .
0= () (32 ) (3 )
i=by+1 i=b,.+1
In particular if b; = 0 and ¢; = 1 then this value is simply a multinomial

coefficient. For this special case, we will omit b and ¢ in the notation and omit the
prefix weighted from the names. We write out the combinatorial interpretation for
A, explicitly.

Proposition 14.1. Let k be a positive integer and I be a set partition of [n] with
parts of sizes {a;}._, as before. The following quantities are equal:
(1) the multi-Eulerian number Ak,
(2) the number of permutations of w € Sp_1 with k — 1 descents such that the
substring Wq, Wa, +as * * * Way+as+-+a,_, 1as k—1 descents,
(3) the number Mi-sorted subsets (I, ..., I,) of size n.

Proof. As described in Section [l we may consider multi-hypersimplices subpoly-
topes of the hypersimplex so the proposition follows from Theorems B3], and B]
O

Note that with IT = II(ay, as,...,a,), then Amj is a function symmetric in the
inputs {a;}. Let II = II(a, 1"~ *). By Proposition [ZJI@), An(¢) is the generating
function by descents for permutations satisfying w; < we < -+ < w,. Thus

a+wp — 2 des(w)+1
Anain-n(t) = > ( L )t (w)+1,
WESH—a
We give an explicit formula for a = 2.

Proposition 14.2. Forn > 3, Ag 1n-2)(t) = t4 A, _1(t), where A,_1(t) is the
usual Eulerian polynomial. In other words,

(6) ST w0 = ST (des(w) + 1)t

wWESy 1 WESn 1

We will prove this statement bijectively. Let w € S,,. A circular descent of w
is either a usual descent or the index n if w, > wy. Define the circular descent
number cdes(w) as the number of circular descents. Let C), denote the subgroup
of S,, generated by the long cycle ¢ = (12 --n), written in cycle notation. We have
the following easy lemma.

Lemma 14.3. The statistic cdes is constant on double cosets Cpy\\Sy, /Ch.
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Proof. Left multiplication by the long cycle ¢ maps wiws - - w, to (w1 + 1)(we +
1) (wp + 1) where “n + 1”7 is identified with “1”. Right multiplication by ¢
maps wiws - - - Wy to wows -+ - wywi. The lemma is immediate from the definition
of circular descent number. [l

Actually in the following we will use this Lemma for S, 1.

Proof of Proposition [[1.8 If w = wiws---w, € S, and w' = wywy - wp(n+1) €
Sn+1 then cdes(w’) = des(w) + 1. By this and our earlier comments, the left hand
side of (@) is the generating function for permutations in S, satisfying wy < we
and wy41 = n+1, according to their circular descent number. Alternatively, we may
view this as the cdes-generating function of right cosets @w € Sy, 4+1/Ch 41 satisfying
the property that the two numbers w;, w; 1 cyclically located after w;—1 = n+1
satisfy w; < w;41 for any representative w € w. Here the indices are taken modulo
n+1 and by Lemmal[Z3 cdes(w) := cdes(w) does not depend on the representative
w of w and so is well defined.

The right hand side of (@) is the generating function for permutations u =
uiUs -+ - U, € S, satisfying u, = n where one of the circular descents has been
marked, again according to circular descent number. If u; > wu;11 is the marked
circular descent (where i+1 is to be taken modulo n), then we can insert the number
n+ 1 between u; and u;4+1 to obtain a coset ¥ € Sy, 41/Cp+1 with the same number
of circular descents. If v € ¥ and v; = n+1 then we automatically have v;—1 > v; 1
(in fact this is a cdes-preserving bijection between cosets v satisfying this property
and permutations of u € S,, satisfying u,, = n with a marked circular descent).
Let ¢ = (123--- (n+1)) be the generator of C,,11 and consider v’ = ¢"17vi-1y for
any v € U where i is determined by v; = n+ 1. Let ¢/ = v'C. By Lemma [Z3
cdes(?') = cdes(v). However, it is easy to see that ¢’ is exactly one of the cosets
which are enumerated by the left hand side of (). Thus we obtain a cdes-preserving
bijection ¥ — ¥’ between two classes of cosets in S;,4+1/Crt1, enumerated by the
two sides of (@).

We illustrate the bijection with an example, where we will pick representatives
of appropriate cosets at our convenience. Let u = 53162748 € Sg satisfying ug = 8
with marked circular descent index 4 corresponding to us = 6 > 2 = ug. This
is an object enumerated by the right hand side of @), with n = 8. Inserting “9”
between “6” and “2” we obtain v = 531692748 € Sg. Multiplying on the left by
¢ (where ¢ = (123456789)) adds 3 to every value, changing “6” to “9”, giving the
permutation v’ = 864935172. Multiplying on the right by ¢* we move the 9 to the
last position to get w = 351728649 € v’ = v'C, which satisfies w9 = 9 and wy < wo.
This is exactly a permutation enumerated by the left hand side of (). Note that
cdes(u) = 5 = cdes(w) and that all the steps can be reversed to give a bijection. O

It would be interesting if algebro-geometric proofs of some of our results con-
cerning (weighted) multi-Eulerian numbers could be given; see Section [X4

15. TRIANGULATIONS OF ALCOVED POLYTOPES

In the next few sections we study triangulations of general alcoved polytopes of
type A. Most of the constructions here are generalized to other crystallographic
root systems in [AP2].
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Let P = P(bij,cij) C R™ be an alcoved polytope which we realize in the -
coordinates. In other words, P is a (n — 1)-dimensional polytope lying in a hy-
perplane z1 + x9 + .-+ + x, = k for some k € Z; and given by the inequalities
bij < xix1 + -+ x; < ¢y for each pair (7,7) satisfying 0 < i < j <n—1. By
translating P by (m,...,m) for some m € Z to obtain an affinely equivalent poly-
tope, we can assume that all the coordinates of the points of P are non-negative.
Let Zp =P NZ"™ C N™ denote the set of integer points lying inside P.

Let Gp be the directed graph defined as follows in analogy with Gy, ,, in Section@
The graph Gp has vertices labelled by points a € Zp. Two vertices a,b € Zp are
connected by an edge a — b labelled i if there exists an index ¢ € [1,n| such that
a—+e;+1 —e; = b, where e;, ;41 are the coordinate vectors and e,+1 := e;. Let Cp
denote the set of minimal circuits of Gp, which have length n.

For an integer vector a = (a1, a2, ...,a,) € N with non-negative coordinates
lying on 21 +x9+- - -+, = k, we let I, denote the multiset of size k of {1,2,...,n}
with ay 1’s, as 2’s and so on. If I,.J are multisets of size k with elements from
{1,2,...,n} then we can define U(I, J) and V' (I, J) by sorting I U.J as in Section Fl
Similarly we define the notions of sorted and sort-closed for collections of multisets.
In the following theorem, note that Zp and Gp are defined without needing P to
be alcoved.

Theorem 15.1. Let P C R™ be a (n — 1)-dimensional polytope lying in x1 +
o+ -+ x, =k so that all points of P have non-negative coordinates. Then the
following are equivalent:

(1) P is an alcoved polytope.

(2) The set T = {I,|a € Zp} is sort-closed. A triangulation of P is con-
sists of the mazimal simplices with vertices {a1,as,...,a,} for each sorted
collection (Igy,Ioy, ..., 1a,) where I, €.

(3) The set Cp of minimal circuits of Gp gives rise to a triangulation of
P:af C = (c(l),c@), .. .,c(”)) € Cp then a mazimal simplex is given by
conv(cM ¢ ),

When these conditions hold, all the three above triangulations agree.

Proof. The proof is exactly analogous to the arguments of Theorem The
triangulation here is obtained by copying and translating the triangulations of
Theorem by an integer vector so that the corresponding simplices cover the
polytope P. For example, if (¢, ¢c®,... ¢(™) € Cp then there exists ¢ € Z"
so that ¢ — ¢ is a 0-1 vector for each i. Thus (¢ — ¢, c¢® —¢,..., ™ —¢)
is a minimal circuit in some G, corresponding to some simplex A,); see Sec-
tion B The simplex A, + ¢ = conv(c, @, ... ¢) will correspond to the

circuit (c(l), @ c(")). To show that these simplices are disjoint and cover P,
we change to the z-coordinates of Section Bl and see that we obtain the affine Coxeter
arrangement. (|

An alcoved polytope also gives rise to a Grobner basis Gp of the associated toric
ideal Jp. The reader will be able to write it down following Section [

Let us identify w € S,—1 with wiwg -+ wy,—1n € S, as usual. Recall that A,
denotes the simplex () o p)~1(V,,) where we view p as a map from {z € R" |
21+ ...+ 2, =k} to R*L. For an alcoved polytope P, define the polytopes Pw)
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by
Py = {:E eR™| (A(w) +2a)C P} .
Denote by I(P) the number |Z" N'P| = #Zp of lattice points in P.

Theorem 15.2. Each of the polytopes P, is an alcoved polytope. The normalized
volume of P is given by

Vol(P) = > 1(P(w))
where the sum is over all permutations w € Sp,_1.

Proof. The second statement was essentially shown in the proof of Theorem [l
Let P be given by the inequalities b;; < 241 +---+x; < ¢;; within the hyperplane
1+ 22 + ...+ x, = I. We check that P, is an alcoved polytope. In fact this
follows from the fact that A, is itself an alcoved polytope and is given by some
inequalities d;; < ;41 + -~ +x; < fi; and a hyperplane 1 + 22 + ... + 2z, =k,
where we pick d;; and f;; so that all equalities are achieved by some point in A(,).
Then P, is the intersection of the inequalities b;; —dij < xip1+---+x; < cij — fij
with the hyperplane x7 + 22 + ... 4+ x, = [ — k, which by definition is an alcoved
polytope. (I

For the multi-hypersimplices and other subpolytopes of the hypersimplex, the
polytopes P(,,) are either empty or a single point.

16. ALCOVE LATTICE AND ALCOVED POLYTOPES

Define the alcove lattice A,, as the infinite graph whose vertices correspond to
alcoves (i.e., regions of type A,,_1 affine Coxeter arrangement) and edges correspond
to pairs of adjacent alcoves. For example, A3 is the infinite hexagonal lattice. For
an alcoved polytope P, define its graph I'p as the finite subgraph of A,, formed by
alcoves in P. For the graphs of Section @, we have 'y ,, = T'a, .

According to [LP] Sect. 14], we have the following combinatorial construction of
the lattice A,. Let [Ag,...,Ap_1] denote an element of Z™/(1,...,1)Z. In other
words, we assume that [Ag, ..., An—1] = [A), ..., Al,_1] whenever the \; are obtained
from the \; by adding the same integer. The vertices of A, can be identified with
the following subset of Z"/(1,...,1)Z, see [LPI:

An ={[Mo,- -, An—1] | the integers Ay, ..., Ap—1 have different residues modulo n}.

Two vertices [Ag, ..., An—1] and [uo,. .., un—1] of A, are connected by an edge
whenever there exists a pair (¢, j), 0 < i # j < (n—1), such that \; +1 = \; mod n
and (Ko, ... fn—1) = (N0, ..., An—1)+e;—e;, where e;, e; are the coordinate vectors
in Z™. In this construction, Ao, ..., A,_1 are the z-coordinates of the central point of
the associated alcove scaled by the factor n, see [LP]. This construction immediately
implies the following description of the graph of the alcoved polytope P(b;j,cij),
defined as in Section B

Proposition 16.1. For an alcoved polytope P = P(b;;,cij), its graph I'p is the
induced subgraph of A, given by the subset of vertices

{[)\0,...,/\”,1]EAn|n~bi7j§)\i—/\j§n~ci7j, fori,je[(),n—l]}.
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The vertices of the graph I'p are in bijection with the elements of Cp defined in

the previous section. Let C' = (¢, ¢, ... ™) € Cp be a minimal circuit in the
graph I'p. The integer points {c(l), @ . ,c(”)} are the vertices of an alcove A¢,
in the z-coordinates. The vertex [A1, Ag, ..., A,] of A, associated to A¢ is given

by A\i = a1 4+ a2+ -+ o; where a:= (aq,...,qy) is given by a = > | . The
point %[)\1, Ao,y ] € R™/(1, ..., 1)R is the central point of the alcove A¢ in the
z-coordinates.

Example 16.2. The k-th hypersimplez is given by inequalities {). Thus the vertex
set of the graph T'a, ,, is the subset of A,, given by the inequalities 0 < A\; — X, A2 —
)\17'-'7)\11—1 —)\n_g STL, and (k—l)-ng)\n_l —)\0 §/€n

We now give an abstract characterization of subgraphs of A,, corresponding to
alcoved polytopes. Let us say that an induced subgraph H of some graph G is
conver if, for any pair of vertices u,v in H, and any path P in G from u to v of
minimal possible length, all vertices of P are in H. In [AP2], we will prove the
following statement in the more general context of an arbitrary Weyl group.

Proposition 16.3. An induced subgraph T' in A, is the graph of some alcoved
polytope if and only if T is convew.

17. MAPS OF A CIRCLE WITH n MARKED POINTS

Let S' be the unit circle and let S(ln denote a circle with n distinct marked
points pg, p1,--.,pn—1 arranged in clockwise order. Let P be an alcoved polytope
with parameters b;; and ¢;; as in Section Let Mp denote the set of homotopy
classes of continuous maps f : S(ln) — St satisfying:

e The map f is always locally bijective and locally orientation preserving.
Informally, this means that f traces out S! in the clockwise direction and
never stops.

e The images of marked points are distinct.

e For each 0 < i < j < n— 1, The number d of pre-images of f(p;) under f
in the open interval (p;, p;) satisfies b;; < d < ¢y;.

Two maps f and g belong to the same homotopy class if and only if they can
be deformed into one another by a homotopy, in the usual sense, while always
satisfying the conditions above.

Proposition 17.1. Let P be an alcoved polytope. Then the simplices in the trian-
gulation I'p are in bijection with the elements of Mp.

Proof. We think of S! as the interval [0, 27r] with the two endpoints identified. For
a point = (x1,...,x,) € P in the interior of some alcove of P, we obtain a map
fo: S’(ln) — S1 by setting f.(po) = 0 and between the points p; and p;+1 we let f,
be the unique injective map which travels a distance of 27x; at constant speed.

If z and y lie in the same alcove of P (Theorem [[ET)) then f, and f, are easily
seen to be homotopy equivalent, as the relative positions of the points f,(p;) will
not change. Conversely, picking an interior point in each alcove of P gives repre-
sentatives of the homotopy classes of maps f : S(ln) — St satisfying the required
conditions. O
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18. FINAL REMARKS

18.1. The h-vectors of alcoved polytopes. In Section [[3, we gave a formula
the h-vectors of the simplicial complex fk,n- Let I'p denote the simplicial complex
associated to the collection of simplices in the alcoved triangulation of P. The
triangulation I'p of an alcoved polytope P is regular (Theorems [[5.]] and [31]) and
this implies that the h-polynomial h(f‘p, t) is a non-negative polynomial. We have
given many interpretations for the volume h(f‘p, 1) of an alcoved polytope. It would
be interesting to obtain statistics on these interpretations which give h(I'p, ).

In fact, the Erhart polynomial of P equals to the Hilbert polynomial of the
quotient ring k[z;]/Jp associated to the triangulation I'p; see Section [@ The
h-polynomial is the numerator of the associated generating function.

18.2. Relation with order polytopes. Let P be a poset naturally labelled with
the numbers [n]. The order polytope Op C R™ is defined by the inequalities
0 < z; < 1 together with x; < z; for every pair of elements i,j € P satisfying
i > j. It is clear that Op is affinely equivalent to an alcoved polytope via the
transformation y; = x; — x;—1. The triangulation I'p of Op thus obtained is known
as the canonical triangulation of Op.

Denote by Lp the set of linear extensions of P; see [ECI]. The simplices of T'p
can be labelled by w € Lp and this is compatible with the labelling used throughout
this paper. It is known [Sta2] that we have

h(Tp,t)= Y tdeslw),

weLp

The descents counted by this h-vector, however, disagree with the way we have been
counting descents in this paper. More precisely, we have been concerned with the
number of descents des(w™!) of the inverse permutations labelling the simplices.

18.3. Weight polytopes for type A, and alcoved polytopes. A weight poly-
tope is the convex hull of the weights which occur in some highest weight repre-
sentation of a Lie algebra. For example, the vertices of the hypersimplex Ay ,, are
exactly the weights which occur in the k' fundamental representation of sl,,.

We will identify the integral weights L of sl, with the integer vectors (a1, ..., an)
satisfying a; + - -+ 4+ a, = [, for some fixed I. A weight polytope P, is specified
completely by giving the highest weight A = (A\1,..., ;). We will assume all the
coordinates A; are non-negative. A weight p lies inside P) if A dominates p in the
usual sense: Ay 4+ -+ X\; > 1 + -+ + p; for all 4.

Let p,v € L be two weights. Define U(u,v),V(u,v) € L by requiring that
ULy, 1) = Ty and V(I,,1,) = Iy, in the notation of Section M@ Alter-
natively, U(u,v) and V (i, v) are determined by requiring that p+ v = U(u,v) +
V(p,v) and V(p,v) —U(p,v) =Y, biay for some b; € {0,1}, where o; = e;41 —¢;
are the simple roots. We call Py sort-closed if the set of weights P)NL is sort-closed,
as in Theorem 571

Proposition 18.1. A weight polytope Py is sort-closed if and only if X is equal
to aw; + bw;+1 for non-negative integers a,b and where wy = (1,...,1,0,...,0) (k
1’s) are the fundamental weights.

Proof. The ‘if’ direction is easy as Py can be specified by 1+ - -4z, = i.(a+b)+b
and the inequalities 0 < z; < a for each j € [1,n] and we can use Theorem[[5.Jl For
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the other direction, we may assume the highest weight A is a n-tuple with highest
value a and lowest value 0. Suppose A is not of the form of the proposition, then
there are two more values b, ¢ not equal to a satisfying a > b > ¢ > 0 so that A is
of the form (a,...,a,b,...,b,¢c,...,c,...,0).

Explicitly construct a pair of weights 6 = (a,0,b,¢,...) and p = (a—1,1,b+1, c—
1,...) where the tails of the two n-tuples are identical, and ¢ is just a permutation
of the coordinates of \. Both ¢ and p are dominated by A and hence lie in Pj.
However, U(d, 1) = (a,0,b+ 1,¢—1,...) does not lie in Pj. O

Sturmfels [Stul Chapter 14] considered exactly this class of sort-closed weight
polytopes. The following corollary follows immediately from Theorem [l and
Proposition 811

Corollary 18.2. A weight polytope in the x-coordinates with highest weight X\ is
alcoved if and only if X is of the form aw; +bw;11 for a and b non-negative integers.
In particular, every weight polytope for As is alcoved.

18.4. Geometric motivation: degrees of torus orbits. Let Gry, denote the
grassmannian manifold of k-dimensional subspaces in the complex linear space C™.
Elements of Gry, , can be represented by k& x n-matrices of maximal rank £ modulo
left action of GLj. The (Z) maximal minors p; of such a matrix, where I runs
over k-element subsets in {1,...,n}, form projective coordinates on Gry, ., called
the Pliicker coordinates. The map Gry , — (pr) gives the Plicker embedding of the

grassmannian into the projective space cP(t)-1, Two points A, B € G, are in
the same matroid stratum if pr(A) = 0 is equivalent to p;(B) = 0, for all 1. The

matroid M4 of A has as set of bases {I € ([Z]) | pr(A) # 0}.
The complex torus T' = (C\ {0})™ acts on C™ by stretching the coordinates

(t1, . ytn) (1, ) — (121, o tnTp)-

This action lifts to an action of the torus 7" on the grassmannian Gry, . This action
was studied in [GGMS]. The authors showed that geometry of the closure of a torus
orbit X4 =T - A depends (only) on the matroid stratum of A. The variety X 4 is
a toric variety and its associated polytope is exactly the polytope Py, associated
to the the matroid M 4 from Section [l Our study of the volume of the polytopes
P was motivated by the well known fact (see [Eul]) that

deg(Xa) = Vol(Par,)

where deg(X 4) denotes the degree of X 4 as a projective subvariety of (D)1 and
Vol denotes the normalized volume with respect to the lattice generated by the
coordinate vectors e;. Note that by definition only representable matroids M arise
as M4 in this manner. Our Theorem gives a combinatorial description of the
degree of a torus orbit closure corresponding to a stratum of a sort-closed matroid.
In fact Proposition @3l (and Proposition [[22) shows that these torus orbit closures
are projectively normal, a fact known for all torus orbit closures; see [Whil [Dab].

It has been conjectured (see [Sful, Conjecture 13.19]) that the ideal of a projective
normal toric variety is always generated by quadratic binomials. The toric varieties
associated to our alcoved polytopes give more examples of this.
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19. ApPPENDIX: COHERENT TRIANGULATIONS AND GROBNER BASES

We give a brief introduction to the relationship between coherent triangulations
of integer polytopes and Grobner bases. See Sturmfels [Stal] for further details.

Let k be a field and k[z] = k[z1,...,x,] be the polynomial ring in n variables.
A total order < on N™ is a term order if it satisfies:

e The zero vector is the unique minimal element.
e For any a, b, ¢ € N”, such that ¢ < b we havea+¢c < b+ c.

One way to create a term order is by giving a weight vector w = (w1, ...,wy) € R™.
Then for sufficiently generic weight vectors a term order < is given by b < ¢ if and
only if w-b < w - ¢. In this situation we will say that w represents <.

Given a polynomial f € k[xz] one defines the initial monomial in(f) as the
monomial z% with the largest ¢ under <. For an ideal I of k[z] one defines the
initial ideal in(I) as the ideal generated by the initial monomials of elements of I.
The monomials which do not lie in in<(I) are called the standard monomials. A
finite subset G C I is a Grobner basis for I with respect to < if in<(G) generates
in4(I). The Grobner basis is called reduced if for two distinct elements g,g' € G,
no term of ¢’ is divisible by in~(g).

Now let A = {a;,a,...,a,} be a finite subset of Z¢. We define a ring homo-
morphism k[z] to k[ti', ... t51] by

T — 1%,

The kernel I 4 of this map is an ideal known as a toric ideal.

We now describe the relationship between Grobner bases of I4 and coher-
ent triangulations of the convex hull of A. For any term order <, the initial
complex A (I4) of I is the simplicial complex defined as follows. A subset
F c{1,2,...,n} is a face of AL(I4) if there is no polynomial f € I 4 such that the
support of in(f) is F'. Thus the Stanley-Reisner ideal of AL (I4) is the radical of
in(La).

A triangulation of a set A € Z? (more specifically, its convex hull) is coherent
if one can find a piecewise-linear convex function v on R? such that the domains
of linearity are exactly the simplices of the triangulation. Alternatively, the trian-
gulation is coherent if one can find a ‘height’ vector w such that the projection of
the ‘lower’ faces of the convex hull of {(a;,w1), (ay,ws2), ..., (a,,wn)} is exactly the
triangulation. We will denote such a triangulation of A by A, (A). The function v
and the vector w can be related by setting w,, = v(a,,).

The main result we will need is the following [Stul Chapter 8]:

Theorem 19.1. The coherent triangulations of A are the initial complezes of the
toric ideal I4. More precisely, if w € R™ represents < for I4 then AL(I14) =
AL(A).

In the case that I 4 is a homogeneous toric ideal we can say more:

Proposition 19.2. Let A be such that I4 is a homogeneous toric ideal. Then the
initial ideal in<(L4) is square-free if and only if the corresponding reqular triangu-
lation A< of A is unimodular. Furthermore, let Y4 be the projective toric variety
defined by the ideal 4. Then Y4 is projectively normal and the Hilbert polynomial
of Y4 equals to the Erhart polynomial of the convex hull of A.

In this last case, the <-standard monomials correspond exactly to the simplices
of the triangulation.
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