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Abstract

This survey paper provides an introduction to signed graphs, focusing
on coloring. We shall introduce the concept of signed graphs, a proper
coloring, and basic properties, such as a balanced graph and switchings.
We will examine the chromatic number for six special signed graphs, upper
bound the chromatic number, and discuss practical applications of signed
graphs.
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1 Introduction

To model individuals’ preferences towards each other in a group, Harary [8]
introduced the concept of signed graphs in 1954. A signed graph is a graph
whose edges are labeled with positive and negative signs. The vertexes of a
graph represent people and an edge connecting two nodes signifies a relationship
between individuals. The signed graph captures the attitudes between people,
where a positive (negative edge) represents liking (disliking). An unsigned graph
is a signed graph with the signs removed. Similar to an unsigned graph, there
are many active areas of research for signed graphs. This paper will discuss
research on coloring and the chromatic number of signed graphs.

The concept of coloring a signed graph was introduced by Zaslavsky [3] in
1981. He formally defines a signed graph as Σ = (Γ, σ), where Γ is the underlying
unsigned graph consisting of Γ = (V,E) and σ is the function assigning signs
to the edges of the graph σ : E → {+,−}. Let |Σ| be the underlying graph Γ.
In Zaslavsky’s [3] original definition, signed graphs are allowed to have multiple
arcs, loops, half arcs (one end point, but do not have a sign), and free loops
(no end points, but have a + sign). However, for the purpose of simplicity and
conciseness, this paper will focus on only signed graphs with half arcs and free
loops removed. Therefore, we consider Σ to be a signed graph that does not
have half arcs and free loops.

This paper focuses on coloring signed graphs and finding the chromatic num-
ber for specific graphs, as well as a general upper bound. Section 2 defines a
proper coloring and unique properties of signed graphs. Section 3 presents six
special cases of signed graphs and bounds the chromatic number. Section 4
discusses the chromatic polynomial for signed graphs, and Section 5 discusses
the relationship between the chromatic number and the maximum degree of the
graph. Examples of current applications are provided in the conclusion section.
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2 Definitions

2.1 Coloring and Chromatic Number

Typically, the coloring for unsigned graphs, |Σ|, is defined as a mapping of the
nodes, V , into the set = {0, 1, 2, ...λ}. However, this idea of coloring is not
applicable to signed graphs, where the basic idea is that two vertexes connected
by a positive edge must be distinct and two vertexes connected by a negative
edge cannot be opposite. Therefore, signed graph requires signed colors, which
are defined by Zaslavsky [3] as follows:

Definition 2.1. Signed Colors A signed coloring for the graph Σ in µ colors
or in 2µ+1 signed colors is a mapping of the vertexes to the set of signed colors:
[3]

V (Γ)→ [−µ,+µ] = {−µ,−µ− 1, ..., 0, ..., µ− 1,+µ}.

Unlike unsigned graphs, signed graphs can have color of value 0, which leads
to different types of properties and behavior. Therefore, if a graph coloring does
not include the value 0, it is called zero-free coloring. We can now use signed
colors to properly color the graph, Σ. Zaslavsky [3] defines a proper coloring as
follows:

Definition 2.2. Proper Coloring A proper coloring of graph Σ is a mapping
of the vertexes to the set of signed colors, such that for each edge e = uv ∈ Γ,
k(u) 6= σ(e)k(v), where k is the color of the vertex and σ(e) is the sign function.

For unsigned graphs, the chromatic number is the least number of colors
used to properly color a graph. In 1981, Zaslavsky [3] developed two definitions
for the chromatic number of a signed graph depending on if the color 0 was
included. Generally, he defined the chromatic number of a signed graph as the
smallest k, such that there existed a proper coloring from the vertexes to the
set {−k,−k + 1, ..., 0, ...,+k}.

Zaslavsky’s [3] definition of chromatic numbers for signed graphs does not
directly transfer from the definition for unsigned graphs. To align the definitions
for both unsigned and signed versions, we will be using the following definition
proposed by Máčajová, et al. [2]

Definition 2.3. Chromatic Number Let k be the number of colors used to
color the graph. For each n ≥ 1, we define a set Mn ⊆ Z

Mn =

{
{±1,±2, ...± k}, if n=2k

{0,±1,±2, ...± k}, if n=2k+1
(1)

A graph is n-colored if it can be properly colored with colors from Mn. The
chromatic number χ(Γ) is the smallest n such that the graph admits a n-coloring.

2.2 Switching

Switching the signs of a vertex reverses the signs of all edges incident to that
vertex. If a signed graph Σ

′
is obtained from a series of switchings of graph Σ,

then these graphs are considered switching equivalent and denoted Σ
′ ∼ Σ.
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Lemma 2.1. If ΣA and ΣB are switching equivalent (ΣA ∼ ΣB), then if ΣA is
n-colorable, then so is ΣB.

The proof is trivial, so few papers include it. In summary, if the signs of the
edges are reversed, then the colors are also negated, preserving the coloring and
chromatic number.

2.3 Balanced and Anti-Balanced Graphs

A graph is balanced if every cycle has a positive sign product. Harary [8] proved
that a graph Σ is balanced if and only if the vertexes can be partitioned into
two subsets, where vertexes within sets are connected by positive edges and
vertexes in different sets are connected by negative edges. A balanced graph
is sign equivalent to the all positive graph, and so a coloring that satisfies the
unsigned graph will always properly color a balanced signed graph.

If every cycle has a negative sign product, the graph is anti-balanced. Máčajová,
et al. [2] proved “a signed graph is 2-colorable if and only if the graph is anti-
balanced.” Chromatic numbers have been found for specific types of graphs,
which will be discussed in the next section.

3 Bounding the Chromatic Number

In his discussion of chromatic numbers, Zaslavsky [4] defines the chromatic num-
ber for signed graphs of particular importance. However, we will use Máčajová,
et al.’s [2] more natural coloring definition. Let χ(Γ∗) be the chromatic number
of the underlying unsigned graph.

All-Positive
We define the all-positive signed graph as having all positive edges, denoted
+Γ. Since the sign coloring rules for an all-positive graph are equivalent to an
unsigned graph, then:

χ(+Γ) = χ(Γ∗).

All-Negative
An all-negative signed graph is denoted −Γ and has all negative edges. This
graph can be colored with just a single color, but by Máčajová, et al.’s [2]
definition this is a 2-coloring graph, and so:

χ(−Γ) = 2.

Subgraphs
It is obvious that adding edges will make a graph harder to color. Therefore, if
we define Σ1 to be a subgraph of Σ2, then χ(Σ1) ≤ χ(Σ2).

Unsigned Graph
Máčajová, et al. [2] also bound the chromatic number for particular graphs.
They find that for a loopless signed graph Σ,

χ(Σ) ≤ 2χ(|Σ|)− 1
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The proof is quite extensive, but I will outline the basic idea of the proof as
follows. Every proper coloring for the unsigned graph |Σ| satisfies the signed
version Σ. Translating the set of unsigned colors {0, 1, ..., n − 1} to the signed
color set {0,±1, ...,±(n − 1)}, we can color Σ using the set M2n−1 of colors,
implying the inequality. To prove the equality, Máčajová, et al. construct in-
finite sequences from the original graph, where the chromatic number of the
constructed graph is equal to 2χ(|Σ|)− 1 and prove that the coloring is optimal
and proper. The complete proof can be found in Máčajová, et al [2].

K-Degenerate
For unsigned graphs, it is commonly known that the chromatic number of an
ordinary graph is less than or equal to k, the maximum degree of the graph.
Máčajová, et al. directly applied the idea to signed graphs [2]. If the vertexes
are ordered from smallest degree to largest degree k, then each neighbor of a
vertex restricts at most one color. If k + 1 colors are available, then even the
most connected vertex can always be colored with the k+ 1th color. Therefore,
if Σ is k-degenerate, then:

χ(Σ) ≤ k + 1.

Partitions
In addition to finding the chromatic number for several types of graphs, Za-
slavsky defined a basic relationship between the chromatic number of a signed
graph and the number of possible partitions. He proved the following theorem:

Theorem 3.1. The zero-free chromatic number χ(Σ) is equal to

• the minimum number of anti-balanced sets into which V can be partitioned

• the minimum of χ(|Σ′

+|) over all Σ
′ ∼ Σ

The proof for the theorem can be found in Zaslavsky’s paper, titled “How
Colorful The Signed Graph” [4].

4 Chromatic Polynomial for Signed Graphs

In his first paper discussing signed graphs, Zaslavsky points out that signed
graphs are similar to ordinary graphs in that they both have, “a chromatic
polynomial, which appears combinatorially as the function which counts proper
colorings of the graph and algebraically essentially as the characteristic poly-
nomial of the associated matroid.” [3] Simply stated, signed graphs also have
chromatic polynomials, which relates the number of graph colorings to the num-
ber of colors.

Since Zaslavsky defines two definitions of coloring, one for odd arguments
and another for even arguments, he also defines two polynomials, the chromatic
polynomial for odd arguments and the balanced chromatic polynomial for even
arguments. Zaslavsky’s theorem for the chromatic polynomial is included below,
but the proof can be found in Signed Graph Coloring [3].

Theorem 4.1. Let µ be the Mobius function of Lat Σ and let p(λ) be the
characteristic polynomial of G(Σ). The chromatic polynomial of a signed graph
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Σ satisfies the equation

χΣ(λ) =
∑

S⊆E(Σ)

λb(S)(−1)#S =
∑

A⊆LatΣ

µ(∅, A)λb(A) = λb(Σ)p(λ) (2)

The balanced chromatic polynomial satisfies

χb
Σ(λ) =

∑
S⊆E(Σ)balanced

λb(S)(−1)#S =
∑

A⊆LatbΣ

µ(∅, A)λb(A) (3)

5 Brook’s Theorem

Brook’s Theorem is one of the most fundamental findings of graph theory. In
1941, Brooks proved that for all graphs excluding complete graphs and odd cycle
graphs, χ(G) ≤ ∆+1, where ∆ is the maximum degree of the graph. Máčajová,
et al. proved a variation of Brook’s Theorem can be applied to signed graphs,
and Fleiner et al. provided an additional proof that involves depth first search
(DFS) [1, 2]

As mentioned in Section 3, all signed graphs will have a chromatic number
≤ ∆ + 1. For unsigned graphs, there are only two types of graph that reach this
upper bound: complete graphs and odd cycles. However, three types of signed
graphs will reach this upper bound: complete graphs, balanced odd cycles, and
unbalanced even cycles.

Complete Graphs
If Σ is a signed graph that is complete and balanced, then χ(Σ) = n. By defini-
tion, a balanced graph can be switched to the all positive graph. Since the graph
is complete, all vertexes must have distinct colors. Therefore, the number of
colors required is equal to the number of vertexes. Since n ≥ ∆, then complete
graphs do not satisfy Brook’s Theorem.

Balanced Odd Cycle or Unbalanced Even Cycle
If a cycle is balanced and odd, or unbalanced and even, it is clear that the colors
required to properly color the graph will be greater than the maximum degree
of 2.

Therefore, Brook’s Theorem as applied to signed graphs is as follows.

Theorem 5.1. Brook’s Theorem for Signed Graphs If Σ is a simple con-
nected signed graph that is not complete, balanced odd circuit, or unbalanced
even circuit and ∆ is the maximum degree of Σ, then χ(Σ) ≤ ∆.

I shall outline the basic structure of the proof for Brook’s Theorem as applied
to signed graphs [2]. It is assumed that Σ is simple connected of order n and
maximum degree ∆ ≥ 3. This can be assumed because balanced odd cycle,
unbalanced even cycle, and complete graphs are not allowed.

To prove the modified Brook’s Theorem, Máčajová, et al. considered two
cases [2]. The first is if Σ is 2-connected and the second is if Σ has a cut-
vertex. To prove Brook’s Theorem applies to the first case, the proof technique
of removing vertexes, coloring the graph, and adding the vertexes is employed.
The second case is proven using proof by contradiction. A full proof for Brook’s
Theorem can be found in Máčajová, et al. [2]
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6 Conclusion

Signed graphs have several practical applications in the fields of social psychol-
ogy, computer science, and physics. As mentioned in the introduction, Harary
used signed graphs to model social interaction within a group. For example,
signed graphs can be used to model the alliances between countries over time
during a war. According to Heider’s Balance Theory, if three groups are ene-
mies, then two will eventually become allies. As represented by signed graphs,
three enemies are modeled as an all negative three-cycle graph. When two en-
emies becomes allies, their adjacent edge becomes positive. Heider’s Balance
Theory implies that positive cycles of groups have a stable situation, whereas
negative cycles have unstable social interactions.

Similar to applications of graph coloring, signed graph coloring can be used
to handle scheduling. However, signed graphs allow an additional restriction to
be added - opposite times or values cannot be assigned. A practical example
might be scheduling classrooms for a given set of classes. For the purpose of
the example, let us say there are two campuses, which are represented by posi-
tive “colors” and negative “colors”, and each campus has one building. We are
interested in assigning a set of classes to these two buildings at a given time.
Classes are represented by nodes and the edges connecting them determine if
two classes must be on the same campus or different campus. If the edge is
positive, the classes cannot be in the same building. If the edge is negative,
then the class can be in the same building, but it cannot be on the opposite
campus.

Research regarding signed graph coloring is typically extensions of current
theorems for unsigned graphs. This paper has attempted to provide background
information on signed graphs and notable properties about graph coloring. How-
ever, this paper is meant to be a survey of signed graph coloring research and
is by no means extensive. Therefore, there are many other notable properties
of signed graphs and the bounds on the chromatic numbers given in this paper
are not the tightest bounds proven.
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