On the self-intersections of curves deep in the lower céntra
series of a surface group

Justin Malestein, Andrew Putman

February 9, 2009

Abstract

We give various estimates of the minimal number of selfsggetions of a nontrivial ele-
ment of thek™ term of the lower central series and derived series of thddmental group of
a surface. As an application, we obtain a new topologicabfpobthe fact that free groups and
fundamental groups of closed surfaces are residually teéfioAlong the way, we prove that a
nontrivial element of thé&!" term of the lower central series of a nonabelian free grosphia
have word length at leaktin a free generating set.

1 Introduction

Fix an orientable surfacE. The goal of this paper is to quantify the extent to which bigéeally
complicated elements af; (%) must exhibit topological complexity.

We begin with some definitions. Let St — X be a closed curve. We define thaf-intersection
number of ¢, denoted(c), to be minimum over all curves which are freely homotopic to of the

guantity

%l{(X,y) | xye€Shx£y,¢(x) =c(y)}.

The factor J2 appears because each self-intersection is counted twise, recall that ifG is a
group, then théower central series of G is the inductively defined sequence

yu(G)=G and w1(G) = [k(G),G].

If 71 (%) is nonabelian, then it is easy to see thatkor 1, there exisk € w(m (X)) with i(x)
arbitrarily large. However, a consequence of Theoremsddll1a3 below is that there do not exist
nontrivial x € w(m (X)) with i(x) arbitrarily small. To state these theorems, we define

Mes(Z,K) = mini(x) | x € y(7m(2)), x# 1}.
Our first result is the following.

Theorem 1.1. Let 34}, be a orientable genus g surface with b > 1 boundary components. Assume
that 7m(24p) is nonabelian. Then for all k > 1 we have

k

> — 1.
mcs(zg,b7k)_4g+b_1 1



Theorem 1.1 will be proven if2.1.

The key to our proof of Theorem 1.1 is the following result,igthis proven ing4. If Gis a
group andSC G, then forx € (S) we will denote byi|x||s the length of the shortest word U St
which equal.

Theorem 1.2. Let F(S) be the free group on a set Swith |S| > 1 and let k > 1. Then for all non-
trivial w e y(F(S)) we have k < ||w||s.
This improves upon work of Fox, who in [4, Lemma 4.2] proveésult that implies thaiw||s > %k.

Remark. If we could extend Theorem 1.2 to fundamental groups of dasgfaces, then we could
also extend Theorem 1.1 to closed surfaces.

Remark. We conjecture that Theorem 1.2 is not sharp. Indeed, we sufieg the length of the
shortest word in th&™" term of the lower central series of a nonabelian free grouquiratic in
k. As evidence, in the proofs of the upper bounds of Theorefarid 1.5 below we will construct
elements lying in th&™" term of the lower central series of a rank 2 free group whosel\lemgth
is quadratic irk. If this conjecture were true, then we could replace the tdwaeind in Theorem
1.1 with a function which is quadratic k

For general surfaces (not necessarily compact or of finite)tywe prove the following.

Theorem 1.3. Let X be an orientable surface with 75 (%) nonabelian. Then for k > 1 we have
logg(k) — 1 < myes(Z, k) < 8Kk*.

The proof of the lower bound in Theorem 1.3 it 3 and the proof of the upper bound isg®

Remark. Although the lower bound in Theorem 1.3 is weaker than theetdvound in Theorem 1.1
in terms of the order d&, it is uniform over all surfaces.

Recall that a grous is residually nilpotent if Ny_;%(G) = 1. Our proof of Theorem 1.2 is
an elaboration of a proof due to Fox [4] of a theorem of Magm]dHat says that free groups are
residually nilpotent. Conversely, an immediate consege@f Theorem 1.3 (which does not use
Theorem 1.2) is the following theorem, which for surfaceup®is due independently to Baumslag
[2] and Frederick [5].

Corollary 1.4. Freegroups and fundamental groups of closed surfaces are both residually nilpotent.

Our proof of Theorem 1.3 (and hence of Corollary 1.4) shapesesideas with Hempel's beautiful
short proof [6] of the residual finiteness of free groups amfese groups.

The final result of this paper gives an analogue of Theorenidt.the derived series. Recall
that if G is a group, then thderived series of G is the inductively defined sequence

GY=cG and GV =gk cM.

Setting
Maer(Z,K) = min{i(x) | x € (m(Z))™, x £ 1},
our result is as follows.

Theorem 1.5. Let X be an orientable surface with 75 (%) nonabelian. Then for k > 3 we have

22172 < e (2, k) < 2%5,
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Figure 1: a. Animmersed curve f whose singularities consist of i (f) = 5 isolated double points. b. The
maximal treeT  c. The2-discD  d. Result of contracting D

The lower bound in Theorem 1.5 is provergih4 and the upper bound is proverg® Our proof of
the lower bound in Theorem 1.5 is inspired by an unpublistad of Reznikov [9], which outlines
an argument giving a linear lower bound oRe(Z, k) for = closed. We remark that though [9]
seems to claim that it is dealing with the lower central sedmth its definitions and its arguments
make it clear that the author intends to discuss the deriesdss

Remark. In our definitions above, fox € 1 (Z,*) the numbeii(x) depends only on the free ho-
motopy class ok. If we required that our homotopies fixand x € Int(X), theni(x) would be
unchanged. If instead € dZ, theni(x) might differ. However, since the lower central series and
derived series are normal, requiring the homotopies to &btsepoint would not changg.s(Z, k)

or Myer(Z, K).

Acknowledgments. We would like to thank Khalid Bou-rabee, Nathan BroaddusttMav Day,
Thomas Koberda, and Ben McReynolds for useful conversatimnl suggestions. We would espe-
cially like to thank Benson Farb for sharing [9] with us an#ting whether bounds of the sort we
prove might hold.

2 Lower bounds

In this section, we prove the lower bounds in Theorems 13l,ahd 1.5.

2.1 Lower central series, compact surfaces with boundary
We begin with Theorem 1.1.

Proof of Theorem1.1. Let f : St — Int(Zgp) be an immersion whose singularities consist(df)
isolated double points (see Figure 1.a). Assume thatfreely homotopic to a nontrivial element
of W (78 (Zgp)). Our goal is to show that f) > - — 1.

The first step is to “comb” the double points to a single poimtlze surface. The immersidn
factors through an embedding of a graph whose verticessmonel to the singularities df. More
precisely, there is a 4-regular graghwith i(f) vertices, an embeddinf: G — Int(Zgp), and an
immersionc : St — G with f = f o ¢ so that the inverse image undeof the interior of every edge
of G is connected.

Let T be a maximal tree i6. Hencef(T) is an embedded tree in Ii@,,) (see Figure 1.b).
Any sufficiently small closed neighborhodal of (T) satisfies the following two properties (see
Figure 1.c).

e D is homeomorphic to a closed 2-disc.



e For all edges of G that do not lie inT, the setf(e) N D has exactly two connected compo-
nents.

Itis easy to see that there is a a4, — Zgp SO thatr is homotopic to the identity, so thd;;g‘b\D
is injective, and so that(D) = « for some pointx € Int(Zgp). Let D’ = f~1(D). By construction,
D’ is a closed regular neighborhood Bfin G. SetG' = G/D’, soG' is a wedge of circles, and let
¢ : S' — G be the composition of with the projectionG — G/D’. There is then an embedding
f': G' — Int(Zyp) so thatf’ o =r o f (see Figure 1.d).

Letw e (34, *) be the based curve correspondingf’to . Sincef’ o is freely homotopic
to f, we havew € y (1 (Zgp, *)). LetSC 1 (2Zqp,*) be a maximal collection of elements satisfying
the following three properties.

e For each circleL in G’ so that f’||_ is not null-homotopic, there exists somes S so that
f~/‘|_ = Xil.

e Forx,yeS if x=y* thenx=y.

e The curves irScan be realized simultaneously by simple closed curvesihigtintersect at
*.

SinceG is a 4-regular graph with( f) vertices, it hasZ f ) edges. Also, the maximal tr8ehasi(f)
vertices and hencéf) — 1 edges. We conclude th@t is a wedge of Bf) — (i(f)—1) =i(f)+1
circles, sd|wl||s <i(f)+1.

We will confuse the set of homotopy classgsvith the corresponding set of simple closed
curves that only intersect at Via an Euler characteristic calculation, we see thategfy, along
the curves inSyields b annuli and 4+ b — 2 triangles. By gluing the triangles together in an
appropriate manner (as in the standard combinatorial prbtbfe classification of surfaces; see [8,
Chapter 1]), we identifyzy with a (4g+ b)-sided polygorP with 4g sides identified in pairs, all
vertices identified, and annuli glued to thaunpaired sides. Each of the curvesSiis identified
with either a side oP or an arc inP joining two vertices.

In particular,Scontains a free generating Sefor 1 (Zgp, *) consisting of the following curves.

e A curve corresponding to one edge from each of the pairs iddlmired edges iP.
e A curve corresponding to all but one of theinpaired edges iR.

Observe that every element 8fcan be written as a word of length at mogt-4b—1 in S, so
|wlls < (4g+ b—1)||wl|s. Theorem 1.2 says that< ||w||g, SO we conclude that

k< |wls < (4g-+b—1)[wls < (4g+b—1)(i(f) + 1.

Rearranging this inequality gives the desired conclusion. O

2.2 Some preliminary lemmas
We now prove two lemmas that are needed in the proofs of Theoie3 and 1.5.

Lemma 2.1. Let T be a compact orientable surface with 7z (%) non-abelian and let f : St —3Zbe
a non-nullhomotopic closed curve. Then there exists a degree 8 normal cover ~ — 2 so that one of
the following holds.
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Figure 2: a. A nonsimple closed curve f like in Step 2 of the proof of Lemma 2.1. The simple closed

subcurve f'isinbold.  b. An example of a subcurve f’ that is nullhomotopic.  c. W reduce the number
of self-intersections of f.

Y\

e f doesnot lift to a closed curve on 3.
o fliftstoaclosed curve f: St — = withi(f) <i(f).

Remark. Since the cover in the conclusion of Lemma 2.1 is norrhdifts to a closed curve if and
only if any curve freely homotopic td lifts to a closed curve.

Proof of Lemma 2.1. By the remark following the lemma, we may assume without tdgenerality
that f is an immersion whose singularities consisti@f) isolated double points. There are two
cases.

Case 1. f is simple.

We must construct a degree 8 normal cover to wHiaoes not lift to a closed curve. In other
words, choosing € f(S') and lettingx € (%, *) be the based curve correspondingf fave must
find a finite groupH with |H| = 8 and a surjection : (X, x) — H with x ¢ ker(y).

If fis not nullhomologous and ip: (2, *) — H1(Z;Z) is the abelianization map, thes(x)
is a primitive vector. There is therefore a surjectign H1(Z; Z) — Z/8Z so thatg' (¢(x)) # 0. We
conclude that we can us¢=7/8Z andy = ¢/ o @.

Assume now thaf is nullhomologous. Letting be the genus anklthe number of boundary
components o, it follows that there is a generating s8t= {a1,B1,...,0qg,Bg,X1,..., X} for
m(Z, x) so that

T[]_(z,*) = <al7B17"'7ag7Bg7X17"'7Xb ’ [al7B1]"' [ag7ﬁg] :X]."'Xb>
and so thak = [a1,B1]--- [0y, By] for someg’ < g. LetH be the dihedral group of order 8, so
H=(o,r|o?=1r*=1,0ro=r1).

We define a surjectiony : 15 (Z,*) — H in the following way. Ifb =0, theng’ < g and we define
Y(a1) =Y(ag) =0, P(B1) = Y(By) =ro, andy(s) =1 for all se Swith x ¢ {a1, Br, dg, By} It

is easy to check that the surface group relation is satisfiddteat the resulting homomorphisgn
is a surjection. Ib > 0, thenrg (Z, %) is free onS\ {x,}. We definey(a1) = o, ¢(B1) =ro, and
Y(s) =1forallse S\ {x,} with s¢ {a1,B1,aq,By}. Trivially  extends to a surjection. In either
case, we havey(x) = [0,ro] # 1, as desired.

Case 2. f is not simple.



Let A be the set of nontrivial proper subarcsfwhose endpoints are mapped byo the same
point of Z. By assumptiorA is finite and nonempty. Partially order the elementé\didy inclusion
and leta be a minimal element with endpoirds anda,. Sincea € A, the mapf|, : 0 — Z factors
through a magd’ : St — Z, and from the minimality oftr we deduce that’ is a simple closed curve
(see Figure 2.a). In additiorf] is not nullhomotopic, since if’ were nullhomotopic then we could
homotopef so as to decrease its number of self-intersections (seedsigub—c).

By Case 1, there is a degree 8 normal caver ¥ to which f’ does not lift to a closed curve. If
f does not lift to a closed curve ci] then we are done. Assume, therefore, thaan be lifted to a
closed curvef : St — ¥. Define

D(f) ={(xy) | xyeS x#£y, f(x) = f(y)},
D(f) ={(xy) | xyeSx#y, f(x) = f(y)}

We clearly haveD(f) c D(f). Moreover, by constructiotas,ap) ¢ D(f). We conclude thaf has
fewer self-intersections thah soi(f) <i(f), as desired. O

We will also need the following simple lemma, which allowstasdeduce results about non-
compact surfaces from results about compact surfaces.

Lemma 2.2. Let = be an oriented surface with 75 (Z) nonabelian. Also, let f : St — = be a non-
nullhomotopic closed curve which is freely homotopic to an element of y (7 (%)) for some k > 1.
Then there is a compact surface X’ with 75 (X’) nonabelian and an embedding i : ¥’ — ¥ satisfying
the following properties.

e Thereisamap f': St — ¥’ sothat f =iof.
e Thecurve f' isfreely homotopic to an element of y(mm(Y)).

Proof. Any iterated commutator only involves a finite number of @sand any homotopy stays
within a compact subset af. O

2.3 Lower central series, general surfaces
We now prove the lower bound in Theorem 1.3. The proof williegthe following lemma.

Lemma 2.3. Fix p,n,m > 1 with p prime, and let Go > G1 &> - - - > G, be a subnormal sequence

of groups so that for 1 <i < nwe have [G_; : Gj] = p™. Then there exists some group H so that

H < G, so that H <1 Gp, and so that [Go : H] = pN for some 1 <N < m%n,::ll.

For the proof of Lemma 2.3, we will need the following.

Lemma 2.4. Fix p,r,s > 1 with p prime, and let Ar> B> C be groups so that [A: B] = p" and
[B:C] = p°. Then there exists a group D so that D < C, so that D </ A, and so that [A: D] = pN for
somel< N < p's+r.

Proof. DefineD = N,cp@ 'Ca. Clearly we haveD < C andD <A, so we must only prove the
indicated result aboyA: D]. LetT = {ay,...,ay } be a complete set of coset representative@for
in Awith a; = 1. Hence we hav® = ﬂjpr:laj‘lCaj. For 1< i < p, defineC; = ﬂ‘jzlaj*Caj. We
thus have

A>B>C=C;>Co>--->Cy =D.
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We claim that for 1< i < p" we have[C,_; : G| = p' for some 0< k; < s. Indeed, we have
Ci-1/Gi =Ci_1/(a *CainGi_1) = (Gi-1- (8 'Ca)) /4 'Cai < B/a 'Cai.

Since[B: a 'Ca] = [B: C] = p®, the claim follows. We conclude that
[A:D]=[A:B|[B:C][C1:Cyl -+ [Cy1:Cy] = p'p°p--- P < p'(p)7,

as desired. O

Proof of Lemma 2.3. The proof will be by induction om. The base case = 1 is trivial. Now
assume that > 1 and that the lemma is true for all smaller Applying the inductive hypothesis
to the sequenc&; > --- > Gy, we obtain a grougd’ so thatH’ < G, so thatH’ <G, and so

that [G; : H'] = pV with N’ < mpm:)nni)l‘l. We can therefore apply Lemma 2.4 to the sequence
Go > G1>H’ and obtain a groupl so thatH < H’ < Gp, so thatH <1 Gy, and so thaiGg : H] = pN

for someN that satisfies

p™ —p" pr—-1
NS pmN/—i—mS mw—i-m:mﬁ,

as desired. O

We will also need the following standard propertymgroups. Recall that a group is at most
n-step nilpotent if y,(G) = 1.

Lemma 2.5([10, Theorem 5.33]) Let p be a prime and let G be a group with |G| = p" for some
n € N. Then G is at most n-step nilpotent.

We can now prove the lower bound in Theorem 1.3.

Proof of Theorem 1.3, lower bound. Let f : St — X be an immersion whose singularities consist of
i(f) isolated double points. Assume tHais freely homotopic to a nontrivial element gf{ 5. (%)).
Our goal is to show thaf f) > logg(k) — 1; i.e. thatk < 8/(H)+1,
By Lemma 2.2, we may assume tHatis compact. Choose a basepoint f(Sh) and let
x € Tr(Z,*) be the based curve correspondingftoApplying Lemma 2.1 repeatedly, we obtain a
subnormal sequence
(2, %) =Go>Gy>---> Gy

with n <i(f)+1 so thatx ¢ G, and so thafG;_; : Gj] = 2° for 1 < i < n. Applying Lemma 2.3,
we obtain a group so thatH < Gy, so thatH <1 75.(Z, ), and so thafrm (2, ) : H] = 2N for some

28-1

23n

N §3 §8n §8i(f>+1.

By Lemma 2.5, we deduce that(Z, x) /H is at most 8)+1-step nilpotent. In other words,
Vo (Ta(Z, %)) < H.

SinceH is a normal subgroup ofi(Z,*) andf is freely homotopic tox ¢ H, it follows that f is not
freely homotopic to any element bf. We conclude thakt < 8(")+1 as desired. O



2.4 Derived series

We now prove the lower bound in Theorem 1.5. The proof williieg|the following lemma.

Lemma 2.6. Let X be an orientable surface (not necessarily compact) with 75 (%) nonabelian. Also,
let f : S' — X be a non-nullhomotopic simple closed curve. Then f is not freely homotopic to any
element of y;3(1q()).

Proof. By Lemma 2.2, we may assume ttiais compact. Assume thdtis freely homotopic to
x € y3(m(Z)). Sincef is simple, Lemma 2.1 implies that there is a finite gréupith |H| = 23 and

a surjectiony : 15(2) — H so thaty(x) # 1. Lemma 2.5 says thét is at most 3-step nilpotent, so
ya(ma(X)) C ker(), a contradiction. O

We will also need the following standard lemma.
Lemma 2.7([10, Exercise 5.50]) If G is a group, then for all k > 1 we have G < yo1(G).
We can now prove the lower bound in Theorem 1.5.

Proof of Theorem 1.5, lower bound. We will prove that 2¢/21-2 < mye,(Z, k) for k > 3 by induction
onk. The base casds= 3 andk = 4 follow from Lemma 2.6 combined with Lemma 2.7. Now
assume thdt > 4 and that the result is true for all smallertis enough to prove thatye (%, k) > 2-
Mger(Z, k— 2). Consider an immersiof: S — 3 whose singularities consist iff ) isolated double
points. Assume that f) < 2-mye(Z,k—2). Our goal is to show that is not freely homotopic to
any element of (%)),

Let 71: = — ¥ be the normal covering corresponding to the subgragps))*-2). If f does not
lift to a closed curve ir%, then f is not freely homotopic to any element @y (2))*~2), and thus
is certainly not freely homotopic to any element(af (2)). Assume, therefore, that there is a lift
f: st — = of f. We claim thatf is a simple closed curve. Indeed, define

D(f) ={(xy) | xyeS x#£y, f(x) = f(y)},
D(f) = {(xy) | xyeSx#y, f(x) = f(y)}.

ClearlyD(f) c D(f), and we want to prove th&(f) = 0. Consider anyx,y) € D(f). The points
x andy divide St into two arcsar anda’, and the restrictions of to botha anda’ are closed curves.
The number of self-intersections of one ©df, and f|,/ (say f|q) is less than half of the number
of self-intersections of . Hence the closed curve defined by, has fewer than thamge(Z,k— 2)
self-intersections, so it is not freely homotopic to anyvaet of (77(Z))<~2). We conclude that
f|4 is not a closed curve, sa,y) ¢ D(f), as desired.

Observe now that by Lemmas 2.6 and 2.7, the cufrie not freely homotopic to any element
of (r1(2))®. Since

(m(2)® = ((m(2))*)® = (m(2)",

we conclude thaf is not freely homotopic to any element @f, (X)), as desired. O



3 Upper bounds

We now prove the upper bounds in Theorems 1.3 and 1.5. We &dlil two lemmas.

Lemma 3.1. Let (2, %) be a based surface and let SC (2, «) be a set consisting of elements
that can be realized simultaneously by simple closed curves that only intersect at . Then for all
x€ (S C 1m(Z, ), wehavei(x) < (Xs).

Proof. We can assume thate Int(2). Setn = ||x||s and writex =1 --- s, with § € SUS™? for
1<i<n. For1<i<n,we can choose embeddinfs St — ¥ so thatf; represents;. Moreover,
we can choose thg so that for 1< i < j < nwe havefi(St) N f;(St) = {x}. LetD C Z be a closed
embedded 2-disc with € D so that for all 1<i < nthe intersection‘i(Sl) ND is a connected arc.
ParametrizeD so thatD is the unit disc inR? and* = (0,0). For 1<i <n, let f/ : [0,1] — X
be a parametrization of the oriented &r¢S') \ Int(D). Observe that for X i < j < nwe have
f{([0,1]) N f{([0,1]) = 0.

We can now construct a curvie: St — ¥ that is freely homotopic ta in the following way.
The curvef first traversed;, then goes along a straight linenfrom f; (1) to f5(0), then traverses
f5, then goes along a straight line i from f5(1) to f(0), then traversedj, etc. The curvef
ends with a straight line i from f;(1) to f;(0). Clearly f is freely homotopic tox. Moreover,
all self-intersections of must occur inD. Sincef(S') ND consists oh straight lines and any two
of these lines can intersect at most once, we concludefthas at mos{) self-intersections, as
desired. O

Lemma 3.2. Let S= {a;,a,} and let Fs be the free group on S. Then for all k > 1 there exists some
w € Fswithw # 1 so that |w]|s < 4<andw e Fs(k>_

Proof. Define elements, andyy inductively as follows.
xx=a and y;=ap,
X=X 1.Yeo1] and Y= [Xe1,Yi )
Clearly ||%||s <4< andx € Fék) for k > 1. We must therefore only prove that# 1 for k > 1.
In fact, we will prove by induction ok that xx andyx generate a rank 2 free subgroupFeffor
k> 1. The base cade= 1 is trivial. Now assume that> 1 and thaty_1 andyx_1 generate a rank

2 free subgroup. Since neithay nor yy is trivial, they must generate either a rank 2 or rank 1 free
subgroup. But since_; andyx_1 generate a rank 2 free subgroup, we have

[Xkayk] = [[Xk—17Yk—1]7 [Xk—17Y|Z_11H 75 17
so we conclude tha§ andyx cannot generate a rank 1 subgroup. O
We can now prove the upper bounds in Theorems 1.3 and 1.5.

Proof of Theorem 1.5, upper bound. We wish to prove thamge[(Z, k) < 2%~5 for k > 3. In fact,
this inequality holds fok > 1 (the assumption th&t> 3 is necessary only in the lower bound), so
fix k > 1. We claim that there exists sorag a, € (2, ) that generate a rank 2 free subgroup of
(%, +) and can be realized simultaneously by simple closed cuhasonly intersect at. If X
is compact, then this is trivial. Otherwise; (Z,*) must be a nonabelian free group (see, e.g., [1,
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§44A]), so we can findy, &, € @ (Z, x) that generate a rank 2 free subgroup. Like in the proof of
the Theorem 1.1, we can “comb” the intersections and sadfsections ofj anda, to x and find a
setS C (%, *) of elements that can be realized simultaneously by simpiged curves that only
intersect at so that botte) anda, can be expressed as products of elemeng0{S) 1. There
must then exisfy, a; € S that generate a rank 2 free subgroup, as desired.

SetS= {aj,ay}. By Lemma 3.2, there is some ¢ (S) so that||w||s < 4“"! and so thatv ¢
(m(Z))¥. By Lemma 3.1, we deduce that

: IX||s A1) 1o s
< < —~ 000 < — =
(W) < < 2 - 2 - 24 2 ’

SO Myer(Z, k) < 2%-5, as desired. 0

Proof of Theorem 1.3, upper bound. Fix k > 1. We can then find an integérso that log(k) <
| —1 <log,(k)+ 1. The upper bound of Theorem 1.5 (which as we observed almige fork > 1)
implies that we can fina € (r(2))() so that

i(x) < 2475 < 24I0%(0+2)-5 _ gy,

By Lemma 2.7, we have € y(75(Z)), so we conclude thahs(Z, k) < 8k?*, as desired. O

4 Word length in the lower central series

In this section, we will prove Theorem 1.2. As was indicatedhe introduction, this proof is
inspired by an argument of Fox [4, Lemma 4.2]. Our main todl ke the Fox free differential
calculus, so we begin by recalling a number of basic factsiis calculus. A good reference is
[4].

Let F be the free group on a s8iand lets : ZF — Z be the augmentation map; i.e. the unique
linear map withe(g) = 1 for allg € F(S).

Definition 4.1. A free derivativeis a linear maD : ZF — ZF so thatD(xy) = (D(x))&(y) +xD(y)
for all x,y € ZF.

An easy induction establishes thabifis a free derivative, then for, ..., v € ZF we have

k

D(vi--- W) = Zl(vl"'Vifl)(D(Vi))E(VHl)"'E(Vk)- 1)

A consequence of (1) is that fgre F, we have
D(g™!) = -9 'D(g). 2
The basic existence result for free derivatives is the ¥ahg.

Lemma 4.2([4, §2]). For every s€ S there isa unique free derivative Ds satisfying Dg(s) = 1 and
Ds(s) =0for s € Swiths #s.

10



By (1) and (2), we have
£(Ds(s9)) =k 3)
for all se Sandk € Z.
Fork > 1 andsy,...,sc € S we will call the productDg, ---Dg, a free derivative of order k.
The basic fact connecting the Fox free differential calsututhe lower central series &f is the
following easy lemma.

Lemma 4.3([3, 3.1]). For k> 2and g € k(F), we have £(D(g)) = O for all free derivatives D of
order lessthan or equal to k— 1.

We can now prove Theorem 1.2.

Proof of Theorem 1.2. Considemw € y(F(S)) so thatw # 1. Our goal is to show thdt < ||w||s. We
will produce a free derivativ® whose order is at mogiv||s so thats(D(w)) # 0. By Lemma 4.3,
it will follow that

W Vi ws(F(9),

and hence thdt < ||w/||s.

Write w = Uz - - - Uy With uj = 3”‘ for somes € Sandm € Z\ {0} for 1 <i < n. Choose this
expression so tha # s1 for 1 <i < n. We thus havea < |w||s. DefineD = Dy, - - - Ds,. We must
show thate(D(w)) # 0. In fact, we will show that for all X j < nwe have

Dsj DSj+1 -+ Ds, (W) (4)
= Z (ul"’uij—l)(DSj(uij))S(DSjﬂ(uiju))"’S(Dsq(uin))-

1<ij<ijyr<--<ip<n
In particular, the cas¢ =1 will yield
D(w) = Ds; (U1)€(Ds,(U2)) - - - €(Ds, (Un)).-
Using (3), we will then be able to deduce that

£(D(W)) = £(Ds, (1)) -~ £(Ds, (Un)) = My -~ My 70,

as desired.

The proof of (4) will be by induction on— j. The base case— j = 0 follows from (1) and the
fact thate(u;) = 1 for all 1 <i < n. Now assume that— j > 0 and that (4) holds for all smaller
n—j. Sinces # 51 for 1 <i < n, we must hav®g Ds; +1(Uj+1) = 0. Using this together with (1),
our inductive hypothesis, and the fact tigat;) = 1 for all 1 <i < n, we obtain

DSJ‘ DSJ‘+1 e DSq (W)
= DSj( Z (ul"'uij+1*1)(D5j+1(uij+1))£(DSj+2(uij+2))"'E(Dsn(uin))

1<ijp1<--<in<n

ijr1—1

= > Zl (Ur---Ui-1)(Ds; (Ui))€(Ds;, (Ui 1)) -+~ €(Dsy (Uiy)))

1<ijp1<--<ipgn  i=

= Z (ul"'uij—l)(DSj(uij))g(DSj+1(uij+1))"’S(Dsq(uin))a

1<ij<ijy1<--<ip<n

and we are done. O
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