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Abstract

We give a new proof of a celebrated theorem of Dennis Johredrasserts that the kernel
of the Johnson homomaorphism on the Torelli subgroup of thepimg class group is generated
by separating twists. In fact, we prove a more general relsattalso applies to “subsurface
Torelli groups”. Using this, we extend Johnson’s calcolatof the rational abelianization of
the Torelli group not only to the subsurface Torelli groups, also to finite-index subgroups of
the Torelli group that contain the kernel of the Johnson howrphism.

1 Introduction

Let 24, be an oriented genugsurface withn boundary components (we will often omit thef

it vanishes). Thenapping class groupf >4, denoted Moy ), is the group of isotopy classes
of orientation preserving homeomorphismszgf, that act as the identity of>y, (see [9]). The
group ModZy,) acts on H(2gs;Z) and preserves the algebraic intersection forrm 4f 1, then
this is a nondegenerate alternating form, so we obtain &septation Morg ) — Sp,g(Z). This
representation is well-known to be surjective. Its kersetnown as th&orelli group and will be
denoteds (24 ). This is all summarized in the exact sequence

1— f(zg.n) — MOd(Zg’n) — szg(Z) — 1

In the early 1980’s, Dennis Johnson published a sequenegrairkable papers oif (Zgn) (see
[17] for a survey). Many of his results center on the so-callghnson homomorphismshich were
defined in [15]. Lettingd = H1(Zgn;Z), these are homomorphisms

Ts,, 0 Y (Zg1) — AH and 15,07 (Zg) — (APH)/H

which measure the “unipotent” part of the action.6f>,,) on the second nilpotent truncation of
m(Zgn). They have since been found to play a role in the study of iamts of 3-manifolds and in
the geometry/topology of the moduli space of curves.

The goal of this paper is to generalize two of Johnson’s #rasr

1. Define # (Zgn) = ker(ts,,). In [19], Johnson proved tha¥ (Zyy) is generated by right
Dehn twistsT, about separating curves We will generalize this to the “subsurface Torelli
groups” defined by the author in [25]. Our proof is independagdohnson’s work, so in par-
ticular it provides a new proof of of his theorem. Our new fisamuch less computationally
intensive than Johnson’s proof.
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Figure 1: S= 2, 3 is embedded i3. We conjecture thdfy, Ty] cannot be written as a product of separating
twists in.# (23, S)

2. In[20], Johnson proved thatgf> 3, then modulo torsion the Johnson homomorphism gives
the abelianization of7 (%y4,). We will generalize this not only to subsurface Torelli gosu
but also to certain finite-index subgroups.6{>gn).

Statements of theorems. Fix a compact connected oriented surfacwith at most 1 boundary
component and les— X be a compact connected embedded subsurface. We safy¢hidiod(X)

is supported on f it can be represented by a homeomorphisnkdhat acts as the identity on
>\ S Denote by Mod@z, S) the subgroup of Mog) consisting of mapping classes supportedson
Also, define# (Z,S) = . (Z)NMod(Z,S) and.# (Z,S) = # () "Mod(Z, S). Our first theorem is

as follows. It reduces to Johnson’s theorem wBens.

Theorem 1.1(Generators for kernel of Johnson homomorphisirgt = be a compact connected
orientable surface with at modt boundary component and let<S Z be an embedded compact
connected subsurface whose genus is at [2ashen the group? (Z,S) is generated by the set

{T, | yis a separating curve ok andy C S}.

Remark.We believe that the restriction on the genusSe$ necessary. Indeed, 18t 23 be the
subsurface depicted in Figure 1 andxget C Sbe the curves shown there. Then itis not hard to see
that [Ty, Ty] € J#'(Z3,S), but we conjecture thdfy, Ty] cannot be written as a product of separating
twists lying inS.

Remark. As will become clear from the proof sketch below, the firsjppsté our proof reduces
Theorem 1.1 to Johnson’s result. However, the extra gatyeodl Theorem 1.1 is needed for the
second step, which reduces Johnson'’s result to undemstaadbsurfaces. In other words, from our
point of view the more general statement is necessary ewyemu ibnly care about the classical case.

Remark.We recently learned that Church [6] has independently prdieeorem 1.1. He deduces
it from Johnson’s work; in the proof sketch below, his argutrie a version of our Step 1.

Our second theorem is as follows. It reduces to JohnsorssehewherS=2X andl' = .7 (Z,S).

Theorem 1.2 (Rational H of finite index subgroups of Torelli)Let ~ be a compact connected
orientable surface with at modt boundary component and let<S 2 be an embedded compact
connected subsurface whose genus is at IBastetI” be a finite-index subgroup of (Z,S) with

H (2,9 <T.ThenHy(I;Q) = 13(#(Z,9) ® Q.

Remark.Mess [22] showed tha¥ (Z,) is an infinitely generated free group. Using this, it is not
hard to show that i§— X is a subsurface of genus 2, thea(H (%,S); Q) has infinite rank. In
particular, the conclusion of Theorem 1.2 does not hold.



Remark.Theorem 1.2 is inspired by a well-known conjecture of Ivatioat asserts that fj > 3
andl is a finite-index subgroup of Mddg), then H(I';Q) = Hy(Mod(%g); Q) = 0 (see [13] for
a recent discussion). In analogy with this, one might gueasthe condition that? (Z,S) <T is
unnecessary. We remark that lvanov’s conjecture is onlyvknio a few special cases — Hain [10]
proved it if #(Xg) < I, while Boggi [4] and the author [28] later independentlyyed that it holds
if 2 (Zg) <T.

Proof ideas for Theorem 1.1. LetSandX be as in Theorem 1.1. One can viei(Z,S) as a sort
of “Torelli group on a surface with boundary”. In [25], thethar studied these groups. One of the
main results of that paper (Theorem 2.6 below) gave gensriothe groups? (2, S), generalizing
and reproving a classical result of Birman [3] and Powell[2¢ho did this in the cas&=Z. Our
proof of Theorem 1.1 follows the same basic outline as thefbthis result in [25].

The proof is by induction on the genus and number of boundamyponents ofS. The base
case isS= 2 = 2, wherets = 0 and the result is trivial. The induction has 2 basic steps.

Step 1(Reduction to the closed casé)ssume that S is a surface with boundary andlgbe the
closed surface that results from gluing discs to all of itsihdary components. The# (%,S) is
generated by separating twists# (%) is generated by separating twists.

The argument in this step proceeds by investigating thetefie.7 (%, S) of gluing a disc to a
boundary component @& For the whole mapping class group, we have the fundamezlad
exact sequence ([2]; s€8.1 below), which is a short exact sequence of the form

HereUZ,, is the unit tangent bundle &f;,, and the map Moy 1) — Mod(Zgp) is induced by
gluing a disc to a boundary componghbf >4,.1. The kernelrm (Uy,) <Mod(Zgn+1) consists
of mapping classes that “drag¥’ aroundZg, while allowing it to rotate. We prove an appropriate
analogue of this forz (Z,S) (seet4).

Step 2(Reducing the genus)Assume that for all subsurfaces SXfwhose genus is g 1, the
group % (Zg,S) is generated by separating twists. Then(>,) is generated by separating twists.

Let y be a nonseparating simple closed curvexgnlf S= >4\ N(y), whereN(y) is a regular
neighborhood ofy, then the assumption implies that (>4, S) is generated by separating twists.
Observe that? (Zg,S) is the stabilizer in% (%4) of the isotopy class of. Now, the set of isotopy
classes of nonseparating simple closed curves forms thieagof thenonseparating complex
of curves which was defined by Harer in [11]. This complex, which wel \dénote%gns, is the
simplicial complex whose simplices are séis, ..., %k} of isotopy classes of nonseparating simple
closed curves oy that can be realized disjointly withy \ (y1U- - - %) connected.

For technical reasons (it simplifies the proof a certain eativity result), we will actually make
use of a larger complex, which is defined as follows. Denotg fayy») the geometric intersection
numberof 2 simple closed curveg and y,, i.e. the minimum over all curveg andy, with y
isotopic toy for 1 <i < 2 of the number of points af N y5.

Definition. Fork > 0, denote byégnsk the simplicial complex whose simplices are sgts . . ., \k}
of isotopy classes of nonseparating simple closed curveg each that(y,y;) <kfor 1 <i,j <k
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We will use this in the cask = 2. The group’# (34) acts on%?sz, and to prove the desired
result, it is enough to show that” (%) is generated by the vertex stabilizers of this action. Adasi
result of Armstrong (see Theorem 5.1 below) says that tHigwid if both %5°* and6g>%/.# ()
are simply connected. These connectivity results are priové6. A key role is played by a theorem
of Harer [11] that says thafy® is (g — 2)-connected.

Proof ideas for Theorem 1.2. Johnson deduced that (7 (3gn); Q) = T5,,(-# (Zgn)) ® Q When

g > 3 andn < 1 by proving that separating twists go to torsion (K (Zgn);Z). The theorem
then follows from the fact that the kernel of, | is generated by separating twists. For Theorem
1.2, we prove that separating twists go to torsion in theiabelations of finite-index subgroups of
J(Z,9) that contain# (Z,S), whereX andSare as in that theorem. The proof combines a small
generalization of Johnson’s argument with the trick usd@&jto show that powers of Dehn twists
go to torsion in the abelianizations of finite-index subgreof the mapping class group.

Comments on Johnson’s work. To put this paper in perspective, we now give a brief sketch
of Johnson’s proof [19] that?' (%) is generated by separating twists. We will focus on the case
2 =241 and ignore some low-genus issues. Bet Hi(Zg1;7Z).
Johnson’s proof proceeds by a sequence of ingenious anduttifialculations. Let¥ <
4 (241) be the subgroup generated by separating twists. Recallttbalohnson homomorphism
takes the form
Tsgq - J(Zgl) — A%H.

The free abelian group®H has rank(§). Johnson begins by writing down an explicit 3ebf (3)
elements of# (Z41) such thatr(X) is a basis for\®H. He then does the following.

1. By examining the conjugates &f under a standard generating set for Niogh ), he shows
thatX generates a normal subgroup of M2g1)/.#. The seiX contains a normal generating
set for.7 (%41 identified by Powell ([24]; seg2.2 for the details of Powell’s generating set).
Thus Johnson can conclude tiagenerates? (341)/..

2. Via a brute-force calculation, Johnson next shows thatetements oK commute modulo
Z,s05(Zg1)/ is an abelian group generated @) elements.

3. The Johnson homomorphism induces a surjectidtg1)/.” — A%H. By the previous step,
this map has to be an isomorphism, and the result follows.

Outline of paper. In §2, we review some preliminaries about the mapping clasggytbe Birman
exact sequence, the Torelli group, and the Johnson homdsorp. Next, irg3 we prove a linear-
algebraic lemma that will be used several times. A versiothefBirman exact sequence for the
Johnson kernel is then constructed4n and the proof of Theorem 1.1 is containe@n That proof
depends on the simple connectivity 6§>* and%,>?/.# (£4), which we establish i§6. Finally,

in §7 we prove Theorem 1.2.

Notation and conventions. Throughout this paper, by surfacewe will mean a compact ori-
ented connected surface with boundary. All homology growpkhave Z coefficients unless
otherwise specified. We will identify H>g) and H(%g1) without comment. We will denote
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a b c
Figure 2: a,b. The subsurfac€ & not cleanly embedded in the ambient surface S. c. The gabel®
is cleanly embedded in S, but the mdpd(S) — Mod(S) has a nontrivial kernel (generated by'I'J/'*l)

the algebraic intersection pairing on (Zg) by iag(-,-). If V is a subgroup of HZ4), thenV+
will denote the subgrougx | iag(x,v) =0for allve V}. A symplectic basifor Hi(Zy) is a basis
{al,bl, .. ,ag,bg} for Hl(zg) such thaia|g(ai,bi) =1 andia|g(a,aj) = ia|g(a;,bj) = ia|g(bi,bj) =0
for distinct 1<i,j <g. If cis an oriented 1-submanifold of the surface, thgrwill denote the
homology class ot. We will confuse a curve on a surface with its isotopy clasevefal times
we will have formulas involvingy], wherey is an unoriented simple closed curve. By this we will
mean that the formula holds for an appropriate choice ohtaien.

Acknowledgments. | wish to thank my advisor Benson Farb for introducing me thn¥mn’s
work and offering continual encouragement during this gobj | also would like to thank Tom
Church and Dan Margalit for useful comments. Finally, | wblike to thank Jargen Anderson and
Bob Penner for inviting me to lecture on the Torelli group a&@M and my audience there for
asking many useful questions.

2 Preliminaries and notation

2.1 The mapping class group and the Birman exact sequence

If S is an embedded subsurfacethen there is an induced map M&) — Mod(S) (“extend by
the identity”) whose image is Md& S). This map is often injective; in fact, we have the following
theorem of Paris—Rolfsen.

Theorem 2.1([23]). Let § and $ be surfaces and let;S— S be an embedding. Assume that no
components 0%, \ S; are homeomorphic to discs or annuli. Then the nvigrd(S;) — Mod(S,) is
injective.

If S is an embedded subsurface ®and if some componer@ of S\ S is either a disc or an
annulus withCN S a single loop, then M, S) = Mod(S,S UC). This motivates the following
definition.

Definition. If S is an embedded subsurface®fthenS is cleanly embeddeil no component<
of S\ S are either discs or annuli withN' S a single loop (see Figure 2).

Remark.It is not true that ifS is a cleanly embedded subsurfaceSpthen the map Mo@) —
Mod(S) is injective. See Figure 2.c for an example.

We now turn to the Birman exact sequence. In its original fédoe to Birman [2]), it dealt
with the effect on mapping class groups of punctured susfatéforgetting the punctures”. Later,
Johnson [18] gave the following version for surfaces withrmary. Call a surfacexceptionaif it
is homeomorphic t&y 1 or 2o, forn < 2.
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Figure 3: a. S is embedded in S and is homeomorphic to S with a disc glugd toprovides a splitting
of the Birman exact sequence.  oe mq(S) together with a transverse arc to illustrate effect of Pysh
c. The effect of Pugh) on the surface  d. Pugh) = T;,lT;;l

Theorem 2.2([18, p. 430]) Let S be a nonexceptional surface anddete a boundary component
of S. Denote b the result of gluing a disc t8. There is then a short exact sequence

1— m(US) — Mod(S) — Mod(S) — 1,

where US is the unit tangent bundle & If S is not closed, then this exact sequence splits via

an embedding§<—> S Withﬁé a 3-holed sphere containin@ and sharing exacth2 boundary
components with S (see Figure 3.a).

For later use, we will make the following definition.

Definition. Let S be a nonexceptional surface and febe a boundary component 8f We will
denote byZ?(S ) the kernel of the Birman exact sequence given by Theorem 2.2.

LetS B, andSbe as in Theorem 2.2. The mapping classes in the ke @, ) = (U é)
“push” B around the surface while allowing it to rotate. The loop abthe fiber (with an appropri-
ate orientation) correspondsTg. As for the other elements a?(S 8), it is easiest to understand
them via the projection?(S;8) = m(US) — m(S). Considery € m(S). Assume thay can be
realized by a simple closed curve, which we can assume isthfgoaembedded ifS. Taking the
derivative of such an embedding, we get a well-defined li&Hy) € (U S) = 22(S; B) < Mod(S).

Remark.This is well-defined since any 2 realizationsyods a smoothly embedded simple closed
curve are smoothly isotopic through an isotopy fixing thespamt.

As shown in Figure 3.b—d, for suchyave have Pusty) = T;,ngl for simple closed curveg

andys in Sconstructed as follows. Observe that we can obdiom éby blowing up the basepoint
to a boundary component. Let: S— Sbe the projection. Thep—1(y) consists of3 together with
an oriented arc joining 2 points @. The boundary of a regular neighborhoodf!(y) has 2
components, and the curvés and j» are the components lying to the right and left of the arc,
respectively.

We will need the following lemma about the Birman exact segee

Lemma 2.3. Let S be a nonexceptional cleanly embedded subsurfacamd let3 be a boundary
component ok that is not contained in S. The following then holds holds.

e If the component T df \ S containingB is homeomorphic t&p3 anddT has componenig,
x, and y with xy C S, thenZ(Z; 8) "Mod(Z,S) = (T, T, 1) = Z.

e Otherwise,Z(Z;3) NMod(Z,S) = 1.



Proof. SinceSis cleanly embedded, the results of [23] imply that the kieofithe map ModS) —
Mod(%) is generated by the set

Ky = {Tblszl | Cis a component of \ Swith C 22 5, anddC = by Uby,}.
Similarly, the kernel of the map Md8) — Mod(%) is generated by the set
Ko = {TblTb;1 | Cis a component of \ Swith C = 33, anddC = by Uby}.

Let T be the component &\ Scontaining and letT be the result of gluing a disc to the boundary
componentB of T. If T is not an annulus, theK; = K, so ModZ,S) = Mod(Z,S) and the
result follows. Otherwise, letting andy be the components @fT we have Modz, S)/(TXTy‘1> =

Mod(Z,S), and the result follows. O

2.2 Basic facts about Torelli group

In [25], the author investigated the subgroups of the Togetlup which are supported on subsur-
faces. We begin with the following definition.

Definition. Let 2 be a surface with at most 1 boundary component an&tet > be a cleanly
embedded subsurface. LietMod(S) — Mod(Z) be the induced map. We define

7 (Z,9) =Mod(Z,9) N7 (%),
S(2,9 =i"HI(2)).

Remark.The group.# (£,S) < Mod(S) is notthe kernel of the action of Md®) on Hy(S).

Remark. Our primary interest is in#(Z,S); however, we need to usﬁ(Z, S) so that the exact
sequence in Theorem 2.8 below will split in all cases.

The groupsj(z, S) depend strongly on the embeddi8g— %, not merely on the homeomor-
phism type ofS. Associated to every embeddifg— X is a partitionP of the boundary components
of S, namely

P={0T | T acomponent oE \ S} U {dSN 93 }.

We will call P the partition associated with the embedding-$Z. For instance, iBandZ are as in
Figure 4.a, then the partition associated v@th- X is {{b1 }, {b2,bs},{bs},{bs,bs,b7}}. We have
the following theorem.

Theorem 2.4([25, Theorem 1.1]) LetZ; and2, be 2 surfaces with at mogtboundary component.

Let S— X; and S— X, be clean embeddings. Thefﬁ(zl, S) = 7 (%,,S) if and only if the partitions
of 0S associated to S» Z; and S— 2, are the same.

We now introduce several important elements of the Toredlug.
Definition. Let X be a surface with at most 1 boundary component.

e Letybe a simple closed curve that separatéfor instance, the curve, in Figure 4.b). Then
it is not hard to see thak, € .# (Z). These are known aeparating twists



b c
Figure 4: a. The partition associated with<S g 1 is {{b1}, {b2, b3}, {ba}, {bs,be,b7}}  b. A separating
twist Ty, and a bounding pair mapX;lTXgl c. A simply intersecting pair may,, Tx]

e Let{y, .} be a pair of non-isotopic disjoint homologous curvesdffior instance, the pair
of curves{xz,xs} from Figure 4.b). ThefT,, andT,, map to the same element of GfZ), so
Tley;l € #(Z). These are known dounding pair mapand the paif y1, y»} is known as a
bounding pair

e Let{y1, ).} be a pair of curves ol with iag([y1], [y2]) = 0 andi(y1, y») = 2 (for instance, the
pair of curves{xs,xs} from Figure 4.c). Then the images@f andT,, in Sp,y(Z) commute,
S0 [Ty, Ty € #(X). These are known asmply intersecting pair mapand the paif yi, >}
is known as aimply intersecting pair

e Let She a cleanly embedded subsurfac&ofan element of either? (£, S) or .# (=, ) will
be called a bounding pair map, etc. if its image4iiX) is a bounding pair map, etc.

Following up on work of Birman [3], it was proven by Powell [P#hat .7 (%) is generated by
separating twists and bounding pair maps. Johnson [14] pateved that forg > 3 no separating
twists are needed.

Theorem 2.5([14]). LetZ be a surface with at modtboundary component. Assume that the genus
of X is at least3. Then.# (Zy) is generated by the set of bounding pair map‘Ej‘F such that xuy
cuts off a subsurface homeomorphicig,.
Remark.All the TXTy*1 in Theorem 2.5 are conjugate in M@g).

In [25], the author gave a new proof of Powell’s theorem artémocked it to the relative case.
Theorem 2.6([25, Theorem 1.3]) Let Z be a surface with at modtboundary component and let

S— Z4 be a cleanly embedded subsurface. Assume that the genus aft &astl. Then both
J(Z,9) and .#(%,S) are generated by separating twists and bounding pair maps.

2.3 The Birman exact sequence for the Torelli group

The first version of the Birman exact sequence for the Tagetlup is due to Johnson.

Theorem 2.7([18]). Fix g > 2. The Birman exact sequence fdod(Zq 1) restricts to a short exact
sequence
1—mUZy) — F(Zg1) — I (Zg) — 1.

In [25], the author proved a version of the Birman exact segedor subsurface Torelli groups.
Let 2 be a surface with at most 1 boundary componen$iet Z be a cleanly embedded nonexcep-
tional subsurface, and Igtbe a boundary component 8f The kernel of the Birman exact sequence
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for the subsurface Torelli group will be as follows. We will/g a more explicit description of it
below in Theorems 2.9 and 2.10. Recall tHa(S, ) is the kernel of the Birman exact sequence
for the mapping class group.

Definition. Define?,(2,SB) = 2(SB)N.7(5,9).
The cokernel is a bit more subtle. We will need the followirgdixition.
Definition. We will call the component ok \ Scontaining the complementary componetat 3.

Let P be the partition of the boundary componentsSafduced byS— . DefineSto be the
result of gluing a disc t@ in S. There is an induced partitiddof the boundary components &fIn
[25], the author showed that the cokernel should be the ITgrelup on a surface with the induced
partition P, which motivates the following definition.

Definition. Call an embedding — ¥ a splitting surfacefor B in Sif it satisfies the following two
conditions.

e SC Sand?éis a 3-holed sphere containiffjand sharing exactly 2 boundary components
with S,

e If B does not separat8 then the complementary componentﬁdntersectsS\é in two
components (see Figure 5.a).

Remark.Observe that it:S — 2 is a splitting surface fof in S, then the induced partition of the
boundary components &is P.

With these definitions, we have the following theorem.

Theorem 2.8(Birman exact sequence for Torelli, [25, Theorem 1.2J¢t  be a surface with at
mostl boundary component and letS Z be a cleanly embedded nonexceptional subsurface which
has at leas® boundary components. LBtbe a boundary component of S ae- < be a splitting
surface forB in S. We then have a split short exact sequence

1— 2,(2,SB) — F(£,9 — F(,9 — 1

We now give a more explicit description of the kern#, (X, S, 3). There are two cases, de-
pending on whethgB separate& or not. The easiest case to describe is the cas@tisateparating.

Theorem 2.9([25, Theorem 1.2]) Let Z be a surface with at modtboundary component and let
S< Z be a cleanly embedded nonexceptional subsurface Sle a boundary component of S
such thatB separate<. LetS beAthe result of gluing a disc to the boundary compoferftS. Then
Z4(2,SB)=2(SB)=mUS).

We now deal with the case thftis nonseparating, in which cas# ,(Z,S ) is almost (but

A A

not quite) isomorphic tora (S), T (S)]. We make the following definition.

Definition. LetS; be a subsurface &. Define[ra(S1), m(S1)]s, to be the kernel of the composi-
tion 7T1(S;|_) — 7T1(Sz) — Hl(SZ)
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Figure 5: a. Let S= 7,3 be the subsurface bounded by the bold curves an8 tet - be the |nd|cated
subsurface of S. Théhis a splitting surface foB inS.  b.ye m(S) separateg.  c. Pustiy) = T Ty,
Sincef does not separatk, exactlyl of Ty, and T, is a separating twist. d,e. The other conflguratmn

Remark.If S is a subsurface d& andK is the kernel of the map HS;) — H1(S), then we have
a short exact sequence

1—[m(S), m(S)] — [m(S), m(S))s —K-— 1L 1)

Definition. Let & be the complementary componentfio We will call S = X\ & the expanded
subsurfaceof Scontaining. Observe thaGC S..

We then have the following theorem.

Theorem 2.10([25, Theorem 1.2]) LetZ be a surface with at modtboundary component and let
S— Z be a cleanly embedded nonexceptional subsurface3 beta boundary component of S that
does not separatg and let S be the expanded subsurface of S contalrmqgi)eflnes and$ to

be the result of gluing discs to the boundary compongnt$ S and § respectively. We then have

Z5(2.5B) = [m(S), m (g

Let the notation be as in Theorem 2.10. The surfabas boundary, se”(S ) = m(U SE
16 (S) © Z (though this splitting is not natural), bu? » (Z,S B) = [m(S), T (S)|g, < (S B) does
not lie in the first factor. Rather, there is a homomorphigm [ (S), T (S)]g — Z such that
2 4(Z,S B) is the graph ofy, i.e. the set of all pairgx, ¢(x)) € T (US) for x € [18(S), 6 (9] -

The homomorphismy depends on the (unnatural) splittimg(U S) = m(S) © Z. We will not
need to know an explicit splitting; rather, we will onIy netdknow 2 examples of how elements
of [nl(S) (S)] lie in .7 (%,9). Forye [m(9), "1(3)]se- denote byfy] the associated element
of ﬂA(Z,S); Also, for x,y € 1($), denote by[x,y] € .# (Z,S) the element associated pay] e
[m0(S), m(S)]g,- The proofs of the following descriptions can be found in,[23.2.1].

e Considery [nl(é), 7Tl(§)]§e that can be realized by a simple closed curve (see Figure 5.b)
Let Pushly) = T;,lT)gl. As shown in figure 5.c, exactly 1 df, or Ty, is a separating twist (the
point is thatp is anonseparatingcurve inZ). For concreteness we will assume tfigtis a
separating twist, 83T, * is a bounding pair map. Thefiy] = Ty, (TsT, ).

e Considerx,y € nl(é) that can be realized by simple closed curves that only iatérst the
basepoint. Assume that a regular neighborhooxlLof is homeomorphic t&g 3 (see Figure
5.d). LetX'andy be as shown in Figure 5.e. Then for somee, = +1 we have[x,y] =
[Tie17T)7e2]'

Finally, we will need the following result.
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Lemma 2.11. Let § be an embedded subsurface ef 8ssume that the genus of IS at leastl
and that $ contains a basepoint imt(S;). Then[ra(S;), m(S1)]s, is generated by the set of all
y € Ti(Sy) that can be realized by simple closed curves which separaiiet&2 components, one
of which is homeomorphic to either of the following.

e A torus withl boundary component.

e A genudD surface whose boundary consistsyof (0T NS;), where T is a connected compo-
nent of$\ S;.

This is an immediate consequence of the following lemma efatthor together with exact
sequence (1).

Lemma 2.12([25, Theorem A.1]) Let X be a surface whose genus is at lehsPick x € Int(X).
Then[m (X, *), (X, )] is generated by elements that can be realized by simpleccls®es that
separate X int@ components] of which is homeomorphic ®, ;.

2.4 The Johnson homomorphism

Fix someg > 2 and letH = H1(Z4). TheJohnson homomorphismgere constructed by Johnson in
[15]. They can be defined in numerous ways (see [17] for amiptete list), but we will not actually
need the details of any construction. For surfaces with danyn the Johnson homomorphisms are
surjective homomorphisms

'l'zg$1 . J(Zgl) — /\3H.

For closed surfaces, one has to modify the range a bit.céhenical element of A%H is the ele-
mentay Aby +---+agA by, where{a, by, ..., a4,by} is @ symplectic basis fdf. It is independent
of the choice of symplectic basis. Using the canonical elgnwe obtain thestandard embedding
H — A3H, namelyh — hA w. We will frequently confuseH with its image inA3H under this
embedding. The Johnson homomorphisms on closed surfazésesr surjective homomorphisms

Ts, t I (Zg) — (APH)/H.

The Johnson homomorphisms vanish on separating twists.

We now briefly discuss 2 naturality properties of the Johrismmomorphisms. The first is that
they interact well with the Birman exact sequence. Nametyhave the following result, which is
distilled from [15].

Lemma 2.13. Fix g > 2 and set H=H1(Zg). We then have a commutative diagram of short exact

sequences
1 —— mUZ) —— S(Zg1) —— S(I) —— 1

N

0—— H — AH —— (AH))H —— 0

where the mapr (U>4) — H is the natural projection.

For the second, I andS, be 2 surfaces with at most 1 boundary component an let S,
be an embedding. Denote by andV, the targets of the Johnson homomorphismss(s; ) and

11



a
Figure 6: a. Subsurfaces needed to caIcuIag(aTXTyfl). The whole subsurface pictureddé. b. Curves
needed to calculates ([T, Tw])

J(S). There are then induced mag&(S;) — 7 (&) andVy; — Vs, which fit into a commutative
diagram
(&) —— J(S)

I g

Vi — W

We will use the commutativity of this diagram several timethaut comment.

Next, we will need some formulas for the Johnson homomonpisLetX be a surface with
at most 1 boundary component and {ety} be a bounding pair o such that bottx andy are
nonseparating curves. LEt be a subsurface & satisfying the following 2 properties (see Figure
6.a).

e X' has exactly 1 boundary component and is disjoint fsany.
e There is a subsurfad® of = such thaC = ¥y 3 anddC = 9%’ UxUy.
Denote byws' the canonical element @f?H(Z'). It was proven in [15] that
(T, ) = X A ws;

herex is oriented such that lies to the left ofx. A useful equivalent formula is as follows. LEY
be a subsurface & satisfying the following 2 properties (see Figure 6.a).

e X" has exactly 1 boundary component and containy.
e There is a subsurfad® of X" such thaC’ = Xy 3 anddC = 9%" UxUy.
Let ws» be the canonical element of Hy(2”). We then have
(T, ) = XA ws;

herex is oriented such that’ lies to the right ofx.

Remark.This is implicitly contained in Lemma 2.13 above. The keynpds that when considered
as an element af# ("), the mapping cIas&TxTy*l is in the kernel of the Birman exact sequence
obtained by gluing a disc @%".

Now let {z,w} be a simply intersecting pair ah Observe that a closed regular neighborhood
N of zUw satisfiesN == > 4 (see Figure 6.b). LeIN = b; U---Ubs. We then have that

U5 ([Tz, Tw]) = £[ba] A [b2] A [bg],

12



where arbitrary orientations are chosen on tthe This can be proven directly, using the recipe
given in [15]. It can also be deduced from Lemma 4.7 below enghme way that the calculation
for bounding pair maps can be deduced from Lemma 2.13 aboeewiiMeave the details of this
calculation to the reader.

Remark.The above formula might seem strange, sibgplayed no role. However, by construction
[bg] = £[bg] & [bo] £ [bs], so[b1] A [b] A [bs] = £[b1] A [b2] A [ba].
We conclude by defining the Johnson homomorphism on sulesufiarelli groups.

Definition. Let 2 be a surface with at most 1 boundary component an&tet > be a cleanly
embedded subsurface. L\étbe the target ofs. Definetss: .#(%,S) — V to be the restriction of
Ts to .7 (Z,9) and definefs s: .7 (2,S) — V to be the composition of the natural maf(=, S) —
f(z, S) with s s

3 Abit of linear algebra

In this section, we prove the following linear-algebraictfabout(A3H) /H.
Lemma 3.1. For some g> 1, set H=H1(Z4) and leti: H — A3H be the standard embedding.
1. If xis a primitive vector in H, thegA3(x)1) Ni(H) = (i(x)) = Z.

2. If x and y are2 primitive vectors in H with0 < iag(x,y) < 1 that span a2-dimensional
summand, thetn3(x,y)+)Ni(H) = 0.

Proof. The proofs of the 2 conclusions are similar; we will give theads for the first conclusion
and leave the second to the reader. Choose a symplectic{badis, ..., ag,by} for H with a; = x.
Letting w =a; Aby +--- +ag /A by, we havei(h) = hA w for h € H. Observe that we have a direct
sum decomposition

AH = (A2 (aq) ) @ (A3(aa) ), 3)

where the inclusion of the first factor is induced by the maga; )+ — A3H that takesd € A%(ay)*
to 8 Aby.

Considerh € H. Write h = cay +db; + I with ¢,d € Z andh' € (a,by,...,aq,by). Letting
@=axAby+---+agAby, an easy calculation shows that the expression(forin terms of the
decomposition (3) is

(dw+h' Aay,(ca +h)AD).

The first coordinate of this equals 0 if and onlydi= 0 andh’ = 0, and the lemma follows. [

The following special case of Lemma 3.1 will be used sevéras.

Lemma3.2. Fixg < g, and let H=H1(Z4) and H = H1(%y). Choosing any symplectic embedding
of H' into H, the natural map\3H’ — (A3H)/H is injective.

13



4 The Johnson homomorphism and the Birman exact sequence

The goal of this section is to investigate the effect of thendmn homomorphism on the terms of
the Birman exact sequence for the Torelli groups. To that eednake the following definition.

Definition. Let Z be a surface with at most 1 boundary component.S<et 2 be a cleanly embed-
ded subsurface and IBtbe a boundary component 8f We define

H(Z,9) =ker(1s5) < 7(Z,9),
A (2,9 =ker(fss) < .7 (2,9),
Py (2,SB)=P4(Z,SB)NH(Z,9).

The following 3 propositions will be our main results.

Proposition 4.1(Birman exact sequence for Johnson kernebtX be a closed surface. LetS %
be a cleanly embedded nonexceptional subsurface with stt2dzoundary components and |8t
be a boundary component of S. Léb8 a splitting surface foff in S. We then have a split short
exact sequence

1— 24 (2,SB)— H (2,9 — H(2,8) — 1.

Proposition 4.2 (Kernel of exact sequence generated by separating twistset)z be a surface
with at mostl boundary component. Let S be a cleanly embedded nonextapsicbsurface ok
and let3 be a boundary component of S such tBas a separating curve iz. Assume that the
genus of S is at leadtand thatf3 C 9% if 0 # 0. ThenZ (%, S, ) is contained in the subgroup
of & (Z,S) generated by separating twists.

Proposition 4.3 (Kernel of exact sequence generated by separating twjst&dt >~ be a closed
surface. Let S be a cleanly embedded nonexceptional sabsuofX and let8 be a boundary
component of S such thBtis a nonseparating curve iB. Assume that the genus of S is at least
2. Then the image of? , (2,S B) < .7 (Z,9) in 2 (Z,9) is contained in the subgroup of (Z,S)
generated by separating twists.

Proposition 4.1 is proven ig4.3, Proposition 4.2 i§4.1, and Proposition 4.3 igd.2.

Remark. Propositions 4.1 and 4.3 are also true wiehas a boundary component. Additionally,
Proposition 4.2 is true whet> # 0 but3 N dz = 0. However, the above results are all we need and
their proofs are slightly easier.

4.1 Capping off a separating curve

In this section,Z is a fixed surface with at most 1 boundary component. Our go#&b iprove
Proposition 4.2. This is proceeded by 2 results concermagffect offs son & (X, S, 3).

Lemma 4.4. Let 8 be a non-nullhomotopic separating simple closed curveand letZ’ be a
component ok \ B whose genus is at leagt Assume thakE’ has1 boundary component. Define
5 to beX with a disc glued tgB3, s0 2, (2,%;8) = m(UY'). LetV be the target ofs 5. The
composition

TZ,Z’

mUS) = 2,(3,5B) — J(5,5) 5V (4)

14



9 Ho b B

Figure 7: a. y € rrl ) cuts offX11  b. Pusmy Ty L' coye rrl ) cuts offthe boundary of T, a
componentof’\S  d. Pusty) = Tt

then factors as A A A A
mUY) — m(Y) — Hy (&) — AZHy () —V,

where the ma; (2) — A?Hy(X) is the standard embedding and the myafH, (') — V is in-
duced by the evident injectidty (') — H1(Z).

Proof. An immediate consequence of Lemma 2.13 together with theragative diagram (2). O

Corollary 4.5. Let S be a cleanly embedded nonexceptional subsurfage @lso, letf be a
boundary component of S such tifats a separating curve ix and such thap3 C 0% if 9% # 0.
DefineS to be S with a disc glued f Finally, let S be the expanded subsurface of S contairfing
and IetSe be & with a disc glued t@8. Then? (£, ) < Z+(Z,SB) = m(U §) is the pullback
to (U S) of the subgrougrs (S), 711(8)]5e <m(S).

Proof. LetV be the target offy s. By Lemma 4.4, the group” (Z,S B) is the kernel of the
composition A A A A A
m(US) — m(S) — Hi(S) — Hi(S) — A2H(S) — V.

The map H( ) — AZH1(S) is injective. By Lemma 3.2, the map?H1(S&) — V is injective.
Finally, [rm(S), m (S)]Se is the kernel of the map;(S) — Hi(&). The result follows. O

Proof of Proposition 4.2 Let Sbe Swith a disc glued tg8. Also, letS be the expanded subsurface
of Z containingp and let& be S with a disc glued tg3. By Corollary 4.5, the group” » (Z,S ) <
2(SB) = m(US) is the pullback tag (US) of the subgroupr (S), 7 (S)]g, < m(S). By Lemma
2.11, this pullback is generated by the following 3 typeslefreents.

e The loop around the fiber id S With an appropriate choice of orientation, this correstson
to Tg, a separating twist.

e Pushy), wherey € nl(é) can be realized by a simple closed separating curve thabéfuts
subsurface homeomorphic K ; (see Figure 7.a). As depicted in Figure 7.b, the mapping
class Pusty) equaIsTXTy‘l, whereT, andTy are separating twists.

e Pushy), wherey € nl(é) can be realized by a simple closed separating curve thabtfuas
genus 0 subsurface whose boundary consisig (fd T N'S) for some connected component

T of &\ S(see Figure 7.c). As depicted in Figure 7.d, the mappingsdRassily) equals
TcT, %, whereT, andTy are separating twists.

The result follows. O
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4.2 Capping off a nonseparating curve
4.2.1 A bit of surface topology

Before proving Proposition 4.3, we will need a group-théoreesult. LetSbe a cleanly embedded
subsurface of a surfac®. For simplicity, assume th& is not closed and thatS c S(this is all
that is needed later on).

Recall thatira (S), T (9)]g is the kernel of the induced map(S) — H1(S). There is a natural
map[ra(S), m(S)] — A?H1(S) that takesx, y] to [x] A[y]. It has kerne[ms (S), [m(S), m(S)]] and
plays an important role in the definition of the Johnson homighism (see [15] for more details).
There is thus an induced mam (S), m(S)]g — A%H1(S), and the following lemma identifies its
kernel.

Lemma 4.6. The kernel of the mag : [1a(S), m(S)]g — A?H1(S) is [a(9), [m(S), m(9)]s].

Proof. As notation, seHs = H1(S) andHg = H;(S). Also, letK andQ be the kernel and image of
the mapHs — Hg.
It is clear thafmm (S), [a(S), T (9)]s] < ker(y). Setting

M=[m(S),m(Ss/[m(9),[m(S), m(S)ls],

there is an induced homomorphigp: I — A%Hg. Our goal is to show thap is an injection.
Let Ty,..., Tk be the components &\ S. Observe thaK = ZX with generatorgdT] for 1 <
i <k (see Figure 8.a; here we are using the fact #&tc S). In particular, we have a short exact
seguence
1— [m(9), ()] — [m(S), (s — 2 — 1.

We have an isomorphisim (S), 7. (S)]/[1a(S), [1a.(S), 78.(S)]] =2 A?Hs. Moreover, the kernel of the
mapA2Hs — A?Hg is the subgroupsA K. The upshot is that we have an isomorphism

[1(9), 78(9)]/[78.(S), [78(S), Ta(S)]s] = (A*Hs)/(Hs AK) = A°Q.

As a consequence of this, the m@dits into a commutative diagram

0 A2Q r —— ZX — 0
|- # |
0 A2Q AHg —— (A%Hg)/(A’Q) —— O

To prove the lemma, it is enough to show that the &g~ (A%Hg)/(A%Q) is injective.

For 1<i <Kk, lety be a simple closed curve @separatesSinto 2 components, 1 of which is
a genus zero surface with boundary dT;. Choose thes such thaty Ny, = 0 if i # | (see Figure
8.a). Eachy is a separating curve d® which dividesS into 2 components, one of which contains
Ti and the other of which contains tfig for j #i. For 1<i <k, let T/ be the component
cut alongy that containsT;. Observe that eacly is a surface with 1 boundary component and that

there is an injection
k

PHLT) — Hs;
im1
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Figure 8: a. The diagram for the proof of Lemma 4.6 B\ ¥’ is connected c.y = [c1,C;] d.

V] = T(TpTy )

- - -

we will identify this sum with its image. For&X i <Kk, letw € A?Hg be the canonical element of
AZH4(T/). Tracing through the definitions, it is easy to see thait the image im?Hg of a ift of
the appropriate generator @k to I'. Our goal is thus to show that thig are linearly independent
moduli A%Q.

We can choose a bad#sfor Hg with the following properties.

e For 1<i <Kk, there is some subset Bfforming a symplectic basis for H{T;).
e There is a subset @ that forms a basis fa@.

Choose a total ordering onB, soA?Hg has the basiB, = {xAy | X,y € B, x < y}. A subset 0B,
forms a basis for\zQ. Moreover, for each X i <k, there exists some < B, with the following
properties.

¢ In the expansion ofy in the basiB,, the coordinate of; is honzero.
oV ¢ N2Q.
o Vi #vjfori#j.

It follows that thew are linearly independent modutdQ, and we are done. O

4.2.2 The proof of Proposition 4.3

In this section, we will assume thats a closed surface. We will prove Proposition 4.3 after prgv
the following 2 results.

Lemma4.7. LetY — X be a cleanly embedded nonexceptional subsurface aiddeta boundary
component of’. Assume thap does not separat& and thatX\ ¥’ is connected (see Figure
8.b). Let>’ be the result of gluing a disc to the boundary compor@wf ¥/, so 2, (5,5 B) =
[18(27), Tm(2/)]. Setting H= H1(Z), the composition

P4(5,5B) = [m(57), m(5)] =2 (AH)/H

factors as A A A
[7m(2), m(2)] — AH1(2') — (A°H)/H.

Here the mayrs (3'), 76 (2')] — A2Hy(3) is the standard map and the maBHy(2) — (A%H)/H
takesd € A2H1(2/) to the image 0B A [B] in (A3H)/H, where@ e AZH;(Z') is any lift of 6.
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Remark.This last map is well defined; indeedxify € Hl(i’), then we can lifix andy to elements
X,§ € H1(Z') which are well-defined up to the addition of multiples[ff, and thus the element
XAYA [B] is independent of all of our choices.

Proof of Lemma 4.7It is enough to check this on a generating set{faf>’), 7m(2')]. By Lemma
2.12, the groudm (3/), m(2')] is generated by the set of gle (') that can be realized by
simple closed separating curves which cut off a subsurfacgelbmorphic t&; ; (see Figure 8.c).
Consider such &. Inverting y if necessary, we can assume that the subsurface homeomeophi
211 lies to the right ofy. Write y as[ci,c;], wherec, andc; are as in 8.c. From Figure 8.d, we
see thafcy, co] = Tu(TgT, 1), whereT, is a separating twist anfs T, * is a bounding pair map. We
then have
Ts z([c1, c2]) = [ea] A [c2] A [B);

here the orientation @8 is chosen such tha lies to the right of3. The lemma follows. O

Corollary 4.8. Let S be a cleanly embedded subsurfacE. &lso, let3 be a boundary component
of S such thaf is a nonseparating curve iB, let S be the complementary componentBoin S,
and let $ be the expanded subsurface of S contairBndg.etS andS, be the results of gluing discs
to the boundary componeftof S and § respectively. Then the following hold.

~ A A ~

e If S is not an annulus, thet? , (2,5 B) < [m(9), ()5, equals[ra(S), [1a(S), T (9)]g |-

~

e If S is an annulus with boundary componeptand 8’, then2? - (2,S, B) < [m(9), T4 (9)]g,
equals the group generated b (S), [15(S), 76(S))g ] and 8, wheres € m(S) is any ele-
ment that can be realized by a simple closed curve that isyflemmotopic to the boundary

component o6 corresponding t@’ C S (see Figure 9.e).

A~

Proof. SetHs = H1(Z) andHg, = H1(&) andHs, = H1(&). Using Lemma 4.7, we can factor the
composition

A A

P 4(%,SB) 2 [1m(9),1m(9]g — (.9 — F(L,9) — J(I) — (A%Hg)/Hs

as
(9, m(S)]g — [Mm(S), m(S)] — A?Hg —— A%Hg, — (A%Hs) /Hs.

By Lemma 4.6, the kernel of the mdm(S), mm(S)lg — A°Hg is [16(9), [m(S), m(9)]g ). If &

is not an annulus, then we can find 2 linearly independentifivenvectors inHs with algebraic
intersection number O that are orthogonaHig (one of them can bg3]). Thus by Lemma 3.1 we
can conclude that the mapHg, — (A3Hs)/Hs is injective, and the corollary follows. Otherwise,
we haveHs, = [8]*, and Lemma 3.1 implies that the mapgHs, — (A%Hs)/Hs has kernelZ gen-
erated by{B] A w; herew € A?Hs is the canonical element. This lifts to the simple closed/edr
described in the conclusion of the corollary, and we are done O

Proof of Proposition 4.3.0ur notation is as in Corollary 4.8. We investigate the gatieg set for

~ A A~

2 #(Z,S B) given by that Corollary. First considém (S),[m(S), m(S)]g]. By Lemma 2.11, the

~ ~ A

group[a(S), Ta(S)]4 is generated by the s¥tconsisting ofy € m (S) that can be realized by simple
closed separating curves that cut off either of the follaywin

e Atorus with 1 boundary component.
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Figure 9 a. xandy W|th y contained in thbholed torus b [[x y] = [T, Ty] with TX a separating twist
c. x and y with y no contained in theholed torus  d.[x,y] = [Ty Ty] with Tz not a separating twist
e,f. The curve has[[8] = Tz(Tp T, ")

e A genus 0 surface whose boundary consistglofdT NS;), whereT is a connected compo-
nent of§\ S

Forx e X, define

Yx={y e m( ) | y can be realized by a simple closed nonseparating curve
that only intersects at the basepoint

Observe thaYy generatess (S) for all x € X, so the seZ = {[y,X | xe X, y € Yx} normally gen-
erates 78 (9), [m(S), 7(S)]g |- Moreover,Z is closed under conjugation (here we are using the fact
that inner automorphisms ofl(é) can be realized by mapping classes fixing the basepoint). We
conclude thaZ in fact generate§m (S), [16(S5), 71(S)]g |-

Considerly,x| € Z. The mapping class associatedy| is [y,x]. We must expresfy,x] as a
product of separating twists. We will do the case the&n be realized by a simple closed curve that
cuts off a 1-holed torus; the other case is similar. Theraases.

e The curvey lies inside the 1-holed torus (see Figure 9.a). In this asehown in Figure 9.b
we havely,x] = [T;*, T¢?] for curvesx“andy as depicted there and some sigage, = +1
(the signs depend on the orientationx@indy). Observe thaly is a separating twist, so we
have

Iy x] =Ty AT eZTelTe2 =T 2 (s )T ,

a product of separating twists.

e The curvey lies outside the 1-holed torus (see Figure 9.c). In this,caseshown in Figure
9.d we havdy,x] = [Tyel,TXez] for curvesxX'andyas depicted there and some signe, = +1
(the signs depend on the orientationsxatndy). The mapping clas3g is not a separating
twist, so the previous trick does not apply. Howeverglée the separating curve depicted in
Figure 9.d and IeB be the result of removing the 1 holed torus fr&hy cutting alonge. We
then havely,x] € 22 (Z,S;¢), so we can apply Proposition 4.2 to wrifg x] as a product
of separating twists.

This completes the proof unless the complementary compaoa@nin Sis an annulus, say with
boundary componeni® andf’. In this case, we also need the cudvelepicted in Figure 8.d. As
shown in Figure 8.d, the corresponding mapping clégsc %7(2 S equaIsTg(TBTil) whereTs
is a separating twist. However, when mapped4dz, S) the bounding pair maiﬁp 1 goesto 1,
and we are done. O
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Figure 10: a. The subsurface.®f Z with the boundary componefit(which separate&) together with the
subsurfaces T and.&@mbedded init  b. An example of a splitting surfac®Ba nonseparating boundary
component  c¢. We can expand®&a splitting surfaceS for 8 in S=3\ A

4.3 The exact sequence

In this section, we prove Proposition 4.1. For the proof, viemveed the following lemma.

Lemma 4.9. Let

1—K—I—G—1

be a split exact sequence of groups, let Q be another groupledrf : ' — Q be a homomorphism.
Regarding G as a subgroup bfvia the splitting, assume tha{KK) N f(G) = 1. Then there is short
exact sequence

1— ker(f|x) — ker(f) — ker(f|g) — 1.

The proof of Lemma 4.9 is trivial and left to the reader.

Proof of Proposition 4.1.We begin by recalling the setup of the proposition. BEebe a closed
surface and leE— X be a cleanly embedded nonexceptional subsurface with st 2daoundary
components. LefB be a boundary component &and letS — Sbe a splitting surface fof.
Theorem 2.8 gives a split exact sequence

1— 2,(2SB)— F(£9 — F(28) —1 (5)
We must prove that this restricts to a split exact sequence
1— Z4(2,8B) — A (29 — A (£S) — 1, (6)

where the terms are the kernels of the restriction& @fto the terms in (5). ~
We will verify the hypothesis of Lemma 4.9 for the restrictiof 75 sto .# (X, S). This hypoth-
esis asserts that

T s(24(2,SB))NTss(#(2,9)) =0. (7)
There are 2 cases. S¢f = Hq(%).
Case 1.The curve separates.

SetT =S\ S, soT = 3y3. Let B’ =9dT NS, let S be the expanded subsurfaceSdontaining
B, and letS, be the expanded subsurfacetontaining’ (see Figure 10.a). Observe that

55(24(SB) < 5a(2+(2.%B)) and Trs(S(Z,9)) < Trg(f(Z.F)).
Thus to prove (7), it is enough to prove that

58(24(2,%B8)NTg(S(2,9)) =0. (8)
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SetHs, = H1(&) andHg = H1(S,). Since the genus &\ S is positive, Lemma 3.2 implies
that the natural map3Hs, — (A3Hs)/Hs is injective. Both terms of (8) lie in the image of this
injective map. It suffices, therefore, to check that

5(25(2,%B) N1 (%)) =0. 9)

By Lemma 4.4, the images,(Z2.+(Z,S:; B)) is exactly the image of the standard embeddirg—
A3Hg,. Also, it is clear thatrs, (.7 (S, %) is the image ofA®Hg in A®Hg,. Thus (9) is asserting
thatHg, N A%Hg, < ASHg, is 0. SinceS:\ § has positive genus, Lemma 3.2 implies that the map
A*Hg — (A%Hs,)/Hs is injective, and the result follows.

Case 2.The curveB does not separatk.

LetAbe a closed annulus embeddednSsuch that 1 component dAis 3. DefineS=%\ A
We can find a splitting surfacg for 8 in Ssuch thatS c S (see Figures 10.b—c). Observe that

frs(25(2.SB) < T 5(2#(2.5B)) and Trs(F(L.9)) < T 5( S (L.9)).
Thus to prove (7), it is enough to prove that
t:5(25(2,8B)NTg(S(2,9)) =0. (10)
SetHg = H1(S). We have([8])* = ([B]) ® Hg. Associated to this is the decomposition
A([B))* = (A*Hg) ® (A*Hg),

whereA?Hg is embedded im3([])* via the mapd — 6 A [B]. Let @: A3([B])" — (A3Hs)/Hs
be the obvious map. It is clear th@ 5(.7(Z,S)) = ®(A3Hg), and by Lemma 4.7, we have
Tz’é(@,](z,é;ﬁ)) = @(A\?Hg). We conclude that to prove (10), it is enough to prove

@(A*Hg) N @(A*Hg) = 0. (11)

By Lemma 3.1, the kernel @ is isomorphic tdZ and is entirely contained in contained in the factor
(/\2H§) (it is spanned by the canonical element). The condition id &) immediate consequence,
and the proposition follows. O

5 The proof of Theorem 1.1

We now turn to the proof of Theorem 1.1. A key tool will be thdldwing theorem, which is
a formulation due to the author of a theorem of Armstrong [A]group G acts on a simplicial
complexX without rotationsf for all simplices g of X, the stabilizeiG, fixes o pointwise.

Theorem 5.1([25, Theorem 2.1]) Consider a group G acting without rotations on a simply con-
nected simplicial complex X. The group G is generated bydhe s

U G

vexX©

if and only if X/G is simply connected.
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We will apply this to the action of#"(Zg) on the simplicial comple:ﬁfé'32 defined in the intro-

duction. To do this, we will need the following proposition.
Proposition 5.2. For g > 3, the complexes > and %4>?/.% (4) are simply connected.

The proof of Proposition 5.2 is contained §6. We will also need the following theorem of
Farb-Leininger-Margalit.

Theorem 5.3([8, Proposition 3.2]) Let y be the isotopy class of a nontrivial simple closed curve
onXgand let fe JZ(Zg). Assume that (fy) # y. Then{y, f(y)) > 4.

Proof of Theorem 1.1Let X be a surface with at most 1 boundary component an& fet ~ be
an embedded subsurface whose genus is at least 2. Our goglrisve that’z (X,S) < (%) is
generated by separating twists. Without loss of generaligycan assume thsis cleanly embedded
in Z. The proof will be by induction on the genus and number of lgauy components d&.

Our induction will be carried out in several steps. An owtlof the argument is as follows. The
base case (whel®= > =) is in Step 1. In Steps 2—4, we show how to go from(%y) being
generated by separating twists 46 (2,S) being generated by separating twists Wi Zgp.
Finally, in Step 5 we show that i7" (X4, 1,S) is generated by separating twists whenever 2 ,,
then.#7 (X4, 1) is generated by separating twists.

Step 1. The group#? (Z7) is generated by separating twists.

In fact, 2, contains no bounding pair maps, $6(Z,) is generated by separating twists. This
implies thatrs, = 0, and the result follows.

Step 2. Assume thak hasl boundary componerg. Defines to be the result of gluing a disc {o.

If B C 'S, then le§ be S with a disc glued f8; otherwise letS= S. Regard as a cleanly embedded
subsurface ok in the obvious way. Assume th%f(i,é) is generated by separating twists. Then
A (Z,9) is generated by separating twists.

Remark.In particular, this implies that ifZ"(Zy) is generated by separating twists, thef(>y1)

is generated by separating twists.

SetH = Hy(Z) and letp : 75 (U%) — H be the projection. By Lemma 2.13, we have a commu-
tative diagram of short exact sequences

1 —— mUSNIES — F(S — S35 —— 1

lp lfz,s lris
0 —— H —— AH —— (A°H)/H —— 0
Considerf € % (Z,S). By assumption, 7 (%,5) = ker(ts ) is generated by separating twists, and

each of these lifts to a separating twist.iff (X,S). Using this, we can assume without loss of
generality thatf € T (UX) N .#(Z,S). There are 2 cases.

o If B CSthenke(p|, s zg) istheimage of” » (2,§B) < A (2,9 in #(2,9), and
we can apply Proposition 4.2 to conclude thHatan be written as a product of separating
twists.
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e If BNS=0, then using Lemma 2.3 eithex(U%) NMod(Z,S) = 1, in which case the desired
result is trivial, or the componef of >\ ScontainingB is homeomorphic t&o 3 and

mUZ)NS (2,9 = mUS)NMod(Z,S) = (TT, ),

wheredC = B UXUY. In this latter case, observe trlags(TXTy‘l) # 0. Sincers g(f) =0, we
conclude thaff =1, and we are done.

Step 3. Assume thak is closed. I£7'(%41) is generated by separating twists and #S 1, then
H (Z,9) is generated by separating twists.

Observe that the genus &fis strictly larger than the genus & SetHs = H;(X) andHs =
H1(S). Since the genus afis strictly larger than the genus 8fLemma 3.2 implies that the induced
mapi : A%Hs — (A3Hs)/Hs is an injection. Moreover, by Theorem 2.1, we have tHdE, S) =
4 (2,9), and sinceHs injects intoHs, we have.# (2,9 = .#(S). We thus have a commutative
diagram

IS —=-  A3Hg

> §
Tss 3
F(Z,5) —— (A°Hz)/Hs
Since kefts) = #(S) is generated by separating twists anid an injection, we conclude that
J(Z,9) is generated by separating twists, as desired.

Step 4. Assume that & >4,. Also, assume tha# (3, T) is generated by separating twists for
all cleanly embedded subsurfacesF Z with T = 34,. Then#'(Z,S) is generated by separating
twists.

By Step 2, we can assume thats closed. The proof will be by induction an The base case
n= 1 holds by assumption. Assume now that 1. Let3 be a boundary component Sfand let
S ¢ She a splitting surface fgB. Proposition 4.1 says that there is a split short exact segue

1— Py (5,SB) — A (5,9 — H(£,8) — 1.

Also, Propositions 4.2 and 4.3 say that the imaggf (%, S ) in .#(Z,S) is contained in the sub-
group generated by separating twists. Finally, the image¢&, S) in .7 (=, S) is ¢ (£, S), and
sinceS has fewer boundary components ttfhe inductive hypothesis says that this is generated
by separating twists. The desired result follows.

Step 5. If 7 (Zg11,S) is generated by separating twists whenever 5y, then. 7 (Zg.1) is gen-
erated by separating twists.

By Theorem 5.3, the groupt (Z4) acts on%g > without rotations. Using Theorem 5.1 and
Proposition 5.2, we conclude the# (Z4,1) is generated by the stabilizers of vertices flz
Letting y be the simple closed nonseparating curve correspondingcto & vertex, we have that
(A (Zg1))y = H# (Zg41,S), whereSis the complement of a regular neighborhood/oSince such
anSis homeomorphic t&g», these stabilizers are by assumption generated by sepatatists,
and we are done. O
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6 The complex of curves

The goal of this section is to prove Proposition 5.2, whickeats that forg > 3, the complexes
%4°? and64°%/.# (24) are simply connected. These 2 facts are proven as Lemmas.6.5
in §6.1 and§6.3 below. The fact tha%”sz/%(ig) is simply connected is proven using the trick
introduced in [26] to prove that the “complex of separatingves” is simply connected. This
requires a presentation for M@xy) /% (%4), which we construct i6.2.

A simplicial pathin a simplicial complexX is a sequence of vertices connected by edges. We
will denote the path that startsat € X, then goes ta, € X, etc. and ends at, € X by vi —vo —
-~ —Vp. If f:X =Y is a simplicial map and is a simplicial path inX, then we will denote by
f.(¢) the induced path iiv.

6.1 The simple connectivity ofg>?

In this section, we prove the following lemma.

Lemma 6.1. For g > 3, the complexy>? is simply connected.

For the proof, we will need the following theorem of Harer.

Theorem 6.2([11, Theorem 1.1]) For g > 1, the comple%gns is (g— 2)-connected.

Proof of Lemma 6.1For g > 2, the fact thatsy® C %9”32 is connected implies thﬁgnSz is con-

nected. Now assume thgt> 3 and that/ is a loop in%g>%. We wish to prove that may be con-
tracted to a point. By Theorem 6.2, it is enough to homotapéo 63 C %”S”z. Using the simplicial
approximation theorem, we can assume thata simplicial path, i.e. of the forrm —vo —--- — v,

with v; an isotopy class of nonseparating simple closed curvEydor 1 <i < nandv, = v;. As-
sume first that(vj,vi;+1) # 0 for some 1< i < n. An easy Euler characteristic argument (see, e.g.,
[8, Lemma 2.1]) shows that there is a simple closed curgach thai(vi,w) =i(vi;1,w) = 0. The
loop ¢ can then be homotoped¥— - -- —Vv; —w—Vj, 1 — - -- — V.. Repeating this, we can homotope
¢ such thai(vi,vi;1) = 0 for all 1 <i < n. By a similar argument, we can homotofeuch that in

additionv; Uv;, 1 does not separatg, for all 1 <i < n;i.e. such that lies in %9”5 - %‘Sz. O

6.2 A presentation for.# (32g) /% (2g)
6.2.1 Generators

Begin by fixing ageometric symplectic basisd Zg, i.e. a sef{a, B, ..., g, By} of nonseparating
simple closed curves axy, such that

i(ai,Bi) =1 and i(C{i,BJ‘) = i(ai,aj) :i(Bi,Bj) =0

for distinct 1<i,j < g (see Figure 11.a). Fote B, we will say that thecompanionof x is f3;
if x=o anda; if x= ;. LettingB = {J1,...,051} be the curves in Figure 11.b, a theorem of
Lickorish [21] says thaBuod = {Tx | X € BUB'} generates Mogy).

To simplify our relations, we will add t&voq @ certain se§, C .7 (Zg). For distinctx,y,z € B,
the setS, will contain an elemendyy, with Ts (Jixy) = =X A Y] A [Z. We emphasize that
Jixyz depends only on the (unordered) $&ty,z}. Fix distinctx,y,z € B and definelyy,, as
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Figure 11: a. A geometric symplectic basis  b. Lickorish’s generategtgerMod(>yg)  c—d. Construct-
ing Jixyz = [Ty, Ty] when xy,z € B are disjoint. The interiors of the arcs do not intersect any elements

of B. e—f. Constructinggly, = TZT;l when (x,y) = 1. The curvey is a the boundary of a regular
neighborhood of x)y and the interior of the arc ¢ does not intersect any eleméBt o

follows. These definitions involve a number of arbitrary icks, but none of our results will depend
on the choices we make.

o If i(xy) =i(X,2) =i(y,2) =0, thenJy Wwill be a simply intersecting pair mafTy, Ty,
constructed as follows. Choose embedded disjoint@rasidc, such that; starts at a point
in X and ends at a point ip, such thatc, starts at a point of and ends at a point in and
such that the interiors of theg are disjoint from all elements & (see Figure 11.c). Lét; be
a regular neighborhood ofuc; Uy andN, be a regular neighborhood gtic, Uz Theny,
is the component ofN; that is not homotopic ta or y andy is the component afN, that
is not homotopic tgy or z (see Figure 11.d).

e Otherwise, 2 elements ¢k,y,z} (sayx andy) are companions. In this casky, will be a
bounding pair maf,T, %, where the curve is constructed as follows. A regular neighbor-
hood ofxUy is homeomorphic t@; 1; let y be its boundary. We can assume th& disjoint
from all elements oB. Let c be an embedded arc which goes from a poing td a point of
z and whose interior is disjoint frorp and all elements oB (see Figure 11.e). Ldtl be a
regular neighborhood ofuUcUz ThenZ is the component afN that is not homotopic ty
or z (see Figure 11.1).

It is clear thatts (Jyxyz) = £X A[Y|A[Z. Let Sy = {Jyz | XY, z€ Bare distinc} and S=
Sviod U Sh. The following lemma is immediate from our construction.

Lemma 6.3. Consider s= S and be B.
1. If s€ Suod, then (b,s(b)) < 1. Moreover, there are at most twoebB such that &) # b.
2. If s=Jgyy5 € Sy, then (b,s(b)) < 2. Moreover, $b) = b if

b e {x,y,z} U{X € B | neither X nor the companion of %ies in {x,y,z} }.

6.2.2 Relations

We now construct the relations in our presentation. BReindS= Syoq U S\ be as in§6.2.1 and
let H = H1(%4). Our strategy will be to add relations needed to yield thecstire contained in the
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exact sequence
1— (A®H)/H — Mod(Zg)/ A (Zg) — Spyy(Z) — 1
obtained by quotienting the exact sequence
1— F(Zg) — Mod(Xg) — Spy(Z) — 1
by # (54) < .7 (Zg). Let@: (S.) — A3H be the natural map, whe(&, ) denotes the free group on
S.. We then define the following sets of relations on the genes&

e Ryod is a set of relations such thé® | Ryied) = Mod(Zg) (the exact form of the relations in
Rwmod Will not matter).

® Reomm= {[px 0%} diyayeyat] | X1, X2, X3 € B are distinct angy, y2,ys € B are distinc}

e Recall thatH is embedded im3H via the maph — hA w, wherew = 5;[ai] A [B]. If he
{ai, B}, then the corresponding element/oH ishA 3 [aj] A [Bj]. We define

l .
Ry = {DIJ{ithj} | x € {a;, B} for some 1< i < g},

where the signs are chosen such tp@q#i\]{ix’lajﬁj}) = XA Y jzlaj] ABjl.

e For eachs € Syoq, the elemens acts onAsH via the symplectic representation. For distinct
X,y,Z € B, letWy 51 s be a minimal length word it such thatp(Wixy.21.s) = S(@(Jixyzy))-
We define

Reonj = {SJxy2) S "W,y s | X.¥:2 € B are distinct an € Syoq}-

SetR = Ryviod U RecommU Ry U Reonj. We have the following.
Lemma 6.4. We haveS| R) = Mod(Zg)/ % (Zg).

Proof. We clearly have a homomorphisgh: (S| R) — Mod(Zg)/. % (Zg). LetA < (S| R) be the
subgroup spanned 8. Using the relation&.ommandRconj, the subgroug is abelian and normal.

Also, we have
(S|R)/A=(S|RUS,) = (S| RuodUSh)-

By Theorem 2.5, the s&, normally generates” (%4) <t Mod(%4). We conclude that
(S|R)/A=Mod(Zg)/ .7 (Zg) = Spyy(Z).

The homomorphisny restricts to a surjectiogy’ : A— (A3H)/H. Using the relation®y, we have
that the rank of\ is at most the rank afA3H)/H, soy/’ is an isomorphism. We have a commutative
diagram

1] —— A —_ <S| R> —_ szg(Z) — 1

- I -
1 —— (A®H)/H —— Mod(%g)/# (Zg) —— Spyy(Z) —— 1

By the 5 lemmayy is an isomorphism, and we are done. O
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6.3 The simple connectivity of6g>%/.# ()

In this section, we will prove the following lemma.
Lemma 6.5. For g > 3, the complexs; ”32/%/(29) is simply connected.
During the proof, we will make use of the following concepdg12] for a survey).

Definition. Let G be a group with a generating setTheCayley graphof G, denotes Ca\G, S), is
the oriented graph whose vertices are elemen@ arfid wherey,, g € G are connected by an edge
if g2 =gisfor somese S

Remark.The groupG acts on CafG, S) on the left.

Proof of Lemma 6.5Setl" = Mod(Zg)/# (Zg). Let S= Suoq U S, be the generating set fdr
constructed ir6.2.1 and le8 = {a1,B1,...,0qg,By} be the geometric symplectic basis used to
constructS. The sefSis also a generating set for M@). Let p; : Cay(Mod(Z,),S) — Cay(l",S)
andp, : 64°% — 64°?/.# (Z4) be the natural projections.

By Lemma 6.3, we havgay,s(a1)) < 2 for all se S. This implies thai(g(a1),99a1)) < 2
for all se Sandg € Mod(Z%y), so there is a simplicial mag : Cay(Mod(Z,),S) — %132 such that
w(g) = g(ai). This induces a mafy : Cay(I',S) — %42 /.% (Z4) such that the diagram

CayMod(%,),S) —4— &2

J{Pl lpz
Cafr.y  —— G/ (2y)
commutes. Sincg(1) = p2(a1), we get an induced map

P, - m(Cay(l,s),1) — mm(65°%/H (Zg), pa(an)).

To prove the lemma, it is enough to show tigatis both surjective and the zero map.
Claim 1. 1, is surjective.

Consider/ € (%, ”Sz/jif(zg) p2(a1)), which we can assume is a simplicial loop. Liftirig
one edge at a time t6; >, we obtain a patl in %”32 that begins a#; and ends af (a;) for some
f € # (%4) such thai(gz) ( /)=(. Thereis a patlﬁi in Cay(Mod(2g), S) that starts at 1 and ends at
f. Observe thatp,).(0) € m(Cay(l',S),1). Sincel andy, (3) have the same starting and ending
points, Lemma 6.1 implies that they are homotopic while fixtheir endpoints. Projecting this
homotopy t0%g%/.# (Z4), we can use the commutativity of the above diagram to corcthelt
U, ((p1)+(0)) is homotopic t? while fixing the basepoint, and we are done.

Claim 2. 1, is the zero map.

Let R= Ruviod U RconjU RcommU Ry be the relations foF given by Lemma 6.4. For each relation
s - € R, we getan element ofy (Cay(l,S),1), namely -5 — 51 —--- — -+ -§ = 1. Therl'-
orbits of these loops “essentially” generaigCay(I',S),1) (there is a small issue with basepoints).
One precise version of this statement is that we can consirsicnply connected complex from
Cay(I',S) by attaching discs to thE-orbits of the loops associated to the elementR ¢éee [12,
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§V.13]). We will show that the images i%”sz/%/(zg) of the loops in Cayf ,S) associated to
the elements oR are contractible. This will imply that we can extefidto X. SinceX is simply
connected, we will be able to conclude tigatis the zero map, as desired.

Consider cR. If r =s;---§ with 5 € St for 1 <i <k, then the loof in Cay(I", S) associated
torisl—-sg—s1—--— 1% - = 1. We will verify that@, (¢) is contractible. We begin with
some general remarks. Using Lemma 6.3, the sm\§™* such thass(ay) # a; areTleE1 and\]f;l%)gy
with x,y # ai. We will call these thanteresting generatorsif none of thes are interesting, then
P, (¢) is the constant loop, so there is nothing to prove. If exatty thes is interesting, th@, (¢)
is a looppy(a1) — v with v # pa(ay), which is impossible. If exactly twg are interesting, then
@, (¢) is of the formpa(a1) —v— p2(0a), so itis trivially contractible. We thus only need to worry
about the € Rthat use at least 3 interesting generators. We will callghiesinteresting relations

To deal with the interesting € R, we must consider several cases.

e I € Ryog. Inthis case, we can lifp, (¢) to aloop in‘fé‘sz. The resulting loop is contractible by

Lemma 6.1, and by projecting this contraction dowr‘@z/jif(zg), we obtain the desired
null-homotopy.

e 1 € Reomm The interesting relations here are of the fddg) , v,, g, vs.v.) With vi & {a1, B1}
for 1 <i <4. By Lemma 6.3, we havég, \, ,(B1) = B1 and Jg, v, \,(B1) = B1. Since
i(a1,B1) = 1, we deduce that for every subwowdof r, we havei(w(ai),B1) = 1. This
implies thatp,(B;) is adjacent to every vertex @, (¢), so we can contradp, (¢) to pa(B1).

e 1 € Ry. Inthis case, there is only 1 interesting relation, nanfgly, Js, o, 5. Lemma 6.3 says
thatJg, 4 5 (B1) = B1 for 2 <i < g, so an argument like in théco,mm case shows thap, (¢)
can be contracted 10(f1).

® I € Reonj. Writer = TyJ{ylvy27y3}Ty*1V\/{§,117y27y3}7y. By Lemma 6.3, the mapping claggfixes all
but at most 2 elements 8f Reordering the; if necessary, we can assume thiglys) =ys. In
particular, when we expand oti§([y1] A [y2] A [ys]) in terms of the basig[b] | b € B}, every
term is of the formc[bs] A [bo] A [ys] with ¢ € Z andby, b, € B distinct and not equal tygs.
The upshot is that every generator useWg, y, v., , is of the formJ{ibibLys} with by, b, € B

distinct and not equal tgs. By Lemma 6.3, we conclude that every generator usedikes

y3, SO by the argument used in tRg,mm case, we can contragi, (¢) to p2(ys). O

7 Finite index subgroups of the Torelli group

In this section, we prove Theorem 1.2, whose statement weracall. Let> be a surface with at
most 1 boundary component and &t— 2 be a cleanly embedded subsurface whose genus is at
least 3. Lef be a finite-index subgroup of (Z,S) with .7 (Z,S) <. Then Theorem 1.2 asserts
that (M Q) = 15(#(Z,9)) ® Q.

The target ofts is a free abelian group and” (Z,S) : '] < o, so

Tz(j(z,S)) ®Q = Tz(r) ®Q.

Since# (%,5) < T, we have kefts|r) = % (Z,S), so Theorem 1.1 says that ket|r) is generated
by separating twists. We conclude that Theorem 1.2 is epunv#o the following lemma. 15 is a
group andj € G, then denote byg|c the associated element of {&; Q).
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Lemma 7.1(Separating twists vanish).et2 be a surface with at modtboundary component and
let S— X be a cleanly embedded subsurface whose genus is at3edstt " be a finite-index
subgroup of.¥ (%,S) with #°(Z£,S) < T and let3 be a simple closed separating curve in S. Then
[Tglr =0.

Remark.In the special case th&= X andll = .# (%, S), this was proven by Johnson in [20]. Our
proof builds on Johnson’s proof.

The proof of Lemma 7.1 is contained §7.2. This is proceeded by7.1, which contains a
group-theoretic lemma.

7.1 A bit of group cohomology

We will need the following lemma, which is an abstraction loé imain idea of the proof of [28,
Theorem 1.1].

Lemma 7.2. Let G be a group, let G< G be a finite index subgroup, and letsgG be a central
element. Assume thglc = 0 and that ge G'. Then[g]e' = 0.

Proof. We can assume thathas infinite order, sdg) = Z. Sinceg is central, we havég) < G.
DefineG = G/(g) andG = G'/(g). We have a commutative diagram of central extensions

=/

1 ) G G 1
S
1 v/ G G 1

There is an associated map of 5-term exact sequences inalgimup homology (see [5, Corollary
VI1.6.4]), which takes the form

— j/

Ha(G5Q) —— H2(G:Q) Q

| oo

Ha(G;Q) —— H2(G;Q) —— Q

i’ =/
1

H1(GQ) —— Hi(G;Q) —— 0

! !

Hi(G;Q) —— Hi(G;Q) —— 0

14

By assumption, the maipin this diagram is the 0 map, gais surjective. Sinc& is a finite index
subgroup ofG, we can make use of the transfer map in group homology (se@h&pter 111.9]) to
deduce thatp is surjective. We conclude thatis surjective, s@’ = 0, and the lemma follows. [

7.2 A vanishing result

We now turn to Lemma 7.1. For the proof, we will need the follogpemma. IfSis a surface, then
defineH1(S) = H1(S)/X, whereX = ([c| | c a component 0dS). Also, if cis a simple closed curve
in S, then denote byc| the associated elementldf (S).

Lemma 7.3(Conjugacy classes of BP map&petZ be a surface with at mo4tboundary component
and let S— 2 be a cleanly embedded subsurface. Assume that each compbdd8&ris a separating
curve inZ, and letB be a component afS. Let T, T, * and ,T,,* be 2 bounding pair maps in

4 (Z,9) that satisfy the followin@ conditions.
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Figure 12: a. Curves like in Lemma 7.3 b. A lantern relationF (T, T, 1)(Ty, T, 1) (T, T,Y)  c.d.
Two lantern relations as indicated in the proof of Lemma We.only draw thel “exterior” curves, namely
BUxUy2Uz andBUX, UY, UZ,.

1. For1<i <2, thel-submanifold3 Ux; Uy; of S bounds a subsurfaceliomeomorphic t@o 3
(see Figure 12.a).

2. [x1] = [%2], where the curves are oriented such that; Ties to the left of x
Then T, T,;* and %, T, * are conjugate elements of (Z,9).

Remark. This was proven by Johnson [16, Theorem 1B] in the specia taS= 2. Our proof
is a slight elaboration of his. We remark that in the stateroéfl6, Theorem 1B], there is an extra
condition about a certain splitting of homology — in our ation, that condition is trivial.

Proof of Lemma 7.3By condition 1 and an Euler characteristic calculation, Wwgam homeomor-
phic disconnected surfaces when we8atongx; Uy; for 1 <i < 2. Using such a homeomorphism,
we obtain anf € Mod(S) such thatf (x;) = xp and f (y1) = y». We have

T T, =T (X1>Tf—()}1> =TT,
soif f € j(z, S), then we are done. Our goal is to modifyso that it lies inﬁ(Z, S).

The group ModS) acts or13|1(S), and by [25, Theorem 1.1], the grousé(Z,S) is the kernel of
this action (we remark that this is also easy to prove d'y}ch.Defineéto beSwith discs glued to
all boundary components except fBr Observe thaH1(S) 2 Hy(S). Let 1r: Mod(S) — Mod($)
be the induced map and lgt: Mod(S) — Aut(H1(S)) be the symplectic representation. Also, for
1<i<2letx andyi be the curves ilswhich are the images of andy;, respectively. Observe that
by condition 2, the symplectic group elemegitrr( f)) acts as the identity on

Denote by Mog, ,(S) (resp. Moqzyz(é)) the pointwise stabilizer in Ma®) (resp. ModS))
of X2 Uy, (resp. X2 Uy,). The maprr restricts to a surjection Magy,(S) — MOdy(z’yz(é). It is
easy to see thap(Modg, 3,(5)) < Aut(Hy(9)) is exactly the stabilizer of;] = —[J2]. Thus there
exists som@ & Modk, 3, (S) such thatp(§) = @(7(f)). Lettingg € Modk, y,(S) be any lift ofg, we
deduce thaf’ = fg~1 satisfiesf’ € .7 (=, S). Moreover,f'(x;) = X, andf'(y1) = y», and the lemma

follows. O

Proof of Lemma 7.1Since S has genus at least 3, we can find a cleanly embedded genus 2 sub-
surfaceS of S all of whose boundary components separatsuch thatB c dS. Settingl’ =
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N (%,S), itis enough to show thdlg|r = 0. SinceTy is central in.# (X, S) andl” is a finite-
index subgroup of#(Z,S), Lemma 7.2 says that it is enough to prove tfigf s gy = 0. To
simplify our notation, se6 = .#(Z,S).

We will use thdlantern relation which is the relation

T (TX1T )(TY1Ty2 )(Tle )>

where the curvesg; andy; are as in Figure 12.b (see [§7g]). The key observation (see Figures
12.c—d) is that ir8 there are 2 lantern relations

TB (TX1 sz ) (TY1 Ty,

Vo )(Tle ) and TB—(TX/T )(TyT )(Tle

2 Y
such that o o o o o o
x]=-[] and [y)l=-[yj] and [z]=-[7];

here the curves, yi, etc. are oriented so thAtlies in the component dB to the left ofx; U X,
y1UYpo, etc. By Lemma 7.3 we have

[TaTo e = —[Tx T)(gl]g and [T, T, Y6 = —[Ty, T),;l](; and [T,T,'e= _[Tingl]G,

SO
2Tg] = (M T e+ [Ty Ty, o + [T Ty, o) + (e Te Mo + [Ty T, e + [T4 T, o) =0,

as desired. O
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