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Abstract

We give a new proof of a celebrated theorem of Dennis Johnson that asserts that the kernel
of the Johnson homomorphism on the Torelli subgroup of the mapping class group is generated
by separating twists. In fact, we prove a more general resultthat also applies to “subsurface
Torelli groups”. Using this, we extend Johnson’s calculation of the rational abelianization of
the Torelli group not only to the subsurface Torelli groups,but also to finite-index subgroups of
the Torelli group that contain the kernel of the Johnson homomorphism.

1 Introduction

Let Σg,n be an oriented genusg surface withn boundary components (we will often omit then if
it vanishes). Themapping class groupof Σg,n, denoted Mod(Σg,n), is the group of isotopy classes
of orientation preserving homeomorphisms ofΣg,n that act as the identity on∂Σg,n (see [9]). The
group Mod(Σg,n) acts on H1(Σg,n;Z) and preserves the algebraic intersection form. Ifn≤ 1, then
this is a nondegenerate alternating form, so we obtain a representation Mod(Σg,n) → Sp2g(Z). This
representation is well-known to be surjective. Its kernel is known as theTorelli group and will be
denotedI (Σg,n). This is all summarized in the exact sequence

1−→ I (Σg,n) −→ Mod(Σg,n) −→ Sp2g(Z) −→ 1.

In the early 1980’s, Dennis Johnson published a sequence of remarkable papers onI (Σg,n) (see
[17] for a survey). Many of his results center on the so-called Johnson homomorphisms, which were
defined in [15]. LettingH = H1(Σg,n;Z), these are homomorphisms

τΣg,1 : I (Σg,1) −→∧3H and τΣg : I (Σg) −→ (∧3H)/H

which measure the “unipotent” part of the action ofI (Σg,n) on the second nilpotent truncation of
π1(Σg,n). They have since been found to play a role in the study of invariants of 3-manifolds and in
the geometry/topology of the moduli space of curves.

The goal of this paper is to generalize two of Johnson’s theorems.

1. DefineK (Σg,n) = ker(τΣg,n). In [19], Johnson proved thatK (Σg,n) is generated by right
Dehn twistsTx about separating curvesx. We will generalize this to the “subsurface Torelli
groups” defined by the author in [25]. Our proof is independent of Johnson’s work, so in par-
ticular it provides a new proof of of his theorem. Our new proof is much less computationally
intensive than Johnson’s proof.
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Figure 1: S∼= Σ1,3 is embedded inΣ3. We conjecture that[Tx,Ty] cannot be written as a product of separating
twists inI (Σ3,S)

2. In [20], Johnson proved that ifg≥ 3, then modulo torsion the Johnson homomorphism gives
the abelianization ofI (Σg,n). We will generalize this not only to subsurface Torelli groups,
but also to certain finite-index subgroups ofI (Σg,n).

Statements of theorems. Fix a compact connected oriented surfaceΣ with at most 1 boundary
component and letS →֒ Σ be a compact connected embedded subsurface. We say thatf ∈ Mod(Σ)
is supported on Sif it can be represented by a homeomorphism ofΣ that acts as the identity on
Σ\S. Denote by Mod(Σ,S) the subgroup of Mod(Σ) consisting of mapping classes supported onS.
Also, defineI (Σ,S) = I (Σ)∩Mod(Σ,S) andK (Σ,S) = K (Σ)∩Mod(Σ,S). Our first theorem is
as follows. It reduces to Johnson’s theorem whenS= Σ.

Theorem 1.1(Generators for kernel of Johnson homomorphism). Let Σ be a compact connected
orientable surface with at most1 boundary component and let S→֒ Σ be an embedded compact
connected subsurface whose genus is at least2. Then the groupK (Σ,S) is generated by the set

{Tγ | γ is a separating curve onΣ andγ ⊂ S}.

Remark.We believe that the restriction on the genus ofS is necessary. Indeed, letS →֒ Σ3 be the
subsurface depicted in Figure 1 and letx,y⊂ Sbe the curves shown there. Then it is not hard to see
that [Tx,Ty] ∈ K (Σ3,S), but we conjecture that[Tx,Ty] cannot be written as a product of separating
twists lying inS.

Remark.As will become clear from the proof sketch below, the first step of our proof reduces
Theorem 1.1 to Johnson’s result. However, the extra generality of Theorem 1.1 is needed for the
second step, which reduces Johnson’s result to understanding subsurfaces. In other words, from our
point of view the more general statement is necessary even ifyou only care about the classical case.

Remark.We recently learned that Church [6] has independently proven Theorem 1.1. He deduces
it from Johnson’s work; in the proof sketch below, his argument is a version of our Step 1.

Our second theorem is as follows. It reduces to Johnson’s theorem whenS= Σ andΓ = I (Σ,S).

Theorem 1.2 (Rational H1 of finite index subgroups of Torelli). Let Σ be a compact connected
orientable surface with at most1 boundary component and let S→֒ Σ be an embedded compact
connected subsurface whose genus is at least3. Let Γ be a finite-index subgroup ofI (Σ,S) with
K (Σ,S) < Γ. ThenH1(Γ;Q) ∼= τΣ(I (Σ,S))⊗Q.

Remark.Mess [22] showed thatI (Σ2) is an infinitely generated free group. Using this, it is not
hard to show that ifS →֒ Σ is a subsurface of genus 2, then H1(I (Σ,S);Q) has infinite rank. In
particular, the conclusion of Theorem 1.2 does not hold.
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Remark.Theorem 1.2 is inspired by a well-known conjecture of Ivanovthat asserts that ifg ≥ 3
andΓ is a finite-index subgroup of Mod(Σg), then H1(Γ;Q) ∼= H1(Mod(Σg);Q) = 0 (see [13] for
a recent discussion). In analogy with this, one might guess that the condition thatK (Σ,S) < Γ is
unnecessary. We remark that Ivanov’s conjecture is only known in a few special cases – Hain [10]
proved it ifI (Σg) < Γ, while Boggi [4] and the author [28] later independently proved that it holds
if K (Σg) < Γ.

Proof ideas for Theorem 1.1. Let SandΣ be as in Theorem 1.1. One can viewI (Σ,S) as a sort
of “Torelli group on a surface with boundary”. In [25], the author studied these groups. One of the
main results of that paper (Theorem 2.6 below) gave generators for the groupsI (Σ,S), generalizing
and reproving a classical result of Birman [3] and Powell [24], who did this in the caseS= Σ. Our
proof of Theorem 1.1 follows the same basic outline as the proof of this result in [25].

The proof is by induction on the genus and number of boundary components ofS. The base
case isS= Σ = Σ2, whereτΣ = 0 and the result is trivial. The induction has 2 basic steps.

Step 1(Reduction to the closed case). Assume that S is a surface with boundary and letΣg be the
closed surface that results from gluing discs to all of its boundary components. ThenK (Σ,S) is
generated by separating twists ifK (Σg) is generated by separating twists.

The argument in this step proceeds by investigating the effect onK (Σ,S) of gluing a disc to a
boundary component ofS. For the whole mapping class group, we have the fundamental Birman
exact sequence ([2]; see§2.1 below), which is a short exact sequence of the form

1−→ π1(UΣg,n) −→ Mod(Σg,n+1) −→ Mod(Σg,n) −→ 1.

HereUΣg,n is the unit tangent bundle ofΣg,n and the map Mod(Σg,n+1) → Mod(Σg,n) is induced by
gluing a disc to a boundary componentβ of Σg,n+1. The kernelπ1(UΣg,n)⊳ Mod(Σg,n+1) consists
of mapping classes that “drag”β aroundΣg,n while allowing it to rotate. We prove an appropriate
analogue of this forK (Σ,S) (see§4).

Step 2 (Reducing the genus). Assume that for all subsurfaces S ofΣg whose genus is g− 1, the
groupK (Σg,S) is generated by separating twists. ThenK (Σg) is generated by separating twists.

Let γ be a nonseparating simple closed curve onΣg. If S= Σg \N(γ), whereN(γ) is a regular
neighborhood ofγ , then the assumption implies thatK (Σg,S) is generated by separating twists.
Observe thatK (Σg,S) is the stabilizer inK (Σg) of the isotopy class ofγ . Now, the set of isotopy
classes of nonseparating simple closed curves forms the vertices of thenonseparating complex
of curves, which was defined by Harer in [11]. This complex, which we will denoteC ns

g , is the
simplicial complex whose simplices are sets{γ1, . . . ,γk} of isotopy classes of nonseparating simple
closed curves onΣg that can be realized disjointly withΣg\ (γ1∪ ·· ·γk) connected.

For technical reasons (it simplifies the proof a certain connectivity result), we will actually make
use of a larger complex, which is defined as follows. Denote byi(γ1,γ2) thegeometric intersection
numberof 2 simple closed curvesγ1 and γ2, i.e. the minimum over all curvesγ ′1 and γ ′2 with γ ′i
isotopic toγi for 1≤ i ≤ 2 of the number of points ofγ ′1∩ γ ′2.

Definition. For k≥ 0, denote byC ns,k
g the simplicial complex whose simplices are sets{γ1, . . . ,γk}

of isotopy classes of nonseparating simple closed curves onΣg such thati(γi ,γ j)≤ k for 1≤ i, j ≤ k.
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We will use this in the casek = 2. The groupK (Σg) acts onC
ns,2
g , and to prove the desired

result, it is enough to show thatK (Σg) is generated by the vertex stabilizers of this action. A basic
result of Armstrong (see Theorem 5.1 below) says that this will hold if both C

ns,2
g andC

ns,2
g /K (Σg)

are simply connected. These connectivity results are proven in §6. A key role is played by a theorem
of Harer [11] that says thatC ns

g is (g−2)-connected.

Proof ideas for Theorem 1.2. Johnson deduced that H1(I (Σg,n);Q) = τΣg,n(I (Σg,n))⊗Q when
g ≥ 3 andn ≤ 1 by proving that separating twists go to torsion in H1(I (Σg,n);Z). The theorem
then follows from the fact that the kernel ofτΣg,n is generated by separating twists. For Theorem
1.2, we prove that separating twists go to torsion in the abelianizations of finite-index subgroups of
I (Σ,S) that containK (Σ,S), whereΣ andSare as in that theorem. The proof combines a small
generalization of Johnson’s argument with the trick used in[28] to show that powers of Dehn twists
go to torsion in the abelianizations of finite-index subgroups of the mapping class group.

Comments on Johnson’s work. To put this paper in perspective, we now give a brief sketch
of Johnson’s proof [19] thatK (Σ) is generated by separating twists. We will focus on the case
Σ = Σg,1 and ignore some low-genus issues. SetH = H1(Σg,1;Z).

Johnson’s proof proceeds by a sequence of ingenious and difficult calculations. LetS ⊳

I (Σg,1) be the subgroup generated by separating twists. Recall thatthe Johnson homomorphism
takes the form

τΣg,1 : I (Σg,1) −→∧3H.

The free abelian group∧3H has rank
(g

3

)

. Johnson begins by writing down an explicit setX of
(g

3

)

elements ofI (Σg,1) such thatτ(X) is a basis for∧3H. He then does the following.

1. By examining the conjugates ofX under a standard generating set for Mod(Σg,1), he shows
thatX generates a normal subgroup of Mod(Σg,1)/S . The setX contains a normal generating
set forI (Σg,1) identified by Powell ([24]; see§2.2 for the details of Powell’s generating set).
Thus Johnson can conclude thatX generatesI (Σg,1)/S .

2. Via a brute-force calculation, Johnson next shows that the elements ofX commute modulo
S , soI (Σg,1)/S is an abelian group generated by

(g
3

)

elements.

3. The Johnson homomorphism induces a surjectionI (Σg,1)/S →∧3H. By the previous step,
this map has to be an isomorphism, and the result follows.

Outline of paper. In §2, we review some preliminaries about the mapping class group, the Birman
exact sequence, the Torelli group, and the Johnson homomorphisms. Next, in§3 we prove a linear-
algebraic lemma that will be used several times. A version ofthe Birman exact sequence for the
Johnson kernel is then constructed in§4, and the proof of Theorem 1.1 is contained in§5. That proof
depends on the simple connectivity ofC

ns,2
g andC

ns,2
g /K (Σg), which we establish in§6. Finally,

in §7 we prove Theorem 1.2.

Notation and conventions. Throughout this paper, by asurfacewe will mean a compact ori-
ented connected surface with boundary. All homology groupswill have Z coefficients unless
otherwise specified. We will identify H1(Σg) and H1(Σg,1) without comment. We will denote
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Figure 2: a,b. The subsurface S′ is not cleanly embedded in the ambient surface S. c. The subsurface S′

is cleanly embedded in S, but the mapMod(S′) → Mod(S) has a nontrivial kernel (generated by TxT−1
y )

the algebraic intersection pairing on H1(Σg) by ialg(·, ·). If V is a subgroup of H1(Σg), thenV⊥

will denote the subgroup{x | ialg(x,v) = 0 for all v∈V}. A symplectic basisfor H1(Σg) is a basis
{a1,b1, . . . ,ag,bg} for H1(Σg) such thatialg(ai ,bi) = 1 andialg(ai ,a j) = ialg(ai ,b j) = ialg(bi ,b j) = 0
for distinct 1≤ i, j ≤ g. If c is an oriented 1-submanifold of the surface, then[c] will denote the
homology class ofc. We will confuse a curve on a surface with its isotopy class. Several times
we will have formulas involving[γ ], whereγ is an unoriented simple closed curve. By this we will
mean that the formula holds for an appropriate choice of orientation.

Acknowledgments. I wish to thank my advisor Benson Farb for introducing me to Johnson’s
work and offering continual encouragement during this project. I also would like to thank Tom
Church and Dan Margalit for useful comments. Finally, I would like to thank Jørgen Anderson and
Bob Penner for inviting me to lecture on the Torelli group at CTQM and my audience there for
asking many useful questions.

2 Preliminaries and notation

2.1 The mapping class group and the Birman exact sequence

If S′ is an embedded subsurface ofS, then there is an induced map Mod(S′) → Mod(S) (“extend by
the identity”) whose image is Mod(S,S′). This map is often injective; in fact, we have the following
theorem of Paris–Rolfsen.

Theorem 2.1([23]). Let S1 and S2 be surfaces and let S1 →֒ S2 be an embedding. Assume that no
components ofS2 \S1 are homeomorphic to discs or annuli. Then the mapMod(S1) → Mod(S2) is
injective.

If S′ is an embedded subsurface ofS and if some componentC of S\S′ is either a disc or an
annulus withC∩S′ a single loop, then Mod(S,S′) = Mod(S,S′ ∪C). This motivates the following
definition.

Definition. If S′ is an embedded subsurface ofS, thenS′ is cleanly embeddedif no componentsC
of S\S′ are either discs or annuli withC∩S′ a single loop (see Figure 2).

Remark. It is not true that ifS′ is a cleanly embedded subsurface ofS, then the map Mod(S′) →
Mod(S) is injective. See Figure 2.c for an example.

We now turn to the Birman exact sequence. In its original form(due to Birman [2]), it dealt
with the effect on mapping class groups of punctured surfaces of “forgetting the punctures”. Later,
Johnson [18] gave the following version for surfaces with boundary. Call a surfaceexceptionalif it
is homeomorphic toΣ1,1 or Σ0,n for n≤ 2.
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β

Ŝ
γ β β

ρ−1(γ)

γ̃1γ̃2

Figure 3: a. Ŝ is embedded in S and is homeomorphic to S with a disc glued toβ . It provides a splitting
of the Birman exact sequence. b.γ ∈ π1(Ŝ) together with a transverse arc to illustrate effect of Push(γ)
c. The effect of Push(γ) on the surface d. Push(γ) = Tγ̃1T−1

γ̃2

Theorem 2.2([18, p. 430]). Let S be a nonexceptional surface and letβ be a boundary component
of S. Denote bŷS the result of gluing a disc toβ . There is then a short exact sequence

1−→ π1(UŜ) −→ Mod(S) −→ Mod(Ŝ) −→ 1,

where UŜ is the unit tangent bundle ofŜ. If Ŝ is not closed, then this exact sequence splits via

an embeddinĝS →֒ S with S\ Ŝ a 3-holed sphere containingβ and sharing exactly2 boundary
components with S (see Figure 3.a).

For later use, we will make the following definition.

Definition. Let S be a nonexceptional surface and letβ be a boundary component ofS. We will
denote byP(S;β ) the kernel of the Birman exact sequence given by Theorem 2.2.

Let S, β , andŜ be as in Theorem 2.2. The mapping classes in the kernelP(S;β ) ∼= π1(UŜ)
“push” β around the surface while allowing it to rotate. The loop around the fiber (with an appropri-
ate orientation) corresponds toTβ . As for the other elements ofP(S;β ), it is easiest to understand
them via the projectionP(S;β ) ∼= π1(UŜ) → π1(Ŝ). Considerγ ∈ π1(Ŝ). Assume thatγ can be
realized by a simple closed curve, which we can assume is smoothly embedded in̂S. Taking the
derivative of such an embedding, we get a well-defined lift Push(γ)∈ π1(UŜ)∼= P(S;β ) < Mod(S).

Remark.This is well-defined since any 2 realizations ofγ as a smoothly embedded simple closed
curve are smoothly isotopic through an isotopy fixing the basepoint.

As shown in Figure 3.b–d, for such aγ we have Push(γ) = Tγ̃1T
−1

γ̃2
for simple closed curves̃γ1

andγ̃2 in Sconstructed as follows. Observe that we can obtainSfrom Ŝby blowing up the basepoint
to a boundary component. Letρ : S→ Ŝbe the projection. Thenρ−1(γ) consists ofβ together with
an oriented arc joining 2 points ofβ . The boundary of a regular neighborhood ofρ−1(γ) has 2
components, and the curvesγ̃1 and γ̃2 are the components lying to the right and left of the arc,
respectively.

We will need the following lemma about the Birman exact sequence.

Lemma 2.3. Let S be a nonexceptional cleanly embedded subsurface ofΣ and letβ be a boundary
component ofΣ that is not contained in S. The following then holds holds.

• If the component T ofΣ\S containingβ is homeomorphic toΣ0,3 and∂T has componentsβ ,
x, and y with x,y⊂ S, thenP(Σ;β )∩Mod(Σ,S) ∼= 〈TxT−1

y 〉 ∼= Z.

• Otherwise,P(Σ;β )∩Mod(Σ,S) = 1.

6



Proof. SinceS is cleanly embedded, the results of [23] imply that the kernel of the map Mod(S) →
Mod(Σ) is generated by the set

K1 = {Tb1T
−1
b2

| C is a component ofΣ\Swith C∼= Σ0,2 and∂C = b1∪b2}.

Similarly, the kernel of the map Mod(S) → Mod(Σ̂) is generated by the set

K2 = {Tb1T
−1
b2

| C is a component of̂Σ\Swith C∼= Σ0,2 and∂C = b1∪b2}.

Let T be the component ofΣ\Scontainingβ and letT̂ be the result of gluing a disc to the boundary
componentβ of T. If T̂ is not an annulus, thenK1 = K2, so Mod(Σ,S) ∼= Mod(Σ̂,S) and the
result follows. Otherwise, lettingx andy be the components of∂ T̂ we have Mod(Σ,S)/〈TxT−1

y 〉 ∼=

Mod(Σ̂,S), and the result follows.

2.2 Basic facts about Torelli group

In [25], the author investigated the subgroups of the Torelli group which are supported on subsur-
faces. We begin with the following definition.

Definition. Let Σ be a surface with at most 1 boundary component and letS →֒ Σ be a cleanly
embedded subsurface. Leti : Mod(S) → Mod(Σ) be the induced map. We define

I (Σ,S) = Mod(Σ,S)∩I (Σ),

Ĩ (Σ,S) = i−1(I (Σ)).

Remark.The groupĨ (Σ,S) < Mod(S) is not the kernel of the action of Mod(S) on H1(S).

Remark.Our primary interest is inI (Σ,S); however, we need to usẽI (Σ,S) so that the exact
sequence in Theorem 2.8 below will split in all cases.

The groupsĨ (Σ,S) depend strongly on the embeddingS →֒ Σ, not merely on the homeomor-
phism type ofS. Associated to every embeddingS→֒ Σ is a partitionP of the boundary components
of S, namely

P = {∂T | T a component ofΣ\S}∪{∂S∩∂Σ}.

We will call P thepartition associated with the embedding S→֒ Σ. For instance, ifSandΣ are as in
Figure 4.a, then the partition associated withS →֒ Σ is {{b1},{b2,b3},{b4},{b5,b6,b7}}. We have
the following theorem.

Theorem 2.4([25, Theorem 1.1]). LetΣ1 andΣ2 be2 surfaces with at most1 boundary component.
Let S→֒Σ1 and S֒→Σ2 be clean embeddings. TheñI (Σ1,S) = Ĩ (Σ2,S) if and only if the partitions
of ∂S associated to S֒→ Σ1 and S֒→ Σ2 are the same.

We now introduce several important elements of the Torelli group.

Definition. Let Σ be a surface with at most 1 boundary component.

• Let γ be a simple closed curve that separatesΣ (for instance, the curvex1 in Figure 4.b). Then
it is not hard to see thatTγ ∈ I (Σ). These are known asseparating twists.
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Sb1

b2 b3

b4

b7 b6 b5 x1

x2

x3 x4 x5

Figure 4: a. The partition associated with S→֒ Σ6,1 is {{b1},{b2,b3},{b4},{b5,b6,b7}} b. A separating
twist Tx1 and a bounding pair map Tx2T−1

x3
c. A simply intersecting pair map[Tx4,Tx5]

• Let {γ1,γ2} be a pair of non-isotopic disjoint homologous curves onΣ (for instance, the pair
of curves{x2,x3} from Figure 4.b). ThenTγ1 andTγ2 map to the same element of Sp2g(Z), so
Tγ1T

−1
γ2

∈ I (Σ). These are known asbounding pair mapsand the pair{γ1,γ2} is known as a
bounding pair.

• Let {γ1,γ2} be a pair of curves onΣ with ialg([γ1], [γ2]) = 0 andi(γ1,γ2) = 2 (for instance, the
pair of curves{x4,x5} from Figure 4.c). Then the images ofTγ1 andTγ2 in Sp2g(Z) commute,
so [Tγ1,Tγ2] ∈ I (Σ). These are known assimply intersecting pair mapsand the pair{γ1,γ2}
is known as asimply intersecting pair.

• Let Sbe a cleanly embedded subsurface ofΣ. An element of eitherI (Σ,S) or Ĩ (Σ,S) will
be called a bounding pair map, etc. if its image inI (Σ) is a bounding pair map, etc.

Following up on work of Birman [3], it was proven by Powell [24] that I (Σ) is generated by
separating twists and bounding pair maps. Johnson [14] later proved that forg≥ 3 no separating
twists are needed.

Theorem 2.5([14]). LetΣ be a surface with at most1 boundary component. Assume that the genus
of Σ is at least3. ThenI (Σg) is generated by the set of bounding pair maps TxT−1

y such that x∪y
cuts off a subsurface homeomorphic toΣ1,2.

Remark.All the TxT−1
y in Theorem 2.5 are conjugate in Mod(Σg).

In [25], the author gave a new proof of Powell’s theorem and extended it to the relative case.

Theorem 2.6([25, Theorem 1.3]). Let Σ be a surface with at most1 boundary component and let
S →֒ Σg be a cleanly embedded subsurface. Assume that the genus of S is at least1. Then both
I (Σ,S) andĨ (Σ,S) are generated by separating twists and bounding pair maps.

2.3 The Birman exact sequence for the Torelli group

The first version of the Birman exact sequence for the Torelligroup is due to Johnson.

Theorem 2.7([18]). Fix g≥ 2. The Birman exact sequence forMod(Σg,1) restricts to a short exact
sequence

1−→ π1(UΣg) −→ I (Σg,1) −→ I (Σg) −→ 1.

In [25], the author proved a version of the Birman exact sequence for subsurface Torelli groups.
Let Σ be a surface with at most 1 boundary component, letS →֒ Σ be a cleanly embedded nonexcep-
tional subsurface, and letβ be a boundary component ofS. The kernel of the Birman exact sequence
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for the subsurface Torelli group will be as follows. We will give a more explicit description of it
below in Theorems 2.9 and 2.10. Recall thatP(S;β ) is the kernel of the Birman exact sequence
for the mapping class group.

Definition. DefinePI (Σ,S;β ) = P(S;β )∩ Ĩ (Σ,S).

The cokernel is a bit more subtle. We will need the following definition.

Definition. We will call the component ofΣ\Scontainingβ thecomplementary componentto β .

Let P be the partition of the boundary components ofS induced byS →֒ Σ. DefineŜ to be the
result of gluing a disc toβ in S. There is an induced partition̂P of the boundary components ofŜ. In
[25], the author showed that the cokernel should be the Torelli group on a surface with the induced
partition P̂, which motivates the following definition.

Definition. Call an embeddinĝS →֒ Σ a splitting surfacefor β in S if it satisfies the following two
conditions.

• Ŝ⊂ SandS\ Ŝ is a 3-holed sphere containingβ and sharing exactly 2 boundary components
with S.

• If β does not separateS, then the complementary component toβ intersectsS\ Ŝ in two
components (see Figure 5.a).

Remark.Observe that ifŜ →֒ Σ is a splitting surface forβ in S, then the induced partition of the
boundary components of̂S is P̂.

With these definitions, we have the following theorem.

Theorem 2.8(Birman exact sequence for Torelli, [25, Theorem 1.2]). Let Σ be a surface with at
most1 boundary component and let S→֒ Σ be a cleanly embedded nonexceptional subsurface which
has at least2 boundary components. Letβ be a boundary component of S andŜ →֒ Σ be a splitting
surface forβ in S. We then have a split short exact sequence

1−→ PI (Σ,S;β ) −→ Ĩ (Σ,S) −→ Ĩ (Σ, Ŝ) −→ 1.

We now give a more explicit description of the kernelPI (Σ,S;β ). There are two cases, de-
pending on whetherβ separatesΣ or not. The easiest case to describe is the case thatβ is separating.

Theorem 2.9([25, Theorem 1.2]). Let Σ be a surface with at most1 boundary component and let
S →֒ Σ be a cleanly embedded nonexceptional subsurface. Letβ be a boundary component of S
such thatβ separatesΣ. LetŜ be the result of gluing a disc to the boundary componentβ of S. Then
PI (Σ,S;β ) = P(S;β ) = π1(UŜ).

We now deal with the case thatβ is nonseparating, in which casePI (Σ,S;β ) is almost (but
not quite) isomorphic to[π1(Ŝ),π1(Ŝ)]. We make the following definition.

Definition. Let S1 be a subsurface ofS2. Define[π1(S1),π1(S1)]S2 to be the kernel of the composi-
tion π1(S1) → π1(S2) → H1(S2).
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a b c d e

β Ŝ γ

γ̃1γ̃2

β

x y x̃ ỹ
β

Figure 5: a. Let S∼= Σ1,3 be the subsurface bounded by the bold curves and letŜ∼= Σ1,2 be the indicated
subsurface of S. Then̂S is a splitting surface forβ in S. b.γ ∈π1(Ŝ) separatesΣ. c. Push(γ) = Tγ̃1T−1

γ̃2
.

Sinceβ does not separateΣ, exactly1 of Tγ̃1 and T̃γ2 is a separating twist. d,e. The other configuration

Remark.If S1 is a subsurface ofS2 andK is the kernel of the map H1(S1) → H1(S2), then we have
a short exact sequence

1−→ [π1(S1),π1(S1)] −→ [π1(S1),π1(S1)]S2 −→ K −→ 1. (1)

Definition. Let Sc be the complementary component toβ . We will call Se = Σ\Sc the expanded
subsurfaceof Scontainingβ . Observe thatS⊂ Se.

We then have the following theorem.

Theorem 2.10([25, Theorem 1.2]). LetΣ be a surface with at most1 boundary component and let
S→֒ Σ be a cleanly embedded nonexceptional subsurface. Letβ be a boundary component of S that
does not separateΣ and let Se be the expanded subsurface of S containingβ . DefineŜ andŜe to
be the result of gluing discs to the boundary componentsβ of S and Se, respectively. We then have
PI (Σ,S;β ) ∼= [π1(Ŝ),π1(Ŝ)]Ŝe

.

Let the notation be as in Theorem 2.10. The surfaceŜhas boundary, soP(S;β ) ∼= π1(UŜ) ∼=
π1(Ŝ)⊕Z (though this splitting is not natural), butPI (Σ,S;β ) ∼= [π1(Ŝ),π1(Ŝ)]Ŝe

< P(S;β ) does

not lie in the first factor. Rather, there is a homomorphismψ : [π1(Ŝ),π1(Ŝ)]Ŝe
→ Z such that

PI (Σ,S;β ) is the graph ofψ , i.e. the set of all pairs(x,ψ(x)) ∈ π1(UŜ) for x∈ [π1(Ŝ),π1(Ŝ)]Ŝe
.

The homomorphismψ depends on the (unnatural) splittingπ1(UŜ) ∼= π1(Ŝ)⊕Z. We will not
need to know an explicit splitting; rather, we will only needto know 2 examples of how elements
of [π1(Ŝ),π1(Ŝ)]Ŝe

lie in Ĩ (Σ,S). For γ ∈ [π1(Ŝ),π1(Ŝ)]Ŝe
, denote byJγK the associated element

of Ĩ (Σ,S). Also, for x,y ∈ π1(Ŝ), denote byJx,yK ∈ Ĩ (Σ,S) the element associated to[x,y] ∈
[π1(Ŝ),π1(Ŝ)]Ŝe

. The proofs of the following descriptions can be found in [27, §3.2.1].

• Considerγ ∈ [π1(Ŝ),π1(Ŝ)]Ŝe
that can be realized by a simple closed curve (see Figure 5.b).

Let Push(γ) = Tγ̃1T
−1

γ̃2
. As shown in figure 5.c, exactly 1 ofTγ̃1 or Tγ̃2 is a separating twist (the

point is thatβ is anonseparatingcurve inΣ). For concreteness we will assume thatTγ̃1 is a
separating twist, soTβ T−1

γ̃2
is a bounding pair map. ThenJγK = Tγ̃1(Tβ T−1

γ̃2
).

• Considerx,y ∈ π1(Ŝ) that can be realized by simple closed curves that only intersect at the
basepoint. Assume that a regular neighborhood ofx∪y is homeomorphic toΣ0,3 (see Figure
5.d). Let x̃ and ỹ be as shown in Figure 5.e. Then for somee1,e2 = ±1 we haveJx,yK =
[Te1

x̃ ,Te2
ỹ ].

Finally, we will need the following result.

10



Lemma 2.11. Let S1 be an embedded subsurface of S2. Assume that the genus of S1 is at least1
and that S1 contains a basepoint inInt(S1). Then[π1(S1),π1(S1)]S2 is generated by the set of all
γ ∈ π1(S1) that can be realized by simple closed curves which separate S1 into 2 components, one
of which is homeomorphic to either of the following.

• A torus with1 boundary component.

• A genus0 surface whose boundary consists ofγ ∪ (∂T ∩S1), where T is a connected compo-
nent ofS2\S1.

This is an immediate consequence of the following lemma of the author together with exact
sequence (1).

Lemma 2.12([25, Theorem A.1]). Let X be a surface whose genus is at least1. Pick ∗ ∈ Int(X).
Then[π1(X,∗),π1(X,∗)] is generated by elements that can be realized by simple closed curves that
separate X into2 components,1 of which is homeomorphic toΣ1,1.

2.4 The Johnson homomorphism

Fix someg≥ 2 and letH = H1(Σg). TheJohnson homomorphismswere constructed by Johnson in
[15]. They can be defined in numerous ways (see [17] for an incomplete list), but we will not actually
need the details of any construction. For surfaces with boundary, the Johnson homomorphisms are
surjective homomorphisms

τΣg,1 : I (Σg,1) −→∧3H.

For closed surfaces, one has to modify the range a bit. Thecanonical elementω of ∧2H is the ele-
menta1∧b1+ · · ·+ag∧bg, where{a1,b1, . . . ,ag,bg} is a symplectic basis forH. It is independent
of the choice of symplectic basis. Using the canonical element, we obtain thestandard embedding
H →֒ ∧3H, namelyh 7→ h∧ω . We will frequently confuseH with its image in∧3H under this
embedding. The Johnson homomorphisms on closed surfaces are then surjective homomorphisms

τΣg : I (Σg) −→ (∧3H)/H.

The Johnson homomorphisms vanish on separating twists.
We now briefly discuss 2 naturality properties of the Johnsonhomomorphisms. The first is that

they interact well with the Birman exact sequence. Namely, we have the following result, which is
distilled from [15].

Lemma 2.13. Fix g≥ 2 and set H= H1(Σg). We then have a commutative diagram of short exact
sequences

1 −−−−→ π1(UΣg) −−−−→ I (Σg,1) −−−−→ I (Σg) −−−−→ 1




y





y

τΣg,1





y

τΣg

0 −−−−→ H −−−−→ ∧3H −−−−→ (∧3H)/H −−−−→ 0

where the mapπ1(UΣg) → H is the natural projection.

For the second, letS1 andS2 be 2 surfaces with at most 1 boundary component and letS1 →֒ S2

be an embedding. Denote byV1 andV2 the targets of the Johnson homomorphisms onI (S1) and

11



a b

x

y

CC′ Σ′ b1

b2

b3

b4

z w

Figure 6: a. Subsurfaces needed to calculateτΣ(TxT−1
y ). The whole subsurface pictured isΣ′′. b. Curves

needed to calculateτΣ([Tz,Tw])

I (S2). There are then induced mapsI (S1) → I (S2) andV1 → V2 which fit into a commutative
diagram

I (S1) −−−−→ I (S2)




y





y

V1 −−−−→ V2

(2)

We will use the commutativity of this diagram several times without comment.
Next, we will need some formulas for the Johnson homomorphisms. LetΣ be a surface with

at most 1 boundary component and let{x,y} be a bounding pair onΣ such that bothx andy are
nonseparating curves. LetΣ′ be a subsurface ofΣ satisfying the following 2 properties (see Figure
6.a).

• Σ′ has exactly 1 boundary component and is disjoint fromx∪y.

• There is a subsurfaceC of Σ such thatC ∼= Σ0,3 and∂C = ∂Σ′∪x∪y.

Denote byωΣ′ the canonical element of∧2H1(Σ′). It was proven in [15] that

τΣ(TxT
−1
y ) = [x]∧ωΣ′ ;

herex is oriented such thatC lies to the left ofx. A useful equivalent formula is as follows. LetΣ′′

be a subsurface ofΣ satisfying the following 2 properties (see Figure 6.a).

• Σ′′ has exactly 1 boundary component and containsx∪y.

• There is a subsurfaceC′ of Σ′′ such thatC′ ∼= Σ0,3 and∂C = ∂Σ′′∪x∪y.

Let ωΣ′′ be the canonical element of∧2H1(Σ′′). We then have

τΣ(TxT
−1
y ) = [x]∧ωΣ′′ ;

herex is oriented such thatC′ lies to the right ofx.

Remark.This is implicitly contained in Lemma 2.13 above. The key point is that when considered
as an element ofI (Σ′′), the mapping classTxT−1

y is in the kernel of the Birman exact sequence
obtained by gluing a disc to∂Σ′′.

Now let {z,w} be a simply intersecting pair onΣ. Observe that a closed regular neighborhood
N of z∪w satisfiesN ∼= Σ0,4 (see Figure 6.b). Let∂N = b1∪ ·· ·∪b4. We then have that

τΣ([Tz,Tw]) = ±[b1]∧ [b2]∧ [b3],

12



where arbitrary orientations are chosen on thebi . This can be proven directly, using the recipe
given in [15]. It can also be deduced from Lemma 4.7 below in the same way that the calculation
for bounding pair maps can be deduced from Lemma 2.13 above. We will leave the details of this
calculation to the reader.

Remark.The above formula might seem strange, sinceb4 played no role. However, by construction
[b4] = ±[b1]± [b2]± [b3], so[b1]∧ [b2]∧ [b3] = ±[b1]∧ [b2]∧ [b4].

We conclude by defining the Johnson homomorphism on subsurface Torelli groups.

Definition. Let Σ be a surface with at most 1 boundary component and letS →֒ Σ be a cleanly
embedded subsurface. LetV be the target ofτΣ. DefineτΣ,S : I (Σ,S) →V to be the restriction of
τΣ to I (Σ,S) and defineτ̃Σ,S : Ĩ (Σ,S) →V to be the composition of the natural map̃I (Σ,S) →
I (Σ,S) with τΣ,S.

3 A bit of linear algebra

In this section, we prove the following linear-algebraic fact about(∧3H)/H.

Lemma 3.1. For some g≥ 1, set H= H1(Σg) and let i: H →∧3H be the standard embedding.

1. If x is a primitive vector in H, then(∧3〈x〉⊥)∩ i(H) = 〈i(x)〉 ∼= Z.

2. If x and y are2 primitive vectors in H with0 ≤ ialg(x,y) ≤ 1 that span a2-dimensional
summand, then(∧3〈x,y〉⊥)∩ i(H) = 0.

Proof. The proofs of the 2 conclusions are similar; we will give the details for the first conclusion
and leave the second to the reader. Choose a symplectic basis{a1,b1, . . . ,ag,bg} for H with a1 = x.
Letting ω = a1∧b1 + · · ·+ag∧bg, we havei(h) = h∧ω for h∈ H. Observe that we have a direct
sum decomposition

∧3H = (∧2〈a1〉
⊥)⊕ (∧3〈a1〉

⊥), (3)

where the inclusion of the first factor is induced by the map∧2〈a1〉
⊥ →∧3H that takesθ ∈∧2〈a1〉

⊥

to θ ∧b1.
Considerh ∈ H. Write h = ca1 + db1 + h′ with c,d ∈ Z andh′ ∈ 〈a2,b2, . . . ,ag,bg〉. Letting

ω = a2 ∧ b2 + · · ·+ ag∧ bg, an easy calculation shows that the expression fori(h) in terms of the
decomposition (3) is

(dω +h′∧a1,(ca1 +h′)∧ω).

The first coordinate of this equals 0 if and only ifd = 0 andh′ = 0, and the lemma follows.

The following special case of Lemma 3.1 will be used several times.

Lemma 3.2. Fix g′ < g, and let H= H1(Σg) and H′ = H1(Σg′). Choosing any symplectic embedding
of H′ into H, the natural map∧3H ′ → (∧3H)/H is injective.
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4 The Johnson homomorphism and the Birman exact sequence

The goal of this section is to investigate the effect of the Johnson homomorphism on the terms of
the Birman exact sequence for the Torelli groups. To that end, we make the following definition.

Definition. Let Σ be a surface with at most 1 boundary component. LetS →֒ Σ be a cleanly embed-
ded subsurface and letβ be a boundary component ofS. We define

K (Σ,S) = ker(τΣ,S) < I (Σ,S),

˜K (Σ,S) = ker(τ̃Σ,S) < Ĩ (Σ,S),

PK (Σ,S;β ) = PI (Σ,S;β )∩ ˜K (Σ,S).

The following 3 propositions will be our main results.

Proposition 4.1(Birman exact sequence for Johnson kernel). LetΣ be a closed surface. Let S→֒ Σ
be a cleanly embedded nonexceptional subsurface with at least 2 boundary components and letβ
be a boundary component of S. Let S′ be a splitting surface forβ in S. We then have a split short
exact sequence

1−→ PK (Σ,S;β ) −→ ˜K (Σ,S) −→ ˜K (Σ,S′) −→ 1.

Proposition 4.2 (Kernel of exact sequence generated by separating twists I). Let Σ be a surface
with at most1 boundary component. Let S be a cleanly embedded nonexceptional subsurface ofΣ
and letβ be a boundary component of S such thatβ is a separating curve inΣ. Assume that the
genus of S is at least1 and thatβ ⊂ ∂Σ if ∂Σ 6= /0. ThenPK (Σ,S;β ) is contained in the subgroup
of ˜K (Σ,S) generated by separating twists.

Proposition 4.3 (Kernel of exact sequence generated by separating twists II). Let Σ be a closed
surface. Let S be a cleanly embedded nonexceptional subsurface ofΣ and let β be a boundary
component of S such thatβ is a nonseparating curve inΣ. Assume that the genus of S is at least
2. Then the image ofPK (Σ,S;β ) < ˜K (Σ,S) in K (Σ,S) is contained in the subgroup ofK (Σ,S)
generated by separating twists.

Proposition 4.1 is proven in§4.3, Proposition 4.2 in§4.1, and Proposition 4.3 in§4.2.

Remark.Propositions 4.1 and 4.3 are also true whenΣ has a boundary component. Additionally,
Proposition 4.2 is true when∂Σ 6= /0 butβ ∩∂Σ = /0. However, the above results are all we need and
their proofs are slightly easier.

4.1 Capping off a separating curve

In this section,Σ is a fixed surface with at most 1 boundary component. Our goal is to prove
Proposition 4.2. This is proceeded by 2 results concerning the effect ofτ̃Σ,S onPK (Σ,S;β ).

Lemma 4.4. Let β be a non-nullhomotopic separating simple closed curve onΣ and letΣ′ be a
component ofΣ\β whose genus is at least2. Assume thatΣ′ has1 boundary component. Define
Σ̂′ to beΣ with a disc glued toβ , soPI (Σ,Σ′;β ) ∼= π1(U Σ̂′). Let V be the target of̃τΣ,Σ′ . The
composition

π1(U Σ̂′) ∼= PI (Σ,Σ′;β ) −֒→ Ĩ (Σ,Σ′)
τ̃Σ,Σ′
−→V (4)
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Figure 7: a. γ ∈ π1(Ŝ) cuts offΣ1,1 b. Push(γ) = TxT−1
y c. γ ∈ π1(Ŝ) cuts off the boundary of T , a

component of̂Σ′ \ Ŝ d. Push(γ) = TxT−1
y

then factors as
π1(U Σ̂′) −→ π1(Σ̂′) −→ H1(Σ̂′) −→∧2H1(Σ̂′) −→V,

where the mapH1(Σ̂′) → ∧2H1(Σ̂′) is the standard embedding and the map∧2H1(Σ̂′) → V is in-
duced by the evident injectionH1(Σ̂′) → H1(Σ).

Proof. An immediate consequence of Lemma 2.13 together with the commutative diagram (2).

Corollary 4.5. Let S be a cleanly embedded nonexceptional subsurface ofΣ. Also, letβ be a
boundary component of S such thatβ is a separating curve inΣ and such thatβ ⊂ ∂Σ if ∂Σ 6= /0.
DefineŜ to be S with a disc glued toβ . Finally, let Se be the expanded subsurface of S containingβ
and letŜe be Se with a disc glued toβ . ThenPK (Σ,S;β ) < PI (Σ,S;β ) ∼= π1(UŜ) is the pullback
to π1(UŜ) of the subgroup[π1(Ŝ),π1(Ŝ)]Ŝe

< π1(Ŝ).

Proof. Let V be the target of̃τΣ,S. By Lemma 4.4, the groupPK (Σ,S;β ) is the kernel of the
composition

π1(UŜ) −→ π1(Ŝ) −→ H1(Ŝ) −→ H1(Ŝe) −→∧2H1(Ŝe) −→V.

The map H1(Ŝe) → ∧2H1(Ŝe) is injective. By Lemma 3.2, the map∧2H1(Ŝe) −→ V is injective.
Finally, [π1(Ŝ),π1(Ŝ)]Ŝe

is the kernel of the mapπ1(Ŝ) → H1(Ŝe). The result follows.

Proof of Proposition 4.2.Let ŜbeSwith a disc glued toβ . Also, letSe be the expanded subsurface
of Σ containingβ and letŜe beSe with a disc glued toβ . By Corollary 4.5, the groupPK (Σ,S;β ) <
P(S;β ) ∼= π1(UŜ) is the pullback toπ1(UŜ) of the subgroup[π1(Ŝ),π1(Ŝ)]Ŝe

< π1(Ŝ). By Lemma
2.11, this pullback is generated by the following 3 types of elements.

• The loop around the fiber inUŜ. With an appropriate choice of orientation, this corresponds
to Tβ , a separating twist.

• Push(γ), whereγ ∈ π1(Ŝ) can be realized by a simple closed separating curve that cutsoff a
subsurface homeomorphic toΣ1,1 (see Figure 7.a). As depicted in Figure 7.b, the mapping
class Push(γ) equalsTxT−1

y , whereTx andTy are separating twists.

• Push(γ), whereγ ∈ π1(Ŝ) can be realized by a simple closed separating curve that cutsoff a
genus 0 subsurface whose boundary consists ofγ ∪ (∂T ∩ Ŝ) for some connected component

T of Ŝe\ Ŝ (see Figure 7.c). As depicted in Figure 7.d, the mapping class Push(γ) equals
TxT−1

y , whereTx andTy are separating twists.

The result follows.
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4.2 Capping off a nonseparating curve

4.2.1 A bit of surface topology

Before proving Proposition 4.3, we will need a group-theoretic result. LetSbe a cleanly embedded
subsurface of a surfaceS′. For simplicity, assume thatS′ is not closed and that∂S′ ⊂ S (this is all
that is needed later on).

Recall that[π1(S),π1(S)]S′ is the kernel of the induced mapπ1(S) → H1(S′). There is a natural
map[π1(S′),π1(S′)]→∧2H1(S′) that takes[x,y] to [x]∧ [y]. It has kernel[π1(S′), [π1(S′),π1(S′)]] and
plays an important role in the definition of the Johnson homomorphism (see [15] for more details).
There is thus an induced map[π1(S),π1(S)]S′ → ∧2H1(S′), and the following lemma identifies its
kernel.

Lemma 4.6. The kernel of the mapψ : [π1(S),π1(S)]S′ →∧2H1(S′) is [π1(S), [π1(S),π1(S)]S′ ].

Proof. As notation, setHS= H1(S) andHS′ = H1(S′). Also, letK andQ be the kernel and image of
the mapHS→ HS′.

It is clear that[π1(S), [π1(S),π1(S)]S′ ] < ker(ψ). Setting

Γ = [π1(S),π1(S)]S′/[π1(S), [π1(S),π1(S)]S′ ],

there is an induced homomorphismψ : Γ −→∧2HS′. Our goal is to show thatψ is an injection.
Let T1, . . . ,Tk be the components ofS′ \S. Observe thatK ∼= Zk with generators[∂Ti ] for 1≤

i ≤ k (see Figure 8.a; here we are using the fact that∂S′ ⊂ S). In particular, we have a short exact
sequence

1−→ [π1(S),π1(S)] −→ [π1(S),π1(S)]S′ −→ Zk −→ 1.

We have an isomorphism[π1(S),π1(S)]/[π1(S), [π1(S),π1(S)]] ∼= ∧2HS. Moreover, the kernel of the
map∧2HS→∧2HS′ is the subgroupHS∧K. The upshot is that we have an isomorphism

[π1(S),π1(S)]/[π1(S), [π1(S),π1(S)]S′ ] ∼= (∧2HS)/(HS∧K)∼= ∧2Q.

As a consequence of this, the mapψ fits into a commutative diagram

0 −−−−→ ∧2Q −−−−→ Γ −−−−→ Zk −−−−→ 0




y

=





y

ψ




y

0 −−−−→ ∧2Q −−−−→ ∧2HS′ −−−−→ (∧2HS′)/(∧
2Q) −−−−→ 0

To prove the lemma, it is enough to show that the mapZk → (∧2HS′)/(∧
2Q) is injective.

For 1≤ i ≤ k, let γi be a simple closed curve onSseparatesS into 2 components, 1 of which is
a genus zero surface with boundaryγi ∪∂Ti. Choose theγi such thatγi ∩ γ j = /0 if i 6= j (see Figure
8.a). Eachγi is a separating curve onS′ which dividesS′ into 2 components, one of which contains
Ti and the other of which contains theTj for j 6= i. For 1≤ i ≤ k, let T ′

i be the component ofS′

cut alongγi that containsTi. Observe that eachT ′
i is a surface with 1 boundary component and that

there is an injection
k

⊕

i=1

H1(T
′

i ) −֒→ HS′;
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Figure 8: a. The diagram for the proof of Lemma 4.6 b.Σ \Σ′ is connected c.γ = [c1,c2] d.
JγK = Tx(Tβ T−1

y )

we will identify this sum with its image. For 1≤ i ≤ k, let ωi ∈ ∧2HS′ be the canonical element of
∧2H1(T ′

i ). Tracing through the definitions, it is easy to see thatωi is the image in∧2HS′ of a lift of
the appropriate generator ofZk to Γ. Our goal is thus to show that theωi are linearly independent
moduli∧2Q.

We can choose a basisB for HS′ with the following properties.

• For 1≤ i ≤ k, there is some subset ofB forming a symplectic basis for H1(T ′
i ).

• There is a subset ofB that forms a basis forQ.

Choose a total ordering≺ onB, so∧2HS′ has the basisB∧ = {x∧y | x,y∈ B, x≺ y}. A subset ofB∧

forms a basis for∧2Q. Moreover, for each 1≤ i ≤ k, there exists somevi ∈ B∧ with the following
properties.

• In the expansion ofωi in the basisB∧, the coordinate ofvi is nonzero.

• vi /∈ ∧2Q.

• vi 6= v j for i 6= j.

It follows that theωi are linearly independent modulo∧2Q, and we are done.

4.2.2 The proof of Proposition 4.3

In this section, we will assume thatΣ is a closed surface. We will prove Proposition 4.3 after proving
the following 2 results.

Lemma 4.7. LetΣ′ →֒ Σ be a cleanly embedded nonexceptional subsurface and letβ be a boundary
component ofΣ′. Assume thatβ does not separateΣ and thatΣ \ Σ′ is connected (see Figure
8.b). LetΣ̂′ be the result of gluing a disc to the boundary componentβ of Σ′, soPI (Σ,Σ′;β ) ∼=
[π1(Σ̂′),π1(Σ̂′)]. Setting H= H1(Σ), the composition

PI (Σ,Σ′;β ) ∼= [π1(Σ̂′),π1(Σ̂′)]
τ̃Σ,Σ′
−→ (∧3H)/H

factors as
[π1(Σ̂′),π1(Σ̂′)] −→∧2H1(Σ̂′) −→ (∧3H)/H.

Here the map[π1(Σ̂′),π1(Σ̂′)]→∧2H1(Σ̂′) is the standard map and the map∧2H1(Σ̂′)→ (∧3H)/H
takesθ ∈ ∧2H1(Σ̂′) to the image of̃θ ∧ [β ] in (∧3H)/H, whereθ̃ ∈ ∧2H1(Σ′) is any lift ofθ .
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Remark.This last map is well defined; indeed, ifx,y∈ H1(Σ̂′), then we can liftx andy to elements
x̃, ỹ ∈ H1(Σ′) which are well-defined up to the addition of multiples of[β ], and thus the element
x̃∧ ỹ∧ [β ] is independent of all of our choices.

Proof of Lemma 4.7.It is enough to check this on a generating set for[π1(Σ̂′),π1(Σ̂′)]. By Lemma
2.12, the group[π1(Σ̂′),π1(Σ̂′)] is generated by the set of allγ ∈ π1(Σ̂′) that can be realized by
simple closed separating curves which cut off a subsurface homeomorphic toΣ1,1 (see Figure 8.c).
Consider such aγ . Inverting γ if necessary, we can assume that the subsurface homeomorphic to
Σ1,1 lies to the right ofγ . Write γ as [c1,c2], wherec1 andc2 are as in 8.c. From Figure 8.d, we
see thatJc1,c2K = Tx(Tβ T−1

y ), whereTx is a separating twist andTβ T−1
y is a bounding pair map. We

then have
τ̃Σ,Σ′(Jc1,c2K) = [c1]∧ [c2]∧ [β ];

here the orientation ofβ is chosen such thatΣ′ lies to the right ofβ . The lemma follows.

Corollary 4.8. Let S be a cleanly embedded subsurface ofΣ. Also, letβ be a boundary component
of S such thatβ is a nonseparating curve inΣ, let Sc be the complementary component ofβ in S,
and let Se be the expanded subsurface of S containingβ . Let Ŝ andŜe be the results of gluing discs
to the boundary componentβ of S and Se, respectively. Then the following hold.

• If Sc is not an annulus, thenPK (Σ,S;β ) < [π1(Ŝ),π1(Ŝ)]Ŝe
equals[π1(Ŝ), [π1(Ŝ),π1(Ŝ)]Ŝe

].

• If Sc is an annulus with boundary componentsβ andβ ′, thenPK (Σ,S;β ) < [π1(Ŝ),π1(Ŝ)]Ŝe

equals the group generated by[π1(Ŝ), [π1(Ŝ),π1(Ŝ)]Ŝe
] and δ , whereδ ∈ π1(Ŝ) is any ele-

ment that can be realized by a simple closed curve that is freely homotopic to the boundary
component of̂S corresponding toβ ′ ⊂ S (see Figure 9.e).

Proof. SetHΣ = H1(Σ) andHŜe
= H1(Ŝe) andHSe = H1(Se). Using Lemma 4.7, we can factor the

composition

PI (Σ,S;β ) ∼= [π1(Ŝ),π1(Ŝ)]Ŝe
−֒→ Ĩ (Σ,S) −→ I (Σ,S) −֒→ I (Σ) −→ (∧3HΣ)/HΣ

as
[π1(Ŝ),π1(Ŝ)]Ŝe

→֒ [π1(Ŝe),π1(Ŝe)] −→∧2HŜe
−֒→ ∧3HSe −→ (∧3HΣ)/HΣ.

By Lemma 4.6, the kernel of the map[π1(Ŝ),π1(Ŝ)]Ŝe
→ ∧3HŜe

is [π1(Ŝ), [π1(Ŝ),π1(Ŝ)]Ŝe
]. If Sc

is not an annulus, then we can find 2 linearly independent primitive vectors inHΣ with algebraic
intersection number 0 that are orthogonal toHSe (one of them can be[β ]). Thus by Lemma 3.1 we
can conclude that the map∧3HSe → (∧3HΣ)/HΣ is injective, and the corollary follows. Otherwise,
we haveHSe = [β ]⊥, and Lemma 3.1 implies that the map∧3HSe → (∧3HΣ)/HΣ has kernelZ gen-
erated by[β ]∧ω ; hereω ∈ ∧2HΣ is the canonical element. This lifts to the simple closed curve δ
described in the conclusion of the corollary, and we are done.

Proof of Proposition 4.3.Our notation is as in Corollary 4.8. We investigate the generating set for
PK (Σ,S;β ) given by that Corollary. First consider[π1(Ŝ), [π1(Ŝ),π1(Ŝ)]Ŝe

]. By Lemma 2.11, the

group[π1(Ŝ),π1(Ŝ)]Ŝe
is generated by the setX consisting ofγ ∈ π1(Ŝ) that can be realized by simple

closed separating curves that cut off either of the following.

• A torus with 1 boundary component.
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Figure 9: a. x and y with y contained in the1-holed torus b.Jx,yK = [Tx̃,Tỹ] with Tx̃ a separating twist
c. x and y with y no contained in the1-holed torus d.Jx,yK = [T−1

x̃ ,Tỹ] with Tx̃ not a separating twist
e,f. The curveδ hasJδK = Tδ̃ (Tβ T−1

β ′ )

• A genus 0 surface whose boundary consists ofγ ∪ (∂T ∩S1), whereT is a connected compo-

nent ofŜe\ Ŝ.

For x∈ X, define

Yx = {γ ∈ π1(Ŝ) | γ can be realized by a simple closed nonseparating curve

that only intersectsx at the basepoint}.

Observe thatYx generatesπ1(Ŝ) for all x ∈ X, so the setZ = {[y,x] | x∈ X, y∈Yx} normally gen-
erates[π1(Ŝ), [π1(Ŝ),π1(Ŝ)]Ŝe

]. Moreover,Z is closed under conjugation (here we are using the fact

that inner automorphisms ofπ1(Ŝ) can be realized by mapping classes fixing the basepoint). We
conclude thatZ in fact generates[π1(Ŝ), [π1(Ŝ),π1(Ŝ)]Ŝe

].
Consider[y,x] ∈ Z. The mapping class associated to[y,x] is Jy,xK. We must expressJy,xK as a

product of separating twists. We will do the case thatx can be realized by a simple closed curve that
cuts off a 1-holed torus; the other case is similar. There are2 cases.

• The curvey lies inside the 1-holed torus (see Figure 9.a). In this case,as shown in Figure 9.b
we haveJy,xK = [Te1

ỹ ,Te2
x̃ ] for curves ˜x and ỹ as depicted there and some signse1,e2 = ±1

(the signs depend on the orientations ofx andy). Observe thatTx̃ is a separating twist, so we
have

Jy,xK = T−e1
ỹ T−e2

x̃ Te1
ỹ Te2

x̃ = T−e2

T
e1
ỹ (x̃)

Te2
x̃ ,

a product of separating twists.

• The curvey lies outside the 1-holed torus (see Figure 9.c). In this case, as shown in Figure
9.d we haveJy,xK = [Te1

ỹ ,Te2
x̃ ] for curves ˜x andỹ as depicted there and some signse1,e2 =±1

(the signs depend on the orientations ofx andy). The mapping classTx̃ is not a separating
twist, so the previous trick does not apply. However, letε be the separating curve depicted in
Figure 9.d and letS′ be the result of removing the 1 holed torus fromSby cutting alongε . We
then haveJy,xK ∈ PK (Σ,S′;ε), so we can apply Proposition 4.2 to writeJy,xK as a product
of separating twists.

This completes the proof unless the complementary component to β in S is an annulus, say with
boundary componentsβ andβ ′. In this case, we also need the curveδ depicted in Figure 8.d. As
shown in Figure 8.d, the corresponding mapping classJδ K ∈ ˜K (Σ,S) equalsTδ̃ (Tβ T−1

β ′ ), whereTδ̃
is a separating twist. However, when mapped toK (Σ,S) the bounding pair mapTβ T−1

β ′ goes to 1,
and we are done.
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Figure 10: a. The subsurface Se of Σ with the boundary componentβ (which separatesΣ) together with the
subsurfaces T and S′e embedded in it b. An example of a splitting surface S′ for a nonseparating boundary
component c. We can expand S′ to a splitting surfacẽS′ for β in S̃= Σ\A

4.3 The exact sequence

In this section, we prove Proposition 4.1. For the proof, we will need the following lemma.

Lemma 4.9. Let
1−→ K −→ Γ −→ G−→ 1

be a split exact sequence of groups, let Q be another group, and let f : Γ → Q be a homomorphism.
Regarding G as a subgroup ofΓ via the splitting, assume that f(K)∩ f (G) = 1. Then there is short
exact sequence

1−→ ker( f |K) −→ ker( f ) −→ ker( f |G) −→ 1.

The proof of Lemma 4.9 is trivial and left to the reader.

Proof of Proposition 4.1.We begin by recalling the setup of the proposition. LetΣ be a closed
surface and letS →֒ Σ be a cleanly embedded nonexceptional subsurface with at least 2 boundary
components. Letβ be a boundary component ofS and letS′ →֒ S be a splitting surface forβ .
Theorem 2.8 gives a split exact sequence

1−→ PI (Σ,S;β ) −→ Ĩ (Σ,S) −→ Ĩ (Σ,S′) −→ 1. (5)

We must prove that this restricts to a split exact sequence

1−→ PK (Σ,S;β ) −→ ˜K (Σ,S) −→ ˜K (Σ,S′) −→ 1, (6)

where the terms are the kernels of the restrictions ofτ̃Σ,S to the terms in (5).
We will verify the hypothesis of Lemma 4.9 for the restriction of τ̃Σ,S to Ĩ (Σ,S). This hypoth-

esis asserts that
τ̃Σ,S(PI (Σ,S;β ))∩ τ̃Σ,S(Ĩ (Σ,S′)) = 0. (7)

There are 2 cases. SetHΣ = H1(Σ).

Case 1.The curveβ separatesΣ.

SetT = S\S′, soT ∼= Σ0,3. Let β ′ = ∂T ∩S′, let Se be the expanded subsurface ofScontaining
β , and letS′e be the expanded subsurface ofS′ containingβ ′ (see Figure 10.a). Observe that

τ̃Σ,S(PI (Σ,S;β )) < τ̃Σ,Se(PI (Σ,Se;β )) and τ̃Σ,S(Ĩ (Σ,S′)) < τ̃Σ,S′e(Ĩ (Σ,S′e)).

Thus to prove (7), it is enough to prove that

τ̃Σ,Se(PI (Σ,Se;β ))∩ τ̃Σ,S′e(Ĩ (Σ,S′e)) = 0. (8)

20



SetHSe = H1(Se) andHS′e = H1(S′e). Since the genus ofΣ\Se is positive, Lemma 3.2 implies
that the natural map∧3HSe → (∧3HΣ)/HΣ is injective. Both terms of (8) lie in the image of this
injective map. It suffices, therefore, to check that

τSe(PI (Σ,Se;β ))∩ τSe(I (Se,S
′
e)) = 0. (9)

By Lemma 4.4, the imageτSe(PI (Σ,Se;β )) is exactly the image of the standard embeddingHSe →֒
∧3HSe. Also, it is clear thatτSe(I (Se,S′e) is the image of∧3HS′e in ∧3HSe. Thus (9) is asserting
that HSe ∩∧3HS′e < ∧3HSe is 0. SinceSe\S′e has positive genus, Lemma 3.2 implies that the map
∧3HS′e → (∧3HSe)/HSe is injective, and the result follows.

Case 2.The curveβ does not separateΣ.

Let A be a closed annulus embedded inΣ\Ssuch that 1 component of∂A is β . DefineS̃= Σ\A.
We can find a splitting surfacẽS′ for β in S̃such thatS′ ⊂ S̃′ (see Figures 10.b–c). Observe that

τ̃Σ,S(PI (Σ,S;β )) < τ̃Σ,S̃(PI (Σ, S̃;β )) and τ̃Σ,S(Ĩ (Σ,S′)) < τ̃Σ,S̃(Ĩ (Σ, S̃′)).

Thus to prove (7), it is enough to prove that

τ̃Σ,S̃(PI (Σ, S̃;β ))∩ τ̃Σ,S̃(Ĩ (Σ, S̃′)) = 0. (10)

SetHS̃′ = H1(S̃′). We have〈[β ]〉⊥ = 〈[β ]〉⊕HS̃′. Associated to this is the decomposition

∧3〈[β ]〉⊥ = (∧2HS̃′)⊕ (∧3HS̃′),

where∧2HS̃′ is embedded in∧3〈[β ]〉⊥ via the mapθ 7→ θ ∧ [β ]. Let φ : ∧3〈[β ]〉⊥ → (∧3HΣ)/HΣ
be the obvious map. It is clear thatτ̃Σ,S̃(Ĩ (Σ, S̃′)) = φ(∧3HS̃′), and by Lemma 4.7, we have
τ̃Σ,S̃(PI (Σ, S̃;β )) = φ(∧2HS̃′). We conclude that to prove (10), it is enough to prove

φ(∧3HS̃′)∩φ(∧2HS̃′) = 0. (11)

By Lemma 3.1, the kernel ofφ is isomorphic toZ and is entirely contained in contained in the factor
(∧2HS̃′) (it is spanned by the canonical element). The condition (11)is an immediate consequence,
and the proposition follows.

5 The proof of Theorem 1.1

We now turn to the proof of Theorem 1.1. A key tool will be the following theorem, which is
a formulation due to the author of a theorem of Armstrong [1].A group G acts on a simplicial
complexX without rotationsif for all simplicesσ of X, the stabilizerGσ fixesσ pointwise.

Theorem 5.1([25, Theorem 2.1]). Consider a group G acting without rotations on a simply con-
nected simplicial complex X. The group G is generated by the set

⋃

v∈X(0)

Gv

if and only if X/G is simply connected.
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We will apply this to the action ofK (Σg) on the simplicial complexC ns,2
g defined in the intro-

duction. To do this, we will need the following proposition.

Proposition 5.2. For g≥ 3, the complexesC ns,2
g andC

ns,2
g /K (Σg) are simply connected.

The proof of Proposition 5.2 is contained in§6. We will also need the following theorem of
Farb-Leininger-Margalit.

Theorem 5.3([8, Proposition 3.2]). Let γ be the isotopy class of a nontrivial simple closed curve
on Σg and let f∈ K (Σg). Assume that f(γ) 6= γ . Then i(γ , f (γ)) ≥ 4.

Proof of Theorem 1.1.Let Σ be a surface with at most 1 boundary component and letS →֒ Σ be
an embedded subsurface whose genus is at least 2. Our goal is to prove thatK (Σ,S) < I (Σ) is
generated by separating twists. Without loss of generality, we can assume thatSis cleanly embedded
in Σ. The proof will be by induction on the genus and number of boundary components ofS.

Our induction will be carried out in several steps. An outline of the argument is as follows. The
base case (whereS= Σ = Σ2) is in Step 1. In Steps 2–4, we show how to go fromK (Σg) being
generated by separating twists toK (Σ,S) being generated by separating twists whenS∼= Σg,n.
Finally, in Step 5 we show that ifK (Σg+1,S) is generated by separating twists wheneverS∼= Σg,2,
thenK (Σg+1) is generated by separating twists.

Step 1. The groupK (Σ2) is generated by separating twists.

In fact, Σ2 contains no bounding pair maps, soI (Σ2) is generated by separating twists. This
implies thatτΣ2 = 0, and the result follows.

Step 2. Assume thatΣ has1 boundary componentβ . DefineΣ̂ to be the result of gluing a disc toβ .
If β ⊂ S, then let̂S be S with a disc glued toβ ; otherwise letŜ= S. Regard̂S as a cleanly embedded
subsurface of̂Σ in the obvious way. Assume thatK (Σ̂, Ŝ) is generated by separating twists. Then
K (Σ,S) is generated by separating twists.

Remark.In particular, this implies that ifK (Σg) is generated by separating twists, thenK (Σg,1)
is generated by separating twists.

SetH = H1(Σ) and letρ : π1(U Σ̂) → H be the projection. By Lemma 2.13, we have a commu-
tative diagram of short exact sequences

1 −−−−→ π1(U Σ̂)∩I (Σ,S) −−−−→ I (Σ,S) −−−−→ I (Σ̂, Ŝ) −−−−→ 1




y

ρ




y

τΣ,S





y

τΣ̂,Ŝ

0 −−−−→ H −−−−→ ∧3H −−−−→ (∧3H)/H −−−−→ 0

Considerf ∈ K (Σ,S). By assumption,K (Σ̂, Ŝ) = ker(τΣ̂,Ŝ) is generated by separating twists, and
each of these lifts to a separating twist inK (Σ,S). Using this, we can assume without loss of
generality thatf ∈ π1(U Σ̂)∩I (Σ,S). There are 2 cases.

• If β ⊂ S, then ker(ρ |π1(U Σ̂)∩I (Σ,S)) is the image ofPK (Σ,S;β ) < ˜K (Σ,S) in K (Σ,S), and
we can apply Proposition 4.2 to conclude thatf can be written as a product of separating
twists.
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• If β ∩S= /0, then using Lemma 2.3 eitherπ1(U Σ̂)∩Mod(Σ,S) = 1, in which case the desired
result is trivial, or the componentC of Σ\Scontainingβ is homeomorphic toΣ0,3 and

π1(U Σ̂)∩I (Σ,S) ∼= π1(U Σ̂)∩Mod(Σ,S) = 〈TxT
−1

y 〉,

where∂C = β ∪x∪y. In this latter case, observe thatτΣ,S(TxT−1
y ) 6= 0. SinceτΣ,S( f ) = 0, we

conclude thatf = 1, and we are done.

Step 3. Assume thatΣ is closed. IfK (Σg,1) is generated by separating twists and if S∼= Σg,1, then
K (Σ,S) is generated by separating twists.

Observe that the genus ofΣ is strictly larger than the genus ofS. SetHΣ = H1(Σ) andHS =
H1(S). Since the genus ofΣ is strictly larger than the genus ofS, Lemma 3.2 implies that the induced
map i : ∧3HS → (∧3HΣ)/HΣ is an injection. Moreover, by Theorem 2.1, we have thatI (Σ,S) ∼=
Ĩ (Σ,S), and sinceHS injects intoHΣ, we haveĨ (Σ,S) ∼= I (S). We thus have a commutative
diagram

I (S)
τS−−−−→ ∧3HS





y

∼=





y
i

I (Σ,S)
τΣ,S

−−−−→ (∧3HΣ)/HΣ

Since ker(τS) ∼= K (S) is generated by separating twists andi is an injection, we conclude that
I (Σ,S) is generated by separating twists, as desired.

Step 4. Assume that S∼= Σg,n. Also, assume thatK (Σ,T) is generated by separating twists for
all cleanly embedded subsurfaces T→֒ Σ with T ∼= Σg,1. ThenK (Σ,S) is generated by separating
twists.

By Step 2, we can assume thatΣ is closed. The proof will be by induction onn. The base case
n = 1 holds by assumption. Assume now thatn > 1. Let β be a boundary component ofSand let
S′ ⊂ Sbe a splitting surface forβ . Proposition 4.1 says that there is a split short exact sequence

1−→ PK (Σ,S;β ) −→ ˜K (Σ,S) −→ ˜K (Σ,S′) −→ 1.

Also, Propositions 4.2 and 4.3 say that the image ofPK (Σ,S;β ) in I (Σ,S) is contained in the sub-
group generated by separating twists. Finally, the image of˜K (Σ,S′) in I (Σ,S′) is K (Σ,S′), and
sinceS′ has fewer boundary components thanS, the inductive hypothesis says that this is generated
by separating twists. The desired result follows.

Step 5. If K (Σg+1,S) is generated by separating twists whenever S∼= Σg,2, thenK (Σg+1) is gen-
erated by separating twists.

By Theorem 5.3, the groupK (Σg) acts onC
ns,2
g without rotations. Using Theorem 5.1 and

Proposition 5.2, we conclude thatK (Σg+1) is generated by the stabilizers of vertices ofC
ns,2
g+1.

Letting γ be the simple closed nonseparating curve corresponding to such a vertex, we have that
(K (Σg+1))γ = K (Σg+1,S), whereS is the complement of a regular neighborhood ofγ . Since such
an S is homeomorphic toΣg,2, these stabilizers are by assumption generated by separating twists,
and we are done.
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6 The complex of curves

The goal of this section is to prove Proposition 5.2, which asserts that forg ≥ 3, the complexes
C

ns,2
g andC

ns,2
g /K (Σg) are simply connected. These 2 facts are proven as Lemmas 6.1 and 6.5

in §6.1 and§6.3 below. The fact thatC ns,2
g /K (Σg) is simply connected is proven using the trick

introduced in [26] to prove that the “complex of separating curves” is simply connected. This
requires a presentation for Mod(Σg)/K (Σg), which we construct in§6.2.

A simplicial pathin a simplicial complexX is a sequence of vertices connected by edges. We
will denote the path that starts atv1 ∈ X, then goes tov2 ∈ X, etc. and ends atvn ∈ X by v1− v2−
·· · − vn. If f : X → Y is a simplicial map andℓ is a simplicial path inX, then we will denote by
f∗(ℓ) the induced path inY.

6.1 The simple connectivity ofC ns,2
g

In this section, we prove the following lemma.

Lemma 6.1. For g≥ 3, the complexC ns,2
g is simply connected.

For the proof, we will need the following theorem of Harer.

Theorem 6.2([11, Theorem 1.1]). For g≥ 1, the complexC ns
g is (g−2)-connected.

Proof of Lemma 6.1.For g ≥ 2, the fact thatC ns
g ⊂ C

ns,2
g is connected implies thatC ns,2

g is con-

nected. Now assume thatg≥ 3 and thatℓ is a loop inC
ns,2
g . We wish to prove thatℓ may be con-

tracted to a point. By Theorem 6.2, it is enough to homotopeℓ into C ns
g ⊂C

ns,2
g . Using the simplicial

approximation theorem, we can assume thatℓ is a simplicial path, i.e. of the formv1−v2−·· ·−vn

with vi an isotopy class of nonseparating simple closed curve onΣg for 1≤ i ≤ n andvn = v1. As-
sume first thati(vi ,vi+1) 6= 0 for some 1≤ i < n. An easy Euler characteristic argument (see, e.g.,
[8, Lemma 2.1]) shows that there is a simple closed curvew such thati(vi ,w) = i(vi+1,w) = 0. The
loopℓ can then be homotoped tov1−·· ·−vi −w−vi+1−·· ·−vn. Repeating this, we can homotope
ℓ such thati(vi ,vi+1) = 0 for all 1≤ i < n. By a similar argument, we can homotopeℓ such that in
additionvi ∪vi+1 does not separateΣg for all 1≤ i < n; i.e. such thatℓ lies inC ns

g ⊂ C
ns,2
g .

6.2 A presentation forI (Σg)/K (Σg)

6.2.1 Generators

Begin by fixing ageometric symplectic basis BonΣg, i.e. a set{α1,β1, . . . ,αg,βg} of nonseparating
simple closed curves onΣg such that

i(αi ,βi) = 1 and i(αi ,β j) = i(αi ,α j) = i(βi ,β j) = 0

for distinct 1≤ i, j ≤ g (see Figure 11.a). Forx ∈ B, we will say that thecompanionof x is βi

if x = αi andαi if x = βi . Letting B′ = {δ1, . . . ,δg−1} be the curves in Figure 11.b, a theorem of
Lickorish [21] says thatSMod = {Tx | x∈ B∪B′} generates Mod(Σg).

To simplify our relations, we will add toSMod a certain setS∧ ⊂ I (Σg). For distinctx,y,z∈ B,
the setS∧ will contain an elementJ{x,y,z} with τΣg(J{x,y,z}) = ±[x]∧ [y]∧ [z]. We emphasize that
J{x,y,z} depends only on the (unordered) set{x,y,z}. Fix distinct x,y,z∈ B and defineJ{x,y,z} as
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Figure 11: a. A geometric symplectic basis b. Lickorish’s generating set forMod(Σg) c–d. Construct-
ing J{x,y,z} = [Tγ1,Tγ2] when x,y,z∈ B are disjoint. The interiors of the arcs ci do not intersect any elements

of B. e–f. Constructing J{x,y,z} = TzT
−1
z′ when i(x,y) = 1. The curveγ is a the boundary of a regular

neighborhood of x∪y and the interior of the arc c does not intersect any element of B

follows. These definitions involve a number of arbitrary choices, but none of our results will depend
on the choices we make.

• If i(x,y) = i(x,z) = i(y,z) = 0, thenJ{x,y,z} will be a simply intersecting pair map[Tγ1,Tγ2]
constructed as follows. Choose embedded disjoint arcsc1 andc2 such thatc1 starts at a point
in x and ends at a point iny, such thatc2 starts at a point ofy and ends at a point inz, and
such that the interiors of theci are disjoint from all elements ofB (see Figure 11.c). LetN1 be
a regular neighborhood ofx∪c1∪y andN2 be a regular neighborhood ofy∪c2∪z. Thenγ1

is the component of∂N1 that is not homotopic tox or y andγ2 is the component of∂N2 that
is not homotopic toy or z (see Figure 11.d).

• Otherwise, 2 elements of{x,y,z} (sayx andy) are companions. In this case,J{x,y,z} will be a
bounding pair mapTzT

−1
z′ , where the curvez′ is constructed as follows. A regular neighbor-

hood ofx∪y is homeomorphic toΣ1,1; let γ be its boundary. We can assume thatγ is disjoint
from all elements ofB. Let c be an embedded arc which goes from a point ofγ to a point of
z and whose interior is disjoint fromγ and all elements ofB (see Figure 11.e). LetN be a
regular neighborhood ofγ ∪c∪z. Thenz′ is the component of∂N that is not homotopic toγ
or z (see Figure 11.f).

It is clear thatτΣg(J{x,y,z}) = ±[x]∧ [y]∧ [z]. Let S∧ = {J{x,y,z} | x,y,z∈ B are distinct} and S=
SMod∪S∧. The following lemma is immediate from our construction.

Lemma 6.3. Consider s∈ S and b∈ B.

1. If s∈ SMod, then i(b,s(b)) ≤ 1. Moreover, there are at most two b∈ B such that s(b) 6= b.

2. If s= J{x,y,z} ∈ S∧, then i(b,s(b)) ≤ 2. Moreover, s(b) = b if

b∈ {x,y,z}∪{x′ ∈ B | neither x′ nor the companion of x′ lies in{x,y,z}}.

6.2.2 Relations

We now construct the relations in our presentation. LetB andS= SMod ∪S∧ be as in§6.2.1 and
let H = H1(Σg). Our strategy will be to add relations needed to yield the structure contained in the
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exact sequence

1−→ (∧3H)/H −→ Mod(Σg)/K (Σg) −→ Sp2g(Z) −→ 1

obtained by quotienting the exact sequence

1−→ I (Σg) −→ Mod(Σg) −→ Sp2g(Z) −→ 1

by K (Σg) < I (Σg). Let φ : 〈S∧〉→ ∧3H be the natural map, where〈S∧〉 denotes the free group on
S∧. We then define the following sets of relations on the generatorsS.

• RMod is a set of relations such that〈S | RMod〉 ∼= Mod(Σg) (the exact form of the relations in
RMod will not matter).

• Rcomm= {[J{x1,x2,x3},J{y1,y2,y3}] | x1,x2,x3 ∈ B are distinct andy1,y2,y3 ∈ B are distinct}

• Recall thatH is embedded in∧3H via the maph 7→ h∧ω , whereω = ∑i [αi ]∧ [βi]. If h∈
{αi ,βi}, then the corresponding element of∧3H is h∧∑ j 6=i [α j ]∧ [β j ]. We define

RH = {∏
j 6=i

J±1
{x,α j ,β j}

| x∈ {αi ,βi} for some 1≤ i ≤ g},

where the signs are chosen such thatφ(∏ j 6=i J
±1
{x,α j ,β j}

) = [x]∧∑ j 6=i[α j ]∧ [β j ].

• For eachs∈ SMod, the elements acts on∧3H via the symplectic representation. For distinct
x,y,z∈ B, letW{x,y,z},s be a minimal length word inS±1

∧ such thatφ(W{x,y,z},s) = s(φ(J{x,y,z})).
We define

Rconj = {sJ{x,y,z}s−1W−1
{x,y,z},s | x,y,z∈ B are distinct ands∈ SMod}.

SetR= RMod∪Rcomm∪RH ∪Rconj. We have the following.

Lemma 6.4. We have〈S | R〉 ∼= Mod(Σg)/K (Σg).

Proof. We clearly have a homomorphismψ : 〈S | R〉 → Mod(Σg)/K (Σg). Let A < 〈S | R〉 be the
subgroup spanned byS∧. Using the relationsRcommandRconj, the subgroupA is abelian and normal.
Also, we have

〈S | R〉/A∼= 〈S | R∪S∧〉 ∼= 〈S | RMod∪S∧〉.

By Theorem 2.5, the setS∧ normally generatesI (Σg)⊳Mod(Σg). We conclude that

〈S | R〉/A∼= Mod(Σg)/I (Σg) ∼= Sp2g(Z).

The homomorphismψ restricts to a surjectionψ ′ : A→ (∧3H)/H. Using the relationsRH , we have
that the rank ofA is at most the rank of(∧3H)/H, soψ ′ is an isomorphism. We have a commutative
diagram

1 −−−−→ A −−−−→ 〈S | R〉 −−−−→ Sp2g(Z) −−−−→ 1




y

∼=





y

ψ




y

∼=

1 −−−−→ (∧3H)/H −−−−→ Mod(Σg)/K (Σg) −−−−→ Sp2g(Z) −−−−→ 1

By the 5 lemma,ψ is an isomorphism, and we are done.
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6.3 The simple connectivity ofC ns,2
g /K (Σg)

In this section, we will prove the following lemma.

Lemma 6.5. For g≥ 3, the complexC ns,2
g /K (Σg) is simply connected.

During the proof, we will make use of the following concept (see [12] for a survey).

Definition. Let G be a group with a generating setS. TheCayley graphof G, denotes Cay(G,S), is
the oriented graph whose vertices are elements ofG and whereg1,g2 ∈ G are connected by an edge
if g2 = g1s for somes∈ S.

Remark.The groupG acts on Cay(G,S) on the left.

Proof of Lemma 6.5.Set Γ = Mod(Σg)/K (Σg). Let S= SMod ∪S∧ be the generating set forΓ
constructed in§6.2.1 and letB = {α1,β1, . . . ,αg,βg} be the geometric symplectic basis used to
constructS. The setS is also a generating set for Mod(Σg). Let ρ1 : Cay(Mod(Σg),S) → Cay(Γ,S)

andρ2 : C
ns,2
g → C

ns,2
g /K (Σg) be the natural projections.

By Lemma 6.3, we havei(α1,s(α1)) ≤ 2 for all s∈ S. This implies thati(g(α1),gs(α1)) ≤ 2
for all s∈ Sandg∈ Mod(Σg), so there is a simplicial mapψ : Cay(Mod(Σg),S) → C

ns,2
g such that

ψ(g) = g(α1). This induces a mapψ : Cay(Γ,S) → C
ns,2
g /K (Σg) such that the diagram

Cay(Mod(Σg),S)
ψ

−−−−→ C
ns,2
g





y

ρ1





y

ρ2

Cay(Γ,S)
ψ

−−−−→ C
ns,2
g /K (Σg)

commutes. Sinceψ(1) = ρ2(a1), we get an induced map

ψ∗ : π1(Cay(Γ,S),1) −→ π1(C
ns,2
g /K (Σg),ρ2(a1)).

To prove the lemma, it is enough to show thatψ∗ is both surjective and the zero map.

Claim 1. ψ∗ is surjective.

Considerℓ ∈ π1(C
ns,2
g /K (Σg),ρ2(a1)), which we can assume is a simplicial loop. Liftingℓ

one edge at a time toC ns,2
g , we obtain a path̃ℓ in C

ns,2
g that begins ata1 and ends atf (a1) for some

f ∈ K (Σg) such that(ρ2)∗(ℓ̃) = ℓ. There is a path̃δ in Cay(Mod(Σg),S) that starts at 1 and ends at
f . Observe that(ρ1)∗(δ̃ ) ∈ π1(Cay(Γ,S),1). Sinceℓ̃ andψ∗(δ̃ ) have the same starting and ending
points, Lemma 6.1 implies that they are homotopic while fixing their endpoints. Projecting this
homotopy toC

ns,2
g /K (Σg), we can use the commutativity of the above diagram to conclude that

ψ∗((ρ1)∗(δ̃ )) is homotopic toℓ while fixing the basepoint, and we are done.

Claim 2. ψ∗ is the zero map.

Let R= RMod∪Rconj∪Rcomm∪RH be the relations forΓ given by Lemma 6.4. For each relation
s1 · · ·sk ∈ R, we get an element ofπ1(Cay(Γ,S),1), namely 1−s1−s1s2−·· ·−s1 · · ·sk = 1. TheΓ-
orbits of these loops “essentially” generateπ1(Cay(Γ,S),1) (there is a small issue with basepoints).
One precise version of this statement is that we can construct a simply connected complexX from
Cay(Γ,S) by attaching discs to theΓ-orbits of the loops associated to the elements ofR (see [12,
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§V.13]). We will show that the images inC ns,2
g /K (Σg) of the loops in Cay(Γ,S) associated to

the elements ofR are contractible. This will imply that we can extendψ to X. SinceX is simply
connected, we will be able to conclude thatψ∗ is the zero map, as desired.

Considerr ∈R. If r = s1 · · ·sk with si ∈S±1 for 1≤ i ≤ k, then the loopℓ in Cay(Γ,S) associated
to r is 1−s1−s1s2−·· ·−s1s2 · · ·sk = 1. We will verify thatψ∗(ℓ) is contractible. We begin with
some general remarks. Using Lemma 6.3, the onlys∈ S±1 such thats(α1) 6= α1 areT±1

β1
andJ±1

β1,x,y
with x,y 6= α1. We will call these theinteresting generators. If none of thesi are interesting, then
ψ∗(ℓ) is the constant loop, so there is nothing to prove. If exactly1 of thesi is interesting, theψ∗(ℓ)
is a loopρ2(α1)− v with v 6= ρ2(α1), which is impossible. If exactly twosi are interesting, then
ψ∗(ℓ) is of the formρ2(α1)−v−ρ2(α1), so it is trivially contractible. We thus only need to worry
about ther ∈ R that use at least 3 interesting generators. We will call these theinteresting relations.
To deal with the interestingr ∈ R, we must consider several cases.

• r ∈RMod. In this case, we can liftψ∗(ℓ) to a loop inC ns,2
g . The resulting loop is contractible by

Lemma 6.1, and by projecting this contraction down toC
ns,2
g /K (Σg), we obtain the desired

null-homotopy.

• r ∈ Rcomm. The interesting relations here are of the form[Jβ1,v1,v2
,Jβ1,v3,v4

] with vi /∈ {α1,β1}
for 1 ≤ i ≤ 4. By Lemma 6.3, we haveJβ1,v1,v2

(β1) = β1 and Jβ1,v3,v4
(β1) = β1. Since

i(α1,β1) = 1, we deduce that for every subwordw of r, we havei(w(α1),β1) = 1. This
implies thatρ2(β1) is adjacent to every vertex ofψ∗(ℓ), so we can contractψ∗(ℓ) to ρ2(β1).

• r ∈ RH . In this case, there is only 1 interesting relation, namely∏g
i=2Jβ1,αi ,βi

. Lemma 6.3 says
thatJβ1,αi ,βi

(β1) = β1 for 2≤ i ≤ g, so an argument like in theRcomm case shows thatψ∗(ℓ)
can be contracted toρ2(β1).

• r ∈ Rconj. Write r = TγJ{y1,y2,y3}T
−1

γ W−1
{y1,y2,y3},γ . By Lemma 6.3, the mapping classTγ fixes all

but at most 2 elements ofB. Reordering theyi if necessary, we can assume thatTγ(y3) = y3. In
particular, when we expand outTγ([y1]∧ [y2]∧ [y3]) in terms of the basis{[b] | b∈ B}, every
term is of the formc[b1]∧ [b2]∧ [y3] with c ∈ Z andb1,b2 ∈ B distinct and not equal toy3.
The upshot is that every generator used inW{y1,y2,y3},γ is of the formJ±1

{b1,b2,y3}
with b1,b2 ∈ B

distinct and not equal toy3. By Lemma 6.3, we conclude that every generator used inr fixes
y3, so by the argument used in theRcomm case, we can contractψ∗(ℓ) to ρ2(y3).

7 Finite index subgroups of the Torelli group

In this section, we prove Theorem 1.2, whose statement we nowrecall. LetΣ be a surface with at
most 1 boundary component and letS →֒ Σ be a cleanly embedded subsurface whose genus is at
least 3. LetΓ be a finite-index subgroup ofI (Σ,S) with K (Σ,S) < Γ. Then Theorem 1.2 asserts
that H1(Γ;Q) ∼= τΣ(I (Σ,S))⊗Q.

The target ofτΣ is a free abelian group and[I (Σ,S) : Γ] < ∞, so

τΣ(I (Σ,S))⊗Q ∼= τΣ(Γ)⊗Q.

SinceK (Σ,S) < Γ, we have ker(τΣ|Γ) = K (Σ,S), so Theorem 1.1 says that ker(τΣ|Γ) is generated
by separating twists. We conclude that Theorem 1.2 is equivalent to the following lemma. IfG is a
group andg∈ G, then denote by[g]G the associated element of H1(G;Q).
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Lemma 7.1(Separating twists vanish). LetΣ be a surface with at most1 boundary component and
let S →֒ Σ be a cleanly embedded subsurface whose genus is at least3. Let Γ be a finite-index
subgroup ofI (Σ,S) with K (Σ,S) < Γ and letβ be a simple closed separating curve in S. Then
[Tβ ]Γ = 0.

Remark.In the special case thatS= Σ andΓ = I (Σ,S), this was proven by Johnson in [20]. Our
proof builds on Johnson’s proof.

The proof of Lemma 7.1 is contained in§7.2. This is proceeded by§7.1, which contains a
group-theoretic lemma.

7.1 A bit of group cohomology

We will need the following lemma, which is an abstraction of the main idea of the proof of [28,
Theorem 1.1].

Lemma 7.2. Let G be a group, let G′ < G be a finite index subgroup, and let g∈ G be a central
element. Assume that[g]G = 0 and that g∈ G′. Then[g]G′ = 0.

Proof. We can assume thatg has infinite order, so〈g〉 ∼= Z. Sinceg is central, we have〈g〉⊳ G.
DefineG = G/〈g〉 andG

′
= G′/〈g〉. We have a commutative diagram of central extensions

1 −−−−→ Z −−−−→ G′ −−−−→ G
′
−−−−→ 1





y

∼=





y





y

1 −−−−→ Z −−−−→ G −−−−→ G −−−−→ 1

There is an associated map of 5-term exact sequences in rational group homology (see [5, Corollary
VII.6.4]), which takes the form

H2(G′;Q) −−−−→ H2(G
′
;Q)

j ′
−−−−→ Q

i′
−−−−→ H1(G′;Q) −−−−→ H1(G

′
;Q) −−−−→ 0





y





y

φ




y

∼=





y





y

H2(G;Q) −−−−→ H2(G;Q)
j

−−−−→ Q
i

−−−−→ H1(G;Q) −−−−→ H1(G;Q) −−−−→ 0

By assumption, the mapi in this diagram is the 0 map, soj is surjective. SinceG
′
is a finite index

subgroup ofG, we can make use of the transfer map in group homology (see [5,Chapter III.9]) to
deduce thatφ is surjective. We conclude thatj ′ is surjective, soi′ = 0, and the lemma follows.

7.2 A vanishing result

We now turn to Lemma 7.1. For the proof, we will need the following lemma. IfS is a surface, then
defineĤ1(S) = H1(S)/X, whereX = 〈[c] | c a component of∂S〉. Also, if c is a simple closed curve
in S, then denote by[c] the associated element ofĤ1(S).

Lemma 7.3(Conjugacy classes of BP maps). LetΣ be a surface with at most1 boundary component
and let S֒→Σ be a cleanly embedded subsurface. Assume that each component of ∂S is a separating
curve inΣ, and letβ be a component of∂S. Let Tx1T

−1
y1

and Tx2T
−1
y2

be 2 bounding pair maps in
Ĩ (Σ,S) that satisfy the following2 conditions.
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a b c d

β
xi

yi
Ti

x1
x2

y1 y2

z1
z2

b

x2 y2

z2

β

x′2 y′2

z′2
β

Figure 12: a. Curves like in Lemma 7.3 b. A lantern relation Tb = (Tx1T−1
x2

)(Ty1T−1
y2

)(Tz1T−1
z2

) c,d.
Two lantern relations as indicated in the proof of Lemma 7.1.We only draw the4 “exterior” curves, namely
β ∪x2∪y2∪z2 andβ ∪x′2∪y′2∪z′2.

1. For 1≤ i ≤ 2, the1-submanifoldβ ∪xi ∪yi of S bounds a subsurface Ti homeomorphic toΣ0,3

(see Figure 12.a).

2. [x1] = [x2], where the curves xi are oriented such that Ti lies to the left of xi .

Then Tx1T
−1
y1

and Tx2T
−1
y2

are conjugate elements of̃I (Σ,S).

Remark.This was proven by Johnson [16, Theorem 1B] in the special case thatS= Σ. Our proof
is a slight elaboration of his. We remark that in the statement of [16, Theorem 1B], there is an extra
condition about a certain splitting of homology – in our situation, that condition is trivial.

Proof of Lemma 7.3.By condition 1 and an Euler characteristic calculation, we obtain homeomor-
phic disconnected surfaces when we cutSalongxi ∪yi for 1≤ i ≤ 2. Using such a homeomorphism,
we obtain anf ∈ Mod(S) such thatf (x1) = x2 and f (y1) = y2. We have

f Tx1T
−1
y1

f−1 = Tf (x1)T
−1
f (y1)

= Tx2T
−1
y2

,

so if f ∈ Ĩ (Σ,S), then we are done. Our goal is to modifyf so that it lies inĨ (Σ,S).
The group Mod(S) acts onĤ1(S), and by [25, Theorem 1.1], the group̃I (Σ,S) is the kernel of

this action (we remark that this is also easy to prove directly). DefineŜ to beSwith discs glued to
all boundary components except forβ . Observe that̂H1(S) ∼= H1(Ŝ). Let π : Mod(S) → Mod(Ŝ)
be the induced map and letφ : Mod(Ŝ) → Aut(H1(Ŝ)) be the symplectic representation. Also, for
1≤ i ≤ 2 let x̂i andŷi be the curves in̂Swhich are the images ofxi andyi , respectively. Observe that
by condition 2, the symplectic group elementφ(π( f )) acts as the identity on

[x̂1] = [x̂2] = −[ŷ1] = −[ŷ2].

Denote by Modx2,y2(S) (resp. Mod̂x2,ŷ2(Ŝ)) the pointwise stabilizer in Mod(S) (resp. Mod(Ŝ))
of x2 ∪ y2 (resp. ˆx2 ∪ ŷ2). The mapπ restricts to a surjection Modx2,y2(S) → Modx̂2,ŷ2(Ŝ). It is
easy to see thatφ(Modx̂2,ŷ2(Ŝ)) < Aut(H1(Ŝ)) is exactly the stabilizer of[x̂2] = −[ŷ2]. Thus there
exists some ˆg∈ Modx̂2,ŷ2(Ŝ) such thatφ(ĝ) = φ(π( f )). Lettingg∈ Modx2,y2(S) be any lift ofĝ, we
deduce thatf ′ = f g−1 satisfiesf ′ ∈ Ĩ (Σ,S). Moreover,f ′(x1) = x2 and f ′(y1) = y2, and the lemma
follows.

Proof of Lemma 7.1.SinceS has genus at least 3, we can find a cleanly embedded genus 2 sub-
surfaceS′ of S all of whose boundary components separateΣ such thatβ ⊂ ∂S′. SettingΓ′ =
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Γ∩I (Σ,S′), it is enough to show that[Tβ ]Γ′ = 0. SinceTβ is central inI (Σ,S′) andΓ′ is a finite-
index subgroup ofI (Σ,S′), Lemma 7.2 says that it is enough to prove that[Tβ ]I (Σ,S′) = 0. To
simplify our notation, setG = I (Σ,S′).

We will use thelantern relation, which is the relation

Tb = (Tx1T
−1
x2

)(Ty1T
−1
y2

)(Tz1T
−1
z2

),

where the curvesxi andyi are as in Figure 12.b (see [7,§7g]). The key observation (see Figures
12.c–d) is that inS′ there are 2 lantern relations

Tβ = (Tx1T
−1
x2

)(Ty1T
−1
y2

)(Tz1T
−1
z2

) and Tβ = (Tx′1
T−1

x′2
)(Ty′1

T−1
y′2

)(Tz′1
T−1

z′2
)

such that
[x1] = −[x′1] and [y1] = −[y′1] and [z1] = −[z′1];

here the curvesx1, y1, etc. are oriented so thatβ lies in the component ofS′ to the left ofx1∪ x2,
y1∪y2, etc. By Lemma 7.3 we have

[Tx1T
−1
x2

]G = −[Tx′1
T−1

x′2
]G and [Ty1T

−1
y2

]G = −[Ty′1
T−1

y′2
]G and [Tz1T

−1
z2

]G = −[Tz′1
T−1

z′2
]G,

so

2[Tβ ] = ([Tx1T
−1
x2

]G +[Ty1T
−1
y2

]G +[Tz1T
−1
z2

]G)+ ([Tx′1
T−1

x′2
]G +[Ty′1

T−1
y′2

]G +[Tz′1
T−1

z′2
]G) = 0,

as desired.
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