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Problem 21.3. Let X, be a metric space with metric d,, for n € Z,..
a)Show that

p(z,y) = maxi<i<n(di(zi, yi))

is a metric for the product space X7 x --- x X,,.

Solution : The only nontrivial fact to check is the triangle inequality. Consider x,y,z €
X1 x - x X,. For each 1 <1 <n, we have

di(zi,yi) < diwi, 2i) + di(yi, 2i)-
Taking the maximum of both sides as i varies, we get that
p(x,y) = maxi<i<n(di(ws, y:)) < maxi<i<n(di(z4, 2:) + di(2i, y3)).
Since the d;(+,-) are nonnegative, this is less than or equal to
maxi<i<n(di(i, 21)) + maxi<i<n(di(2i, yi)) = p(x, 2) + p(2,y),
as desired. ]
b) Let d; = min{d;, 1}. Show that

di(@i, yi)
D(z,y) = Supizl(%)
is a metric for the product space X7 x Xg X - --.

Solution : Observe first that since % is bounded above by 1/i for each 4, this supremum
is always at most 1. In particular, it is never infinity. The only other nontrivial fact to
check is the triangle inequality. Consider x,y,z € X1 X X9 X ---. For each ¢ > 1, we have

di(zi,yi) < di(xi, zi) + di(yi, 2i)-



Multiplying this by 1/i, we get that

di(%yz’) < dz'(%zz') N di(yz:7zi).
1 1 1

Taking the supremum of this over ¢ > 1, we get that

di(wi, zi) | di(zi, v
(@7) |, dileiy)

7 )

(Glzan, )

p(T,y) = sup;>; < sup;>q (

Since the d;(+,-) are nonnegative, this is less than or equal to

di(xi, z;) di(2i,ys)
7 7

sup;>1 ( ) + sup;>( ) = p(z,2) + p(2,9),

as desired. ]

Problem 21.4. Show that Ry and the ordered square satisfy the first countability axiom.

Solution : We start with Ry. Consider z € Ry. For i > 1, set

1

If U is a neighborhood of z, then there is some interval [a,b) C U such that = € [a,b). In
particular, x < b. If ¢ > 1 satisfies % < b—u=z, then U; C [a,b) C U. Hence Uj is a countable
basis at x.

We now deal with the ordered square I x I. Consider z € I x I. Set

Ay ={a €I x1I|a<zand both coordinates of a are rational}.

and
B, ={be I x 1|z <band both coordinates of b are rational}.

Since A,, B, C QxQ, we have that A, and B, are countable. Hence A, x B, is countable.
For (a,b) € Ay x By, define
Ua,b = (a, b)

For every interval (a/,0') in I x I with = € (a’,V’), we can find a € A, and b € B, such
that o’ <a <b<¥,s0 U, C (a/,). Hence the Uy form a countable basis at z. O



Problem 21.6. Define f, : [0,1] — R by the equation f,(x) = 2". Show that the
sequence {f,(z)} converges for each x € [0, 1], but that the sequence of functions {f,}
does not converge uniformly.

Solution : Consider = € [0,1]. If 0 < z < 1, then it is clear that lim, .~ fn(z) = 0. If
x = 1, then f,(z) = 1 for all n, so lim,_, fn(xz) = 1. If the sequence of functions {f,}
converged uniformly, then the limit would be continuous; however, we just saw that the

limit is
_Jo ifaelo,1)
f(w)_{l ifz=1

Problem 21.7. This is just an easy unwrapping of the definitions, so I'll omit it.

Problem 23.2. Let {A,} be a sequence of connected subspaces of X such that A, N
Apt1 # 0 for all n. Show that UA,, is connected.

Solution : Define
We will prove that B, is connected by induction on n. The case n = 1 is trivial. Now

assume that n > 1 and that B,,_1 is connected. We have B,, = B,,_1 U A,,. Moreover, both
B,,—1 and A,, are connected and

B, 1NA,CA,_1NA, #* .

Thus by a theorem from the lectures, B,, is connected, as desired.
Pick some arbitrary x € A;. Observe now that for all n,m > 1, we have

xz € Ay C B, N B,,.

Thus by the same theorem from the lectures, UA,, = UB,, is connected. L]

Problem 23.3. Let {Ay}aes be a collection of connected subspaces of X; let A be a
connected subspace of X. Show that if AN A, # 0 for all & € J, then AU (UpesAy) is
connected.

Solution : For a € J, set B, = AU A,. Since AN A, is nonempty and both A and A,
are connected, B, is connected. Pick some x € A. Observe that for all a € J,

re ACAUA, = B,.
Thus since all the B, are connected, we can conclude that
UaEJBa =AU (UaEJAa)

is connected, as desired. O



Problem 23.5. A space is totally disconnected if its only connected subspaces are one-
point sets. Show that if X has the discrete topology, then X is totally disconnected. Does
the converse hold?

Solution : Assume that X has the discrete topology. If A C X contains more than one
point and = € A, then {z} and A\ {z} are open (since X is discrete) nonempty disjoint
sets whose union is A, so A is no connected.

The converse is false. A counterexample is Q. O

Problem 23.7. Is the space R, connected?

Solution : No. We have a separation

Ry = (—00,0) U [1, 00).

Problem 23.8. Determine whether or not R is connected in the uniform topology.

Solution : Tt is not connected. The key observation is that if {x;} and {y;} are sequences
whose distance in the uniform metric is at most, say, 1/2, then |z; — ;| < 1/2 for all 4. In
particular, {z;} is bounded if and only if {y;} is bounded. Thus the sets

U= {{z;} € R” | x; is unbounded}

and
V = {{z;} € R¥ | x; is bounded}

are open, as each contains the ball of radius 1/2 around each of its points. It is also clear
that UNV =0 and that UUV = R¥, so U UV is a separation of R“. O



