Fall 2009 18.700 HW7 Solution November 4, 2009

3.1.2 We can represent linear transformations 7, U : R?* — R3 as multiplying by
3 x 3 matrices [T, [U]. Then we only need to find [T, [U] such that the two
matrices do not commute.

One example would be

7= 1

0
m(l
0
d

ie. T'(x,y,2) = 2z, 2+ y,y+ 2), and U(x,y, 2) = (y, z, 2)

o

__ o
—_— o O
SN——

and

OO =
— O O
SN——

3.14 (a) (go f)(x,y,2) =g(z — 2,2 —y) = (y — x,0). Therefore,
-1 10
(b) [f] is the zero matrix, so [g o f] is also a zero matrix.

won=(000)

n=(100)

SO

3.1.6 For u,v eV,

Glu+v) =

I
S5
£
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and for k£ € R

G(kv) = (T(kv),

So by definition, G is a linear transformation.
3.1.8 Assume f(X),g(X) € P", and k € R.

(a) S is not linear.
S is linear if S(f(X)+¢g(X)) = S(f(X))+ S(g9(X)), and S(kf(X)) =
kS(f(X)).

S(EF(X) = BS(F(X)) = (Rf(X))? = Ef(X)
= (- B)f(X)

So S(kf(X)) =kS(f(X))if and only if k = 0 or k = 1. So the equality

does not hold for all k. Therefore, S is not a linear transformation.
(b) G is linear.

G is linear if G(f(X)+9(X)) = G(f(X))+G(g(X)), and G(kf(X)) =

kG(f(X))-

G(f(X)+9(X)) = f(X+1) +g(X +1) = G(f(X)) + G(9(X))

and

GEf(X)) = kf(X +1) = kG(f(X))

3.2.2 If Ty is represented by a m x n matrix A, then T4 is a linear mapping
R™ — R™, so rk(T4x) = rk(A), and null(Ts) = n — rk(T4) = m — rk(A).
The range of T4 is the column space of A, and the kernel of T4 is the kernel
of A.

(a) rk(Tx) =rk(A) =2
nul(Ty) =4 —rk(A)=4—-2=2

Range of T} is
0 0
span 31,11
1 1
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Kernel is

span

(b) 7k(T4) =rk(A) =2
nul(Ty) =2 —rk(A) =0
Range of T} is

Kernel is

(c) 7k(T4) =rk(A) =3
nul(Ty) =2 —rk(A) =0
Range of T} is

Kernel is

(d) 7k(T4) =rk(A) =1
nul(Tq) =1—1k(A) =0
Range of T} is

1
3
span 3
1
0
Kernel is
{(0))
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(e) Tk(Ty) =rk(A) =1
nul(Ty) =5 —rk(A) =4
Range of T}y is

span { ( 1 )}
Kernel is
-3 -3 -1 0
1 0 0 0
span 0 , 1 , 0 , 1 0
0 0 1 0
0 0 0 1

(f) rk(Tx) =rk(A) =1
nul(Ty) =2 —rk(A) =1
Range of T}y is

()
{(7)

3.2.6 Define T": V' — im(T'), such that T"(v) = T'(v) for all v € V.

First of all, we already know that 7" is one-one, so 7" is also one-one, since
it is an identical map as T

Kernel is

Also, im(T") = im(T). So T" is also onto. Therefore, 7" is an isomorphism,
V and im(7T) are isomorphic.

3.2.10 (a) Both T and U are one-one, so

V1 = Uy < T(’Ul) = T(UQ), U(U1> = U(Ug)

Then

Therefore, by definition, 7' o U is one-one.
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(b) Both 7" and U are onto, so T(V) = V and U(V) = V. Here T(V)
refers to the set of images when T operates on all elements in set V,
i.e im(T).
Then (T o U)(V)=T(UV))=T(V) =V, thus im(ToU) =V.
Therefore, T o U is onto.

3.2.12 (a) If T has a right inverse R : W — V., (T o R)(w) = w for all w € W.
S0
im(ToR)={(ToR)(w)|weW}=W
im(ToR)=T©\m(R)) CT(V)=1im(T), so W Cim(T).
We also know that im(T") is a subset of W, so im(T) = W. T is onto.
(b) If T has a left inverse L : W — V|, LoT(v) = v for all v € V. So if
T(v1) = T(vy), we have
T(v) = T(vo)
(L e} T) (’Ul) (L o) T)(Ug)

V1T = U

T(vy) = T(ve) implies v; = ve. T is one-one.

3.2.16 Prove by contradiction:
Assume that there exists i such that rk(T%) = rk(T") > 0.

First note that if 7" = 0, then for all m >n. T" =T""oT" =0, so we
must have 7 < n.

im(T™) = im(T o T)

T'(im(T))

(V)

im(T")

So im(T*"1) is a subspace of im(T"). Since rk(T") = rk(T"*!), so we must
have im(T%) = im(T""1).

For all j > 1,

(Nl

im(T7) im(T9~" o T)

= T (im(T"))

— TJ—z(Zm(TH-l))
= m(T" "oTi+1)

im(T7H)

5
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3.2.26

Thus, im(T*) = im(T") = im(T?) = - =im(T")

However, we have assumed that rk(T%) > 0, so rk(T™) > 0, which contra-
dicts with the fact that 7" = 0. Therefore, we must have rk(T%) > rk(T"!)
for all ¢ such that rk(7"%) > 0.

Assume dim(W) =k, and dim(V) =n, k < n.

Let (wy,ws, ..., wy) be a basis for W and (wy,ws, ..., wg;v1, 02, ..., Up_k)
a basis of V' obtained by expansion. Note that all of w; and v; are linearly
independent.

There exists a unique linear map 7' : V' — V such that T'(w;) = 0, and
T(vj) = vy, for all 7, j.

Let v = aqwy + - - - + apwg + byvy + -+ + by_kV,—g, then

v € ker(T)
<~ T(v)=0
— o T(wy)+ -+ apT(wg) + 0T (v1) + -+ byt T(vy—) =0
— b+ +b, jVy =0
= bi=-=b, =0
= v=aw + -+ awg
— veW

Therefore T is a linear transformation such that ker(T) = W.

Let S be the unique linear map such that S(w;) = w;, and S(v;) = 0, for
all 7, 7. Then

S(U) = alS(wl) + -+ GkS(U}k> + b15<7}1) + -+ bn—kS(Un—k)

= awi + -+ apWwg

This is true for all a; € F, so im(S) = span(wy,wy, ..., wg) = W.

Therefore S is a linear transformation such that im(S) = W.



