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I. In tro duction . The trapezoidalmethod is A-stable. When the equation u 0 = au has
Re a � 0, the di�erence approximation has jUn+1 j � jUn j:

Un+ 1 � Un

� t
=

aUn+1 + aUn

2
leadsto Un+1 =

1 + a � t=2
1 � a � t=2

Un = GUn: (1)

That growth factor G hasA-stabilit y:

jGj � 1 whenever Re (a � t) � 0:

The accuracyis secondorder: Un � u(n � t) is boundedby C(� t)2 for n � t � T. But the
stabilit y is very closeto the edge: jGj = 1 if a is imaginary. Nonlinearities can push us over
the edge,and the trapezoidalmethod can fail. In practice (when the iterations to compute
Un+1 stop early), more stabilit y is often needed.

Extra safety from additional damping can be achieved in di�erent ways. Here we begin
by alternating the trapezoidalmethod with backward di�erences (BDF2, also second-order
accurate):

BDF2
Un+2 � Un+1

� t
+

Un+ 2 � 2Un+ 1 + Un

2� t
= f (Un+ 2): (2)

This split-step method is self-starting (the trapezoidalmethod determinesU1 from U0, and
then U2 comesfrom BDF2). It is a stabilized option that was proposedin [1] for circuit
simulation. Now it is available in the ADINA �nite element code [2{3] and elsewhere.A
good alternative is the Hilber-Hughes-Taylor integrator usedsuccessfullyby ABAQUS [7].
It is important to control high-frequencyringing producedby changesin the stepsize� t.

The computing time in theseimplicit methods will often be dominatedby the solution of
a nonlinearsystemfor Un+1 and then Un+ 2. Somevariant of Newton'smethod is the normal
choice. Sowe needan exactor approximate Jacobianof the \implicit parts" in equations(1)
and (2), when a nonlinear vector f (U) replacesthe scalar test casef = au. Writing f 0 for
the matrix @f i =@uj , the Jacobiansin the two casesare

(Trapezoidal) I �
� t
2

f 0 (BDF2)
3
2

I � � t f 0

It would be desirableif those Jacobianswere equal or proportional. With the same� t
in the two methods, they are not.

The neat idea in [1] was to allow di�erent steps� � t and (1� � ) � t for trapezoidaland
BDF2, with 0 < � < 1. The trapezoidalmethod will now produceUn+ � instead of Un+1 :

Trap ezoidal Un+ � � Un =
� � t

2

�
f (Un+ � ) + f (Un)

�
: (3)

Then BDF2 determinesUn+1 from Un and the part-way value Un+ � . To maintain second-
order accuracy, this requirescoe�cien ts A; B ; C that depend on � :

BDF2 � AUn+1 � BUn+ � + CUn = (1 � � )� t f (Un+ 1) : (4)

HereA = 2� � , B = 1=� , and C = (1 � � )2=� . The standard choice� = 1
2 producesA = 3

2,
B = 2, C = 1

2 in agreement with (2). (The step � t moved to the right side is now � t=2.)
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Thesevaluesof A; B ; C are chosento give the exact solutions U = t and U = t2 when the
right sidesare f = 1 and f = 2t.

The Jacobiansin (3) and (4), for Un+ � and then Un+ 1, become

(Trapezoidal) I �
� � t

2
f 0 (BDF2� ) (2 � � )I � (1 � � )� t f 0 (5)

When � = 2 �
p

2 and f 0 is a constant matrix, JBDF in (4) matches
p

2JTrap in (3) :

p
2

"

I �
(2 �

p
2)� t

2
f 0

#

=
hp

2I � (
p

2 � 1)� t f 0
i

: (6)

Let c = 2�
p

2 denotethis \magic choice" for � . It is known to give the least truncation
error [1] amongall � (aswell asproportional Jacobians).Our goal in this paper is to identify
onemore property that makesthis choicemagic: � = 2 �

p
2 also givesthe largeststability

region.
This optimal method is analyzedin [5]: a valuable paper. The recommendedstart for

Newton's method is the current Un in the trapezoidal step to Un+ c, and then Vn+ c in the
BDF2 step:

Vn+ c = (1:5 +
p

2)Un + (2:5 + 2
p

2)Un+ c � (6 + 4:5
p

2)(f n+ c � f n ):

This comesfrom a cubic Hermite extrapolation. A key point of [5] is the estimate of local
truncation error to be usedfor the stepsizechoice in sti� problems. TR-BDF2c as imple-
mented in MATLAB is described by Hoseaand Shampineasan \attractiv e implicit one-step
method".

It is recognizedthat f 0 would normally be evaluated at di�erent points in the two half-
steps. In our limited experience,the saving in not computing an extra Jacobian at Un+ �
more than compensatesfor this imperfect start in Newton's method: Evaluate JTrap at Un

and multiply by
p

2 for JBDF.
For linear constant-coe�cien t dynamics,whenf 0 is the samematrix throughout, Bathe [2{

3] con�rmed the desirability of � = 2 �
p

2. In that casethe Jacobian is factored into LU
onceand for all.

With the choice� = 2�
p

2, this split-step method is ode23bamongthe MATLAB solvers
for systemsof ordinary di�erential equations.The documentation mentions that \this solver
may be moree�cien t than ode15sat crudetolerances." This is the correct context for many
problems in applied dynamics. The spatial accuracyof �nite elements would not justify a
high-order method in time. We will useode45(Runge-Kutta with stepsizecontrol) asa test
standard in numerical simulations of a double pendulum.

I I. The growth factors G � and Gc

Stabilit y is tested here,asusual, on the scalarequation u 0 = au. The number a may be
complex|it represents any of the eigenvaluesin a constant-coe�cien t linear system.

3



The trapezoidalmethod had a growth factor G in equation(1): Un+1 = G(a � t) Un. The
split-step combination in (3-4) will have a growth factor G� , computednow. The particular
choice � = c = 2 �

p
2 will then have the growth factor Gc. These factors are ratios of

simple polynomials in z = a � t.
The tests for stabilit y in the model problem u 0 = au are jG� (z)j � 1 and jGc(z)j � 1.

Those tests are passedfor Re z � 0, and they are also passedin parts of the half-plane
Re z > 0. This is the split-step improvement on the trapezoidal method, shown in the
graphsof Figure 1, and � = c givesthe greatestimprovement.

Theorem The choice � = cgivesthe largeststability region : If there is an � with jG� (z)j �
1 then jGc(z)j � 1.

To computethesegrowth factors with f (U) = aU, substitute Un+ � from the trapezoidal
step (3) into (4):

A Un+ 1 � B
1 + � z=2
1 � � z=2

Un + CUn = (1 � � ) zUn+ 1: (7)

With A = 2 � � , B = 1=� , and C = (1 � � )2=� , this simpli�es to Un+1 = G� Un:

Gro wth factor G� (z) =
2� � 4 � (2 � 2� + � 2)z

� (� � 1)z2 + (2 � � 2)z + 2� � 4
: (8)
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Figure 1: The stabilit y region outside the curve jG� (z)j = 1 is largest for � = 2 �
p

2.

Lemma 1. Supposez is real and 0 < � < 1. Then jG� (z)j � 1 if and only if z � 0 or
z � (4� 2� )=(� � � 2). This ratio Q(� ) givesthe edgeof the stabilit y regionfor real z = a � t.

Lemma 2. The minimum of Q(� ) is (4 � 2� )=(� � � 2) at � = c = 2 �
p

2. Thus the
unstable real interval (0; Q) is smallestfor � = c.
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Lemma1 will be proved later, and Lemma2 now. The key point is the factor 2� 4� + � 2

which vanishesat the choice � = c:

Q 0(� ) =
2(2 � 4� + � 2)

(� � � 2)2
= 0 at � = 2 �

p
2: (9)

On the interval 0 < � < 1, Q(� ) is largenearthe endpoints and decreasesto its minimum
value at � = c = 2 �

p
2. That minimum value Qc givesthe largest stabilit y region z � Qc

on the positive real axis:

min Q� = Qc =
4 � 2c
c � c2

= 6 + 4
p

2: (10)

Now we turn to complexz = x + iy . The growth factor G� (z) in (8) has numerator N
and denominator D. Compute jN j2 and jD j2 :

jN j2 =
�
2� � 4 � (2 � 2� + � 2)x

� 2
+ (2 � 2� + � 2)2y2

jD j2 =
�
� (� � 1)(x2 � y2) + (2 � � 2)x + 2� � 4

� 2
+

�
2� (� � 1)x + (2 � � 2)

� 2
y2

Thoseare linear and quadratic in the variable m = y2, for �xed x.
Hereis an outline of our proof that � = c givesthe largeststabilit y region in the z-plane:

1. Set g� (m) = jD j2 � jN j2. Then z = x + iy = a � t givesstabilit y if g� (m) � 0.

2. Fix the real part x between0 and 6 + 4
p

2. Sinceg� is quadratic in m = y2, it has
two roots m1(� ) and m2(� ). The expressionsfor their sum s(� ) = m1 + m2 and their
product p(� ) = m1m2 are straightforward from the quadratic g� :

s(� ) =
2

� 2 � �

�
8 � 4 � � (2 � � 2)x + (� � � 2)x2

�

p(� ) = x4 �
2

(� 2 � � )2

�
(2� � 4)2x + (2 � � 2)( � � � 2)x3

�

3. The derivatives ds=d� and dp=d� contain the factor 2 � 4 � + � 2 which vanishesat
� = c = 2 �

p
2. The derivatives of the individual roots m1 and m2 also vanish at

� = c. Then this choice of � gives the smallestunstable interval � Y (� ) < y < Y(� )
for each �xed x. Here m = Y 2 is the smaller root of g� (m) = 0.

The boundary points x � iY of the stabilit y region for � = c form the last (and
smallest) curve in Figure 1. The points z inside the curve give instabilit y for � = c
and for all 0 < � < 1. The \magic choice" gives the largest stabilit y region for the
split-step method.

Computationsfor Step 3. The derivativesof s = m1 + m2 and p = m1m2 are
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ds
d�

=
8 � 2x

(� 2 � � )2
(2 � 4� + � 2)

dp
d�

=
16(� � 2)x + 2(� 2 � � )x2

(� 2 � � )3
(2 � 4� + � 2)

Thesevanish at � = c = 2 �
p

2 since2 � 4c + c2 = 0.

Then s0 = 0 and p0 = 0 yield

m 0
1 + m 0

2 = 0 and m2m 0
1 + m1m 0

2 = 0:

Those two equations imply m 0
1 = 0 and m 0

2 = 0 unlessm1 = m2. This exceptional
casealsogivesm 0

1 = m 0
2 = 0 by analysisof the discriminant of g� (m).

May we acknowledge that the formulas for m1; m2; m 0
1 , and m 0

2 were �rst
produced by Maple, before it was realized that s and p would allow computations
by hand.

Computations for Lemma 1. When z = x is real and y = 0, the numerator and
denominator of G� = N=D have

N + D = � (� � 1)x2 � 2 � (� � 1)x + 4� � 8

N � D = � (� � 1)x2 + (4 � 2� )x

The sum N + D remains negative for all 0 < � < 1, becauseits discriminant is
4� (� � 1)(� 2 � 5� + 8) < 0. (That quadratic is positive becauseits discriminant is
� 7.) Then jG� j = 1 only when N = D. This occurs at x = 0 and at x = (4 � 2� )=
(� � � 2). Betweenthose two valueswe have instabilit y. Lemma 2 says that this real
instabilit y interval is smallestwhen � = 2 �

p
2.

I I I. Examples: The Double Pendulum

We test the improved stabilit y of the split-step TR-BDF2 combination by comparison
with the trapezoidal method and BDF method alone. A simple pendulum of length ` is
governed by the equation � 00= (g=`) sin� . The mild nonlinearity of sin� is compounded
when a secondpendulum is attached (Figure 2). For simplicity we choose equal masses
(which cancel from the equations of motion) and equal lengths `. The tumbling of the
secondmassover the top of the �rst gives a convenient model of complex behavior|not
easyfor a �nite di�erence method to follow.
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�
m

massm

length `

`

Figure 2: A double pendulum with enoughenergycan sendthe lower mass\over the top."
The angle� can leave (� � ; � ).

We write � and � for the anglesfrom the vertical. The potential energyis lowest when
theseanglesare zero:

V = � mg` (cos� + (cos� + cos� )) :

With angular velocities A = � 0 and B = � 0, the kinetic energyof the double pendulum is

K =
1
2

m`2(A2 + 2cos(� � � )AB + B 2):

Then the Euler-Lagrangeequationsminimize the action integral of the LagrangianL = K � V
and expressNewton's secondlaw:

(@L=@A) 0 = @L=@� and (@L=@B) 0 = @L=@� : (11)

The unknown is u(t) = (� ; � ; A; B). The systemto solve is u 0 = f (u) = (A; B ; f 3; f 4), in
which f 3(u) and f 4(u) comefrom solving equations(11) for A 0 and B 0.

The Jacobianof f (u) is a 4 by 4 matrix. It is evaluated at u = Un in the �rst iteration
of Newton's method, for the trapezoidalrule Un+ � = Un + � � t(f n + f n+ � )=2.

IV. Numerical Simulations

The double pendulum is evolved using four di�erent time integrators:

1. Trapezoidalmethod (TR)

2. Second-orderbackward di�erences (BDF2)

3. The split-step method (TR-BDF2) with � = 2 �
p

2

4. MATLAB's explicit Runge-Kutta code ode45.

We take ode45, with its higher accuracy, as the standard. The choice � = 0:5 for the split-
step gives answers very close to the \magic" choice|it is the di�erence in the Jacobian
evaluation and factorization for Newton's method that is signi�cant.
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We report here on the motion of the lower pendulum, which is more erratic (physically
and also computationally). The graphs will show � and � 0 against t, and the movement
of � 0 against � in the phaseplane (Poincar�e plot). Many more graphs are on the website
math.mit.edu/cseassociated with the textbook [7] on computational scienceand engineering.
(Section 2.6 of the book describesvariants of Newton's method and a rangeof engineering
applications.)

The masseswill be initially raisedto � (0) = 9� =10 and � (0) = � with angular velocities
� 0(0) = 0:7 and � 0(0) = 0:4. The time step is 0:02 and the simulation runs to t = 10.
Near t = 6:5 both TR and BDF2 (but not the split-step combination) break away from the
accuratesolution given by ode45. The �rst graphscomparethe angle � (t) and the velocity
� 0(t) of the secondpendulum from BDF2 and TR-BDF2.
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Figure 3: The split-step method stays near the solution from ode45.
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Figure 4: The sign of � 0 stays positive at t = 6:5 for TR-BDF.
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Figure 5 shows the sameexperiments (now for TR versusTR-BDF2in the � � � 0 phase
plane. This \P oincar�e plot" starts at the right and movesleft as time increases.

�35 �30 �25 �20 �15 �10 �5 0 5 10
�15

�10

�5

0

5

10

15

Angular displacement ¯

A
ng

ul
ar

ve
lo

ci
ty

_ ¯

Poincare plot, Pendulum 2

 

 
MATLAB
TR

�35 �30 �25 �20 �15 �10 �5 0 5 10
�15

�10

�5

0

5

10

15

Angular displacement ¯

A
ng

ul
ar

ve
lo

ci
ty

_ ¯

Poincare plot, Pendulum 2

 

 
MATLAB
TRBDF2

Figure 5: Divergenceof the trapezoidalmethod, shown in the phaseplane.
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