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Let A(z,y, z) denote a 3-way predicate relation indicating that = +y = z, and
let M(x,y,z) indicate that x xy = z. Let us say an axiom system « recognizes
addition and multiplication as “Total” functions iff it can prove:

Vo Vy 3z A(x,y,z) AND Vo Vy 3z M(z,y,z) .

In several recent articles, we have shown how such totality conditions are related
to both generalizations and boundary-case exceptions for the Second Incompleteness
Theorem.

For instance, our article [2] showed how essentially all axiom systems recognizing
addition and multiplication as “total” functions are unable to prove a theorem af-
firming their semantic tableaux consistency. In contrast, [1] showed exceptions to the
semantic tableaux version of the Second Incompleteness Theorem are feasible when
an axiom system recognizes addition but not multiplications as a total function. In
this talk, we will outline several more recent results we have published during the last
2 years:

1. Consider a language that has function symbols for the operations of addition
and doubling, but which treats multiplication instead as a 3-way predicate.
Let I} and X7 denote the analogs of classic arithmetic’s 1I,, and ¥,, sentences
except that we now insist that the bounded quantifiers of these sentences are
built out of addition and doubling (rather than from addition and multiplica-
tion). Let Level-n deduction refer to a hybrid deduction system that resembles
semantic tableaux except it has a modus ponens cut-rule available for IT* and
2y sentences. Then we have established the Second Incompleteness Theorem
generalizes for most axiom systems using Level-2 deduction [3], but it admits
significant boundary-case exceptions for Level-1 deduction under axiom systems
that recognize addition but not multiplications as a total function [4].

2. An infinitized analog of a computer’s floating point multiplication operation is
very different from integer multiplication because the preceding boundary-case
exception to the Second Incompleteness Theorem is compatible with floating
point multiplication treated as a total function [5].

3. Also, [6] shows that both the positive and negative results of our research gen-
eralize from semantic tableaux to Hilbert deduction when one has “naming
conventions” replace totality axioms.
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