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7.2 Calculus of Variations

One theme of this book is the relation of equationsto minimum principles. To
minimize P is to solve P 9= 0. There may be moreto it, but that is the main
point. For a quadratic P(u) = %uTKu u'f, there is no dicult y in reading
PO= Ku f = 0. The matrix K is symmetric positive de nite at a minimum.

In acortinuousproblem, the \derivative" of P isnot soeasyto nd. The unknown
u(x) is a function, and P (u) is usually an integral. Its derivative P= u is calledthe
rst variation . The \Euler-L agrange equation " P= u= 0has a weak form
and a strong form . For an elastic bar, P is the integral of %c(u x)2  f (x)u(x).
The equation P= u = 0is linear and the problem will have boundary conditions:

Z Z
Weak form cu®O%x = fvdx for every v Strong form  (cu9 %= f (x):

Our goalin this sectionis to get beyond this rst exampleof P= u.

The basicidea should be simple and it is: Perturb u(x) by a test function
v(x). Comparing P (u) with P (u+ v), the linear term in the di erence yields P= u.
This linear term must be zeo for every admissiblev (weak form). This program
carriesordinary calculusinto the calculusof variations. We do it in se\eral steps:

R
1.  One-dimensionalproblemsP (u) =  F (u;u9 dx, not necessarilyquadratic
2.  Constraints, not necessarilylinear, with their Lagrangemultipliers
: : R
3. Two-dimensionalproblemsP (u) = F (u; ux; uy) dx dy

4. Time-dependen equationsin which u%= du=dt

At ead step the exampleswill be as familiar (and famous) as possible. In two
dimensionsthat meansLaplace's equation, and minimal surfacesin the nonlinear
case. In time-dependent problemsit meansNewton's Laws, and relativity in the
nonlinear case.In onedimensionwe rediscaer the straight line and the circle.

This section is also the opening to contr ol theory |the modern form of the
calculus of variations. Its constrairts are di erential equations, and Pontry agin's
maximum principle yields solutions. That is a whole world of good mathematics.

Remark  To gofrom the strongform to the weakform, multiply by v and integrate.
For matricesthe strongform is ATCAu = f. The weakform isvTATCAu = v'f for
allv.

R R
For functionswith Au = u9 this exactlymatches cu%%x = f vdx above.
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One-dimensional Problems

The basicproblem is to minimize P (u) with a boundary condition at eat end:

YA 1

P(u) = F(u;u(}dx with u(0)=a and u(l) = b:
0

The bestu defeatsevery other candidateu+ v that satis estheseboundary conditions.
Then (u+ v)(0) = a and (u + v)(1) = brequire that v(0) = v(1) = 0. When v and
vQare small the correctionterms comefrom @ =@ and @=@° They don't involve
v2:

Inside the integral F(u+ viu9+ v% = F(u; u% + vg + vogo+
7, @ @
After integrating P(u+v)=P(u)+ vg + vog0 dx +
o @ @
That integrated term is the \rst variation". We have already readhed P= u:
YA 1
Weak form = vg + vOg dx =0 foreweryv: (2)

U, @ @@

This is the equation for u. The derivative of P in ead direction v must be zero.
Otherwisewe can make P= u negative, which would meanP (u+ v) < P(u): bad.

The strong form looks for a singlederivative which|if it is zerojmak esall these
directional derivativeszero. It comesfrom integrating P= u by parts:

Z, 1

@ d @& @

Weak form / by parts V— V— — VvV —-
ypats = Va Vix @ @,

The boundary term vanishesbecausev(0) = v(1) = 0. To guarartee zero for every
v(Xx) in the integral, the function multiplying v must be zero(strong form ):

@¢ d @

Euler-Lagrange equation for u —

@ dx @O

dx + = 0:

= 0: (2)

Example Findthe shatest path u(x) betweentwo points (0; a) and(1; b).
By Pythagcnas,IO (dx)2 + (du)? isashat steponthe path. SoP (u9 = P 1+ (u92dx

is the length of the path betweenthe points. This squae root F (u9 dependsonly on u©
and @ =@ = 0. The derivative@ =@ ° bringsthe squae root into the denominata
@ z 1 0 u 0
Weak form — = % dx = 0 for everyv with v(0) = v(1) = 0. (3
@ . pﬁ yv (0) (1) (3)

If the quartity multiplying v@is a constart, then (3) is satis ed. The integral is
certain to be zero becausev(0) = v(1) = 0. The strong form forces @ =@ °to be



7.2. CALCULUS OF VARIATIONS € 2006 Gilbert Strang

constart: the Euler-Lagrangeequation (2) is

4 & _ g|9—uo =0 or p—uo = C: (4)
dx @0 dx" 1+ (u92 1+ (u9?2 :

That inte gration is always possible when F depends only on u®(@=@ =
0). It leavesthe equation @ =@ °= c. Squaringboth sides,u is seento be linear:

w92= 21+ u%2) and u®= plc—7c2 and u= plc—c2x+ d: (5)
The constarts c and d are chosento match u(0) = aandu(1) = b. The shortestcurve
connecting two points is a straight line. No surprise! The length P (u) is a minimum,
not a maximum or a saddlepoint, becausethe secondderivative F %s positive.

perturbed u = optimal arc
u+v b

typical perturbation v(x) areabelow arcis A

Figure 7.5: Shortest paths from a to b: straight line and circular arc (constrained).

Constrained Problems

Sypposewe cannotgoin a straight line becauseof a constrairt. When the constrairt
is u(x)dx = A, welook for the shortest curve that has area A below it :

Z, Z,

Minimize P(u) = P 1+ (u92dx with u(0) = a; u(l) = b; ux)dx = A:
0 0

The areaconstrairt should be built into P by a Lagrangemultiplier|here called m.
The multiplier is a number and not a function, becausethere is one opgrall constrairt
rather than a constrairt at ewvery point. The LagrangiarL builds in  udx = A:

R
Lagrangian L(u;m) = P + (multiplier )(constraint) = (F + mu)dx mA:

The Euler-Lagrangeequation L= u = 0is exactly like P=u= 0in (2):

@F +mu) d @F +mu) _ d ud®
@ x @ " wPmee ©
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Again this equationis favorable enoughto be integrated:

uo mx c
mx p———— = c which gives u9= p———
1+ (u92 1 (mx ¢)?
After one more integration we read the equation of a circle in the x-u plane:
] —
u(x) = — 1 (mx ©2+d and (mx ¢©)?%+ (mu d)?=1: (7

The shortest path is a circular arc! It goeshigh enoughto encloseareaA.
Rhe three numbers m; c;d are determined by the conditions u(0) = a;u(1) = b, and
udx = A. The arcis drawn in Figure 7.5 (and m is negatiwe).

We now summarizethe one-dimensionalkase,allowing F to depend also on u 9
That introducesv %%nto the weak form and needstwo integrations by parts to reat
the Euler-Lagrangeequation. When F involves a varying coe cient ¢(x), the form
of the equation doesnot change,becausdt is u and not x that is perturbed.

R
The rst variationof P (u) =, F (u; u%u%x) dx iszeroat a minimum:

Z
o G I C 5

= V—+ V' —x+ V'——=, dx = Ofor all v:

W eak _P
u 0 @ @? @ 00

form

The Euler-Lagrangequationfrom integrationby parts determinesu(x):

Stong @ d F F @ _
form @ dx @O dx2 @0 ~

Constraintson u bring Lagrangemultipliersand saddlepoints of L .

Applications are ewerywhere, and we mertion one (of many) in sports. What
angle is optimal in shooting a basketball? The force of the shot depends on the
launch angle|line drivesor sky hooks needthe most push. The force is minimized
at 45 if the ball leavesyour hand ten feet up; for shorter peoplethe angleis about
50 . What is interesting s that the sameanglesolvesa secondoptimization problem:
to have the largest margin of error and still go through the hoop.

The condition is P 9= 0 in basletball (one shot) and P=u= 0in track|where
the strategy to minimize the time P (u) hasbeenanalyzedfor every distance.

Tw o-dimensional Problems

In two dimensionsthe principle is the same. The starting point is a quadratic P (u),
without constrairnts, represeting the potential energyover a plane region S:
" #

7 2 2

% focy)ucy) dxdy:

Minimize  P(u) = +

RO

NI O
NI O
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If this energyhasits minimum at u(x;y), then P(u+ v)  P(u) for every v(x;y).
We merntally substitute u+ v in placeof u, and look for the term that is linear in v.
That term is the rst variation P= u, which must be zerofor ewvery v(x;y):

7

Weak form +c—— fv dxdy=0: (8)

This is the equation of virtual work. It holds for all admissiblefunctions v(x; y),
and it is the weak form of Euler-Lagrange. The strong form requiresas always an
integration by parts (Green'sformula), in which the boundary conditions take care of
the boundary terms. Inside S, that integration movesderivativesaway from v(X;y):

7
@ @ @ @ _ Q.
Integrate by parts & c@ @ c@ f vdxdy= 0: (9)

S

Now the strong form appears. This integral is zerofor ewvery v(x;y). By the \funda-
mertal lemma" of the calculusof variations, the term in bradkets is forcedto be zero
everywhere:

@
@

@
Q

@ @
Strong form cC— c— =f(x throughout S. 10
g & a (X y) g (10)

This is the Euler-LagrangeequationATCA = f,or r o u= f. For constarn c it
is Poisson. If the y variable is removed, we are badk to a one-dimensionarod.

With no extra e ort we can go bakwardsto P (u) from any linear equation:

. @u @u @u
Second-order equation a + 2b +cC =0: 11
; o Pag ‘@ ()
When a; b, and c are constart, the correspnding quadratic \energy" is
zz " ) Nid
1 @ @ @ @
P(u)= = a — +2b — — +c¢c — dxdy:
W=3 & & @ @ Y

If we minimize P we expect to read (11) asits Euler equation. But there is more
to it than that. To minimize P it should be positive de nite. Inside the integral is
an ordinary 2 by 2 quadratic auZ + 2buuy + cu§. The test for positive-de niteness
is still ac> I?, asit wasin Chapter 1. (We can make a > 0 in advance.) That test
decideswhether or not equation (11) can be solved with arbitrary boundary values
on u(x;y).

In this positive de nite casethe equation is called \elliptic" and minimization is
justi ed. There are three fundamerial classef partial di erential equations:
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The patial di erential equation au,, + 2bu, + cu,, = 0 is elliptic or parabolic or

hyperbolic, accading to the matrix 3 2 :

E ac> I elliptic bounday-valueproblems (steady state equations)

P ac= b? paabolicinitial-valueproblems  (heat/di usion equations)

H ac< b hyperholic initial-valueproblems  (wave/convection equations)

Laplace'sequation uy, + uyy = O is elliptic, with a = ¢ = 1 producing the idertity
matrix. The heat equationuy, U; = 0 is parabolic, with b= ¢ = 0; the matrix is
singular and its determinart is zero. That parabolic borderline betweenelliptic and
hyperbolic needshelp from lower-order terms. The wave equationu,, Uyx = O has
a= landc= 1. It asksfor initial values|t wo conditionson part of the boundary
and no conditions on another part, instead of one condition everywhere.

Here we stay with elliptic equationsand minima of P(u). The boundary con-
ditions can specify u, or they can specify the normal component w n.
Comparing (8) with (9), the boundary term comesfrom Green's formula in Sec-
tion

7 7 Z
cru rvdxdy= (r (cr u))vdxdy+ (cr u n)vds: (12)

S S C

Both sidesequal I:eRfvdxdy; that is the weak form. The rst term on the right
yields the strong form  div(cgradu) = f (X;y). A zerointegral over the boundary c
in (12) will be achieved by the boundary conditions. Strictly speaking,the boundary
conditions on u(x; y) are part of the strong form.

There are two ways to make this boundary integral of (cr u n)v safely zero. If
boundary valuesu = ug are given, and u + v sharesthose values,then v = 0 on the
boundary. That kills the integral. When u is not givenandv is free, we must impose
the natural boundary conditioncr u n=w n = 0.

A natural condition on w goeswith AT. The essetial condition u = u, goes
with A.

The Minimal Surface Problem

Now we are ready for nonline ar partial di erential equations. The correspnding
energywill not be a quadratic P (u). It will be the exact energyE (u), from which
P originally cameas an approximation. If there is a thin menbrane covering the set
S|lik e a soapbubble|then stretching this menbrane requiresenergy The energy
is proportional to the surfac e area of the soap bubble. In the right units the
material constart will be ¢ = 1, and the problem is to minimize the surfac e
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area E(u):
zz " )

Choose u(x; y) to minimize E(u) = 1+ @ + @ dxdy: (13)

@ @

#i-
,71=2

S

When u = 0, the bubble is at. The expressionin bradkets reducesto 1. That is
the minimum if u = 0 is admissible. But supposethe bubble is createdon a pieceof
wire that goesaround S at a varying heigh ug(x;y). The bubble hasto stick to the
wire, sothe trivial solution u = 0 is not allowed. The bent wire imposesa boundary
condition u = up(X;y) at the edgeof S, and the minimal surfac e problem is to
nd the smallestareaE (u). Physically, surfacetension makesthe areaa minimum.

The test for a minimum is still E(u) E(u+ v). To computethe term E=u
that is linear in v, look at the part A from u alone,and the correction B involving v:

@’ @°’ @@, @@ 2

A=1+ — + — and B=2——+2—— + O(V?):

& ' @ ea ‘ag V)
For small v, the squareroot is Pa+B- P A+ B:Zp A+ . Integrate both sides:

7
1 aa @@

E(u+v)=E(u)+ — ——+ —— dxdy+ : 14
( ) (u) px & @@ y (14)

S

Now E= uisexposed.lt isthe integralin (14) andit is zero. That is the weakform
of the minimal surfaceequation. Becauseof the squareroot of A, it is not linear in
u. (It is always linear in v; that is the whole point of the rst variation!) Integrating
by parts to remove the derivativesfrom v producesthe Euler equationin its strong
form:

Minimal surface @ 1 @ @ 1@ _ ..
equation @ "a@ Q@ pf@ =0 (15)

This is not easyto solwe, becauseof the squareroot in the denominator. For nearly
at bubbles, linearization approximates A by 1. The resultis Laplae's equation.
Perhapsit is only natural that the most important nonlinear equation in geometry
should reduceto the most important linear equation, but still it is beautiful.

Nonlinear Equations

The shortest distance and minimal surfaceproblemsgye typical of the generalcase.
The variational problem starts with an integral E = F dxdy. Then F dependson
x andy and u and derivativeslike @=@:

F=F(Xy;u;Diu;Dyu;::2):

For an elastic bar there was only D;u = @=@. For a soap bubble there is also
D,u = @=@. Higher derivativesare allowed, and we can think of u itself as D,u.
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The comparisonof E (u) with the nearby E (u+ v) starts from an ordinary expan-
sionlike F(u+ v) = F(u) + F Qu)v+ O(v3). When F dependson sewral derivatives
of u, this expansionhasmore terms from F(x;y; Dou + Dgv;Dyu+ Dyv;::2):

X @

@iu

We take the derivatives of F with respect to u and uy, and any other D;u.

Inside the integral F(u+v)=F(u)+ Div+ : (16)

The weak form involving v dealswith thoselinear terms: (integral= 0 for all v).
The strong form lifts ead derivative D; from v and puts it (as D) onto the part
involving u:

7 7
@ r @&
Weak t t —— (D; ! D' & ——
eak to Strong @ (Djv)dx dy T v dx dy
The transposeis D] = D; for derivatives of odd order (with an odd number of

integrations by parts and minus signs). For even derivativesD[ = +D;.

Buried insidethe calculusof variations is the real sourceof ATCA! The derivatives
D;u give Au. Their \transp oses"D; give AT. In between,C is normally nonlinear.
But whenF is a pure quadratic $c(Du)?, then DT @ =@ u becomeD " (cDu)|whic h
is exactly the linear ATCAu the we know sowell.

7G Eachproblemin the calculusof variationscanbe statedin three forms:
7
Variational form  MinimizeE (u) = F(x;y;u;D.u;Dyu;:::) dxdy
7 S
Weak form S _ * @ (Djv) dxdy = O for all v
0 @u i y =
I S f X 1 @
Euler-Lagrange strong form D, — =0.
u grang g . @wu

Example 1 F = u®+ uf + uj + u, + ui, + uj, = (Dou)>+  + (Dsu)?

The derivativesof F (a purequadratic)are 2u; 2uy; 2uy; :::; 2uyy. They are derivatives
with respect to u anduy, andthe other D;u, not with respect to x!
zZ

Weak form 2 UV UgVy + UyVy + Usy Vyx + Uyy Vyy + UyyVyy]dxdy = O:

We integrateeveryterm by parts to givethe strongform (timesv):
Strong form 2[U Uy Uy + U + Uxyxy + Uyyyy] = O

Thisis linea becausd- is quadratic;the minussignscomewith odd derivativesn F.
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Example 2 F=(1+u3)¥™¥ o F=(@1+uz+ u§)1:2

The derivativeswith resgect to u, anduy bring the squae root into the denominato
The shatest path equationand the minimal surfaceequationare

EL_:O and _@& _@&:0:
dx (1 + u2)t=2 @ F @ F
Everyterm ts into the patternof ATCA, andthe framework becomes nonlinear:
_ _ _@ T = AT _ .
e=Au ! w=C(e=— leadsto A'w=A"C(Au)=f:
nonlinear @

Nonlinear C(Au) from Nonquadratic Energies

That last line was worth a chapter of words. It is the shortest path to nonlinear
equilibrium equationsgln a linear spring, w = ceis proportional to e. The internal
strain energyis F = cede = %cez. In a nonline ar spring the constitutive
law is w = C(e). The relation of forceto stretching, or current to voltage, or ow
to pressure,is no longer a straight line Ce. We needparerthesesin C(e)!

R
The energydensity is still F = C(e) de = force times movemen. Minimizing
the total energy(integrate F to nd E) still givesthe equilibrium equation:
z

The energy P(u)= [F(Au) fu]dx is minimized when ATC(Au)=f:

R
The rst variation of E leadsto [C(Au)(Av) fv]dx = 0 for every v (weakform).
Then ATC(Au) = f is the Euler equation (strong form).

For the nonlinear equivalert of positive de niteness, the function C(e) shouldbe
increasing The line w = cehad a constart slope ¢> 0. Now that slope C %= dC=de
is changing|but it is still positive. That makesthe energyE (u) a corvex function.
The Euler equationis ellipticlw e have a minimum.

An exampleis the powerlaw w = C(e) = €® ! with p> 1. The energydensity is
its integral F = e’=p. The stretching ise= Au = du=dx The equilibrium equationis
ATC(Au) = ( d=dX)(du=dx)? 1= f. This is linear for p= 2. Otherwise nonlinear.

Complemen tary Energy

The complemetary energyis a function of w instead of e. It starts with the inverse
constitutive law e = C (w)[in our examplee = w 1, The strain e comesfrom
the stressw; the arrow in our framework is reversed. Graphically, we are looking at
Figure 7.6afrom the side. Fhe area under that curve is the complementary

energy density F (w)= C (w)dw. The twin equationscomefrom F and F :

Constitutiv. e Laws  w= C(e) = % and e= C Y(w)= %: (17)
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R
The symmetryis perfectand the dual minimum principle appliesto Q(w) = F (w) dx:
The complemen tary energy Q(w) is a minim um subject to ATw= f(x):

R
A Lagrangemultiplier u(x) takesQ to L(w;u) = [F (w) uATw+ uf Jdx, with the
constraint ATw = f built in. Its derivativesrecover the two equationsof equilibrium,

now nonlinear:
@=@v=0 is C Yw) Au=0

@=@=0 is ATw =f:
The rst equationgivesw = C(Au) and then the secondis ATC(Au) = f.

w w
e= C Y(w)
””””””””” - w= C(e)
—Fw) T ||
— 711111 .
F (¢ |
‘ ‘ ‘ ‘ l e . e
areaF + F of rectangleis ew areaF + F > ewsow 6 C(e)

Figure 7.6: The graphsof w = C(e) ande= C %(w), and their areasF and F.

Sincethesenonlinear things are in front of us, why not take the last step? It is
newer seenin advancedcalculus,but there is nothing soincredibly di cult. It is the
direct link betweenF and F , known asthe Legendr e-Fenchel transform :

F (w)= mgx[ew F(e and F(e)= mv\a}x[ew F (w)]: (18)

For the rst maximum, di erentiate with respectto e. That bringsbak w = @ =@,
which is the correct C(e). The maximum itselfisF = e@=@ F. The gures
show graphically that the areassatisfyF = ew F onthecurveandew F < F
o the curve. Sothe maximum of ew F isF asdesired.

Similarly, the secondmaximum in (18) leadsto e = @ =@v. That is the con-
stitutiv e law in the other direction, e = C (w). The whole nonlinear theory is
there, provided the material laws are conserative|the energyin the systemshould
be constart. This conseration law seemsto be destrojed by dissipation, or more
spectacularly by ssion, but in someultimate picture of the universeit must remain
true.

F will be the Lagrangian and F is the Hamiltonian . The equations
mug + cu + ku = 0 and u,, = U, include friction and damping and di usion, but
we hesitate to stretch our framework that far. Feynman'swonderful lectures made
\least action” the starting point for physics,and the next paragraphs.
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The Legendretransform reappearsat full strength in constrained optimization.
There F and F are more generalconvex functions (with nonnegative secondderiva-
tives)and we recognize that F is F. Herewe computeF (w) for the power law
and verify that it agreeswith the integral of C (w).

Example FindF (w) for the powerlaw F(e) = e’=p(e> O andw > Oandp > 1)
Di erentiating ew F(€) givesw ¢€° ! = 0. Then the conjugateF (w) in (18) is
wi=q
F =ew }e" = wi=P Dy }Wp=(p ny-P 1Wp=(p D= }Wq:
p Y Y q
F (w) = wi=qis alsoa power law, with dual exppnentq = pxp 1). This matches

the areaunderC (w) = w* 1 becausentegrationwill increasethat exponentto
1+ 1=(p 1) = g The symmetricrelationbetweenthe powersisp '+ q ' = 1.

Dynamics and Least Action

Fortunately or unfortunately, the world is not in equilibrium. The energystored in
springsand beamsand nuclei and peopleis waiting to bereleased.When the external
forceschange,the equilibrium is destrojed. Potential energyis cornverted to kinetic
energy the systembecomesdynamic, and it may or may not nd a new steady state.

When the systemis consenrative, the transients will not grow or deca. The
energychangesfrom potential to kinetic to potertial to kinetic, but the total energy
K + P remainsconstarn. It is like the earth around the sunor a child on a frictionless
swing. The force dP=du is no longer zero, and the systemoscillates. The problems
are dynamic instead of static.

To descrike the motion we needan equationor a variational principle. Numerically
we mostly work with equations(Newton's laws and conseration laws). This section
derivesthoselaws from the principle of least action :

The actual path u(t) minimizesthe action integral A(u) betweenthe initial state
u(tg) and the nal state u(ty):

Z,
A(u) = (kinetic energy potential energy)dt:

to

It is better to claim only that A= u = O|the path is always a stationary point but
not in ewvery circumstancea minimum. We have a di erence of energiesand positive
de nitenesscan be lost (a saddlepoint). Laplace'sequationwill be overtaken by the
wave equation. First comethree examplesto shav how the global law of leastaction
(the variational principle of least action) producesNewton's local law F = ma.

Example 3 A ball of massm is attracted by the Eath's gravity
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The only degreeof freedomis the ball's heightu(t). The energiesre K andP:

2

o 1 .
K = kinetic energy = ém % and P = potential energy = mgu:

The actionis A = R(%m(u‘)2 mgu) dt. Then A= u follows from the rulesof this
section|with the time variable t replacingthe spacevaiable x. The true path u is
compaed to its neightors u + v. The linea pat of A(u+ v) A(u) givesthe rst
vaiation A= u= 0:
A 2
m = (mu Q0 mgv) dt = 0 for everyv:

to
That is the weak form of Newton'slaw. You recognizethe momentummu © as the
derivativeof %m(u%2 with respect to the velacity u® The strong form is the Euler
equation:

d du

Newton's law — m—
dt dt

mg= 0 whichis ma=F: (29)

The action integral is minimized by the path that follows Newton's law.

The 3-stepframeveork of appliedmathematicsis not changed. The placeof A is
taken by d=dt and AT is d=dt The materialconstantis m andthe externalforce is
f = mg. The balancebetveenATCAu andf is Newton'slaw|a balanceof inertial
forces insteadof mechanicaforces. Figure7.7 identi es the variablesasthe velccity and
momentum.

position u forcef

3
du dp
V= — f = — N 7
dt t . y
? : AN
velocity v = momertum p | |
p=mv

Figure 7.7: Newton's law for a ball. A pendulum also ts the framework.

Example 4 A simplependulumwith massm andlengthl

The statevariableu isthe angle from the vertical. The heightl | cos still entersthe
potential energyandthe velcity isv = | d =dt:

2

L 1
K = kinetic energy = émI2 o

and P = potential energy = mg(l Icos)
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In this problemthe equationwill no longerbe lineagK  is quadraticbut P involvescos .
The Eulerequationfollowsthe rule for anintegral F( ; 9dt, with F = K P:

Euler @&F d @& d ,d

equaton @ dt @O =0 o mglsin  — ml = 0:

dt dt
This is the equationof a simplependulum.The masscancelsout; clocks keeptime!

d? g .
— 4+ = =

e sin 0 (20)
Whenthe angleis smallandsin isappoximatedby , the equationbecomedinea. The
period changes little. A linea clock keepstime, but not the right time.

Pendulum equation

Example 5 A verticalline of sgingsand masses©iasM u%% K u = 0

The potentialenergyin the spingsisP = %uTAT CAu. Thekineticenergmas%mi(dui=dt)2
from eachmass.ThenK P goesinto the actionintegral,and thereis an Eulerequa-
tion A= u; = 0 for eachmass. In matrix form this is the basicequationof mechanical
engineering:

Undamp ed oscillation Mu% ATCAu = 0:

M is the diagonalmassmatrix and AT CA is the positivede nite sti ness matrix. The
systemoscillatesaround equilitium and the total energyK + P is constant.

Example 6 Wavesin an elasticbar| a continuumof massesand sgrings
The actionintegralin this continuouscasehasan integralinsteadof a sum:

" #
ut ! %2 }cﬁzdxdt'

Action A(u) = -m
w=0 2 dt 2  dx

to
The Euler-Lagrangeulesfor A= u = 0 coverthis caseof a doubleintegral:

AL @ @ @ @ _,
—u—@m@ @c@ 0:

That is the wave egyation mug = Cuy. With constantdensiy m and elasticconstant
c, the wavespeedis c=mlfaster whenthe bar is sti er andlighter.

W ave equation

Staying with the calculusof variations, there are two important commerts:

1. When u is independert of time (no motion), the kinetic energyis K = 0 and
the least action principle reducesto P= u = 0. The dynamic problem goes
badk to the static problem of ATCAu = f, without a time derivative.



€ 2006 Gilbert Strang

2. The dual variable w, from all the evidence,should be found in its usual place
in Figure 7.7. 1t is the momentum p= mv = mdu=dt We canrewrite K :

L 1 1
The kinetic energy K = =Zmv? becomes —p?:

2 2m

That is the \complemertary" kinetic energy expressedn terms of p instead of v.
Note that m movesto the denominator, just as ¢ did in the elastic energy w?=2c.
Hamilton found the right total energy using the momertum p and the displacemen
u. Those variables (not the velocity!) are at the primal and dual corners of our
framework:

. . 1
Hamiltonian H=K+P-= %p2+ mgu : (21)

The Hamiltonian H (p;u) takesus directly to the equationsof motion:

I : @ _ du @ _ dp.
Hamilton's equations @ and @ dt (22)
The derivative dH=dt is zerosothe total enelgy is constant:
Chain rule di _ @& dp+ dH du =u%% pUO°=o: (23)

dt = @dt dudt

This is the essencef classicalmedanics. It is tied to Hamilton and not to Newton.
For that reasonit survived the revolution brought by Einstein. We will seethat H
has a relativistic form and even a quartum medanical form. Comparing a falling
ball with an oscillating spring, the key di erence in H is betweenu and u?:

_ 1, ; _iz :_L 2
(ball) H—%p + mgu (spring) H = 2mp +2cu

Hamilton's equations@ =@ = u®and @=@ = pPyield Newton's Laws:

(ball) u% and mg= p% or mu%: mg

(spring ) =u% and cu= p% or mu% cu=0:

S|lo 3o

The mass passesthrough equilibrium at top speed (all energyin K). The force
reversesto slow it down and stop it (all energyin P). In the u p plane (the phase
plane) the motion stays on the energysurfaceH = constart, which is the ellipsein
Fig. 7.8. Eac oscillation of the spring is a trip around the ellipse.

an ellipsoid. Hamilton's equationsare @i=@, = du;=dt and @H=@; = dp=dt
They lead againto Mu9% K u = 0, and to the wave equationin the cortinuouscase.
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Figure 7.8: 1 tension2 motion 3 compressiord motion: Constart energyH = K + P.

Relativit y and Quantum Mec hanics

Thesefew paragraphsare an attempt, by a total amateur, to correct thepaction inte-
gral by the rulesof relativity. Feynman'slecturesproposetheterm mc? 1 (v=0?2
in the LagrangianK  P. At v = 0 we seeEinstein's formula e = mc? for the energy
in a massm at rest. It becomesart of the potertial energyP.

As the velocity increasedrom zerothere is also a part correspnding to K. For
small x the squareroot of 1 x is approximately 1 %x, which linearizesthe problem
and brings badk Newton's %mv2|just as linearizing the minimal surface equation
brought badk Laplace. Relativity mixestogether K and P!

1v?

Lagrangian F(v) = mczpl (v=02 mc? 1 T

Now, trusting in duality, welook for the conjugatefunction F in the Hamiltonian.
It will be a function of p, not v. The rst stepisto nd that momerium p. Before
relativity, F was %mv2 and its derivative wasp = mv. Always p is @ =@:
(@3 mv
Momen tum = —— = P 24
P= & T (=07 (24)
This becomesn nite asv approadesthe speedof light. Accordingto (18), F is
p
Hamiltonian F (p) = m\?x[pv F(W)]=mc® 1+ (p=mag2: (25)

This maximum occursat (24)|whic h we solved for v and substituted into pv  F (V).
The new Hamiltonian F is again Einstein's energye = mc? when the systemis
at rest. As p increasesdrom zero, the next cortribution is Newton's p?=2m:

2 2
> 1, 1P p

F mc ——— = restenergy + —:
2m2¢c? 9y 2m
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Newton found the low-order term in the energyF that Einstein computed exactly!
Perhapsthe universeis like a minimal surfacein space-time.To Laplaceand Newton
it looked at (linearized), but to Einstein it becamecurved.

It is risky to add anything about quarntum medanics, which works with proba-
bilities. It is a mixture of di erential equations(Sdcredinger) and matrix equations
(Heiserberg). The ewert at which A= u = 0 almost always occurs. Feynman gave
ead possibletrajectory of the systema phasefactor €4=" multiplying its probability
amplitude. The smallnumber h (Planck's constart) meansthat a slight changein the
action A completely alters the phase. There are strong cancelinge ects from nearby
paths unlessthe phaseis stationary. In other words A= u = 0 at the most probable
path.

This prediction of \stationary phase" appliesequally to light rays and particles.
Optics follows the sameprinciples asmedanics,and light travelsby the fastestroute:
least action becomes least time . If Planck's constart could go to zero, the
deterministic principles of least action and least time would appear and the path
of least action would be not only probable but certain.

Problem Set 7.2

1 What are the weak fornand the strong form of the linear beamequation|the
Euler equationfor P = [c(u®? fu]dx?

R
2 Minimizing P = (u92dx with u(0) = a and u(1) = balsoleadsto the straight
line through thesepoints. Write down the weak form and the strong form.

3 Find th% Euler equations(stronngorm) for

@ [(u9%+e1dx () uwulx (© x%uY%dx

4 If F(u;u9 is independen of x, asin almost all our examples,shav from the
Euler equationand the chain rule that H = ud%a@=@©° F is constart. This is
dual to the fact that @ =@ is constart when F is independert of u.

5 If the speedis x the travel time of a light ray is

Zl
T= %pmdx with u(0)= 0 and u(l)= 1:
0

(a) From equation T= u= 0 what quartity is constart (Snell's law)?
(b) Can you integrate oncemoreto nd the optimal path u(x)?
R
6 With the constgairts u(0) = u(l) = Oand udx = A, shawv that the minimum
value of P =  (u92dx is 12A2. Introduce a multiplier m, solve the Euler

equationfor u, and verify that A = m=24. Then the derivative dP=dA = 24A
equalsthe multiplier ~m asthe sensitivity theory predicts.
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7

10

11

12

13

14

15

R
For the shortest path constrainedby udx = A, what is unusual about the
solution in Fig. 7.5as A becomedarge?

Supposethe constrairt is Ru dx A, with inequality allowed. Why doesthe
solution remain a straight line asA becomessmall? Where doesthe multiplier
m remain? This is typical of inequality constrains: either the Euler equation
is satis ed or the multiplier is zero.

gupposethe constrained problemF'Qspreversed,and we maximize the areaP =
udx subject to xed length| = 1+ (u92dx, with u(0) = aandu(l) = b.

(a) Form the Lagrangianand solwe its Euler equation for u.
(b) How is the multiplier M relatedto m in the text?
(c) When do the constrairts eliminate all functions u?

Find by calculusthe shortest broken-line path between (0;1) and (1;1) that
goes rst to the horizontal axisy = 0 and bouncesbadk. Shaw that the best
path treats this axis like a mirror: angle of incidence= angle of re ection.

The principle ofgmaximum ertropy selectsthe probability distribution that max-
izesH = glogudx. Introduce Lagrangemultipliers for the constrairts

udx = 1and xudx = 1=a and nd by dierentiation an equation for u.
Ontheinterval 0 < x < 1 show that the most likely distribution isu = ae #.

If the secondmomert Rx2u dx is alsoknown shawv that Gausswins again: the
maximizing u is the exponertial of a quadratic. If only udx = 1 is known,
the most likely distribution is u = constart. The least information comeswhen
only oneoutcomeis possible,say u(6) = 1, sinceulogu is then identically zero.

A helix climbs around a cylinder with x = cos ;y = sin ;z= u( ):
z z
. . P p _
its lengthis L = dx2 + dy? + dz2 = 1+ (u92d :

Shaw that u9= constart satis es Euler's equation. The helix is regular.

Multiply the nonlinear equation u%% sinu = 0 by v and integrate the rst
term by parts to nd the weakform. What integral P is minimized by u?

Find the Euler equations(strong form) for

1ZZ @u ° @u ° @u "

(@ P(u) = > @ + 2 @@ + @2 dx dy
1ZZ Z D

(b) P(u) = 5 (yui + uj)dxdy () E(u)= u 1+ (u92dx
1ZZ 27

(d) P(u) = > (U + u?) dxdy with u?dxdy = 1.
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16

17

18

19

20

Shaw that the Euler equationsfor theseintegrals are the same:

zZ @u @u zZ @u ?
@@dxdy and —— dxdy

Q@

Presumablythe two integrals are equalif the boundary conditions are zero.

Sketch the graph of p?=2m + mgu = constart in the u p plane. Is it an ellipse,
parabola, or hyperbola? Mark the point wherethe ball readhesmaximum height
and beginsto fall.

Draw a secondspring and masshangingfrom the rst. If the massesaremi; m,
and the spring constarts are c;; c;, the energyis

1 1 1
H=K+P= —lp§+ 2—mzp§+ éclu§+ §C2(U2 Uui)?:
Find the four Hamilton's equations@1=@; = du;=dt;@1=@; = dp=dt, and
the matrix equationM u%% K u = 0.

The Hamiltonian for a pendulum (with u= ) isH = p?>=2m+ mgl(1 cosu).
Write out Hamilton's equations(22) and eliminate p to nd the equation of a
pendulum.

Verify that the energy 1e’ Ce and the complemetary energy sw'C w are
conjugate. As in equation(18), this meansthat sw'C *w = maxie’'w e Cel.



