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7.2 Calculus of Variations

One theme of this book is the relation of equations to minimum principles. To
minimize P is to solve P 0 = 0. There may be more to it, but that is the main
point. For a quadratic P(u) = 1

2uT K u � uT f , there is no di�cult y in reaching
P 0= K u � f = 0. The matrix K is symmetric positive de�nite at a minimum.

In a continuousproblem, the \derivative" of P is not soeasyto �nd. The unknown
u(x) is a function, and P(u) is usually an integral. Its derivative � P=�u is called the
�rst variation . The \ Euler-L agrange equation " � P=�u = 0 has a weak form
and a str ong form . For an elastic bar, P is the integral of 1

2c(u 0(x))2 � f (x)u(x).
The equation � P=�u = 0 is linear and the problem will have boundary conditions:

Weak form
Z

cu0v 0dx =
Z

f v dx for every v Strong form � (cu0) 0= f (x):

Our goal in this sectionis to get beyond this �rst exampleof � P=�u.

The basic idea should be simple and it is: Perturb u(x ) by a test function
v(x ) . ComparingP(u) with P(u + v), the linear term in the di�erence yields � P=�u.
This linear term must be zero for every admissiblev (weak form). This program
carriesordinary calculusinto the calculusof variations. We do it in several steps:

1. One-dimensionalproblemsP(u) =
R

F (u; u 0) dx, not necessarilyquadratic

2. Constraints, not necessarilylinear, with their Lagrangemultipliers

3. Two-dimensionalproblemsP(u) =
RR

F (u; ux ; uy) dx dy

4. Time-dependent equationsin which u 0= du=dt.

At each step the exampleswill be as familiar (and famous) as possible. In two
dimensionsthat meansLaplace's equation, and minimal surfacesin the nonlinear
case. In time-dependent problems it meansNewton's Laws, and relativit y in the
nonlinear case.In onedimensionwe rediscover the straight line and the circle.

This section is also the opening to contr ol theory |the modern form of the
calculus of variations. Its constraints are di�erential equations, and Pontryagin's
maximum principle yields solutions. That is a whole world of good mathematics.

Remark To go from the strongform to the weakform, multiply by v and integrate.
For matricesthe strong form is AT CAu = f . The weak form is vT AT CAu = vT f for
all v.

For functionswith Au = u 0, this exactlymatches
R

cu0v 0dx =
R

f v dx above.
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One-dimensional Problems

The basicproblem is to minimize P(u) with a boundary condition at each end:

P(u) =
Z 1

0
F (u; u 0) dx with u(0) = a and u(1) = b:

The bestu defeatsevery other candidateu+ v that satis�es theseboundaryconditions.
Then (u + v)(0) = a and (u + v)(1) = b require that v(0) = v(1) = 0. When v and
v 0are small the correction terms comefrom @F=@u and @F=@u 0. They don't involve
v2:

Inside the in tegral F (u + v; u 0+ v 0) = F (u; u 0) + v
@F
@u

+ v 0@F
@u 0 + � � �

After in tegrating P(u + v) = P(u) +
Z 1

0

�
v

@F
@u

+ v 0@F
@u 0

�
dx + � � �

That integrated term is the \�rst variation". We have already reached � P=�u:

Weak form
� P
� u

=
Z 1

0

�
v

@F
@u

+ v 0@F
@u 0

�
dx = 0 for every v : (1)

This is the equation for u. The derivative of P in each direction v must be zero.
Otherwisewe can make � P=�u negative, which would meanP(u + v) < P(u): bad.

The strong form looks for a singlederivative which|if it is zero|mak esall these
directional derivativeszero. It comesfrom integrating � P=�u by parts:

Weak form / by parts
Z 1

0

�
v

@F
@u

� v
d
dx

�
@F
@u 0

��
dx +

�
v

@F
@u 0

� 1

0

= 0:

The boundary term vanishesbecausev(0) = v(1) = 0. To guarantee zero for every
v(x) in the integral, the function multiplying v must be zero(strong form ):

Euler-Lagrange equation for u
@F
@u

�
d

dx

�
@F
@u 0

�
= 0: (2)

Example Find the shortest path u(x) betweentwo points (0; a) and(1; b).

By Pythagoras,
p

(dx)2 + (du)2 isa short steponthepath. SoP(u 0) =
Rp

1 + (u 0)2 dx
is the lengthof the path betweenthe points. This square root F (u 0) dependsonlyon u 0

and@F=@u = 0. The derivative@F=@u 0 bringsthe square root into the denominator:

Weak form
@F
@u

=
Z 1

0
v 0 u 0

p
1 + (u 0)2

dx = 0 for everyv with v(0) = v(1) = 0. (3)

If the quantit y multiplying v 0 is a constant, then (3) is satis�ed. The integral is
certain to be zero becausev(0) = v(1) = 0. The strong form forces @F=@u 0 to be
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constant: the Euler-Lagrangeequation (2) is

�
d

dx

�
@F
@u 0

�
= �

d
dx

u 0
p

1 + (u 0)2
= 0 or

u 0
p

1 + (u 0)2
= c: (4)

That inte gration is always possible when F depends only on u 0 (@F=@u =
0). It leavesthe equation @F=@u 0= c. Squaringboth sides,u is seento be linear :

(u 0)2 = c2(1 + (u 0)2) and u 0=
c

p
1 � c2

and u =
c

p
1 � c2

x + d : (5)

The constants c and d arechosento match u(0) = a and u(1) = b. The shortestcurve
connecting two points is a straight line. No surprise! The length P(u) is a minimum,
not a maximum or a saddlepoint, becausethe secondderivative F 00is positive.

PSfrag replacements

aa

bb

00 11
xx

v

u = optimal line

u = optimal arcperturbed
u + v

�
1
m�

1
m

typical perturbation v(x) areabelow arc is A

Figure 7.5: Shortestpaths from a to b: straight line and circular arc (constrained).

Constrained Problems

Supposewe cannot go in a straight line becauseof a constraint. When the constraint
is

R
u(x) dx = A, we look for the shortest curve that has ar ea A below it :

Minimize P(u) =
Z 1

0

p
1 + (u 0)2 dx with u(0) = a; u(1) = b;

Z 1

0
u(x) dx = A :

The areaconstraint should be built into P by a Lagrangemultiplier|here called m.
The multiplier is a number and not a function, becausethere is oneoverall constraint
rather than a constraint at every point. The LagrangianL builds in

R
u dx = A:

Lagrangian L(u; m) = P + (multiplier )(constraint ) =
R

(F + mu) dx � mA :

The Euler-Lagrangeequation � L=� u = 0 is exactly like � P=�u = 0 in (2):

@(F + mu)
@u

�
d

dx

�
@(F + mu)

@u 0

�
= m �

d
dx

u 0
p

1 + (u 0)2
= 0: (6)
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Again this equation is favorable enoughto be integrated:

mx �
u 0

p
1 + (u 0)2

= c which gives u 0=
mx � c

p
1 � (mx � c)2

:

After onemore integration we reach the equation of a circle in the x-u plane:

u(x) =
� 1
m

p
1 � (mx � c)2 + d and (mx � c)2 + (mu � d)2 = 1: (7)

The shortest path is a cir cular ar c! It goes high enough to enclosearea A.
The three numbers m; c;d are determinedby the conditions u(0) = a;u(1) = b, andR

u dx = A. The arc is drawn in Figure 7.5 (and m is negative).

We now summarizethe one-dimensionalcase,allowing F to depend also on u 00.
That introducesv 00into the weak form and needstwo integrations by parts to reach
the Euler-Lagrangeequation. When F involves a varying coe�cien t c(x), the form
of the equation doesnot change,becauseit is u and not x that is perturbed.

The �rst variation of P (u ) =
RRR1

0 F (u; u 0; u 00; x ) dx is zeroat a minimum:

Weak
form

� P
� u

=
Z 1

0

�
v

@F
@u

+ v 0@F
@u 0 + v 00@F

@u 00

�
dx = 0 for all v:

The Euler-Lagrangeequationfrom integrationby parts determinesu(x ) :

Strong
form

@F
@u

�
d

dx

�
@F
@u 0

�
+

d2

dx2

�
@F
@u 00

�
= 0:

Constraintson u bring Lagrangemultipliersandsaddlepoints of L .

Applications are everywhere, and we mention one (of many) in sports. What
angle is optimal in shooting a basketball? The force of the shot depends on the
launch angle|line drivesor sky hooks needthe most push. The force is minimized
at 45� if the ball leavesyour hand ten feet up; for shorter peoplethe angle is about
50� . What is interesting is that the sameanglesolvesa secondoptimization problem:
to have the largest margin of error and still go through the hoop.

The condition is P 0= 0 in basketball (one shot) and � P=�u = 0 in track|where
the strategy to minimize the time P(u) hasbeenanalyzedfor every distance.

Tw o-dimensional Problems

In two dimensionsthe principle is the same.The starting point is a quadratic P(u),
without constraints, representing the potential energyover a plane region S:

Minimize P(u) =
Z

S

Z "
c
2

�
@u
@x

� 2

+
c
2

�
@u
@y

� 2

� f (x; y) u(x; y)

#

dx dy :
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If this energyhas its minimum at u(x; y), then P(u + v) � P(u) for every v(x; y).
We mentally substitute u + v in placeof u, and look for the term that is linear in v.
That term is the �rst variation � P=�u, which must be zero for every v(x; y):

Weak form
� P
� u

=
Z

S

Z �
c

@u
@x

@v
@x

+ c
@u
@y

@v
@y

� f v
�

dx dy = 0: (8)

This is the equation of virtual work . It holds for all admissiblefunctions v(x; y),
and it is the weak form of Euler-Lagrange. The strong form requiresas always an
integration by parts (Green'sformula), in which the boundary conditions take careof
the boundary terms. Inside S, that integration movesderivativesaway from v(x; y):

In tegrate by parts
Z

S

Z �
�

@
@x

�
c

@u
@x

�
�

@
@y

�
c

@u
@y

�
� f

�
v dx dy = 0: (9)

Now the strong form appears. This integral is zero for every v(x; y). By the \funda-
mental lemma" of the calculusof variations, the term in brackets is forcedto be zero
everywhere:

Strong form �
@

@x

�
c

@u
@x

�
�

@
@y

�
c

@u
@y

�
= f (x; y) throughout S . (10)

This is the Euler-Lagrangeequation AT CA = f , or �r � cr u = f . For constant c it
is Poisson. If the y variable is removed, we are back to a one-dimensionalrod.

With no extra e�ort we can go backwards to P(u) from any linear equation:

Second-order equation a
@2u
@x2

+ 2b
@2u

@x@y
+ c

@2u
@y2

= 0: (11)

When a;b, and c are constant, the corresponding quadratic \energy" is

P(u) =
1
2

ZZ "

a
�

@u
@x

� 2

+ 2b
�

@u
@x

� �
@u
@y

�
+ c

�
@u
@y

� 2
#

dx dy :

If we minimize P we expect to reach (11) as its Euler equation. But there is more
to it than that. To minimize P it should be positive de�nite . Inside the integral is
an ordinary 2 by 2 quadratic au2

x + 2buxuy + cu2
y. The test for positive-de�niteness

is still ac > b2, as it was in Chapter 1. (We can make a > 0 in advance.) That test
decideswhether or not equation (11) can be solved with arbitrary boundary values
on u(x; y).

In this positive de�nite casethe equation is called \elliptic" and minimization is
justi�ed. There are three fundamental classesof partial di�erential equations:
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The partial di�erential equation auxx + 2buxy + cuyy = 0 is elliptic or parabolic or

hyperbolic, according to the matrix
�

a b
b c

�
:

E
P
H

ac > b2 elliptic boundary-valueproblems
ac = b2 parabolic initial-valueproblems
ac < b2 hyperbolic initial-valueproblems

(steady state equations)
(heat/di�usion equations)
(wave/convection equations)

Laplace'sequation uxx + uyy = 0 is elliptic, with a = c = 1 producing the identit y
matrix. The heat equation uxx � ut = 0 is parabolic, with b = c = 0; the matrix is
singular and its determinant is zero. That parabolic borderline betweenelliptic and
hyperbolic needshelp from lower-order terms. The wave equation uxx � utt = 0 has
a = 1 and c = � 1. It asksfor initial values|t wo conditions on part of the boundary
and no conditions on another part, instead of onecondition everywhere.

Here we stay with elliptic equationsand minima of P(u). The boundary con-
ditions can specify u, or they can specify the normal component w � n.
Comparing (8) with (9), the boundary term comesfrom Green's formula in Sec-
tion :

Z

S

Z
cr u � r v dx dy = �

Z

S

Z
(r � (cr u))v dx dy +

Z

C

(cr u � n)v ds: (12)

Both sidesequal
RR

f v dx dy; that is the weak form. The �rst term on the right
yields the strong form � div(cgradu) = f (x; y). A zero integral over the boundary c
in (12) will be achieved by the boundary conditions. Strictly speaking,the boundary
conditions on u(x; y) are part of the strong form.

There are two ways to make this boundary integral of (cr u � n)v safely zero. If
boundary valuesu = u0 are given, and u + v sharesthosevalues,then v = 0 on the
boundary. That kills the integral. When u is not given and v is free,we must impose
the natural boundary condition cr u � n = w � n = 0.

A natural condition on w goes with AT . The essential condition u = u0 goes
with A.

The Minimal Surface Problem

Now we are ready for nonline ar partial di�erential equations. The corresponding
energywill not be a quadratic P(u). It will be the exact energyE(u), from which
P originally cameasan approximation. If there is a thin membrane covering the set
S|lik e a soapbubble|then stretching this membrane requiresenergy. The energy
is proportional to the surfac e ar ea of the soap bubble. In the right units the
material constant will be c = 1, and the problem is to minimize the surfac e
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ar ea E(u):

Cho ose u(x; y ) to minimize E(u) =
Z

S

Z "

1 +
�

@u
@x

� 2

+
�

@u
@y

� 2
#1=2

dx dy : (13)

When u = 0, the bubble is 
at. The expressionin brackets reducesto 1. That is
the minimum if u = 0 is admissible.But supposethe bubble is createdon a pieceof
wire that goesaround S at a varying height u0(x; y). The bubble has to stick to the
wire, so the trivial solution u = 0 is not allowed. The bent wire imposesa boundary
condition u = u0(x; y) at the edgeof S, and the minimal surfac e pr oblem is to
�nd the smallestareaE(u). Physically, surfacetension makesthe areaa minimum.

The test for a minimum is still E(u) � E(u + v). To compute the term � E=�u
that is linear in v, look at the part A from u alone,and the correction B involving v:

A = 1 +
�

@u
@x

� 2

+
�

@u
@y

� 2

and B = 2
@u
@x

@v
@x

+ 2
@u
@y

@v
@y

+ O(v2) :

For small v, the squareroot is
p

A + B =
p

A + B=2
p

A + � � � . Integrate both sides:

E(u + v) = E(u) +
Z

S

Z
1

p
A

�
@u
@x

@v
@x

+
@u
@y

@v
@y

�
dx dy + � � � : (14)

Now � E=�u is exposed.It is the integral in (14) and it is zero. That is the weak form
of the minimal surfaceequation. Becauseof the squareroot of A, it is not linear in
u. (It is always linear in v; that is the whole point of the �rst variation!) Integrating
by parts to remove the derivatives from v producesthe Euler equation in its strong
form:

Minimal surface
equation

�
@

@x

�
1

p
A

@u
@x

�
�

@
@y

�
1

p
A

@u
@y

�
= 0: (15)

This is not easyto solve, becauseof the squareroot in the denominator. For nearly

at bubbles, linearization approximates

p
A by 1. The result is Laplace's equation.

Perhapsit is only natural that the most important nonlinear equation in geometry
should reduceto the most important linear equation, but still it is beautiful.

Nonlinear Equations

The shortest distanceand minimal surfaceproblemsare typical of the generalcase.
The variational problem starts with an integral E =

RR
F dx dy. Then F dependson

x and y and u and derivativeslike @u=@x:

F = F (x; y; u; D1u; D2u; : : :) :

For an elastic bar there was only D1u = @u=@x. For a soap bubble there is also
D2u = @u=@y. Higher derivativesare allowed, and we can think of u itself as D 0u.
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The comparisonof E(u) with the nearby E(u + v) starts from an ordinary expan-
sion like F (u + v) = F (u) + F 0(u)v + O(v2). When F dependson several derivatives
of u, this expansionhasmore terms from F (x; y; D0u + D0v; D1u + D1v; : : :):

Inside the in tegral F (u + v) = F (u) +
X @F

@D i u
D i v + � � � : (16)

We take the derivatives of F with respect to u and ux and any other D i u.

The weak form involving v dealswith those linear terms: (integral= 0 for all v).
The strong form lifts each derivative D i from v and puts it (as D T

i ) onto the part
involving u:

Weak to Strong
ZZ �

@F
@D i u

�
(D i v)dx dy � !

ZZ �
D T

i

�
@F

@D i u

��
v dx dy

The transpose is D T
i = � D i for derivatives of odd order (with an odd number of

integrations by parts and minus signs). For even derivativesD T
i = + D i .

Buried insidethe calculusof variations is the real sourceof AT CA! The derivatives
D i u give Au. Their \transp oses"D T

i give AT . In between,C is normally nonlinear.
But whenF is a purequadratic 1

2c(Du)2, then D T @F=@Du becomesD T (cDu)|whic h
is exactly the linear AT CAu the we know so well.

7G Eachproblemin the calculusof variationscanbe statedin threeforms:

Variational form MinimizeE(u) =
Z

S

Z
F (x; y; u; D1u; D2u; : : :) dx dy

Weak form
� E
� u

=
Z

S

Z � X @F
@D i u

�
(D i v) dx dy = 0 for all v

Euler-Lagrange strong form
X

D T
i

�
@F

@D i u

�
= 0.

Example 1 F = u2 + u2
x + u2

y + u2
xx + u2

xy + u2
yy = (D0u)2 + � � � + (D5u)2

The derivativesof F (a purequadratic)are 2u; 2ux ; 2uy; : : : ; 2uyy. They are derivatives
with respect to u andux and the other D i u, not with respect to x!

Weak form 2
ZZ

[uv + uxvx + uyvy + uxx vxx + uxy vxy + uyyvyy ] dx dy = 0:

We integrateeveryterm by parts to givethe strongform (times v):

Strong form 2[u � uxx � uyy + uxxxx + uxy xy + uyyyy ] = 0:

This is linear becauseF is quadratic;the minussignscomewith odd derivativesin F .
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Example 2 F = (1 + u2
x )1=2 or F = (1 + u2

x + u2
y)1=2

The derivativeswith respect to ux and uy bring the square root into the denominator.
The shortest path equationand the minimalsurfaceequationare

�
d

dx
ux

(1 + u2
x )1=2

= 0 and �
@

@x

� ux

F

�
�

@
@y

� uy

F

�
= 0:

Everyterm �ts into the pattern of AT CA, and the framework becomes nonlinear:

e = Au � !
nonlinear

w = C(e) =
@F
@e

leadsto AT w = AT C(Au) = f :

Nonlinear C(Au) from Nonquadratic Energies

That last line was worth a chapter of words. It is the shortest path to nonlinear
equilibrium equations. In a linear spring, w = ce is proportional to e. The internal
strain energy is F =

R
cede = 1

2ce2. In a nonline ar spring the constitutive
law is w = C(e). The relation of force to stretching, or current to voltage, or 
o w
to pressure,is no longer a straight line Ce. We needparenthesesin C(e)!

The energydensity is still F =
R

C(e) de = force times movement. Minimizing
the total energy(integrate F to �nd E) still givesthe equilibrium equation:

The energy P(u) =
Z

[F (Au) � f u] dx is minimized when AT C(Au) = f :

The �rst variation of E leadsto
R

[C(Au)(Av) � f v] dx = 0 for every v (weak form).
Then AT C(Au) = f is the Euler equation (strong form).

For the nonlinear equivalent of positive de�niteness, the function C(e) shouldbe
increasing. The line w = cehad a constant slope c > 0. Now that slope C 0= dC=de
is changing|but it is still positive. That makesthe energyE(u) a convex function.
The Euler equation is elliptic|w e have a minimum.

An exampleis the power law w = C(e) = ep� 1 with p > 1. The energydensity is
its integral F = ep=p. The stretching is e = Au = du=dx. The equilibrium equationis
AT C(Au) = (� d=dx)(du=dx)p� 1 = f . This is linear for p = 2. Otherwisenonlinear.

Complemen tary Energy

The complementary energyis a function of w instead of e. It starts with the inverse
constitutive law e = C � 1(w)|in our examplee = w1=(p� 1). The strain e comesfrom
the stressw; the arrow in our framework is reversed. Graphically, we are looking at
Figure 7.6a from the side. The ar ea under that curve is the complementary
ener gy density F � (w) =

R
C � 1(w) dw. The twin equationscomefrom F and F � :

Constitutiv e Laws w = C(e) =
@F
@e

and e = C � 1(w) =
@F �

@w
: (17)
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The symmetry is perfectand the dual minimum principle appliesto Q(w) =
R

F � (w) dx:

The complemen tary energy Q(w) is a minim um sub ject to AT w = f (x) :

A Lagrangemultiplier u(x) takesQ to L(w; u) =
R

[F � (w) � uAT w + uf ] dx, with the
constraint AT w = f built in. Its derivativesrecover the two equationsof equilibrium,
now nonlinear:

@L=@w = 0 is C � 1(w) � Au = 0

@L=@u = 0 is AT w = f :

The �rst equation givesw = C(Au) and then the secondis AT C(Au) = f .

PSfrag replacements

w

F (w)

e

areaF + F � of rectangleis ew

F � (e)

e = C � 1(w)
w = C(e)

PSfrag replacements

w

e

areaF + F � > ew so w 6= C(e)
e

w

Figure 7.6: The graphsof w = C(e) and e = C � 1(w), and their areasF � and F .

Sincethesenonlinear things are in front of us, why not take the last step? It is
never seenin advancedcalculus,but there is nothing so incredibly di�cult. It is the
direct link betweenF and F � , known as the Legendr e-Fenchel tr ansform :

F � (w) = max
e

[ew� F (e)] and F (e) = max
w

[ew� F � (w)] : (18)

For the �rst maximum, di�erentiate with respect to e. That brings back w = @F=@e,
which is the correct C(e). The maximum itself is F � = e@F=@e � F . The �gures
show graphically that the areassatisfy F � = ew� F on the curve and ew� F < F �

o� the curve. So the maximum of ew� F is F � as desired.

Similarly, the secondmaximum in (18) leadsto e = @F � =@w. That is the con-
stitutiv e law in the other direction, e = C � 1(w). The whole nonlinear theory is
there, provided the material laws are conservative|the energyin the systemshould
be constant. This conservation law seemsto be destroyed by dissipation, or more
spectacularly by �ssion, but in someultimate picture of the universeit must remain
true.

F wil l be the Lagrangian and F � is the Hamiltonian . The equations
mutt + cut + ku = 0 and uxx = ut include friction and damping and di�usion, but
we hesitate to stretch our framework that far. Feynman'swonderful lectures made
\least action" the starting point for physics,and the next paragraphs.
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The Legendretransform reappears at full strength in constrainedoptimization.
There F and F � are more generalconvex functions (with nonnegative secondderiva-
tives)and we recognize that F �� is F . Herewe computeF � (w) for the power law
and verify that it agreeswith the integral of C � 1(w).

Example Find F � (w) for the power law F (e) = ep=p (e > 0 andw > 0 andp > 1)

Di�erentiating ew � F (e) givesw � ep� 1 = 0. Then the conjugateF � (w) in (18) is
wq=q:

F � = ew�
1
p

ep = w1=(p� 1)w �
1
p

wp=(p� 1) =
p � 1

p
wp=(p� 1) =

1
q

wq :

F � (w) = wq=q is alsoa power law, with dual exponent q = p=(p � 1). This matches
the area underC � 1(w) = w1=(p� 1), becauseintegrationwill increasethat exponent to
1 + 1=(p � 1) = q. The symmetricrelationbetweenthe powersis p� 1 + q� 1 = 1.

Dynamics and Least Action

Fortunately or unfortunately, the world is not in equilibrium. The energystored in
springsand beamsand nuclei and peopleis waiting to be released.When the external
forceschange,the equilibrium is destroyed. Potential energyis converted to kinetic
energy, the systembecomesdynamic, and it may or may not �nd a new steadystate.

When the system is conservative, the transients will not grow or decay. The
energychangesfrom potential to kinetic to potential to kinetic, but the total energy
K + P remainsconstant. It is like the earth around the sunor a child on a frictionless
swing. The force dP=du is no longer zero, and the systemoscillates. The problems
are dynamic instead of static.

To describe the motion weneedan equationor a variational principle. Numerically
we mostly work with equations(Newton's laws and conservation laws). This section
derivesthoselaws from the principle of least action :

The actual path u(t) minimizes the action integral A(u) betweenthe initial state
u(t0) and the �nal state u(t1):

A(u) =
Z t1

t0

(kinetic energy � poten tial energy ) dt :

It is better to claim only that � A=� u = 0|the path is always a stationary point but
not in every circumstancea minimum. We have a di�erence of energies,and positive
de�nitenesscan be lost (a saddlepoint). Laplace'sequationwill be overtaken by the
wave equation. First comethree examplesto show how the global law of leastaction
(the variational principle of least action) producesNewton's local law F = ma.

Example 3 A ball of massm is attractedby the Earth's gravity
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The only degreeof freedomis the ball's heightu(t). The energiesare K andP:

K = kinetic energy =
1
2

m
�

du
dt

� 2

and P = potential energy = mgu :

The action is A =
R

( 1
2m(u 0)2 � mgu) dt. Then � A=� u follows from the rulesof this

section|with the time variable t replacingthe spacevariable x. The true path u is
compared to its neighbors u + v. The linear part of A(u + v) � A(u) givesthe �rst
variation � A=� u = 0:

� A
� u

=
Z t1

t0

(mu 0v 0� mgv) dt = 0 for everyv :

That is the weak form of Newton's law. You recognizethe momentummu 0 as the
derivativeof 1

2m(u 0)2 with respect to the velocity u 0. The strong form is the Euler
equation:

Newton's law �
d
dt

�
m

du
dt

�
� mg = 0 whichis ma = F : (19)

The action integral is minimized by the path that follows Newton's law.

The 3-step framework of appliedmathematicsis not changed. The placeof A is
taken by d=dt and AT is � d=dt. The materialconstantis m and the externalforce is
f = mg. The balancebetweenAT CAu and f is Newton'slaw|a balanceof inertial
forces insteadof mechanicalforces.Figure7.7 identi�es the variablesasthe velocity and
momentum.

position u

velocity v momentum p

force f

?
-

6

v =
du
dt

p = mv

f =
dp
dt

m
6?

....................................................................................................
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................� >
�

l

l � l cos�

Figure 7.7: Newton's law for a ball. A pendulum also �ts the framework.

Example 4 A simplependulumwith massm and length l

The statevariableu is the angle� from the vertical. The heightl � l cos� still entersthe
potential energyand the velocity is v = l d� =dt:

K = kinetic energy =
1
2

ml2

�
d�
dt

� 2

and P = potential energy = mg(l � l cos� )
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In this problemthe equationwill no longerbe linear. K is quadraticbut P involvescos� .
The Eulerequationfollows the rule for an integral

R
F (� ; � 0) dt, with F = K � P:

Euler
equation

@F
@�

�
d
dt

�
@F
@� 0

�
= 0 or � mgl sin� �

d
dt

�
ml2 d�

dt

�
= 0:

This is the equationof a simplependulum.The masscancelsout; clockskeeptime!

Pendulum equation
d2�
dt2

+
g
l

sin� = 0: (20)

Whenthe angleis smallandsin� is approximatedby � , the equationbecomeslinear. The
period changesa little. A linear clock keepstime, but not the right time.

Example 5 A verticalline of springsandmasseshasM u 00+ K u = 0

Thepotentialenergyin thespringsisP = 1
2uT AT CAu. Thekineticenergyhas1

2mi (dui =dt)2

from eachmass.Then K � P goesinto the action integral,and there is an Eulerequa-
tion � A=� ui = 0 for eachmass. In matrix form this is the basicequationof mechanical
engineering:

Undamp ed oscillation M u 00+ AT CAu = 0:

M is the diagonalmassmatrix and AT CA is the positivede�nite sti�ness matrix. The
systemoscillatesaroundequilibrium andthe total energyK + P is constant.

Example 6 Wavesin an elasticbar| a continuumof massesandsprings.

The action integral in this continuouscasehasan integralinsteadof a sum:

Action A(u) =
Z t1

t0

Z 1

x=0

"
1
2

m
�

du
dt

� 2

�
1
2

c
�

du
dx

� 2
#

dx dt :

The Euler-Lagrangerulesfor � A=� u = 0 coverthis caseof a doubleintegral:

Wave equation
� A
� u

= �
@
@t

�
m

@u
@t

�
�

@
@x

�
� c

@u
@x

�
= 0:

That is the wave equation mutt = cuxx . With constantdensity m andelasticconstant
c, the wavespeedis

p
c=m|faster whenthe bar is sti�er and lighter.

Staying with the calculusof variations, there are two important comments:

1. When u is independent of time (no motion), the kinetic energy is K = 0 and
the least action principle reducesto � P=�u = 0. The dynamic problem goes
back to the static problem of AT CAu = f , without a time derivative.
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2. The dual variable w, from all the evidence,should be found in its usual place
in Figure 7.7. It is the momentum p = mv = m du=dt. We can rewrite K :

The kinetic energy K =
1
2

mv2 becomes
1

2m
p2 :

That is the \complementary" kinetic energy, expressedin terms of p instead of v.
Note that m moves to the denominator, just as c did in the elastic energy w2=2c.
Hamilton found the right total energy, using the momentum p and the displacement
u. Those variables (not the velocity!) are at the primal and dual corners of our
framework:

Hamiltonian H = K + P =
1

2m
p2 + mgu : (21)

The Hamiltonian H (p;u) takesus directly to the equationsof motion:

Hamilton's equations
@H
@p

=
du
dt

and
@H
@u

= �
dp
dt

: (22)

The derivative dH=dt is zeroso the total energy is constant:

Chain rule
dH
dt

=
@H
@p

dp
dt

+
dH
du

du
dt

= u 0p0� p0u 0= 0: (23)

This is the essenceof classicalmechanics. It is tied to Hamilton and not to Newton.
For that reasonit survived the revolution brought by Einstein. We will seethat H
has a relativistic form and even a quantum mechanical form. Comparing a falling
ball with an oscillating spring, the key di�erence in H is betweenu and u2:

(ball ) H =
1

2m
p2 + mgu (spring ) H =

1
2m

p2 +
1
2

cu2

Hamilton's equations@H=@p = u 0 and @H=@u = � p0 yield Newton's Laws:

(ball )
p
m

= u 0 and mg = � p0; or mu 00= � mg

(spring )
p
m

= u 0 and cu = � p0; or mu 00+ cu = 0:

The mass passesthrough equilibrium at top speed (all energy in K ). The force
reversesto slow it down and stop it (all energyin P). In the u � p plane (the phase
plane) the motion stays on the energysurfaceH = constant, which is the ellipse in
Fig. 7.8. Each oscillation of the spring is a trip around the ellipse.

With morespringsthere are 2n axesu1; : : : ; un ; p1; : : : ; pn and the ellipsebecomes
an ellipsoid. Hamilton's equations are @H=@pi = dui =dt and @H=@ui = � dpi =dt.
They lead again to M u 00+ K u = 0, and to the wave equation in the continuouscase.
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Figure 7.8: 1 tension2 motion 3 compression4 motion: Constant energyH = K + P.

Relativit y and Quan tum Mec hanics

Thesefew paragraphsare an attempt, by a total amateur, to correct the action inte-
gral by the rulesof relativit y. Feynman'slecturesproposethe term � mc2

p
1 � (v=c)2

in the LagrangianK � P. At v = 0 we seeEinstein's formula e = mc2 for the energy
in a massm at rest. It becomespart of the potential energyP.

As the velocity increasesfrom zero there is also a part corresponding to K . For
small x the squareroot of 1� x is approximately 1� 1

2x, which linearizesthe problem
and brings back Newton's 1

2mv2|just as linearizing the minimal surfaceequation
brought back Laplace. Relativit y mixes together K and P!

Lagrangian F (v) = � mc2
p

1 � (v=c)2 � � mc2

�
1 �

1
2

v2

c2

�
:

Now, trusting in duality, welook for the conjugatefunction F � in the Hamiltonian.
It will be a function of p, not v. The �rst step is to �nd that momentum p. Before
relativit y, F was 1

2mv2 and its derivative was p = mv. Always p is @F=@v:

Momen tum p =
@F
@v

=
mv

p
1 � (v=c)2

: (24)

This becomesin�nite as v approachesthe speedof light. According to (18), F � is

Hamiltonian F � (p) = max
v

[pv � F (v)] = mc2
p

1 + (p=mc)2 : (25)

This maximum occursat (24)|whic h we solved for v and substituted into pv� F (v).

The new Hamiltonian F � is again Einstein's energye = mc2 when the systemis
at rest. As p increasesfrom zero, the next contribution is Newton's p2=2m:

F � � mc2

�
1 +

1
2

p2

m2c2

�
= rest energy +

p2

2m
:
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Newton found the low-order term in the energyF � that Einstein computedexactly!
Perhapsthe universeis like a minimal surfacein space-time.To Laplaceand Newton
it looked 
at (linearized), but to Einstein it becamecurved.

It is risky to add anything about quantum mechanics, which works with proba-
bilities. It is a mixture of di�erential equations(Schr•odinger) and matrix equations
(Heisenberg). The event at which � A=� u = 0 almost always occurs. Feynman gave
each possibletra jectory of the systema phasefactor eiA=h multiplying its probability
amplitude. The small number h (Planck's constant) meansthat a slight changein the
action A completelyalters the phase.There are strong cancelinge�ects from nearby
paths unlessthe phaseis stationary. In other words � A=� u = 0 at the most probable
path.

This prediction of \stationary phase" applies equally to light rays and particles.
Optics follows the sameprinciplesasmechanics,and light travelsby the fastestroute:
least action becomes least time . If Planck's constant could go to zero, the
deterministic principles of least action and least time would appear and the path
of least action would be not only probablebut certain.

Problem Set 7.2

1 What are the weak form and the strong form of the linear beamequation|the
Euler equation for P =

R
[1

2c(u 00)2 � f u] dx?

2 Minimizing P =
R

(u 0)2dx with u(0) = a and u(1) = b alsoleadsto the straight
line through thesepoints. Write down the weak form and the strong form.

3 Find the Euler equations(strong form) for

(a)
Z

[(u 0)2 + eu] dx (b)
Z

uu 0dx (c)
Z

x2(u 0)2dx

4 If F (u; u 0) is independent of x, as in almost all our examples,show from the
Euler equation and the chain rule that H = u 0@F=@u 0� F is constant. This is
dual to the fact that @F=@u 0 is constant when F is independent of u.

5 If the speedis x the travel time of a light ray is

T =
Z 1

0

1
x

p
1 + (u 0)2 dx with u(0) = 0 and u(1) = 1:

(a) From equation � T=�u = 0 what quantit y is constant (Snell's law)?

(b) Can you integrate oncemore to �nd the optimal path u(x)?

6 With the constraints u(0) = u(1) = 0 and
R

u dx = A, show that the minimum
value of P =

R
(u 0)2dx is 12A2. Introduce a multiplier m, solve the Euler

equation for u, and verify that A = � m=24. Then the derivative dP=dA = 24A
equalsthe multiplier � m as the sensitivity theory predicts.
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7 For the shortest path constrainedby
R

u dx = A, what is unusual about the
solution in Fig. 7.5 as A becomeslarge?

8 Supposethe constraint is
R

u dx � A, with inequality allowed. Why does the
solution remain a straight line asA becomessmall? Where doesthe multiplier
m remain? This is typical of inequality constraints: either the Euler equation
is satis�ed or the multiplier is zero.

9 Supposethe constrainedproblem is reversed,and we maximize the area P =R
u dx subject to �xed length I =

Rp
1 + (u 0)2 dx, with u(0) = a and u(1) = b.

(a) Form the Lagrangianand solve its Euler equation for u.

(b) How is the multiplier M related to m in the text?

(c) When do the constraints eliminate all functions u?

10 Find by calculus the shortest broken-line path between (0; 1) and (1; 1) that
goes �rst to the horizontal axis y = 0 and bouncesback. Show that the best
path treats this axis like a mirror: angleof incidence= angleof re
ection.

11 The principle of maximum entropy selectsthe probability distribution that max-
imizes H = �

R
u logu dx. Introduce Lagrangemultipliers for the constraintsR

u dx = 1 and
R

xu dx = 1=a, and �nd by di�erentiation an equation for u.
On the interval 0 < x < 1 show that the most likely distribution is u = ae� ax .

12 If the secondmoment
R

x2u dx is alsoknown show that Gausswins again: the
maximizing u is the exponential of a quadratic. If only

R
u dx = 1 is known,

the most likely distribution is u = constant. The least information comeswhen
only oneoutcomeis possible,say u(6) = 1, sinceu logu is then identically zero.

13 A helix climbs around a cylinder with x = cos� ; y = sin� ; z = u(� ):

its length is L =
Z p

dx2 + dy2 + dz2 =
Z p

1 + (u 0)2 d� :

Show that u 0= constant satis�es Euler's equation. The helix is regular.

14 Multiply the nonlinear equation � u 00+ sinu = 0 by v and integrate the �rst
term by parts to �nd the weak form. What integral P is minimized by u?

15 Find the Euler equations(strong form) for

(a) P(u) =
1
2

ZZ " �
@2u
@x2

� 2

+ 2
�

@2u
@x@y

� 2

+
�

@2u
@y2

� 2
#

dx dy

(b) P(u) =
1
2

ZZ
(yu2

x + u2
y) dx dy (c) E(u) =

Z
u

p
1 + (u 0)2 dx

(d) P(u) =
1
2

ZZ
(u2

x + u2
y) dx dy with

ZZ
u2 dx dy = 1.
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16 Show that the Euler equationsfor theseintegrals are the same:

ZZ
@2u
@x2

@2u
@y2

dx dy and
ZZ �

@2u
@x@y

� 2

dx dy

Presumablythe two integrals are equal if the boundary conditions are zero.

17 Sketch the graph of p2=2m + mgu = constant in the u � p plane. Is it an ellipse,
parabola, or hyperbola? Mark the point wherethe ball reachesmaximum height
and beginsto fall.

18 Draw a secondspring and masshangingfrom the �rst. If the massesarem1; m2

and the spring constants are c1; c2, the energyis

H = K + P =
1

2m1
p2

1 +
1

2m2
p2

2 +
1
2

c1u2
1 +

1
2

c2(u2 � u1)2 :

Find the four Hamilton's equations@H=@pi = dui =dt;@H=@ui = � dpi =dt, and
the matrix equation M u 00+ K u = 0.

19 The Hamiltonian for a pendulum (with u = � ) is H = p2=2m + mgl(1 � cosu).
Write out Hamilton's equations(22) and eliminate p to �nd the equation of a
pendulum.

20 Verify that the energy 1
2eT Ce and the complementary energy 1

2wT C � 1w are
conjugate. As in equation(18), this meansthat 1

2wT C � 1w = max[eT w� 1
2eT Ce].


