Chapter 7

Optimization and Minim um
Principles

7.1 Two Fundamen tal Examples

Within the universeof applied mathematics, optimization is often a world of its own.
There are occasionalexpeditions to other worlds (like di erential equations), but

That is not an easyproblem, esgecially when there are many variablesx; and many
constrairts on those variables. Those constraints may require Ax = bor x; 0 or
both or worse Whole books and coursesand software padkagesare dedicatedto this
problem of constr ained minimization

| hope you will forgivethe poetry of worlds and universes.| amtrying to emphasize
the importance of optimization|a key component of engineeringmathematics and
scieri ¢ computing. This chapter will haveits own avor, but it is strongly connected
to the rest of this book. To make thoseconnections,| want to beginwith two speci c
examples.If you read even just this section, you will seethe connections.

Least Squares

Ordinary least squaresbeginswith a matrix A whosen columns are independer.
The rank is n, so ATA is symmetric positive de nite. The input vector b has m
componerts, the output b hasn componerts, and m > n:

Least squares problem Minimize kAu k2 1)
Normal equations for best b ATAb= ATb

ThoseequationsAT Ab = ATbsay that the error residuale= b Ab solvesATe = 0.
Then e is perpendicularto columnsl;2;:::;n of A. Write those zeroinner products
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as(column) T(e) = 0to nd ATAb= ATh

323 23
(column 1)T 0 ATe=0
. £4e5=8.L s ATb Ab)=0 )
(column n)T 0 ATAb= ATD:

Graphically, Figure 7.1 shavs Ab as the projection of b. It is the combination of
columnsof A (the point in the column space)that is nearestto b. We studied least
squaresin Section2.3, and now we notice that a second problem is solved at the
same time .

This secondproblem (dual problem) does not project b down onto the column
space. Instead it projects b acrossonto the perpendicular space.In the 3D picture,
that spaceis a line (its dimensionis 3 2= 1). In m dimensionsthat perpendicular
subspacehas dimensionm n. It contains the vectors that are perpendicular to all
columnsof A. The line in Figure 7.1is the nullspace of AT.

One of the vectorsin that perpendicular spaceis e = projection of b! Together,e
and b solwe the two linear equationsthat expressexactly what the gure shows:

Primal-Dual
Saddle Point
Kuhn-T ucker (KKT)

e + Ab
ATe

b m equations
0 n equations

®3)

We took this chanceto write down three namesfor thesevery simple but so funda-
mertal equations.| can quickly say a few words about ead nhame.

Primal-Dual ~ The primal problemis to minimize kKAu bk?. This producesb. The
dual problem is to minimize kw  bk?, under the condition that ATw = 0. This
producese. We can't solve one problem without solving the other. They are solved
together by equation (3), which nds the projectionsin both directions.

Saddle Point  The block matrix S in those equationsis not positive de nite !

I A
0

Saddle point matrix S = AT

(4)

The rst m pivots are all 1's, from the matrix 1. When elimination puts zerosin
placeof AT, it putsthe negative de nite  ATA into the ze black

Multiply row 1 by AT I 0 1 A _ | A _ 5)
Subtract from row 2 AT I AT 0 0 ATA ~

That elimination produced ATA in the (2;2) block (the \Schur complemet'). So
the nal n pivots will all be negative. S is inde nite , with pivots of both signs.

S doesn't producea pure minimum or maximum, positive or negative de nite. It
leadsto a saddlepoint (b;€). When we get up more courage,we will try to draw this.
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Kuhn-Tucker  Theseare the namesmost often assaiated with equationslike (3)
that solwe optimization problems. Becauseof an earlier Master's Thesisby Karush,
you often see\KKT equations.” In cortinuous problems, for functions instead of
vectors, the right namewould be \Euler-Lagrange equations.” When the constrairts
include inequalitieslikew 0 or Bu = d, Lagrangemultipliers are still the key. For
those more delicate problems,Kuhn and Tucker earnedtheir fame.

Nullspaceof AT Nullspaceof ATC

ojection of b

Column spaceof A = all vectorsAu

Figure 7.1: Ordinary and weighted leastsquares:min kb Auk? and kWb W AuUK?.

Weighted Least Squares

This is a small but very important extensionof the leastsquaresproblem. It involves
the samerectangular A, and a squareweighting matrix W. Instead of b we write by
(this bestanswer changeswith W). You will seethat the symmetric positive de nite
combination C = WTW is what matters in the end.

Weighted least squares Minimize kWAuU Wbk 6)
Normal equations for by (WA)T(WA) by = (WA)T (Wb

No newmathematics,just replaceA and bby WA and Wh. The equationhasbecome
ATWTWAbBby = ATWTWDb or ATCAby = ATCb or ATC(b Aby) = 0: (7)

In the middle equation is that all-important matrix ATCA. In the last equation,
ATe = 0 has changed to ATCe = 0. When | madethat changein Figure 7.1,
| lost the 90 angles. The line is no longer perpendicular to the plane, and the
projections are no longer orthogonal. We are still splitting b into two pieces,Aby,
in the column spaceand e in the nullspace of ATC. The equationsnow include this
C=WTw:

e is \ C-orthogonal” e + Abyw = b (8)
to the columns of A ATCe =0

With a simplechange,the equations(8) becomesymmetric! Intro duce w = Ce
and e = C 'w and shorten by to u:



¢ 2006Gilbert StrangCHAPTER 7. OPTIMIZA TION AND MINIMUM PRINCIPLES

Primal-Dual
Saddle Point
Kuhn-T ucker

C w + Au
ATW - 0 (9)

1
o

This weighted saddlepoint matrix replacesl by C ! (still symmetric):

C 1 A mrows

Saddle point matrix S = AT 0 nrows

Elimination producesm positive pivots from C 1, andn negative pivotsfrom AT CA:

CtA w _ b , C!* A W b _ (10)
AT 0 u 0 ' 0 ATCA u ATCb -

The \Schur complemett' that appearsin the 2;2 block becomes ATCA. We are
badk to ATCAu = ATCband all its applications.

Two more stepswill nish this overview of optimization. We shov how a di erent
vector f can appear on the right side. The bigger step is also taken by our second
example,coming now. The dual problem (for w not u) hasa constraint. At rst it
wasATe= 0, now it is ATw = 0, and in the exampleit will be ATw = f.

How do you minimize a function of e or w when these constr aints
are enfor ced ? Lagrangeshaved the way, with his multipliers.

Minimizing with Constrain ts

The secondexampleis a line of two springsand one mass The function to minimize
is the energyin the springs. The constrairt is the balanceA™w = f betweeninternal

forces(in the springs) and the external force (on the mass). | beliewe you can see
in Figure 7.2 the fundamenal problem of constrained optimization. The forcesare
drawn asif both springsare stretchedwith forcesf > 0, pulling onthe mass. Actually

spring 2 will be compressedw, is negatiwe).

As | write those words| spring, mass enemgy, force balance|l am desperately
hoping that you won't just say \this is not my area.” Changing the exampleto
another areaof scienceor engineeringor economicsnould be easy the problem stays
the samein all languages.

All of calculustrains usto minimize functions: Set the deriv ativ e to zero! But
the basiscalculus coursedoesn't deal properly with constrairts. We are minimizing
an energyfunction E(wq;w,), but we are constrainedto stay onthe linew; w, = f.
What derivativesdo we setto zen?

A direct approad is to solwe the constrairt equation. Replacew, by w; f. That
seemsatural, but | want to advocate a di erent approad (which leadsto the same
result). Instead of looking for w's that satisfy the constrairnt, the idea of Lagrangeis
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springl% Internal energy in the springs
sforce wy E(w) = Ex(wy) + Ea(wy)
Balance of internal/external forces
mass w; W, =T (the constraint)
ternal force f b i imizati
external torce Lforce W, Constrained optimization problem
spring 2 E., Minimize E(w) subjet to wy W, = f

Figure 7.2: Minimum spring energyE (w) subject to balanceof forces.

to build the constraints into the function. Rather than removing w,, we will add a
new unknown u. It might seemsurprising, but this secondapproad is better.

With n constraints on m unknowns, Lagrange'smethod hasm+ n unknowns. The
ideais to add a Lagrange multiplier for eat constraint. (Books on optimization
call this multiplier — or , we will call it u.) Our Lagrangefunction L has the
constraint w;  w, f = 0 built in, and multiplied by wu:

Lagrange function L(wy;wp;u) = Eq(wy) + Ex(wp)  u(wg wy f):

Calculuscanoperateon L, by setting derivatives(three partial derivatived) to zero:

Kuhn-T ucker

optimalit y % = % w;)) u=0 (11a)
equations 1
dE
%2 = W)+ u=0 (11b)
Lagrange @)}
ml?ltiplizr u @ (Wi wz 1)=0 (11c)

Notice how the third equation @=@ = 0 automatically brings bad the constrairt|
becauseat wasjust multiplied by u. If weaddthe rst two equationsto eliminate u,
and substitute w; f for w,, we are bad to the direct approad with one unknown.

But we don't want to eliminate u! That Lagrange multiplier is an important
number with a meaning of its own. In this problem, u is the displacemen of the
mass. In economics,u is the selling price to maximize prot. In all problems, u
measureghe sensitivit y of the answer (the minimum energyE i) to a changein
the constraint. We will seethis sensitivity dE,in=d in the linear case.
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Linear Case

The force in a linear spring is proportional to the elongation e, by Hooke's Law
w = ce Ead small stretching step requireswork = (force)(movemen) = (ce( e).
Then the integral %ce2 that addsup those small stepsgivesthe energystoredin the
spring. We can expressthis energyin terms of e or w:

. . 1 1w?
Energy in a spring E(w)= Zce?= Z—: (12)
2 2cC
Our problem is to minimize a quadratic energy E(w) subject to a linear balance
equationw; w, = f. This is the model problem of optimization.
2 2
Minimize E(w)= W14 1V

5ot 50 subject to w; wp=f: (13)

We warnt to solve this model problem by geometryand then by algebra.

Geometry In the plane of w; and w,, draw the line w; w, = f. Then draw the
ellipse E(w) = Enjn that just touchesthis line. The line is tangert to the ellipse. A
smallerellipsefrom smallerforcesw; and w, will not read the line|those forceswill
not balancef. A larger ellipse will not give minimum energy This ellipse touches
the line at the point (wy;w;) that minimizesE (w).

wy; > 0
tension in spring 1

E(w) =
u perpendicular to
u line and ellipse

w, < 0 compression in spring 2

Figure 7.3: The ellipseE(w) = Enj, touchesw; w, = f at the solution (wq; w,).

At the touching point in Figure 7.3, the perpendiculars(1; 1) and (u; u) to
the line and the ellipse are parallel. The perpendicular to the line is the vector
(1; 1) from the partial derivativesof w; w, f. The perpendicularto the ellipse
is (GE=@V,; @E=@V,), from the gradiert of E(w). By the optimality equations(11a)
and (11b), this is exactly (u; u). Those parallel gradierts at the solution are the
algebraicstatemen that the line is tangent to the ellipse.
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Algebra  To nd (ws;w,), start with the derivativesof w2=2¢; and w3=2¢;:

Energy gradient E =N and @ =M. (14)

@Vl C @Vz C .

Equations(11a)and (11b) in Lagrange'smethod becomew;=¢ = uandw,=6 = u.
Now the constraint w; W, = f yields (c; + ¢;)u = f (both w's are eliminated):

Substitute w; = c;u and w, = u: Then (¢ + )u = f: (15)

| don't know if you recognizec; + ¢, as our sti ness matrix ATCA! This problem
is sosmall that you could easilymissKk = ATCA. The matrix AT in the constrairt
equationATw=w; w,=f isonly 1 by 2, sothe sti ness matrix K is 1 by 1:

AT= 1 1 andK=ATCA= 1 1 4 6 i: ct+c @ (16)

The algebraof Lagrange'smethod hasrecovreredK u = f . Its solution isthe movemern
u = f =(c;+ ) of the mass. Equation (15) eliminatedw; andw, using(11a)and (11b).
Now bad substitution nds those energy-minimizingforces:

c.f

Spring forces Wi = QU = :
pring G+ C G+ C

(17)

Thoseforces(wy; w,) are on the ellipse of minimum energyE i, , tangert to the line:

1w?2 1w 1 cf? 1 ocf? 1 f2
Ew)= -1, W2 @ s @ = = Eu.: (18)
2¢c 2¢ 2+ )? 2(g+ )2 2c,+ Cy
This Enin  must be the sameminimum value %fTK 1f asin Section .t is.

We candirectly verify the mysteriousfact that u measureghe sensitivity of E i,
to a small changein f . Compute the derivative dE,, =d :

2
Lagrange multiplier = Sensitivit y d‘g %c f+ S = S ic = u: (19)
1 2 1 2

This sensitivity is linked to the obsenation in Figure 7.3that onegradiert is u times
the other gradiert. From (11a) and (11b), that stays true for nonlinear springs.

A Specic Example

| want to insert ¢; = ¢, = 1in this model problem, to seethe saddlepoint of L more
clearly. The Lagrangefunction with built-in constraint dependson w; and w, and u:

1 1
L = wa+ EW% Uw, + uw, + uf : (20)
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The equations@=@v; = 0 and @Q=@v, = 0 and Q=@ = 0 produce a beautiful
symmetric saddle-mint matrix S:

2 32 3 23
@=@vi= w; u =20 1 1 Wy 0
@=@v,= w,+u =0 o 4 0 1 154w,5=405: (21)
Q=@ = w;+w,=f 1 1 0 u f

Is this matrix S positive de nite ? No. It is invertible, and its pivots are 1;1; 2.
That 2 destroys positive de niteness|it meansa saddlepoint:

3 2 3 2 3

10 1 10 1 1
Eliminaton 4 01 15 t+ 4 1 15 withL=4 01 5:
11 0 2 111

On a symmetric matrix, elimination equals\completing the square.”" The pivots
1,1, 2 areoutsidethe squares.The ertries of L are inside the squares:

1 1 1
éwf+ éwg uws + uw, = 3 1wy, u)?+ 1(wo + u)?  2(u)? : (22)

The rst squares(w; u)? and (w, + u)? go\upwards,” but 2u? goesdown. This
gives a saddle point SP = (wq;w,;u) in Figure 7.4.

The eigervaluesof a symmetric matrix have the samesignsasthe pivots, and the
sameproduct (which is detS = 2). Herethe eigervaluesare = 1;2; 1.

(We: Wy U) L=21[(w, u)2+ W+ u)? 2u’]+ uf

Four dimensionsmake it a squeeze
W . (crf; of :f)
Saddlepoint SP= (wy; Wo; u) = B
1 2

W1

Figure 7.4: (w; u)? and (w,+u)? goup, 2u? goesdown from the saddlepoint SP.

The Fundamen tal Problem

the forcebalanceon the kth massby ux and adding, all n constrairts are built into
the dot product u™(ATw f). For medanics,we usea minus signin L:

Lagrange function L(w;u) = %WTC 'w uT(ATw  f): (23)
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To nd the minimizing w, setthe m + n rst partial derivativesof L to zero:

Kuhn-T ucker @=@v=C 'w Au=0 (24a)
optimalit y
equations @=@= A'w+f=0 (24b)

This is the main point, that Lagrangemultipliers lead exactly to the linear equations
w = CAu and ATw = f that we studied in the rst chapters of the book. By using

u in the Lagrangefunction L and introducing e = Au, we have the plus signsthat
appearedfor springsand masses:

e=Au w=Ce f=ATw =) ATCAu = f:

Imp ortant Least squaresproblems have e = b Au (minus sign from voltage
drops). Then we change to +u in L. The energyE = iw'C 'w b"w now has
a term involving b. When Lagrangesetsderivativesof L to zero,he nds S!

@=@v=C 'w+Au b=0 CtA w _ b
or T = . (25)
@_:@:ATW f=0 A 0 u f

This systemis my top candidatefor the fundamertal problem of scierii ¢ computing.

You could eliminate w = C(b  Au) but | dort knowif you should If you do it,
K = ATCA will appear. Usually this is a good plan:

Removew ATw=ATC(b Au)=f whichis ATCAu= ATCb f: (26)

Dualit y and Saddle Points

We minimize the energyE (w) but we do not minimize Lagrange'sfunction L (w; u).
It is true that @=@v and @Q.=@ are zeroat the solution. But the matrix of second
derivativesof L is not positive de nite. The solution w;u is a saddle point. It is
a minimum of L over w, and at the sametime it is a maximum of L over u. A saddle
point has somethingto do with a horse...It is like the lowest point in a mountain
range, which is alsothe highestpoint asyou go across.

The minimax theorem states that we can minimize rst (over w) or maximize
rst (over u). Either order leadsto the unique saddle point, given by @=@v = 0
and @Q=@ = 0. The minimization removesw from the problem, and it correspnds
exactly to eliminating w from the equations(11) for \rst derivatives= 0." Every
stepwill be illustrated by examples(linear case rst).

Allow meto usethe A; C;AT notation that we already know, so| can point out
the fantastic ideaof dualit y. The LagrangianisL(w;u) = w'C 'w u"(ATw f),
leaving out b for simplicity. We compareminimization rst and maximization rst:
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Minimize over w @Q =@ = OwhenC w Au=0. Thenw= CAu and
L= 1(Au)"C(Au) + u'f. This is to be maximized.

Maximize over u Key point: Lyax = +1 if ATw 8 f. Minimizing over w
will keepATw = f to avoid that +1 . ThenL = iw'C *w.

The maximum of a linear function like 5u is +1 . But the maximum of Ou is O.

Now comethe two secondsteps, maximize over u and minimize over w. Those
are the dual problems . Often one problem is called the \primal* and the other
is its \dual"|but  they are reversible. Here are the two dual principles for linear
springs:

1. Chooseu to maximize 2(Au)"C(Au) + u'f. Call this function P (u).
2. Choosew to minimize sw"C 'w keepingthe force balanceA™w = f .

Our original problemwas 2. In the languageof medanics, we were minimizing the
complemetary energy E(w). Its dual problemis 1. This minimizes the potential
energy P (u), by maximizing P (u). Most nite elemem systemschoosethat \dis-
placemen method." They work with u becauseit avoids the constraint ATw = f .

The dual problems1 and 2 involve the sameinputs A; C;f but they look ertirely
di erent. Equality between minimax(L) and maximin(L) givesthe duality principle
and the sadde point:

Dualit y of 1 and 2 max( P(u)) = min E(w): 27)
all u ATw=f

That is the big theorem of optimization| the maxim um of one problem equals

the minim um of its dual. We can nd those numbers, and seethat they are

equal, becausethe derivatives are linear. Maximizing P (u) will minimize P (u),

which is the problem we solved in Chapter 1. Write u andw for the minimizer and
maximizer:

1. P(u)= SuTATCAu u'f isPyn, = ifT(ATCA) 'f whenu = (ATCA) *f

2. E(w) = 2w'C 'WisEmn = 3f T(ATCA) f whenw = CAu .

Sou = K ! andw = CAu give the saddlepoint (w ;u ) of L. This is where
Emin = Pmin -

Problem Set 7.1

1 Our model matrix M in (21) haseigen/altzjes 1= 1 23: 2, 3= 1

10 1

1

M:iT'g‘:401 15
11 O

The trace 1+ 1+ 0 down the diagonalof M equalsthe sumof 's. Ched that
detM = product of 's. Find eigervectors x1; X»; X3 of unit length for those
eigervaluesl;2; 1. The eigervectorsare orthogonal!
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2 The quadratic part of the LagrangianL (wy; w,; u) comesdirectly from M :

2 32 3
1 10 1 w 1
5 Wi Wy U 4 01 154w,5= 5 W2+ W3 2uw; + 2uw;
11 O u

Put the unit eigervectorsxs; X,; X3 inside the squaresand = 1;2; 1 outside:
Wi+ W5 2uw; + 2uw, = 1( )2+ 2( )2 1( )2:

The rst parerthesescortain (1w; 1w, + Ow3)=IO 2 becausex; is (1; 1; O):p 2.
Comparedwith (22), thesesquarescomefrom orthogonaleigervector directions.
We areusingA = Q QT insteadof A= LDLT.

3 Weak duality Half of the duality theoremis max P(u) minE(w). This is
surprisingly easyto prove. Showv that P (u) is alwayssmaler than E(w), for
ewvery u and w with ATw = f .

1 1
“uTATCAuU + u'f EWTC 'w wheneer ATw = f :

2
Setf = ATw. Verify that (right side) (left side)= i(w CAu)"C *(w
CAu) O.
Equality holds and max( P) = min(E) whenw = CAu. That is equa-
tion (11)!

4 Supposethe lower spring in Figure 7.2 is not xed at the bottom. A massat
that end adds a new force balanceconstraint w, f, = 0. Build the old and
new constrairts into the Lagrangefunction L(wq;Ww,;us;uy) to minimize the
energyEq(w;) + Eo(wy). Write down four equations like (11a){(11c): partial
derivativesof L are zero.

5 For spring energiesE; = Zw2=g and E; = 3w5=G, nd A in the block form

ClA W_O . _W1._U1__f1
AT 0 u - f with w = Wo ‘U= U, f = £

Elimination subtracts ATC times the rst block row from the second. With
c. = & = 1,what matrix ATCA enters the zeroblock? Solve for u = (uy; u,).

6 Corntinuing Problem 5 with C = 1, write down w = CAu and compute the
energyEmi, = 3wW2+ w3, Verify that its derivativeswith respectto f, and f
are the Lagrangemultipliers u; and u, (sensitivity analysis).
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Solutions 7.1

4. The LagrangefunctionisL = Eq(wy) + Eo(Wo)  ug(wys w, 1) ux(wy f)).
Its rst partial derivativesat the saddlepoint are

@ _ dg

@1 = d—W(Wl) up=0
Q dE
av, = d—v\f(Wz)"' up ux=20
Q
@1 = (wg wp, f)=0
% = (wp f3)=0
2 3
c,t 1 0
. CTl A _§8 o'l 1 14
A 0 4 1 1 S}
0 1
With C = | elimination leadsto
I A . _— 2 1
0 ATA with A'A= 1 1 °

The equation...



