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6.4 Krylo v Subspaces and Conjugate Gradien ts

Our original equationis Ax = b. The preconditioned equation is P !Ax = P b
When we write P 1, we newer intend that an inversewill be explicitly computed. P
may comefrom Incomplete LU, or a few stepsof a multigrid iteration, or \domain
decommsition.” Entirely new preconditionersare waiting to be inverted.

The residual is r, = b AX . This is the error in Ax = b, not the error in x
itself. An ordinary preconditionediteration correctsx, by the vector P 1ry:

PXesr = (P A)Xe+ b o PXgsr = PXe+ T OF Xis1 = X+ P tre: (1)

In describingKrylov subspaces| shouldwork with P 1A. For simplicit y I will
only write A! | am assumingthat P hasbeenchosenand used,and the precondi-
tioned equationP Ax = P 1lbis given the notation Ax = b. The preconditioneris
now P = I. Our newA is probably better than the original matrix with that name.

With x; = b, look rst at two stepsof the pure iteration xj.; = (I  A)x; + b
Xxo= (I A)b+b=2b Ab Xx3= (I A)x;+b=3b 3Ab+ AZ%b: (2)

My point is simple but important: x; is a combination of b;Ab; :::;Al 1b.
We can compute those vectors quickly, multiplying ead time by a sparseA. Ev-
ery iteration involves only one matrix-vector multiplication. Krylov gave a hame
to all conbinations of those vectors, and he suggestedthat there might be better
combinations than the particular choicesx; in (2).

Usually a di erent combination will comecloserto the desiredx = A h.

Krylo v subspaces

The linear combinations of b;Ab;:::; Al bform the j th Krylov subspace.This space
dependson A and b. Following corvertion, | will write K; for that subspaceand K
for the matrix with thosebasisvectorsin its columns:
Krylo v matrix Ki = [b Ab A%b ::: Al 1b]: @)
3

Krylo v subspace K; = all combinations of b;Ab; :::;Al 1b.

Thus K; is the column spaceof K;. We wart to choosethe best combination as
our improved x;. Various de nitions of \b est" will give various x;. Here are four
di erent approadesto choosinga good X; in Kj |this is the important decision:

1. Theresidualrj = b Ax; is orthogonalto K; (Conjugate Gradien ts).
2. The residualr; has minimum norm for x; in K; (GMRES and MINRES ).

3. r; isorthogonalto a di erent spaceK (AT) (BiConjugate Gradien ts).
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4.  The error g hasminimum norm (SYMMLQ ).

In every casewe hope to compute the new x; quickly from the earlier x's. If that
step only involves x; ; and X; » (short recurrence ) it is especially fast. Short
recurrenceshappen for conjugate gradierts and symmetric positive de nite A. The
BiCG method is a natural extensionof short recurrencesto unsymmetric A (using
two Krylov spaces).A stabilized versioncalled BICGStab choosesx; in ATK; (AT).

As always, computing X; can be very unstable until we choosea decen basis.

Vandermonde Example

To follow ead step of orthogonalizing the basis, and solving Ax = b by conjugate
gradierts, we needa good example. It hasto stay simple! | am happy with this one:

2 2 3 2 3 2 3
1 1 1 1=1
=§ 2, F e=fl =8 aw=§2L
A_g 3 b= 37 Ab= 37 A'b=3 860 (4
4 1 4 1=

That constart vector b spansthe Krylov subspaceK ;. Then Ab, A%b, and A%b are
the other basisvectorsin K 4. They are the columnsof K 4, which we will nameV:

2 3
11 1 1
. ., _f12 4 82,
Vandermonde matrix Ks=V= 13 g9 275 (5)
1 4 16 64

Those columns are constan, linear, quadratic, and cubic. The column vectors are
independen but not at all orthogonal. The best measureof non-orthogonality starts
by computing inner products of the columns in the matrix V"V. When columnsare
orthonormal, their inner products are 0 or 1. (The matrix is called Q, and the inner
products give Q"Q = |.) HereV "V is far from the idertity matrix !

2 4 10 30 100 10=1+2+3+4
VTVZE 10 30 100 354 30 = 12+ 22+ 32+ 42
30 100 354 130 100= 13+ 28+ B+ 43

100 354 1300 4890 1300= 15+ 25+ 35+ 45

The eigervalues of this inner product matrix (Gram matrix) tell us somethingim-
portant. The extreme eigervalues are ax 5264 and in :004. Those are
the squaresof 4 and 4, the largestand smallestsingular values of V. The key
measureis their ratio 4= i, the condition number of V:

r
264
cond(V V) 526 10° cond(V) = m 1000:
:004 min
For sud a small example,1000is a poor condition number. For an orthonormal basis
with Q"Q = I, all eigervalues= singular values= condition number = 1.
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We could improve the condition by rescalingthe columnsof V to unit vectors.
Then VTV hasoneson the diagonal, and the condition number drops to 263. But
when the matrix sizeis realistically large, that rescalingwill not save us. In fact
we could extend this Vandermondemodel from constan, linear, quadratic, and cubic
vectorsto the functions 1; x; x?; x3. (A multiplies by x.) Pleaselook at what happens!

Contin uous Vandermonde matrix Ve=[1 x x% x3]: (6)

Again, those four functions are far from orthogonal. The inner products in V.V,
angefrom sumsto integrals. Working on the interval from 0 to 1, the integrals are
01 x'x¥dx=1=(i+] 1). They appearin the Hilb ert matrix :

N
w

|
OO
Nk olR Ol B
ONNNN

Bl IR NE

Contin uous inner pro ducts VIV, =

(7)

gl Bl Wik NI
Ol Gl Al Wi

The extreme eigervaluesof this Hilbert matrix are . 1:5and ., 10 % As
always, thoseare the squaresof the singularvalues o and n,n of V.. The condition
numker of the power basis 1; x; x2; x3 is theratio max= min  125. If you want a more
impressi\e number (a numerical disaster), go up to x°. The condition number of the
10 by 10 Hilbert matrix is max= mn 103, and 1;x;:::;x° is a very poor basis.

To reducethat unacceptably large number, Legendreorthogonalizedthe basis.
He chosethe interval from 1 to 1, sothat even powers would be automatically
orthogonalto odd powers. The rst Legendre polynomials are1;x; x? %;x3 gx.
Our point is that the Vandermondematrix example (as we follow it belowv) will be
completely parallel to the famousfunctions of Legendre.

In particular, the three-term recurrence in the Arnoldi-Lanczos orthogonal-
ization is exactly like Legendre'sclassicalthree-term recurrencefor his polynomials.
They appear for the samereason|the symmetry of A.

Orthogonalizing the Krylo v Basis

chosen. The iteration to compute theseorthonormal g's is Arnoldi's metho d.

This method is essetially the Gram-Sdimidt idea(called modi e d Gram-Sdimidt
when we subtract the projections of t onto the g's one at a time, for numerical
stability). We display one Arnoldi cycle for the Vandermondeexample that has
b=[1 1 1 1]°andA = diag([1 2 3 4]):

Arnoldi's ortho gonalization of b;Ab; :::;A" b
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0 g1 = bkbk; % Normalizebto kgk = 1 g=[11 1 1]%2
forj = 1;:::;n 1 % Start computation of ¢ +1
1 t=Aq;; % one matrix multiplication Ag:=1[1 2 3 4]°=2
fori=1;:::;] % t isin the spaceK 41
2 hij =q't; % h; g = projection oft ong hy; = 5=2
3 t=t h;qg; % Subtract that projection t=[ 3 1 1 3%
end; %t is orthogonalto oy;:::;q 0

4 hj. g = ktk; % Compute the length of t hoy = 522 0
Qi+ = t=hj.1j; % Normalizet to kguk=1 q=[ 3 1 1 3% 20
end % q;:::; 0y areorthonormal

ol

You might like to seethe four orthonormal vectorsin the Vandermondeexample.
Those columns q;; ip; &g; 0w of Q are still constart, linear, quadratic, and cubic. |
can alsodisplay the matrix H of numbersh; that producedthe g's from the Krylov
vectors b;Ab; A%b;A3b. (Since Arnoldi stopsat j = n 1, the last column of H is
not actually computed. It comesfrom a nal commandH (:;n) = Q% A Q(:;n).)
This H turns out to be symmetric and tridiagonal, and we will look for a reason.

Arnoldi's method for the Vandermonde example V gives Q and H:

2 3 2 p_ 3
1 3 1 1 IO5=2 5=2 b
81 1 1 32 _§ 52 52 = 80 é
Q‘§1 1 1 3 H = psﬁ) 95:2 p%
1 3 1 1 45 5=
2 P20 2 %%

Pleasenotice that H is not upper triangular. The usual QR factorization of the
original Krylov matrix K (which wasV in our example)hasthis sameQ, but Arnoldi
doesnot computeR. Eventhough the underlying ideacopiesGram-Sdmidt (at every
step g .1 is a unit vector orthogonalto the previousj columns),there is a di erence.

This is not columnj + 1 of K, asin Gram-S¢midt. Arnoldi is factoring AQ!

Arnoldi factorization AQ = QH for the nal subspace K,:

2 32 3
hir hy h1n

3 2
ho; h h
AQ=§Aq1 Aqnézgql mé 0 ha 2”2: (8)
0 O hnn

This matrix H is upper triangular plus one lower diagonal, which makesit \ upper
Hessenbrg." The h; in step 2 go down column j as far as the diagonal. Then
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hj+1; in step 4 is belov the diagonal. We ched that the rst columnof AQ = QH
(multiplying by columns)is Arnoldi's rst cyclethat producesa:

Column 1 Aqg; = hyp+ hop whichis = (Aqr huiqn)=hyy: (9)

That subtraction is step 3 in Arnoldi's algorithm. The division by hy; is step 5.

Unlessmore of the h; are zero, the cost is increasingat ewery iteration. The
vector updatesin step3 forj = 1;:::;n 1 give nearly n?=2 updatesand n®=2 ops.
A short recurrence meansthat most of theseh;; are zero, and the court of oating
point operationsdropsto O(n?). That happenswhenA = AT,

Arnoldi Becomes Lanczos

The matrix H is symmetric and therefore tridiagonal when A is symmetric .
This fact is the foundation of conjugate gradierts. For a matrix proof, multiply
AQ = QH by QT. The left side QTAQ is always symmetric when A is symmetric.
SinceH hasonly onelower diagonal,it hasonly oneupper diagonal. This tridiagonal
H hasonly three nonzerosin its rows and columns. So computing ¢ .1 only involves

g andqg 1:
Arnoldi when A = AT Ag = hja G« +hjg+h 159 1: (10)

This is the Lanczos iter ation . Each newq.+1 = (Aq  hiig  hy 15 1)=ha;
involves one multiplication Ag;, two dot products for h's, and two vector updates.
Allow me an important commern on the symmetric eigenvalueproblemAx = x .

We have seenthat H = QT AQ is tridiagonal, and Q" = Q ! from the orthogonality
Q'Q= 1. The matrix H = Q 'AQ hasthe sameeigervaluesasA:

Same Hy=Q 'AQy=y gives Ax= x with x= Qy: (11)

It is much easierto nd the eigervalues for atridiagonal H than for the original A.

For a large symmetric matrix, we often stop the Arnoldi-Lanczos iteration at a
tridiagonal Hy with k < n. The full n-step processto reath H, is too expensiwe,
and often we don't needall n eigervalues. So we compute the k eigervaluesof Hy

Ritz values) can provide good approximations to the rst k eigervaluesof A. And
we have an excelleh start on the eigervalue problem for Hy.,, if we decideto take a
further step.

This Lanczos metho d will nd, approximately and iteratively and quickly, the
leading eigervaluesof a large symmetric matrix. For its inner loop (the eigervalues
of the tridiagonal Hy) we usethe \ QR method" descriked in section .
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The Conjugate Gradien t Metho d

We return to iterative methods for Ax = b. The Arnoldi algorithm produced or-
thonormal basisvectorsq; o; : : : for the growing Krylov subspaces 1; K,;:::. Now
we selectvectorsxy in K that approad the exact solutionto Ax = b.

We conceltrate on the conjugate gradient methal when A is symmetric positive
de nite. Symmetry givesa short recurrence.De niteness preverts division by zero.

The rule for xi in conjugate gradierts is that the residualry = b Axy should
be orthogonal to all vectorsin K. Sincery will be in Ky, , it must be a multiple
of Arnoldi's next vector g+ ! Ead residual is therefore orthogonal to all previous
residuals(which are multiples of the previous(qs):

Orthogonal residuals rirg=0 for i<k: (12)
The di erence betweenr, and g, is that the g's are normalized,asin g = b=kbk.

Similarly ry 1 is a multiple of g. Then the dierence ry r¢ 1 is orthogonal to
eat subspaceK; with i < k. Certainly x; x; 1 liesin that K;. So r is orthogonal
to earlier Xx's:

(X xi+1)T(rk re« 1)=20 for i < k: (13)
Thesedi erences x and r aredirectly connected,becausethe bs cancelin  r:
e Te1=(b Axy) (b Axk 1)= Ak Xk 1): (14)

Substituting (14) into (13), the updates x are \ A-ortho gonal® or conjugate :
Conjugate directions (i X DTAMXk X 1) =0 fori<k: (15)

Now we have all the requiremens. Ead conjugate gradiert step ends with a
\search direction” dy ; for the next update xx  xx 1. Stepsl and 2 compute the
correct multiple (d¢ 1 to move to xi. Using (14), step3 nds the newry. Steps4
and 5 orthogonalizer againstthe seart direction just used,to nd the next dy.

The constarts ¢ in the seart direction and | in the update comefrom (12)
and (13)fori = k 1. For symmetric A, orthogonality will be automatic fori < k 1,
asin Arnoldi. We have a \short recurrence"for the new x, and ry.

Here is one cycle of the algorithm, starting from xo = Oandro = band dy = ro.
Stepsl1 and 3 involve the samematrix-vector multiplication Ad.

Conjugate Gradien t Metho d for Symmetric Positiv e De nite A

Example: A =dag((l 2 3 4)and b=]1 1 1 1]°

1 w=r] ;¢ 1=df ;Ad¢ 1 % Steplength to next x 1= 4=10= 25

2 Xk =Xk 1+ Ok 1 % Approximate solution x;=[2 2 2 2]°=5

3 re=re1  «Adg 1 % New residualfrom (14) r;=[3 1 1 3]%5
4 = rire=rg qroq % Improvemer this step 1= 1=5

5 di=re+ Ok 1 % Next seart directon d;=[4 2 0 2]%5
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The formulasfor  and  areexplainedbrie y belonvjand fully by Trefethen-Bau[{]
and Shewhuk [{] and many other good references.

When there is a preconditioner P (to useewen fewer CG stepsfor an accuratex),
step3 usesP 'A andthe inner productsin stepsl and 4 include an extra factor P 1.
Dieren t Viewp oints on Conjugate Gradien ts
| want to descrike the (same!) conjugategradiert method in two di erent ways:
1. It solwesatridiagonal systemHy = f recursiwely, for Arnoldi's H.

2. It minimizesthe energy 2xTAx  x"brecursively. This is important.

How does Ax = b changeto the tridiagonal Hy = f ? Those are connectedby

Ax = b is (Q"TAQ)(Q'x) = Q"b whichis Hy=f = (kbk;0;::::0):  (16)

Sinceq, is bkbk, the rst componert of f = QTbis ¢f b= kbk. The other componerts
of f are q"b = 0 becauseq is orthogonalto ;. The conjugate gradiert method is
implicitly computing the symmetric tridiagonal H. When the method nds X, it
also nds yx = Q¢ xk (but it doesn't say so). Hereis the third step:

2h h 32 3 2kU<3
Tridiagonal system Hy=f _ 2 11 "2 5405 _ 405,
Implicitly  solved by CG Hays = “hz 222 223 Y3© = 8 A7)
32 33

This is the equation Ax = b projected by Q3 onto the third Krylov subspaceK 3.

Theseh's newer appear in conjugategradierts. We don't want to do Arnoldi too!
It isthe LD LT factors of H that CG is somehav computing|t wo new numbers
and at ead step. Thosegive a fast update from y, ; to yx. The iterates xx = QxVY«
from conjugate gradierts approad the exact solution x, = Q,y, which isx = A 1b.

Ener gy By seeingconjugategradierts asan energyminimizing algorithm, we can
extend it to nonlinear problemsand useit in optimization. For our linear equation
Ax = b, the energyis E(x) = 3x"Ax  x"h. Minimizing E(x) is the sameassolving
Ax = b, when A is positive de nite|this was the main point of Section1.6. The
CG iteration minimizes E (x) on the growing Krylo v subspaces.

The rst subspaceK ; is the line in the direction dy = ro = b Minimization of
the energyE (x) for the vectorsx = b producesthe number ;:

.
E( b= % 20"Ab  b'b is minimized at - bb. (18)

" bAp”

This ; is the constart chosenin step 1 of the rst conjugategradiert cycle.
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The gradiert of E(x) = ixTAx xTbis exactly Ax b, The steepest desent
direction at x; is along the negative gradient, which is r;! This soundslike the
perfect direction d; for the next move. But the great di cult y with steepest descen
is that this ry canbetoo closeto the rst direction dy. Little progressthat way. So
step 5 adds the right multiple 1do, in order that the newd;, = r; + 1dy will be
A-orthogonalto the rst direction do.

Then we move in this conjugate direction d; to X, = X3 + ,d;. This explains
the name conjugate gradients The pure gradierts of steepest desceh would be too
nearly parallel, and we would take small stepsacrossa valley instead of a good step
to the bottom (the minimizing x in Figure 6.15). Every cycle of CG chooses i to
minimize E (x) in the newseart direction x = X, 1+ dx 1. The last cycle (if we go
that far) givesthe overall minimizer x, = x = A h

> =

Figure 6.14: Steepest desceh vs. conjugategradiert.

The main point is always this. When you have orthogonalit y, pro jection
and minimizations can be computed one direction at a time.

Example
2 32 3 2 3
211 3 4
Suppse Ax=b is 412 154 15=405:
112 1 0

From X, = (0;0;0) andro = do = bthe rst cyclegives ;= 1 andx, = b= (2;0;0).
The newresidualisr; = b Ax; = (0; 2; 2). Thenthe CGalgaithm yields

2 3 2 3
8 4 25 8 4 35 1
1:1—6 d]_: 2 2:1—6 Xo = 1 = A b'
2 1

The carect solutionis reachedin two steps,wherenamally CG will take n = 3 steps.
The reasonis that this paticular A hasonly two distinct eigenvalued and 1. In that
caseA 'bisacombinationof b andAb, andthis bestcombinationx is foundat cycle2.
The residualr, is zeroandthe cyclesstop ealy|very unusual.
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Energy minimization leadsin [ ] to an estimate of the comergencerate for the

errore= x Xy in conjugategradierts, usingthe A-norm kek, = el Ae:
p P— Kk
Error estimate kx  Xxgka 2 p=2 p M kx  XoKa: (19)
max T min

This is the best-knavn error estimate, although it doesn't accoun for any clustering
of the eigervaluesof A. It involves only the condition number ax = min . Prob-
lem  givesthe \optimal" error estimate but it is not soeasyto compute. That
optimal estimate needsall the eigervaluesof A, while (19) usesthe extremeeigerval-
ues max (A) and nin (A)|whic h in practice we can bound above and below.

Minim um Residual Metho ds

When A is not symmetric positive de nite, CG is not guararteed to solve Ax =
b. We lose cortrol of d"Ad in computing . We will follow van der Vorst [ ] in
briey describingthe minimum norm residual approad, leading to MINRES
and GMRES.

Thesemethods choosex; in the Krylov subspaceK; sothat kb Ax; k is minimal.

in (16) wesetx; = Q;y, to expresghe solution asa combination of thoseq's: using(8)
is
Norm of residual krik= kb Axjk= kb AQ;yk= kb Qj.:1Hj.1jyk: (20)

Herel usedthe rst j columnsof Arnoldi's formula AQ = QH. Sincethe jth column
of H is zeroafter ertry j + 1, we only needj + 1 columnsof Q on the right side:

2 3
h11 hy;
First j columnsof QH = o G +1 § UE : z: (21)
e by
hj +13

The norm in (20) is not changedwhen we multiply by QjT+l. Our problem becomes:
Choosey to minimize krjk=kQ/,;b Hj.; yk: (22)

This is an ordinary least squaresproblemwith only j + 1 equationsandj unknowns.
The right side QjT+1b is (krok; 0;:::;0) asin (16). The rectangular matrix Hj.1; is
Hessebergin (21). We facea completelytypical problem of numericallinear algebra:
Usezemsin H and QjT,,lbto nd a fast algorithm that computesy. The two favorite
algorithms for this least squaresproblem are closelyrelated:

MINRES A is symmetric (likely inde nite, or we useCG) and H is tridiagonal.
GMRES A is not symmetric and the upper triangular part of H can be full.
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In both casesave want to clear out that nonzerodiagonalbelon the main diagonal of
H. The natural way to do that, oneenry at atime, is by \ Givensrotations." These
plane rotations are so useful and simple (the essetial part is only 2 by 2) that we
completethis sectionby explaining them.

Giv ens Rotations

The direct approad to the least squaressolution of Hy = f constructs the normal
equationsHTHP = HTf. That wasthe certral ideain Chapter 1, but you seewhat
we lose. If H is Hesseberg, with many good zeros,H "H is full. Those zerosin H

shouldsimplify and shortenthe computations, sowe don't want the normal equations.

The other approad to least squaresis by Gram-Sdimidt. We factor H into
orthogonal times upper triangular . Sincethe letter Q is already used, the or-
thogonal matrix will be called G (after Givens). The upper triangular matrix is
G 'H. The 3 by 2 caseshows how a rotation in the 1{2 plane can clear out hy;:

2 ) 32 3 2 3
cos sin O hi1 hyp
G,fH=4 sin cos 0954 hy hypd5=40 5 (23)
0 0 1 0 hs 0
That bold zero entry requires hy;sin = hy;cos , which determinesthe rotation

angle . A secondrotation G,,, in the 2-3 plane, will zeroout the 3;2 ertry. Then
G,,G,{H is a squareupper triangular matrix U above a row of zeros!

The Givensorthogonal matrix is G,;G3, but there is no reasonto do this multi-
plication. We useeat G; asit is constructed,to simplify the least squaresproblem.
Rotations (and all orthogonal matrices) leave the lengths of vectors unchanged:

— 1 1 1 1 — U F .
kHy fk=KkG3G,,;HY G3G,fk=k oY o K: (24)
This length is what MINRES and GMRES minimize. The row of zerosbelov U
meansthat the last ertry e is the errorlw e can't reduceit. But we get all the other
ertries exactly right by solvingthe j by j systemUy = F (herej = 2). This gives
the best least squaressolution y. Going bad to the original problem of minimizing
the residualkrk = kb Ax; Kk, the bestx; in the jth Krylov spaceis Q;y.

For non-symmetricA (GMRES rather than MINRES) the recurrenceis not short.
The upper triangle in H can be full, and stepj becomesexpensive Possibly it is
inaccurate asj increases.Sowe may change\full GMRES" to GMRES(m), which
restarts the algorithm ewery m steps. It is not so easyto choosea good m. But
GMRES is an important algorithm for unsymmetric A.

Problem Set 6.4

1 When the tridiagonal K is preconditionedby P = T (seconddi erence matrix
with Ty = 1) shovthat T *K =1 + “e] with ef = [10 ::: 0]. Start from
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K=T+ee]. ThenT K =1+ (T e)e]. Verify that T g = " from:

2 32 3 2.3
11 N 1

T‘:e1:§ 1 2 1 ZgN 122502:
1 2 1 0

Seconddi erences of this linear vector * are zero. Multiply | + “e] times
| (el)=(N + 1) to establishthat this is the inversematrix K 1T.

2 For the model of a squaregrid with separator down the middle, create the
reorderedmatrix K in equation(4). Usespy(K) to print its pattern of nonzeros.

3 Armoldi expressegad Aqy ashj.i; G+ +hy g+ +hya. Multiply by g to
nd hi; = q'Aq . If A is symmetric this is (Aqg)" g . Explain why (Ag)'qg = 0
fori < j 1by expandingAgq into hi.;iG+ + + hyjq. We have a short
recurrene if A = AT (only hj.;; and h;; andh; ;4 are nonzero).

4 (This is Problem 3 at the matrix level) The Arnoldi equation AQ = QH gives
H = Q 'AQ = QTAQ. Thereforethe ertries of H areh; = g'Ag;.

(a) Which Krylov spacecortains Ag; ? What orthogonality givesh; = 0when
i >+ 1? Then H is upper Hesseberg.

(b) If AT = A then hy = (Ag)"q. Which Krylov spacecortains Ag ? What
orthogonality givesh; = O whenj > i+ 1? Now H is tridiagonal.

5 Test the pcg(A; ) MATLAB commandon the 1;2; 1 seconddierence
matrix A = K. As preconditioneruseP = T, whenTy; = 1.

6 IfK =[b Ab ::: A" Ib]isaKrylov matrix with A = AT, why is the inner
product matrix K TK a Hank el matrix ? This meansconstart ertries down
eat antidiagonal (the opposite of Toeplitz). Show that (K TK); dependson
i+j.

7 These are famous names assaiated with linear algebra (and a lot of other
mathematicstoo). All dead. Write one sertence on what they are known for.

Arnoldi Gram Jacobi Sdwr
Cholesky Hadamard Jordan Sdtwartz
Fourier Hankel Kronedker Seidel
Frobenius Hesseberg Krylov Toeplitz
Gauss Hestenes-Stiefel Lanczos Vandermonde
Gershgorin Hilbert Markov Wilkinson
Givens Householder Sdamidt Woodbury

solution:  Jacobi (matrices), Gauss (elimination, numerical integration),
Lanczos [-1,2,-1  with q_1=(1,0,-)], zeros of cosines/convergence rate?,
Another g_1? Berresford.



