
Chapter 6

Solving Large Systems

6.1 Elimination with Reordering

Finite elements and �nite di�erences produce large linear systemsKU = F . The

matrix K is extremely sparse. It has only a small number of nonzeroentries in a
typical row. In \ph ysical space" those nonzerosare tightly clustered|they come
from neighboring nodesand meshpoints. But we cannot number N 2 nodesin a plane
in any way that keepsall neighbors closetogether! So in 2-dimensionalproblems,
and even more in 3-dimensionalproblems,we meet three questionsright away:

1. How best to number the nodes

2. How to usethe sparsenessof K (when nonzerosmight be widely separated)

3. Whether to choosedirect elimination or an iterativ e metho d.

That last point separatesthis sectionon elimination (wherenode order is important)
from later sectionson iterativ e methods (where preconditioning is crucial).

To �x ideas, we will create the n equationsKU = F from Laplace's di�erence
equation in an interval, a square,and a cube. With N unknowns in each direction,
K has order n = N or N 2 or N3. There are 3 or 5 or 7 nonzerosin a typical row of
the matrix. Seconddi�erences in 1D, 2D, and 3D are shown in Figure 6.1.

Along an inside row of the matrix, the entries add to zero. In two dimensions
this is 4 � 1 � 1 � 1 � 1 = 0. This \zero sum" remainstrue for �nite elements (the
element shapes decide the exact numbers). It re
ects the fact that u = 1 solves
Laplace'sequation and U = ones(n, 1) has di�erences equal to zero. The constant
vector solves KU = 0 except near the boundaries. When a neighbor is a boundary
point, its known value movesonto the right sideof KU = F . Then that row of K is
not zero sum. OtherwiseK would be singular, if K � ones(n, 1) = zeros (n, 1).

Using block matrix notation, we cancreatethe 2D matrix K 2D from the familiar
N by N seconddi�erence matrix K. We number the nodesof the squarea row at
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Figure 6.1: 3, 5, 7-point di�erence moleculesfor � uxx , � uxx � uyy , � uxx � uyy � uzz.

a time (this \natural numbering" is not necessarilybest). Then the � 1's for the
neighbors above and below are N positions away from the main diagonalof K 2D .

The 2D matrix in Figure 6.2a is block tridiagonal with tridiagonal blocks:

K =

2

6
6
4

2 � 1
� 1 2 � 1

� � �
� 1 2

3

7
7
5 K 2D =

2

6
6
4

K + 2I � I
� I K + 2I � I

� � �
� I K + 2I

3

7
7
5 (1)

Size N
Time N

Elimination in this order: Size n = N 2

Bandwidth w = N , Space nw = N 3, Time nw 2 = N 4

The matrix K2D has 4's down the main diagonal. Its bandwidth w = N is the
distance from the diagonal to the nonzerosin � I. Many of the spacesin between
are �lled during elimination! Then the storage spacerequired for the factors in
K2D = LU is of order nw = N 3. The time is proportional to nw2 = N4, when n
rows each contain w nonzeros,and w nonzerosbelow the pivot require elimination.

Again, the operation count grows as nw2. Each elimination step usesa row of
length w. There can be nw nonzerosto eliminate below the diagonal. If someentries
stay zeroinside the band, elimination could be faster than nw2|and this is our goal.

Those counts are not impossibly large in many practical 2D problems (and we
show how they can be reduced). The horrifying N 7 count will comefor elimination
on K3D. Supposethe 3D cubic grid is numbered a plane at a time. In each plane
we seea 2D square,and K3D hasblocks of order N 2 from thosesquares.With each
squarenumberedas above, the blocks comefrom K 2D and I = I 2D :

K 3D =

2

6
6
4

K 2D + 2I � I
� I K 2D + 2I � I

� � �
� I K 2D + 2I

3

7
7
5

3D Size n = N3

Bandwidth w = N2

Elimination space N 5

Elimination time N 7

The main diagonal of K3D contains 6's, and \inside rows" have six � 1's. Next to a
faceor edgeor corner of the cube, we loseoneor two or three of those� 1's.



6.1. ELIMINA TION WITH REORDERING c
 2006Gilbert Strang

From any node to the node above it, we count N 2 nodes. The � I blocks are far
from the main diagonaland the bandwidth is w = N 2. Then nw2 = N7.

Fill-in Let me focus attention immediately on the key problem, when we apply
elimination to sparsematrices. The zeros “inside the band” may fill in with nonze-

ros. Those nonzerosenter the triangular factors of K = LLT (Figure 6.2a). When
multiples of one pivot row are subtracted from other rows, a nonzeroin that pivot
row will infect all the others.

Sometimesa matrix hasa full row, from an equationlike
P

Uj = 1 (seeFigure 6.3).
That full row better comelast !

A good way to visualize the nonzerostructure (sparsity structure) of K is by a
graph. The rows of K are nodes in the graphs. A nonzeroentry Kij producesan
edgebetween nodes i and j. The graph of K2D is exactly the mesh of unknowns!
Filling in a nonzeroadds a new edge(a diagonal in our squaregraph). Watch how
�ll-in happensin elimination:

FILL-IN New nonzero in the matrix / New edge in the graph

Supposeaij is eliminated. A multiple of row j later is subtracted from the row i.
If aj k is nonzeroin row j, then anew

ik becomes�lled in row i:

Matrix
nonzeros

aj j aj k

aij 0
� !

aj j aj k

0 anew
ik

Graph
edges

j

i

k
� !

j

i k

Fill-in

Kronecker product One good way to createK2D from K and I (N by N ) is the
kron(A, B) command. This replaceseach number aij by the block aij B. To take
seconddi�erences in all columnsat the sametime, and all rows, usekron twice:

K 2D = kron(K, I) + kron(I, K) =

2

4
2I � I �
� I 2I �
� � �

3

5 +

2

4
K

K
�

3

5 (2)

This sum agreeswith (1). Then a 3D box needsK2D and I2D = kron(I, I) in
each plane. This easily adjusts to allow rectangles,with I 's of di�erent sizes. For
a cube, take seconddi�erences inside all planes with K2D, plus di�erences in the
z-direction:

K 3D = kron(K2D, I) + kron(I2D, K) hassize (N 2)(N ) = N3 . (3)

Here K and K2D and K3D of sizeN and N 2 and N3 are serving as models of

the type of matrices that we meet. But we have to say that there are special ways to
work with theseparticular matrices. The x, y, z directions are separable.We can use
FFT-t ype methods in each direction. SeeSection6. on Fast Poisson Solvers.
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MATLAB should know that the matrices are sparse! If we createI = speye(N )
and K comesfrom spdiags as in Section 1.1, the kron commandwill preserve the
sparsetreatment. Before we describe reordering by minimum degree,allow me to
display spy(K 2D) plus �ll, and the reorderedspy(PK 2DP T). The latter will have

much less fill-in. Your eye may not seethis soclearly, but the count is convincing!

Figure 6.2: (a) K2D is �lled in by elimination. (b) A good reorderingof K2D.

Minimum Degree Algorithm

We now describe a useful way to reorder meshpoints and equationsin K 2D U = F .
The ordering achievesapproximate minimum degree at each step| the number of
nonzeros below the piv ot is almost minimized . This is essentially the algorithm
usedin MATLAB's commandU = KnF , whenK hasbeende�ned asa sparsematrix.
We list someof the functions from the sparfun directory:

speye (sparseidentit y I) nnz (number of nonzeroentries)
find (�nd indicesof nonzeros) spy (visualize sparsity pattern)
colamd and symamd (approximate minimum degreepermutation of K)

You can test and usethe minimum degreealgorithms without a careful analysis. The
approximations are faster than the exact minimum degreepermutations colmmdand
symmmd. The speed(in two dimensions)and the roundo� errors are quite acceptable.

In the Laplaceexamples,the minimum degreeordering of nodesis irregular com-
pared to \a row at a time." The �nal bandwidth is probably not decreased.But
many nonzeroentries are postponedas long aspossible! That is the key.

The di�erence is shown in the arro w matrix of Figure 6.3. Its minimum degree
ordering (one nonzerobelow each pivot) produceslarge bandwidth, but no fill-in.
Elimination will only changethe last row and column. The triangular factors L and
U have all the samezerosasA, keepingthe arrow. The spacefor storagestays at 3n,
and elimination needsonly n divisions and multiplications and subtractions. When
a sparsematrix hasa full row, put it last.

best
when
last
� !
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6
6
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6
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7
7
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7
7
7
7
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6
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Figure 6.3: Minimum degree(arrow matrix) defeatsminimum bandwidth.
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The secondordering reducesthe bandwidth from 6 to 3. But when row 4 is used
as the pivot row, the entries indicated by F are filled in. That lower quarter of A
becomesfull, with n2/8 nonzerosin each factor L and U . You seethat the whole
nonzero\pro�le" of the matrix decidesthe �ll-in, not just the bandwidth.

Here is another example,from the red-blac k ordering of a squaregrid. Color
the gridpoints like a checkerboard. Then all four neighbors or a red point are black,
and vice versa. If we number the red points before the black points, the permuted

K2D hasdiagonalblocks of 4I:

Red-blac k
perm uation

P (K 2D) P T =
�

4Ired � 1's
� 1's 4Iblack

�
. (4)

This pushesthe � 1's and the �ll-in into the last N 2/2 rows. Notice how P permutes
the rows (the equations) and P T permutes the columns (the unknowns). Together
they keep4's on the main diagonal.

Now the real thing. Minim um degree algorithms choosethe (k + 1)st pivot
column, after the �rst k columnshave beeneliminated as usual below the diagonal.
The algorithms look at the nonzerosin the lower right matrix of sizen � k.

Symmetric case: Choosethe remaining meshpoint with the fewest neigh bors.
Unsymmetric case: Choosethe remaining column with the fewest nonzeros .

The component of U corresponding to that column is renumbered k + 1. So is the
meshpoint in the �nite di�erence grid. Of courseelimination in that column will
normally producenewnonzerosin the remainingcolumns. Some�ll-in is unavoidable.
The algorithm keepstrack of the new positions of nonzeros,and also the actual
entries. It is the positions that decidethe ordering of unknowns (the permutation
of columns). Then the entries in K decidethe numbers in L and U .

The degree of a node is the number of connectionsto other nodes. This is
the number of o�-diagonal nonzerosin that column of K. In Figure 6.4 the corner
nodes1, 3, 4, 6 all begin with degree2. The side nodes2 and 5 have degree3. The

degrees change as elimination proceeds ! No des connected to the piv ot become
connected to each other|and that entry of the matrix �lls in.

You will seehow a renumbering of meshpoints preservesthe symmetry of K. The
rows and columnsare reorderedin the sameway. Then P KoldP

T = Knew = KT
new.

Example 1 Figure6.4showsasmallexampleof theminimaldegreeordering,for Laplace's
5-point scheme.The problemstarts with six meshpoints (they would be connectedto
boundary points whereU is known) and a 6 by 6 matrix. K hastwo 3 by 3 tridiagonal
blocksfrom horizontal links,and two 3 by 3 blockswith � I from verticallinks.

The �rst eliminationstepchoosesrow 1 aspivot row, becausenode 1 hasminimum
degree2. (Any degree2 node couldcome�rst, leadingto di�erent eliminationorders.)
The pivot is P, the othernonzerosin that row are boxed. Whenrow 1 operateson rows2
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Figure 6.4: Minimum degreenodes1 and 3 give pivots P. New diagonal edges2{4
and 2{6 in the graph match the �rst four entries F that are �lled in by elimination.

and 4, it changessix entriesbelow it (left �gure). The two �ll-in entriesmarked by F
changeto nonzeros. This �ll-in of the (2, 4) and(4, 2) entriescorrespondsto the dashed
line connectingnodes2 and4 in the graph.

Eliminationcontinueson the 5 by 5 matrix (and the graphwith 5 nodes). Node 2
still hasdegree3, so it is not eliminatednext. If we break the tie by choosingnode 3,
eliminationusing the new pivot P will �ll in the (2, 6) and (6, 2) positions. Node 2
becomeslinked to node 6 becausethey wereboth linked to the eliminatednode 3.

The problemis reducedto 4 by 4, for the unknown U 's at the remainingnodes2, 4,
5, 6. Problem asksyou to take the next step|cho osea minimumdegreenodeand
reducethe systemto 3 by 3. Figure6.5 shows the start of a minimumdegreeordering
for a largergrid. Noticehow �ll-in (16 edges,32 F's) increasesthe degrees.

1 2

34

5

6

7

8

 � 25 meshpoints
1{4: degree2
5{8: degree3

17 to go � !
degrees4 and 5
at this stage

Figure 6.5: Nodesconnectedto an eliminated node becomeconnectedto each other.
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Storing the Nonzero Structure = Sparsity Pattern

A largesystemKU = F needsa fast and economicalstorageof the node connections
(the positions i, j of nonzerosin the matrix). The internal list of edgesand nonzero
positions will changeas elimination proceeds.Normally we don't seethat list.

Here we createthe list for N = 4 by [i, j, s] = find (K). This hasnnz(K) = 10:

i = 1 2 1 2 3 2 3 4 3 4 j = 1 1 2 2 2 3 3 3 4 4

s = 2 � 1 � 1 2 � 1 � 1 2 � 1 � 1 2

The 10 entries are in s, so the �fth nonzerohas i = 3, j = 2, and s = K32 = � 1. The
positions i, j of nonzerosin K are in lexicographicalorder.

You can seethat the list j of column indicesshould be compressed.All we need
arepointers to indicate whena newcolumnappearson the list. In reality j is replaced
by this short list of pointers to the list, including a last pointer to position 11 that
signalsthe stop:

poin t = 1 3 5 8 11 can be updated by perm(p oin t)
when columnsare reordered.

The sparsebackslashcommandU = KnF usesan approximate minimum degree
algorithm. First it checks the nonzeropattern to seeif row and column permuta-
tions P1 and P2 can produce a blo ck triangular form . The reorderedsystem is
P1K P T

2 (P2U ) = P1F :

Blo ck triangular matrix P1K P T
2 =

2

6
6
4

B11 B12 � �
0 B22 � �
0 0 � �
0 0 0 Bmm

3

7
7
5 .

The reorderedunknown P2U and the right-hand side P1F are similarly partitioned
into m blocks. Block back-substitution starts with the smallerproblemBmm Um =
Fm . Working upwards, we only deal with the blocks Bii on the diagonal (the smaller
the better). Surprisingly often, a block triangular form is available.

To preserve symmetry weneedP1 = P2. In the positivede�nite case,the Cholesky
commandchol is preferredto lu , sinceuselessrow exchangescan be safelyomitted.
If diag (K) is positive, there is a chance(not a certainty !) of positive de�niteness.
Backslashwill try chol until it is forced to acceptrow exchanges.

It is understood that MATLAB is not tuned for high performance.Useit for tests
and experiments and adjustments. Establishedcodesoften turn to C++.

Graph Separators

Here is another approach to ordering, di�erent from minimum degree. The whole
graph or meshis separatedinto disjoint piecesby a cut. This separatorgoesthrough
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a small number of nodesor meshpoints. It is a good idea to number the nodes in the

separator last. Elimination is relatively fast for the disjoint piecesP and Q. It only
slows down at the end, for the (smaller) separatorS.

The meshpoints in P have no direct connectionsto Q (both are connectedto the
separatorS). Numbered in that order, the \blo ck arrow" sti�ness matrix has two
blocks of zeros. Its K = LU factorization looks like this:

K =

2

4
KP 0 KPS

0 KQ KQS

KSP KSQ KS

3

5 L =

2

4
LP

0 LQ

X Y Z

3

5 U =

2

4
UP 0 A

UQ B
C

3

5 (5)

The zero blocks in K give zero blocks in L and U . The submatrix KP producesLP

and UP. Then comethe factors LQUQ of KQ, followed by the connectionsthrough
the separator. The major cost is often that last step, the solution of a fairly dense
system. When the separatorS hassizeN , a densesystemcostsN 3.

A separatorillustrates the key ideaof domain decomp osition : Cut the problem

into smaller pieces. This is natural for structural analysis of an airplane: Solve
separatelyfor the wingsand the fuselage.The smallersystemfor the separator(where
the piecesmeet) is like the third row of equation (5). This expressesthe requirement
that the unknown and its normal derivative (stressor 
ux) match alongthe separator.
We apologizethat a full discussionof domain decomposition is impossible(see[{]).

Arro w matrix
(Figure 6.3)

1

2

3

4

5

6 is S

Separator comes last
(Figure 6.4)

P S Q

1

2

3

4

5

6

Blo cks P, Q

Separator S

P S Q

Figure 6.6: A graph separatornumbered last producesa block arrow matrix K.

Figure 6.6 shows three examples,each with separators. The graph for a perfect
arrow matrix has a one-point separator(very unusual). The 6-node rectanglehas a
two-node separator in the middle. Every N by N grid can be cut by an N -point
separator(and N is much smaller than N 2).

On a rectangular grid, the best cut is down the middle in the shorter direction.
Our model problem on a squareis actually the hardest! A region shaped like a U
(or maybe a radiator in 3D) might look di�cult. But actually it allows very short
separatorsand fast elimination. A tree needsno �ll-in (Problem ).
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Nested Dissection

You could say that the numbering of P then Q then S is blo ck minim um degree.
But one cut with one separator will not come close to an optimal numbering. It
is natural to extend the idea to a nested sequenceof cuts. P and Q have their
own separatorsat the next level. This nested dissection continues until it is not
productive to cut further. It is a strategy of \divide and conquer."

Figure 6.7 illustrates three levels of nesteddissectionon a 7 by 7 grid. The �rst
separator is down the middle. Then two cuts go acrossand four cuts go down.
Numbering the separatorslast within each stage,the matrix K of size49 hasarrows
inside arrows inside arrows. The spy commandwill display the pattern of nonzeros.

1 to 9

19 to 21

10 to 18

22 to 30

40 to 42

31 to 39

1 7 43 28

18 49 39

K =

2

4
� 0 �
0 � �
� � �

3

5

zero

zero

zero

zero

zero

zero

3 � 18

3 � 18

7 � 42 7 � 7

9 � 9

Figure 6.7: Three levels of separators.Still nonzerosin K, only in L.

Separatorsand nesteddissectionshow how numbering strategiesare basedon the
graph of nodes. Edgesbetweennodescorrespond to nonzerosin the matrix K. The
�ll-in createdby elimination (entries F in L and U ) correspondsto adjacent edgesin
the graph. In practice, there has to be a balancebetweensimplicity and optimalit y
in the numbering|in scienti�c computing simplicity is a very good thing!

Here are the complexity estimatesfor the Laplacian with N 2 or N3 nodes:

Nested Separators n = N 2 in 2D n = N3 in 3D
Space (nonzerosfrom �ll-in) N 2 log N N 4

Time (
ops for elimination) N 3 N 6

In the last century, nesteddissectionlost out (too slow) on almost all applications.
Now larger problemsare appearing and the asymptotics eventually give nesteddis-
sectionan edge.All planar graphshave separatorsof size

p
n into nearly equalpieces

(P and Q have sizesat most 2n/3). Of coursea new idea for ordering could still win.
We don't recommendthe older algorithm of (reverse)Cuthill-McKee.

A reasonablecompromiseis the backslashcommandU = KnF that usesa nearly
minimum degreeordering in SparseMATLAB.
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The text [GL] by Georgeand Liu is the classicreferencefor this sectionon ordering
of the nodes. The new book [ ,2007] by Davis has a superb description of his
recent algorithms and how they are implemented (in MATLAB's backslash and in
UMFPACK for sparseunsymmetric systems).

Problem Set 6.1

1 Create K2D for a 4 by 4 squaregrid with N 2 = 32 interior mesh points (so
n = 9). Print out its factors K = LU (or its Choleskyfactor C = chol (K) for
the symmetrizedform K = CTC). How many zerosin thesetriangular factors?
Also print out inv (K) to seethat it is full.

2 As N increases,what parts of the LU factors of K2D are �lled in ?

3 Can you answer the samequestion for K3D? In each casewe really want an
estimate cNp of the number of nonzeros(the most important number is p).

4 Use the tic; ...; toc clocking command or the cpu command to compare
the solution time for K2Dx = random f in ordinary MATLAB and sparse
MATLAB (where K2D is de�ned as a sparsematrix). Above what value of N
doesthe sparseroutine Knf win ?

5 Compareordinary vs. sparsesolution times in the three-dimensionalK3Dx =
random f . At which N doesthe sparseKnf begin to win ?

6 IncompleteLU

7 Draw the next stepafter Figure 6.4whenthe matrix hasbecome4 by 4 and the
graph hasnodes2{4{5{6. Which have minimum degree?Is there more �ll-in?

8 Redraw the right side of Figure 6.4 if row number 2 is chosenas the second
pivot row. Node 2 doesnot have minimum degree. Indicate new edgesin the
5-node graph and new nonzerosF in the matrix.

9 Order a tree to avoid all �ll-in.

10 Block triangular.

11 Supposethe unknownsUij on a squaregrid arestoredin an N by N matrix, and
not listed in a vector U of length N 2. Show that the vector result of (K2D)U
is now producedby the matrix KU + UK.

12 Elimination in minimum degreeorder is started for the squaremesh in Fig-
ure 6.5. How large do the degreesbecomeas elimination continues? (You
could try a largegraph, giving systematicsinstructions for ties in the minimum
degree.)

13 Experiment with the red-black permutation in equation ( ), to seehow much
�ll-in is produced by elimination. Is the red-black ordering superior to the
original row-by-row ordering?


