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5.4 The Heat Equation and Convection-Di usion

The wave equation conseresenergy The heat equation u; = uy, dissipatesenergy
The starting conditions for the wave equation can be recovered by going badkward in
time. The starting conditionsfor the heat equationcannewer be recorered. Compare
U = CUy With Uy = Uy, and look for pure exponertial solutionsu(x;t) = G(t) €k*:

Wave equation: G’ =ickG G(t) = €’** has |G| = 1 (conservingenergy)

Heat equation: G’'= k°G G(t) = e ¥t has G < 1 (dissipating energy)

Discortinuities are immediately smaothed out by the heat equation, since G is ex-
ponenrially small whenk is large. This sectionsolvesu; = uy rst analytically and
then by nite dierences. The key to the analysisis the beautiful fundamental
solution starting from a point source(delta function). We will shav in equation (7)
that this special solution is a bell-shaped curve:

1 -
u(x,t) = pﬁe—xz“” comesfrom the initial condition u(x;0)= (x): (1)
™

Notice that u; = cu, + duy, hasconvection and di usion at the sametime. The
wave is smaoothed out asit travels. This is a much simplied linear model of the
nonlinear Navier-Stokes equationsfor uid ow. The relative strength of corvection
by cu, and di usion by du,, will be given below by the Peclet number.

The Black-Scholes equation for option pricing in mathematical nance alsohas
this form. Sodo the key equationsof ervironmenrtal and chemical engineering.

For di erence equations, explicit methods have stability conditions like t <
%( x)2. This very short time step is more expensive than ¢ t < x. Implicit
methods can avoid that stability condition by computing the spacedi erence 2U
at the newtime level n + 1. This requiressolving a linear systemat ead time step.

We can already seetwo major di erences betweenthe heat equationand the wave
eqguation (and also one consenration law that appliesto both):

1. Innite  signal speed. The initial condition at a single point immediately
a ects the solution at all points. The e ect far away is not large, becauseof the
very small exponertial e **=* in the fundamertal solution. But it is not zero.
(A wave producesno e ect at all until the signal arrives,with speedc.)

2. Dissip ation of energy. The energy% [(u(x; t))2dx is a decreasing function
of t. For proof, multiply the heat equationu; = uy by u. Integrate uuy, by
parts with u(oco) = u(—oc) = 0 to producethe integral of —(uy)?:

14 1 1
Energy decay %/ éuz dx = / Ulyy dX = —/ (uy)?dx < 0: (2)
1 1 1
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3. Conservation of heat (analogousto conseration of mass):

=0: (3

1
x=1

1 1
Heat is conserved g/ u(x;t)dx = / Uy dX = [ux(x; t)]

Analytic Solution of the Heat Equation
Start with separation of variables to nd solutionsto the heat equation:
GO0 E00
G E
(4)
The ratio G=G dependsonly on t. The ratio E°®E depends only on x. Since

equation (4) says they are equal, they must be constart. This producesa useful
family of solutionsto Uy = Uy:

Assumeu(x;t) = G()E(x): Then u; = uy gives GE = GE % and

E GO - 2

=G issolvedby E(z) = ek* and G(t) = e Kt

Two x-derivativesproducethe same—k? asonet-derivative. We areled to exponertial
solutions of €¥*e ¥’ and to their linear conmbinations (integrals over di erent k):

1 e° :
General solution u(z,t) = %/ ﬁo(k)e'k Xe=kK*t dg. (5)

—O00

At t = 0, formula (5) recovers the initial condition u(x; 0) becauseit inverts the
Fourier transform Uy (Section 4.4.) So we have the analytical solution to the heat
equation|not necessarilyin an easily computable form! This form usually requires
two integrals, oneto nd the transform Uy(k) of u(x; 0), and the other to nd the
inversetransform of Gy(k)e ¥t in (5).

Example 1 Supmsethe initial function is a bell-shajd Gaussiaru(x; 0) = e **32
Then the solutionremainsa Gaussian.The numbker that measureshe width of the
bell increaseso + 2t at time t, asheat speadsout. This is one of the few integrals
involvinge ** that we cando exactly Actually we don't haveto do the integral.

That functione **2 s the impulserespnse(fundamentalsolution) at time t = 0O
to a delta function (x) that occurredealier at t = —% . Sothe ansver we want (at
time t) is the resultof stating from that (x) andgoingforward a total time % + t:

vV 2) | w2/@o+ ),
v @2 + 4) '

This hasthe right stat at t = 0 andit satis esthe heatequation.

Widening Gaussian u(x; t) =

(6)
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The Fundamental Solution

For a delta function u(x; 0) = (x) att = 0, the Fourier transform is typ(k) = 1. Then
the inversetransform in (5) producesu(x; t) = = [ €kXe ¥t dk One computation of
this u usesa neatintegration by parts for @=@. It hasthree —1's, from the integral
of ke ¥*t and the derivative of iek* and integration by parts itself:

@ _ 1t ek - L[ ke ik g - XU
'l 2—/1 (e " *k)(ie"") dk = _ﬂ/l (e ¥ )(xe"™")dk = R (7)
This linear equation @=@ = —xu=2t is solved by u = ce ****. The constart

c = 1=V4 t is determined by the requiremen [u(x;t)dx = 1. (This conseres
the heat [u(x;0)dx = [ (x)dx = 1 that we started with. It is the areaunder a
bell-shaped curve.) The solution (1) for di usion from a point sourceis con rmed:

Fundamental solution from 1 2
ux;t) = ———e */4; 8
u(z,0) = d(x) (1) Vit (®)
In two dimensions,we can separatex from y and solve Uy = Uy + Uyy:
Fundamental solution from 1 2 2
uxyit) = (== e */4e v/4. 9
u(z,,0) = 5(z)8(y) Gey:0) (m t) ©
With patienceyou can verify that u(x;t) and u(x;y;t) do solwe the 1D and 2D heat
equations (Problem ). The zero initial conditions away from the origin are

correctast — 0, becausee °* goesto zeromuch faster than 1=y/t blows up. And
sincethe total heatremainsat [udx = lor [[udxdy= 1, wehave avalid solution.

If the sourceis at another point x = s, then the responsejust shifts by s. The
exponert becomes-(x—s)?=4t insteadof —x2=4t. If the initial u(x; 0) is a combination
of delta functions, then by linearity the solution is the samecombination of responses.
But every u(x; 0) isanintegral [ (x—s) u(s;0)ds of point sourced Sothe solutionto
Ui = Uy IS anintegral of the responsesto (x —s). Thoseresponsesare fundamenal
solutions starting from all points x = s:

. o 1 ! . (x  5)?/4t qa-
Solution from any u(x,0) u(x;t) mfl u(s;0)e ds: (10)
Now the formula is reducedto onein nite integrallbut still not simple. And for a
problem with boundary conditionsat x = 0 and x = 1 (the temperature on a nite
interval, much more realistic), we have to think again. Similarly for an equation
U; = (c(X)uy)x with variable conductivity or diusivit y. That thinking probably
leadsus to nite dierences.

| seethe solution u(x; t) in (10) asthe convolution of the initial function u(x; 0)
with the fundamertal solution. Three important properties are immediate:
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1. If w(x,0) 0 for all  then w(x,t) 0 for all = and ¢. Nothing in
formula (10) will be negative.

2. The solution is innitely  smooth. The Fourier transform Uy(k) in (5) is
multiplied by e ¥*t. In (10), we cantake all the x and t derivativeswe wart.

3. The scaling matches =2 with ¢. A diusion constant d in the equation
us = duy will leadto the samesolution with t replacedby dt, when we write
the equation as @=@dt) = @u=@>2. The fundamertal solution has e **=4
and its Fourier transform hase 9%,

Example 2 Supposethe initial temperatureis a step function u(x; 0) = 0. Then for
negativex andu(x; 0) = 1 for positivex. The discontinuiy is smathedout immediately
asheat owsto the left. The integralin formula(10) is zeroup to the jump:

u(x; t) = e (@ 9)°/4gg. (11)

1 1
il

No luck with this integrall We can nd the areaundera completebell-shagd curve

(or half the curve) but thereis no elementay formulafor the areaundera pieceof the

curve. No elementay function hasthe derivativee **. That is unfatunate, sincethose

integralsgive cumulativeprobabilitiesand statisticiansneedthem all the time. So they
havebeennarmalizedinto the error function andtabulatedto highaccuracy:

X
Error function erf(x) = %/ e 5 ds: (12)
0

The integralfrom —x to 0 is alsoerf(x). The normalizationby 2=,/ giveserf(oc) = 1.

We can producethis erra function from the heat equationintegral (11) by setting
S = (s—x)=V/4t. Thens = 0changedo S = —x=1/4t asthe lower limit onthe integral,
anddS = ds=y/4t. Splitinto anintegralfrom 0 to oo, andfrom —x=+/4t to O:

oo VA& 2 o 1 X .
u(x;t) = \/ﬁ/x:pﬂe dsS= > <1+ erf (ﬁ)) (13)

Good ideato checkthat this givesu = % at x = 0 (wherethe erra functionis zero).
This is the only temperaturewe know exactly by symmetrybetweenleft and right.

Explicit Finite Differences

The simplest nite di erences are forward for @=@ and centered for Gu=@>2:

Explicit method 2 — AxU Uinaa —Uin _ Uan =20 + U an, g
At (Az)? t ( x)? '
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crucial ratio for the heat equationu; = U, isnow R = At/(Ax)?.

We substitute U, = G" €kl X to nd the growth factor G = G(k; t; X):

One-step — ik x ik xy — .
growth factor G=1+R(e 2+ e )= 14+ 2R(coskAzxz 1):(15)
G is real, just asthe exact one-stepfactor e ¥ ! is real. Stability requires|G| < 1.
Again the most dangerouscaseis when the cosineequals—1 at k x =

1
Stability condition |G|= |1—4R| <1 whichrequiresR=——  —:(16)
(Ax)? 2
In many caseswe acceptthat small time step t and usethis simple method. The
accuracyfrom forward . and certered 2 is|U —u| = O( t+ ( x)?). Thosetwo

error terms are comparablewhenR is xed.

We could improve this one-stepmethod to a multistep method. The \ method
of lines" calls an ODE solwer for the systemof di erential equations(cortinuousin
time, discretein space). There is one equation for every meshmint x = j h:

dU_ A)%U de _ Uj+1—2Uj+Uj 1.

Method of Li =
ethod of Lines It (Ax)? ot [ x)2

(17)

This is a stiff system, becausedts matrix —K (seconddi erence matrix) hasa large
condition number: max(K)= min(K) =~ N2. Wecouldchooseasti solerlikeodel5s
in MATLAB.

Implicit Finite Differences

A fully implicit method for u; = u,, computes 2U at the newtime (n+ 1) t:

Implicit At Un _ A)2< Una Uj;n +1 Uj;n — Uj +1;n+1 — 2Uj;n +1 t Uj Ln+l : (18)
At (Ax)2 t ( x)?

The accuracyis still rst-order in time and second-orderin space. But stability no
longer dependson the ratio R = t=( x)?. We have unconditional stability, with a
growth factor 0 < G < 1 for all k. Substituting U, = G"€/ % * into (18) and then
cancelingthoseterms from both sidesleavesan extra G on the right side:

1

G=1+RG(E" *_2+e % 7 |eadsto G= :
(e © ) leadsto 1+ 2R(1—cosk x)

(19)

The denominator is at least 1, which ensuresthat 0 < G < 1. The time step is
cortrolled by accuracy becausestability is no longer a problem.
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There is a simple way to improve to second-orderaccuracy Center everythingat
stepn + % Averagean explicit 2U, with an implicit  2U,.;. This producesthe
famousCr ank-Nic olson method (like the trapezoidalrule):

Uj;n +1 — UJ,n _ 1

Crank-Nicolson n =3 ( %)?

( )2<Uj;n + )Z(Uj;n +1): (20)

Now the growth factor G, by substituting U, = G"e'* * into (20), solves

G-1_G+1
t  2( x)2

(2cosk X —2): (21)

Separateout the part involving G, write R for t=( x)?, and cancelthe 2's:

_ 1+ R(cosk x—1)

Unconditional stability G = 1—-R(cosk x —1)

has jGj 1. (22)

The numerator is smaller than the denominator, sincecosk x < 1. We do notice
that cosk x = 1whenewerk xisamultiple of2 . Then G = 1 at thosefrequencies,
so Crank-Nicolson does not give the strict decg of the fully implicit method. We
could weiglt the implicit ~ 2Un,; by a > 1 and the explicit 2U, by 1—a< 1, to
give a whole range of unconditionally stable methods (Problem ).

Numerical example

Finite Intervals with Boundary Conditions

We introduced the heat equation on the whole line —oc < X < oco. But a physical
problem will be on a finite interval like 0 < x < 1. We are badck to Fourier series
(not Fourier integrals) for the solution u(x; t). And seconddi erences bring bad the
great matricesK ; T; B; C that depend on the boundary conditions:

Absorbing boundary at = = 0: The temperature is held at «(0,t) = 0.

Insulated boundary: No heat ows through the left boundary if uy (0,t) = 0.

If both boundariesare held at zerotemperature, the solution will approad u(x;t) = 0
everywhereast increases.If both boundariesareinsulatedasin a freezer,the solution
will approad u(x;t) = constant No heat can esca, and it is evenly distributed as
t — oo. This casestill hasthe conseration law fol u(x; t) dx = constan.

Example 3 (Fourier series solution) We know that e** is multipliedby e k’t to give
a solution of the heat equation. Thenu = e ¥*tsinkx is anothersolution (combining
+k with —k). With zerobounday conditionsu(0;t) = u(1;t) = 0, the only alloned
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frequenciesrek = n (thensinn x = 0 at both endsx = 0 andx = 1). The complete
solutionis a combinationof theseexpmnentialsolutionswith k = n :

1
Complete solution u(x;t) = Z b, e "t sinn X : (23)

n=1

The Fouriersinecoe cients b, are choserto matchu(x; 0) = > h,sinn x att = 0.

You can expect cosinesto appear for insulated boundaries,wherethe slope (not
the temperature) is zero. This givesexact solutionsto comparewith nite di erence
solutions. For nite dierences, absorbingboundary conditions produce the matrix
K (not B or C). The choice betweenexplicit and implicit decideswhether we have
seconddi erences —K U at time level n or level n + 1:

Explicit method U1 — Uy = —RK U, (24)
Fully implicit Uni1 — Uy = —RK Up41 (25)
Crank-Nicolson Uyt — Uy = —%RK (Un + Upsr): (26)
The explicit stability condition is againR < % (Problem ). Both implicit meth-

ods are unconditionally stable (in theory). The reality test is to try them in practice.

An insulated boundary at x = 0 changesK to T. Two insulated boundaries
produce B. Periodic conditions will produceC. The fact that B and C are singular
no longer stopsthe computations. In the fully implicit method (I + RB)Uy+1 = Uy,
the extra identity matrix makesl + RB invertible.

The two-dimensional heat equation descritesthe temperature distribution in
aplate. For a squareplate with absorbingboundary conditions, the di erence matrix
K changesto K2D. The bandwidth jumps from 1 (triangular matrix) to N (when
meshmints are ordered a row at a time). Eacd time step of the implicit method
now requiresa seriouscomputation. Soimplicit methods pay an increasedprice for
stability, to avoid the explicit restriction t < 2( x)2+ z( y)2

Convection-Diffusion

Put a chemicalinto o wing water. It di uses while it is carried alongby the ow. A
di usion term duy, appearstogetherwith a convectionterm cuy. This is the simplest
model for one of the most important di erential equationsin engineering:

@ @ 6 £, @u.

Convection-diffusion equation — =c—+d— (27)

@ @ @

On the whole line —oo < X < oo, the ow and the di usion don't interact. If the
velocity is ¢, corvection just carriesalong the di using solution to hy = dhyy:

Diffusing traveling wave u(x,t) = h(x + ct,t). (28)
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Substituting into equation (27) con rms that this is the solution (correct at t = 0):

. @ @ O @ @h @ @u
Chain rule @:C@+@:C@+ d@:C@‘l' d@ (29)

Exponertials alsoshow this separationof corvection €k¢t from di usion e 9t

Starting from ek X u(x,t) = ekt gk (x + ct) (30)

Convection-di usion is aterric model problem, and the constarts c and d clearly
have di erent units. We take this small stepinto dimensionalanalysis

. : distance o : (distance)?
Convection coe cient ¢ ——————— Diusion coecient d: ~—10r—""7
time time

(31)

Supposel is atypical length scalein the problem. The Peclet number Pe = cL/d
is dimensionlessIt measureghe relativeimportanceof corvectionanddi usion. This
Peclet number for the linear equation (27) correspndsto the Reynoldsnumter for
the nonlinear Navier-Stokes equations(Section ).

In the di erence equation,the ratiosr = ¢ t= x and2R = 2d t=( x)? are also
dimensionless.That is why the stability conditionsr < 1 and2R < 1 werenatural for
the wave and heat equations. The new problem conbines convection and di usion,
and the cell Peclet number P uses x=2 asthe length scalein placeof L:

r ¢ X.

Cell Peclet Number P= R- 24 (32)

We still don't have agreemen on the best nite di erence approximation! Here
are three natural candidates(you may have an opinion after you try them):

1. Forward in time, centered convection, centered diffusion
2. Forward in time, upwind convection, centered diffusion

3. Explicit convection (centered or upwind), with implicit diffusion.

Eadh method will shov the e ects of r and R and P (we canreplacer=2 by RP):

) 1) N 21}
1. Centered explicit Yin 1 = Uin = CUJ i — Y 1 +d «Yin : (33)
t 2 X ( x)?
Every new value U;, 11 is a combination of three known valuesat time n:

Thosethree coe cien ts add to 1, and U = constart certainly solvesequation (33). If
all three coe cients are positive, the method is surely stable. More than
that, oscillations cannot appear. Positivity of the middle coe cient requiresR < %,
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asusualfor di usion. Positivity of the other coe cien ts requiresjPj 1. Of course
P will be smallwhen x is small (so we have corvergenceas x — 0). In avoiding
oscillations, the actual cell size x is crucial to the quality of U.

Figure 5.12wascreatedby Strikwerda[59]and Perssonto shawv the oscillationsfor
P > 1 and the smooth appraximations for P < 1. Notice how the initial hat function

is smoothed and spread and shrunk by di usion. Problem nds the exact
solution, which is moved along by convection. Strictly speaking,even the oscillations
might passthe stability test |G| < 1 (Problem ). But they are unacceptable.

Figure 5.12: Convection-di usion with and without numerical oscillations: R =
,r=_ and .

U. — U. U.i» — U. 2U'-

2. Upwind convection k0 +2 in - gt SLL Y
t X ( x)?

The accuracyin spacehasdroppedto rst order. But the oscillationsare eliminated

whenewer r + 2R < 1. That condition ensuresthree positive coe cien ts when (35) is

solved for the new value U; +1 :
Una = (RP+R)Uj1n+ (1 RP 2R)U;, + RU; 14 (36)

Arguments arestill going,comparingthe certered method 1 and the upwind method 2.
The di erence betweenthe two convection terms, upwind minus centered, is ac-
tually a di usion term hiddenin (35)!

Uj+;|_ —Uj _Uj+1 —Uj 1_ ( X) Uj+;|_ —2Uj + Uj 1: (37)

X 2 X 2 ( x)2

Sothe upwind method hasthis extra numerical di usion or \arti cial  viscosity "
to kill oscillations. It is a non-physical damping. If the upwind approximation were
included in Figure 5.12, it would be distinctly below the exact solution. Nobody is
perfect.

(35)

Extra diffusion

U"n +1 — U"n Ui +1;n — U"n ZU" n+1
15 15 = C | ’ I8 + d X~ .

t X ( x)? (38)

3. Implicit diffusion

MORE TO DO

Problem Set 5.4

1 Solwe the heat equationstarting from a combination u(x; 0) = (x+1)—2 (x)+
(x — 1) of three delta functions. What is the total heat [ u(x;t) dx at time t ?
Draw a graph of u(x; 1) by hand or by MATLAB.

2 Integrating the answer to Problem 1 givesanother solution to the heat equation:
X
Showv that w(x;t) = / u(X;t)dx solves w; = Wyy :
0

Graph the initial function w(x; 0) and sketch the solution w(x; 1).
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3

Integrating oncemore solvesthe heat equationh; = hy, starting from h(x; 0) =
Jw(X;0)dX = hat function. Draw the graph of h(x; 0). Figure 5.12shaws the
graph of h(x; t), shifted along by corvectionto h(x + ct;t).

In corvection-di usion, comparethe condition R < %:P < 1 (for positive coef-
cients in the certered method) with r + 2R < 1 (for the upwind method). For
which ¢ and d is the upwind condition lessrestrictive, in avoiding oscillations?

The eigervaluesof the n by n seconddi erence matrix K are | = Z_ZCOSnle'

The eigervectors yi in Section 1.5 are discrete samplesof sink x. Write the
generalsolutionsto the fully explicit and fully implicit equations(14) and (18)
after N steps,as combinations of those discrete sinesyy times powersof .

Another exactintegral involving e **=* is

1
/ xe /4 gy = [—Zte mz/ﬂl = 2t:

0 0

From (17), show that the temperature is u = +/t at the certer point x = 0
starting from a ramp u(x; 0) = max(0; x).

A ramp is the integral of a step function. Sothe solution of u; = uy Starting
from a ramp (Problem 6) is the integral of the solution starting from a step
function (Example 2 in the text). Then /t must be the total amourt of heat
that hascrossedfrom x > 0to x < 0in Example 2 by time t. Explain eat of
thosethree sertences.



