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Linear Algebra In A Nutshell 685

LINEAR ALGEBRA IN A NUTSHELL

One question always comes on the first day of class. “Do I have to know linear
algebra?” My reply gets shorter every year: “You soon will.” This section brings
together many important points in the theory. It serves as a quick primer, not an
official part of the applied mathematics course (like Chapter 1 and 2).

This summary begins with two lists that use most of the key words of linear
algebra. The first list applies to invertible matrices. That property is described in 14
different ways. The second list shows the contrast, when A is singular (not invertible).
There are more ways to test invertibility of an n by n matrix than I expected.

Nonsingular Singular

A is invertible A is not invertible
The columns are independent The columns are dependent
The rows are independent The rows are dependent
The determinant is not zero The determinant is zero
Ax = 0 has one solution x = 0 Ax = 0 has infinitely many solutions
Ax = 0 has one solution x = A−1b Ax = b has no solution or infinitely many
A has n (nonzero) pivots A has r < n pivots
A has full rank A has rank r < n
The reduced row echelon form is R = I R has at least one zero row
The column space is all of Rn The column space has dimension r < n
The row space is all of Rn The row space has dimension r < n
All eigenvalues are nonzero Zero is an eigenvalue of A
ATA is symmetric positive definite ATA is only semidefinite
A has n (positive) singular values A has r < n singular values

Now we take a deeper look at linear equations, without proving every statement
we make. The goal is to discover what Ax = b really means. One reference is my
textbook Introduction to Linear Algebra, published by Wellesley-Cambridge Press.
That book has a much more careful development with many examples (you could look
at the course page, with videos of the lectures, on ocw.mit.edu or web.mit.edu/18.06).

The key is to think of every multiplication Ax, a matrix A times a vector x, as a
combination of the columns of A:

Matrix Multiplication by Columns[
1 2
3 6

] [
C
D

]
= C

[
1
3

]
+ D

[
2
6

]
= combination of columns .

Multiplying by rows, the first component C +2D comes from 1 and 2 in the first row
of A. But I strongly recommend to think of Ax a column at a time. Notice how
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x = (1, 0) and x = (0, 1) will pick out single columns of A:[
1 2
3 6

] [
1
0

]
= first column

[
1 2
3 6

] [
0
1

]
= last column .

Suppose A is an m by n matrix. Then Ax = 0 has at least one solution, the all-zeros
vector x = 0. There are certainly other solutions in case n > m (more unknowns
than equations). Even if m = n, there might be nonzero solutions to Ax = 0; then
A is square but not invertible. It is the number r of independent rows and columns
that counts. That number r is the rank of A (r ≤ m and r ≤ n).

The nullspace of A is the set of all solutions x to Ax = 0. This nullspace
N(A) contains only x = 0 when the columns of A are independent. In
that case the matrix A has full column rank r = n: independent columns.

For our 2 by 2 example, the combination with C = 2 and D = −1 produces the zero
vector. Thus x = (2,−1) is in the nullspace, with Ax = 0. The columns (1, 3) and
(2, 6) are “linearly dependent.” One column is a multiple of the other column. The
rank is r = 1. The matrix A has a whole line of vectors cx = c(2,−1) in its nullspace:

Nullspace
is a line

[
1 2
3 6

] [
2

−1

]
=

[
0
0

]
and also

[
1 2
3 6

] [
2c
−c

]
=

[
0
0

]
.

If Ax = 0 and Ay = 0, then every combination cx + dy is in the nullspace. Always
Ax = 0 asks for a combination of the columns of A that produces the zero vector:

x in nullspace x1 (column 1) + · · · + xn (column n)= zero vector

When those columns are independent, the only way to produce Ax = 0 is with x1 = 0,
x2 = 0, . . ., xn = 0. Then x = (0, . . . , 0) is the only vector in the nullspace of A.
Often this will be our requirement (independent columns) for a good matrix A. In
that case, ATA also has independent columns. The square n by n matrix ATA is then
invertible and symmetric and positive definite. If A is good then ATA is even better.

I will extend this review (still optional) to the geometry of Ax = b.

Column Space and Solutions to Linear Equations

Ax = b asks for a linear combination of the columns that equals b. In our
2 by 2 example, the columns go in the same direction! Then b does too:

Column space Ax =

[
1 2
3 6

] [
C
D

]
is always on the line through

[
1
3

]
.

We can only solve Ax = b when the vector b is on that line. For b = (1, 4) there is no
solution, it is off the line. For b = (5, 15) there are many solutions (5 times column 1
gives b, and this b is on the line). The big step is to look at a space of vectors:
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Definition: The column space contains all combinations of the columns.

In other words, C (A) contains all possible products A times x. Therefore Ax = b is
solvable exactly when the vector b is in the column space C (A).

For an m by n matrix, the columns have m components. The column space of
A is in m-dimensional space. The word “space” indicates that the key operation of
linear algebra is allowed: Any combination of vectors in the space stays in the space.
The zero combination is allowed, so the vector x = 0 is in every space.

How do we write down all solutions, when b belongs to the column space of A ?
Any one solution to Ax = b is a particular solution xp. Any vector xn in the
nullspace solves Ax = 0. Adding Axp = b to Axn = 0 gives A(xp + xn) = b. The
complete solution to Ax = b has this form x = xp + xn:

Complete solution x = xparticular + xnullspace = (one xp) + (all xn) .

In the example, b = (5, 15) is 5 times the first column, so one particular solution
is xp = (5, 0). To find all other solutions, add to xp any vector xn in the nullspace—
which is the line through (2,−1). Here is xp + (all xn):[

1 2
3 6

] [
C
D

]
=

[
5

15

]
gives xcomplete =

[
C
D

]
=

[
5
0

]
+

[
2c
−c

]
.

This line of solutions is drawn in Figure A1. It is not a subspace. It does not
contain (0, 0), because it is shifted over by the particular solution (5, 0). We only
have a “space” of solutions when b is zero (then the solutions fill the nullspace).

�

�

D

C

xn x = xp + xn

[
1
2

]
= shortest solution pinv(A) ∗ b is in the row space

line of all solutions xp + all xn (not a subspace)[
5
0

]
= one particular solution xp = A\b

Axn = 0 : nullspace

Figure A1: Parallel lines of solutions to Axn = 0 and [ 1 2
3 6 ] (xp + xn) = [ 5

15 ]

May I collect three important comments on linear equations Ax = b.

1. Suppose A is a square invertible matrix (the most common case in practice).
Then the nullspace only contains xn = 0. The particular solution xp = A−1b is
the only solution. The complete solution xp + xn is A−1b + 0. Thus x = A−1b.
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2. Ax = b has infinitely many solutions in Figure A1. The shortest x always lies
in the “row space” of A. That particular solution (1, 2) is found by the pseudo-
inverse pinv (A). The backslash A\b finds an x with at most m nonzeros.

3. Suppose A is tall and thin (m > n). The n columns are likely to be independent.
But if b is not in the column space, Ax = b has no solution. The least squares
method minimizes ‖b − Ax‖2 by solving ATAx̂ = ATb.

The Four Fundamental Subspaces

The nullspace N (A) contains all solutions to Ax = 0. The column space C (A)
contains all combinations of the columns. When A is m by n, N (A) is a subspace of
Rn and C (A) is a subspace of Rm.

The other two fundamental spaces come from the transpose matrix AT. They are
N (AT) and C (AT). We call C (AT) the “row space of A” because the rows of A are
the columns of AT. What are those spaces for our 2 by 2 example?

A =

[
1 2
3 6

]
transposes to AT =

[
1 3
2 6

]
.

Both columns of AT are in the direction of (1, 2). The line of all vectors (c, 2c) is
C (AT) = row space of A. The nullspace of AT is in the direction of (3,−1):

Nullspace of AT ATy =

[
1 3
2 6

] [
E
F

]
=

[
0
0

]
gives

[
E
F

]
=

[
3c
−c

]
.

The four subspaces N (A),C (A),N (AT),C (AT) combine beautifully into the big
picture of linear algebra. Figure A2 shows how the nullspace N (A) is perpendicular
to the row space C (AT). Every input vector x splits into a row space part xr and a
nullspace part xn. Multiplying by A always(!) produces a vector in the column space.
Multiplication goes from left to right in the picture, from x to Ax = b.

xr

x = xr + xn

xn

Axr = b

Ax = b

Axn = 0

row space C(AT)

multiples of (1, 2)

nullspace N(A)

multiples of (2,−1)
A =

[
1 2
3 6

]

column space
C(A)

multiples of (1, 3)

nullspace N(AT)
multiples of (3,−1)

Figure A2: The four fundamental subspaces (lines) for the singular matrix A.







<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


