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The Aleksandrov—Fenchel inequalities from the theory of mixed volumes are
used to prove that certain sequences of combinatorial interest are log concave (and
therefore unimodal).

1. MiIXED VOLUMES

We wish to show how the Aleksandrov-Fenchel inequalities from the
theory of mixed volumes can be used to prove that certain sequences of
combinatorial interest are log concave (and therefore unimodal). In
particular, we prove the following two results (all terminology will be defined
later):

(a) Let M be a unimodular (= regular) matroid of rank n on a finite
set S, and let T< S. Let f; be the number of bases B of M satisfying
|[BNT|=i, and set g;= f;/(?). Then the sequence gy, &, &, is log
concave.

(b) Let P be a finite poset (= partially ordered set) with n elements,
and let xEP. Let N, be the number of order-preserving bijections
o: P {1, 2,..., n} satisfying o(x) = i. Then the sequence N,, N,,..., N, is log
concave. This confirms a conjecture of Chung et al. [S], which is a
strengthening of an unpublished conjecture of R. Rivest that Ny,..., N, is
unimodal.

We first review the salient facts from the theory of mixed volumes. Let
K,,.... K, be convex bodies (=non-empty compact convex sets) in R". If
Aysees A > 0 then define the convex body

K={4v,+ - +Av,:v,EK;}.
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The n-dimensional measure or volume of K is denoted by V(K). As a
function of 4,,..., 4, the volume of K is a homogeneous polynomial of degree

n,
§

VK)= > > o X Vi b A
ij=1 i=1 iy=1

where the coefficients V; ...; are uniquely determined by requiring that they
are symmetric in their subscripts. Then V; ..., depends only on the bodies
K;,.K; and not on the remaining bodies K;, so we may write
V(K; ., K;) for V; . . and call it the mixed volume of K, ,..,K
Equivalently, we have

In

A n!
V(K) = ) ————— V(K sees Kooy Koty KJAY -2 A2 (1)

aj+--+ag=n al! as!

a, a,

We also mention that V(K ,..,K;)>0. A good survey of these and other
facts about mixed volumes appears in {4, Chap. II] or [8, Chap. 5]. A more
comprehensive reference is [3].

The basic result we need about mixed volume was proved independently
by Fenchel [9, 10] and Aleksandrov [1]. See also [4(7.7,13, 15, 18, 19] for
various ramifications and extensions. Given 0 k< m<n and convex
bodies C,,...,C,_,,, K, L = R", define C = (C,....,C,_,) and

Vi(C, K, L) = V(Cy s Cy_ps Kyous Ky Loy L),
m—k k

A sequence ag,a,,..,a, of non-negative real numbers is said to be log
concave if al>a;_,a;,, for 1 <i<m~—1. In particular, a log concave
sequence is unimodal, ie., for some j we have g,<a,<--<g; and
aG;2a;,, 2 2a,.

1.1. THEOREM. (The Aleksandrov—Fenchel inequalities.) The sequence
Vo(C,K,L), V,(C,K, L),..., V,(C,K, L) is log concave. §

2. AN APPLICATION TO MATROID THEORY

Let M be a matroid on a (finite) set S = {x,,..., x,}. By definition [6, 20],
M is a pair (S,7), where 7 is a non-empty collection of subsets of S
satisfying (a) if X€ .2 and YC X, then YE€ 7, and (b) if X, YE 7 with
|X]=|Y]+ 1 then there exists x € X — Y such that YU x € 7. Elements of
7 are called independent sets, and maximal independent sets are called
bases. All bases have the same cardinality n, called the rank of M.
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The matroid M is called unimodular (or regular) if there exists a mapping
¢: § - R" such that (a) a subset T of S is independent if and only if the | T}
column vectors ¢(x), x € T, are linear independent, and (b) the n X / matrix
[#(x,) --- ¢(x;)] is totally unimodular, i.c., every minor has determinant O or
+1. The mapping ¢ is called a unimodular coordinatization of M. The most
familiar class of unimodular matroids are the graphic matroids. Here S is the
set of edges of a graph G, and a subset 7 of S is independent if it contains
no cycle. Thus if G is connected, then a basis for the corresponding graphic
matroid is just a spanning tree. For further properties of unimodular
matroids and for any undefined matroid theory terminology used below, see
[6] or [10].

If M is a matroid of rank n on S, then let T),..., T, be any n subsets (not
necessarily distinct) of .S. Define B(T,..., T,) to be the number of sequences
(¥19s ¥,) € 8" such that (a) y,ET, for 1 i< n, and (b) {y,,., ¥, } is &
basis of M. Let 0<k<m<n and T,,.T, ,, Q RCSS. Set
T=(T,., T,_,) and define

B(T,Q,Ry=B(T,y... T,_,s Qrrs @) R,..., R).

e ——

m—k k

We now come to the main result of this section.

2.1. THEOREM. Let M be a unimodular matroid rank n on the set S.
Fix T, Q, R as above. Then the sequence By (T, Q,R), B (T, Q, R),...,
B, (T, Q, R) is log concave.

Theorem 2.1 will be proved by finding convex polytopes K,,..., K, for
which n!'V(K,,..., K,)=B(T,,...,T,), so that Theorem 1.1 applies. Let
Uy, U, be any (column) vectors (not necessarily distinct) in R”, and define
a convex polytope

Zwv)={a v+ +a,0,:0<a; < 1}

Thus Z(v,,.., v;) is a vector sum of line segments and hence by definition a
zonotope. The following result is attributed by Shephard [16, p. 321] to
McMullen.

2.2. THEOREM. The volume of the zonotope Z = Z(v,,..., ;) is given by

v@z)= S [det[v v ]l 1

i< o<yl

2.3. COROLLARY. Let ¢:S—> R" be a unimodular coordinatization of
the unimodular matroid M of rank n on the set S. If T={y,p., Y} S S,
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then set Z . = Z(¢(y,)s..., 8(y,)). Then for any subsets T,,..., T, of S we have
MV(Zy vrZy)=B(Ty s T,).
Proof. LetA,,..,4,2>0. Then

'llle toeee + anT,, =Z(A16(x1 1) 4y ¢(x111)’ A28(X31 )5
Az ¢(x2t2)""’ Ap (X1 )seess '1n¢(xnl,,))’

where T; = {x;;, X;3,..., X;,,}. Hence by Theorem 2.2, and the unimodularity of
M,

VA Zyp o+ 4,Z) = N C(@y sy @) AT <+ A%, )
a+-+-+a,=n
where C(a,,..,a,) is the number of ways of choosing subsets Q,< 7T,
such that |Q,/=a, and Q,U... UQ, is a basis of M. Thus
B(T,,...T,)=C(l,..,1). Comparing (1} and (2}, we see C(l,.,1)=
nV(Z;, s Z1,), completing the proof. 1

Proof of Theorem 2.1. According to Corollary 2.3, n!'V\(Z,Z,, Z;) =
B(T, Q,R), where Z = (Zy,,..., Z;,_ ). The proof follows from Theorem 1.1
(the factor n! being irrelevant).

A special case of Theorem 2.1 deserves a separate statement.

2.4. COROLLARY. Let M be a unimodular matroid of rank n on the set
S, and let T,,...,T,, Q, R be pairwise disjoint subsets of S whose union is S.
Fix non-negative integers a,,...,a, such that m=n—a,—---—a, >0, and
for 0 <k m define f, to be the number of bases B of M such that
|[BNT,|=a, for 1<igr, and |BNR|=k (so |BNQ|=m—k). Set
8« =S/ (&) Then the sequence g4, g,,..., & (and hence a fortiori ..., f,,) is
log concave.

Proof. Set
T=(T, s Ty Tasees Tpsoees Tpoeis T,

a, a, a,

Clearly B(T,Q,R)=a,!---a,k!(m—k)f,, so g=B(T,Q R)/a,!- -
a,! m!. Since a constant non-negative multiple of a log concave sequence is
log concave, the proof follows from Theorem 2.1.1

Further inequalities involving the numbers B(T,,..., T} (for unimodular
matroids) can be obtained by using known mixed volume inequalities other
than Theorem 1.1, such as those in [4,13,15]. We will not state these
inequalities here.
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It is natural to ask when equality can hold in Theorem 2.1, i.e., when
B,(T,Q.R)’=B,_,(T,Q,R)B,, (T,Q,R). A npartial answer to this
question is given by a result of Minkowski~Siiss-Bonnesen (e.g., [3, p.91: 4,
p. 48], but stated carelessly in these two references in the degenerate case (ii)
below), which may be stated as follows:

2.5. THEOREM. Let K and L be convex bodies in R" (the case n=m of
Theorem 1.1). The following two conditions are equivalent:

(a) VK, L)'=V, K, L)' 'V K, L)
(b) Either of the following two conditions hold:

(i) K and L are homothetic (i.e., K=v + aL for some v € R" and
a>0) and do not lie in parallel hyperplanes. This is equivalent to
0+ Vy(K,L)=V,(K,L)=V,(K,L)=--- = V,(K, L).

(i) V(K,LY=0 (so also V(K,L)y=0 or V (K,LY=0). This is
equivalent to the fact that one of the following three conditions hold: (a) K
and L lie in parallel hyperplanes, or equivalently 0=V (K,L)=
VK, L)y=---=V,(K,L), or (f)dimKn—2 (so Vo(K,L)=0), 0or (y) L
is a point (so V (K, L)=0).

To apply this result to Theorem 2.1, we need the following two lemmas.

2.6. LeMMA. Let K and L be convex bodies in R”, and let [ be the line
segment from the origin to a point v. If |+ K=1+ L then K=L.

Proof. Let x€R". We claim x€ K if and only if x€/+4+ K and
x+v €[+ K, from which the proof will follow. Clearly, if x € K then
x€EI+K and x+v €I+ K. Hence assume x€/+ K and x+v €[+ K.
Since x€ !+ K, we have x= y+ sv for some y € K and 0 s < |. Thus
x—svEK. Since x+v €/ + K, we have x + v =z + tv for some z € K and
0Kt 1. Hence x+ (1 —Hy € K. But x is on the line segment joining
x—sv and x + (1 —f)v, so x € K since K is convex. [

2.7. LEMMA. Let v ,..,0,, W ,..., w, be vectors in R" with non-negative
coordinates. Let v\,..., U} be the vectors obtained from v,,...,v, by discarding
any v;=0 and by adding together all remaining v’s which are scalar
muitiples of each other. Similarly define w',...,w/,. The zonotopes Z(v, ,..., v,)
and Z(w,,..., w,) are homothetic if and only if t=u and after suitable
indexing v} = yw! for all 1 <i<t and some fixed y > 0.

Proof. Let Z,=Z(v,,...,v,) and Z, = Z(w,,..., w;). The “if” part is clear
so assume Z, and Z, are homothetic. Since Z(au,,fu,,u,,..,u,)=
Z((a +B)uy,uypeyu,) if af >0, it suffices to assume that {v,,..,v,}=
[V} 01} and {w,..., w;} = {W],..., w,}. Since the coordinates of each v; and
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w; are non-negative, the origin is a vertex of Z, and Z,, and Z, and Z, are
homothetic if and only if Z, = yZ, for some y > 0. We may then assume (by
multiplying Z, by a suitable scalar) that Z, = Z, .

Let v be a vertex of Z, which is connected to the origin by an edge of Z,.
Then v =, for some i since no v, is a scalar multiple of another. Since
Z,=Z, we also have v = w; for some j. Let / be the line segment joining the
origin to v. Then Z, =14 Z( s V13 Viy 15 0,) =1+ Z(Wypey Wj_y,
Wj 4~ ). The proof follows from Lemma 2.6 and induction on r.

We may now directly apply Theorem 2.5 and Lemma 2.7 to the situation
of Corollary 2.3 in the case (T,...., T,) = (Q...., @, R,..., R).

2.8. THEOREM. Let M be unimodular matroid of rank n on the finite set
S, and let R < S. Without loss of generality assume that M has no loops. Let
f: be the number of bases B of M satisfying |B N R|=1i, and set g;=f;/(7).
(Thus by Corollary2.4 we have g;> g, .8, S0 in particular
gi > g 'g,_1)- The following two conditions are equivalent:

(@) g1=8 'g-
(b) One of the following two conditions hold:

(i) f,=0 (so either f,=0 or f,=0).
(i) For some integer k > 1, the closure X of every point x of S has ka,

elements for some positive integer a,. Moreover, for some j satisfying
0< j<kandforal xS, |RNX|=ja,.

Proof. Let Q=S —R. By Corollary2.3 we have g,=B(Q,R)=
nVAZ,, Zg). It now follows from Theorem 2.5 that g} = gh~'g, if and only
if either Z, and Z, are homothetic (note that Z, and Z, cannot lie in
parallel hyperplanes since Z, + Z, = Zy), or else f;=0. If g: S >R" is a
unimodular coordinatization of M, then y € ¥ if and only if ¢(x)=¢(y).
Moreover, x is a loop if and only if ¢(x) = (0, 0...., 0). Hence, by Lemma 2.7,
Z, and Z, are homothetic if and only if for some > 0 and for every x € S,
we have | N Q| =B|XNR|. From this the proof is immediate. [

If 7, denotes the number of i-element independent sets of the finite matroid
M of rank n, then Mason [12; 14, p. 491; 20, p. 298] has conjectured that
the sequence I, 1,,..., 1, is log concave. For some recent progress on this
conjecture, see [7]. We remark that this conjecture would follow if
Theorem 2.1 were valid for all finite matroids. More precisely, let us say that
M has Property P if the conclusion of Corollary 2.4 holds in the case i = 0.
In other words, for any fixed R < S define (as in Theorem 2.8) f;, 0 i< n,
to be the number of bases B of M satisfying |B N R| =1, and set g; = f;/(7)-
Then M has Property P if the sequence g,, g, .., &, is log concave for all
choices R < S. Thus unimodular matroids have Property P by Corollary 2.4.
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2.9. THEOREM. Let M be a matroid of rank n on the set S, with I, i-
element independent sets. Let F, be a free matroid of rank n and define N to
be the rank n truncation of the direct sum M + F,. If N has Property P, then
Iy, 1,,...,1, is log concave.

Proof. A basis B for N is obtained by taking the union of an independent
set of M, say with i elements, with any n — i points of F,. Hence the number
f; of bases B of N satisfying |BM S| =1 is I,(}). The proof follows from the
definition of Property P. |

In conclusion we mention a strengthening of a special case of
Corollary 2.4. Let G be a graph, and let H be the graph obtained from G by
adjoining a new vertex x and connecting it to each vertex of G. Let R be the
set of edges of H incident to x. The number f, of spanning trees of H which
intersect R in k elements is just the number of rooted forests of G (i.e.,
spanning forests in which every component is a rooted tree) with p—k
edges, where p is the number of vertices of G. It follows from |2,
Theorem 7.5] that the polynomial f,x” + f,_,x" "'+ --- + f, is the charac-
teristic polynomial of a symmetric matrix and hence has real roots. This is
stronger than the statement that the numbers g, = f;/(}) are log concave,
where n is the rank of the cycle matroid of G. We have been unable to decide
whether the numbers f, f|,.... f,, of Corollary 2.4 have in general the
property that the polynomial f,,x" + f,, _,x™ '+ --- + f, has real roots.

3. AN APPLICATION TO POSETS

Let P be a finite poset (= partially ordered set) with n elements, and let x
be a fixed element of P. Let N, be the number of order-preserving bijections
0: P~ {1,2,.,n} satisfying o(x) =i R. Rivest conjectured (unpublished)
that the sequence N, N,,..., N, is unimodal. Chung ef al. [5| conjectured the
stronger result that N,, N,,..., N, is log concave and proved this in the case
that P is a union of two chains. For some related results, see [11, 17]. Here
we will prove the conjecture of Chung, et al. In fact, we have the following
more general result.

3.1. THEOREM. Let x, < --- < x, be a fixed chain in the n-element poset
P. If 1 <i, < +++ <, < n, then define N(i,,...,i,) to be the number of order-
preserving bijections o:P— {1,2,..,n} such that o(x;)=1i; for 1<j<k.
Suppose 1< j<k and i;_,+1<i;<i;j,,— 1, where we set iy,=0 and
Ihy1=n+1. Then

Ny ooy 8 2 Ny b5 85— L dyy e ) Ny e 55 B 1y s )
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In particular, the case k =1 yields N: > N,_,N,, ,, which is the conjecture
of Chung et al.

The proof of Theorem 3.1 is an immediate consequence of Theorem 1.1
and the next result.

3.2. THEOREM. Preserve the notation of Theorem 3.1. Suppose
P = X0y Xpy Viseers Voo k} If 0 i<k, let K, be the convex polytope of all
points (s t,_) € R" % such that (a) 0< ;< 1, (b) ;<4 if ;< y,in P,
(¢) t;=0if y;<x; in P (this condition bezng vacuous when i=0), and (d)
ti=1ify;>x;,, in P (this condition being vacuous when i = k). Then

(11— k) VKgsos Koy Ky K 3 Kgpooos Ky yevey Koo K) = N(iy B ooy ).

2

=1 hh—i—1i—i,—1  n—i

Proof. Let 4g,..., 4, >0 and set K=41,K, + --- + A, K. For each order-
preserving bijection o:P - {l, 2,..,n}, define 4, to be the set of all
(¢;50s t,_x) € K such that (a) ¢, <¢; if o(y;)<o(y;) and (b) o+ 4, + - +
A << Ag+A + - +4; i o(x;) <a(y,) <a(x;,,), where 0 < j<k and
where we set a(x,) = O a(xk +1)=n+ 1. Suppose o(x;) = i; and let 7 be the
permutation of {l,2,..,n—k} defined by o(y,) < 0(Vn) <+
0( Y nin—p)- Then 4, consists of all points (¢, ,..., £,_,) € R" ¥ such that
< AN tn(iz—Z)

0ty Sty S o Sy oy S Ao Sy,
Ay Kl S Sy Ao T 44 +4,<
Ao+ + 44
Thus 4, is a simplex of dimension n —k and volume

I N
(=D (=i, =1 (=)

Moreover, the simplices 4, as ¢ ranges over the set <(P) of all order-
preserving bijections o: P — {1, 2,..., n}, have pairwise disjoint interiors and
have union K. (In fact, they form the maximal faces of a triangulation of K.)
Hence

V(d,) =

K= Y Vd,)

ceX(P)

l“ | S /l;:_i"
= ‘-‘ N(ll’IZ’ ’lk) ( ) .(n_i)|'
1<1|< c<ig<n ° kJ*

Comparing with (1) proves the theorem, and thus also Theorem 3.1. 1

582a/31/15
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One special case of Theorem 3.1 is of independent combinatorial interest.
Given n > 1, define the descent set D(n) of a permutation 7=a,a, --- a, of
{1, 2,..,n} by D(n)={i:a; > a;,}

3.3. CorOLLARY. Let S be a subset of {1,2,....,n— 1} and let 1 < j<n
Define w; = w(S, j) to be the number of permutations n=a,a, ---a, of {1,
2,..., n} such that D(n) = S and a; = i. Then the sequence w,, w,,..., w, is log
concave.

Proof. Suppose the elements of S are 1 d, <d, < ---<d,<n—-1,and
define a poset P with elements x,,..., x,, by

Xy <oen KXy, > Xy 4 < Xgppp <o <Xy > Xy,
<xd1+2< <xd3> <Xn.

An order-preserving bijection o:P—{l,2,.,n} such that o(x;)=1i
corresponds to a permutation o(x,), 6(x,),..., d(x,) enumerated by w;. The
proof follows from Theorem 3.1. [

As in the last section, we can ask about the conditions for equality in
Theorem 3.1. Although the result analogous to Theorem 2.8 turns out to be
trivial (and requiring no facts about convexity), we state it for the sake of
completeness.

3.4. THEOREM. Let P be a finite n-element poset (n > 3), and let x € P.
Let N, be the number of order-preserving bijections o:P-{l,2,.., n}
satisfying o(x)=i. The following four conditions are equivalent:

(i) N,#0and N,+0,
(ii) N1=N2:...=Nn,
(iily N3 '=N7"N,and N,+0,
(iv) x is comparable to no other elements of P.

Proof. Clearly N, #0 if and only if x is a minimal element of P, and
N, # 0 if and only if x is maximal. Hence (i) and (iv) are equivalent. But the
implications (iii) = (i), (iv) = (ii), (i) = (iii} are trivial, and the proof
follows. 1
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