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Abstract. Kontsevich conjectured that the number of zeros over the field I, of a certain polyno-
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1. Introduction

Let G be a (finite) graph with vertex set V(G) = {v1,...,vn} and edge set E(G) =
{e1,...,es}. For now we allow |oops (edges from a vertex to itself) and multiple edges.
For each edge e of G, associate an indeterminate xe. If SC E(G), let

x° =[] e
ecs

Let T be a spanning tree of G and let T’ denote the (edge) complement of T. Define
polynomials P(x) and Qg (x) in the variables X = (Xe)ece(c) bY

T
Q(¥) = XX, (1.1)
T

where both sumsrange over all spanningtrees T of G. For instance, if Gisafour-cycle
with edge set {1, 2, 3, 4}, then
Po(X) = X1+ X2 + X3+ X4
Qc(X) = X1XoX3 -+ X1X2X4 + X1X3X4 + XoX3X4.
* Partialy supported by NSF grant #DM S-9743966.
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Note that if G isnot connected, then Ps(X) = Qg(x) = 0. Note also that for any G, we
have

Qa(x) = ( I Xe) Pe(1/x), (1.2)
)

ecE(G

where Ps(1/x) denotes the result of substituting 1/xe for xe in Pg(x) (for al €).

Let g be a prime power, and let fg(q) (respectively, gz(q)) denote the number of
ways of substituting elements of thefinitefield Fy for the variablesxe so that Pg(x) # 0
(respectively, Qg(x) # 0). For instance, if G is a four-cycle as above and we want
Ps(X) # 0, then x1, X2, X3 can be arbitrary; then there are g — 1 choices for x4. Hence,
fo(q) = g3(q—1). If we want Qg(X) # 0, then it takes alittle more work to see that
gs(9) = q(g—1)(g? — 2). More generally, if C, denotes an n-cycle, then it is not hard
to check (as was donein the case of gc, (q) by J. Stembridge) that

fe,(a) = g Ha—1)

ge(@) = n(g—1)" '+ (q-)" = (q- D" 14+ (g-1)" 2
+-+ ()" Hg-1).

Note that if G is not connected, then fg(q) = ge(q) = 0, since Pg(X) = Qg(X) = 0.

In alecture delivered at the Rutgers University Gelfand Seminar on December 8,
1997, M. Kontsevich stated the conjecture, in connection with the evaluation of certain
integrals appearing in perturbative quantum field theory, that fg(q) isa“universal poly-
nomial” in g, i.e., apolynomial in q independent of the characteristic p of the field F.
We have been unable to resolve Kontsavich's conjecture, but in Sections 4 and 5 we
present evidence in its favor while in Section 6 we present evidence against it. Let us
mention that John Stembridge [9] has verified that gc(q) is a polynomial for al graphs
with at most twelve edges.

2. Some General Observations

Given the graph G, let S be a subset of E(G). Define fg s(q) (respectively, fas(q))
to be the number of ways of substituting elements of Fy for the variables xe such that
xe = 0if e € S(respectively, if and only if e € §) so that Pg(x) # 0. Similarly, define
de,s(d) and g «(q) using Qa(x). In particular, fe,0(q) = fo(q) and ge,e(d) = go(d).
Now,

fe.s(q) = z faT(Q)
ToS

ges(d) = Y, g&7(a).
T2S

Hence, by the Principle of Inclusion-Exclusion, we have
fEs@ = Y ()" Ife1(q)
T2S

g@.s@ = X (-1)"" e 1(q).
735
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Now, note that gg,s(0) = gH (0), where H is the spanning subgraph of G with edge set
E(G) — S Similarly, if Sis acyclic (contains no cycle), then fg s(q) = fk (d) where K
denotes G with the edgesin S contracted to points. On the other hand, if S contains a
cycle, then fg s(q) = 0. Findly, observe from Equation (1.2) that for any graph H we
have

fi0(0) = g o(Q)-

From these observations we obtain the following result.

Proposition 2.1. Let n> 1. Then fg(q) isa universal polynomial in g for all graphs G
on at most n vertices if and only if the same is true for gg(Q).

From now on we will deal only with Qg(x) and gs(q). Note also that if G’ denotes
G with either one new loop added to a vertex or one edge replaced by two edges, then

9z (9) =9-96(0).

Hence it suffices to assume from now on that G is simple, i.e., has no loops or multiple
edges.

John Stembridge has pointed out that a minimal counterexample to Kontsevich’s
conjecture must have edge-connectivity at least three, i.e, the graph cannot be discon-
nected by the removal of two edges. Indeed, suppose there are two edges e and €’ whose
removal disconnects G, leaving thedigjoint union of G; and G,. Let G' denotethe graph
obtained from G by contracting e, and let G” be obtained by further contractinge’. Then
it iseasy to check that

96(d) =9-96,(9)9c,(a) + (d—2)9x(a) + (0 — 1)ge (9)-

As afinal remark, recall that by the rationality of the zeta function of an algebraic
variety over a finite field (due to Dwork [5]), for a fixed prime power g, there exist
algebraicintegers oy, . ..,o and By, ..., Bs such that foral m> 1,

ge(g™) =Y o"— > B

Since the o;’s and Bj’s are algebraic integers, it is easy to deduce the following conse-
quence.

Proposition 2.2. If gg(q) is a polynomial in g with rational coefficients, then in fact
0c(q) hasinteger coefficients.

3. TheMatrix—Tree Theorem and Nonsingular Symmetric Matrices

Thefundamental tool for our resultsisthe Matrix—Tree Theorem. Thisresult was stated
by J. J. Sylvester in 1857. The first proof was published by C. W. Borchardt in 1860
(though G. Kirchhoff actually proved the theoremin adual formin 1847). The Matrix—
Tree Theorem is often attributed to A. Cayley because he cited Sylvester's work in
1856 before it was published. For an exposition of the Matrix—Tree Theorem and more
precise references, see Chapter 5.6 and the Notes to Chapter 5 of [8]. Let G be a graph
without loops or multiple edges on the vertex set {v1,...,vn}, and as above associate
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the indeterminate xe with every edge e of G. Let L = L(G) = (Lij)} bethen x n matrix
defined by

—Xe, if i # j and e has verticesv; and v;j,
Lij=<¢0, if i # j and there is no edge with verticesv; and v,
YeXe, ifi=janderangesover al edgesincident to v;.

Let Lo = Lo(G) denote L with the last row and column removed. We call L the
generic Laplacian matrix of G, and Lg the reduced generic Laplacian matrix of G.

Theorem 3.1. (The Matrix—Tree Theorem) We have

Qg (x) = detLo(G).

Corollary 3.2. Let Lo bethe reduced generic Laplacian matrix of the connected graph
G. Then gs(q) isthe number of solutionsto detLg # O over Fy.

We say that avertex v of the simple graph G isan apex if visincident to every other
vertex of G. For graphs with apexes, Corollary 3.2 has the following variant.

Theorem 3.3. Let G be a simple graph with verticesva, ..., Vv, such that v, is an apex.
Then gs(q) isequal to the number of (n— 1) x (n— 1) nonsingular symmetric matrices
M over [y such that M;j = O whenever i # j and G has no edge between v; and v;.

Proof. Let g be the unique edge of G with verticesv; and vy, for 1 <i<n-—1. The
(i, 1)-entry (Lo)ii of the reduced generic Laplacian matrix Lo has the form xg + other
terms, and nowhere else does Xg appear in Lg. Hence, we can replace (Lo)ii with X
without affecting the set of g matrices we obtain from Lo by letting the x¢'s assume
al possible valuesin [Fy. Similarly we do not affect this set by changing the signs of
the off-diagonal entries. But then Lo becomes a symmetric matrix L whose entries are
generic except that (Lg)ij = O whenever i # j and G has no edge between v; and vj, and
the proof follows. |

4. The Complete Graph

Theorem 3.3 allows us to evaluate gs(q) explicitly for certain graphs G. We first con-
sider the complete graph K, with n vertices and one edge between every pair of dis-
tinct vertices. Hence, by Theorem 3.3, gk,(q) isjust the total number of nonsingular
(n—1) x (n— 1) symmetric matrices over Fy. This number was first computed for g
odd by L. Carlitz [2, Theorem 3] as part of amuch more general result. A simpler proof
valid for any q was later given by J. MacWilliams [6, Theorem 2]. We will sketch the
proof of MacWilliams and a second proof based on orthogonal geometry over Fq, since
both proofswill lead to generalizations.

Theorem 4.1. e have
g™ (g-1)(a*~ 1)~ (™ ~1), n=2m,
Ok, (0) =

(4.2)
qm(erl)(q_ D(P-1)- (" 1-1), n=2m+1
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First Proof. (J. MacWilliams) It is more convenient to consider gk, ,(q) rather than
Ok,(0), so that we are enumerating n x n invertible symmetric matrices over Fq. Let
h(n, r) denote the number of n x n symmetric matrices M over Fq of rank r. We claim
that

s g2 21
q

I1 ~H(q”‘i—1), 0<r=2s<n,

h(n,rn=¢ " @ i~ (4.2)
I g 0<r=2s+1<n.

An (n+ 1) x (n+ 1) symmetric matrix may be written as

(3]

where M is an n x n symmetric matrix, 8 € Fy, and y € Fy. Elementary linear algebra
arguments (given explicitly in [6]) show that from a particular M of rank r we obtain:

o " — gt matricesN of rank r + 2,
e (q—1)g" matricesN of rank r + 1,

e g matricesN of rank r,

e no matrices of other ranks.

There follows the recurrence
h(n+1,r) =a'h(n, 1)+ (q— g *h(n,r— 1)+ ("™ - Hh(n,r-2). (43)

Onecan check that the solution to thisrecurrence satisfying theinitial conditionsh(n, 0)
=2landh(n,r) = 0forr > nisgivenby (4.2). The proof followsfromthecaser =n. il

Second Proof.

Case 1. g odd. Let Sym*(n,q) (respectively, Sym (n, q)) denote the set of all
N x n nonsingular symmetric matrices over Fq whose determinant is a square (respec-
tively, anonsquare) in Fy. Let Q7 (n, q) denote the group of all matrices A € GL(n, q)
satisfying AA = I. (We will be dealing with various groups closely related to the or-
thogonal groups O(n, q). We will use the notation Q rather than O to make clear that
our groups are related but in general are not equal to the usua orthogona groups.)
By standard results concerning orthogonal geometry over a finite field (implicit in
[4]), the map f : GL(n,q) — Sym™(n, q) defined by f(A) = AA! is surjective, and
f~1(AAY) = A-Q*(n, g), the left coset of Q*(n, g) in GL(n, g) containing A. Hence,
al fibers f~1(B) have cardinality #Q*(n, g), so

#Sym*(n, q) = g

Similarly, let o be afixed nonsquarein Fy, and let Q™ (n, q) denote the group of al ma-
tricesA € GL(n, q) satisfying ADA' = D, where D = diag(c, 1, 1,... ,1). Thenthe map
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f 1 GL(n,q) — Sym~(n, q) defined by f(A) = ADA! is surjective, and f~(ADA') =
A-Q~(n, q). Hence, al fibers f~1(B) have cardinality #Q~(n, q), so

#GL(n, q)

#Sym~(n, q) = # (nq)

Since Sym(n, g) = Sym™ (n, q) JSym ™ (n, q), there follows

#GL(n,q) | #GL(n,q)

Hymin. Q) = g g T A (o)

(4.9

The order of GL(n, g) iswell known and easily seen to be

#GL(n,q) = (" - 1)(a"—q)--- (q"— g™ ).

Moreover, theordersof Q™ (n, g) and Q™ (n, g) were computed by Dickson [4, Theorem
172] asfollows:

( m-1 .
29™™ (M- 1) [T(a? - 1), n=2m, gq=1(mod4),
=
m—
#Qt(n,q) = { 20" Vg~ (~1)™ [T(g? —=1), n=2m, q=3 (mod4),
m . i=1
2q™ [T -1), n=2m+1.
i=1
( m-1
2q"™™ (g™ +1) T (o2 n=2m, g=1(mod4),
i=1
m-1
#Q7(n,q) = ¢ 2g"™ V(" +(-1)™ [T (0" —1), n=2m q=3(mod4),
- i—1
2q™ [T -1), n=2m+1.
i=1

Substituting these numbers into Equation (4.4) (after replacing n by n— 1) yields
(4.1) (when q is odd).

Case 2. g even. This case is analogous to the odd case, but the details are somewhat
different. When nis odd, it follows from [1, Theorem 7] that the map f : GL(n, q) —
Sym(n, q) defined by f(A) = AA! is surjective, with #f ~1(AAl) = A-Q(n, q) (where
Q(n,q) = f~1(1)). Hence,

#GL(n, q)

Dickson [4, p. 206] showed that

L
#Q(2m+1,9) =q™ [J(¢® - 1),
i=1
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s0 (4.1) followsin this case.

When n = 2m, let Sym*(n, q) (respectively, Sym~(n, g)) denote the set of nx n
nonsingular matrices over Fy with at least one nonzero entry on the main diagonal
(respectively, with al 0’'son themain diagonal). (Whennisodd, we have Sym~(n, q) =
0, since asymmetric matrix of odd order with zero diagonal over afield of characteristic
two is singular.) It was shown by Albert [1, Thm. 7] that the map f : GL(n,q) —
Symt(n, q) defined by f(A) = AA! is surjective. Let E be the direct sum of m copies
of the matrix {Cl) é] Themap f : GL(n,q) — Sym™(n, q) defined by f(A) = AEA!is
surjective. If Q~(n, g) = f~1(1), then f~1(AEA") = A-Q~(n, ). Hence reasoning as
before gives
#GL(n,q)  #GL(n, q)

#Qt(n,q)  #Q~(n,q)

It follows from the work of Dickson [4, Chapter V1I1] that

#Sym(n, q) =

m-1

#r(2m ) = g™ [ (@® - 1),

i=1

m .
#0-(2m q) = q" [[(o? - 1),
i=1

from which we obtain (4.1) in thisfinal case. |

Note that thefirst proof of Theorem 4.1 makesit clear fromthe start that gk, () isa
polynomial, whilein the second proof (especially when nis even), it appears somewhat
miraculous that the computationsin odd and even characteristics lead to the same final
answer. The fact that the two cases yield the same answer boils down to the identity

11 1 y_1, 1
2\g"n—-1 g"+1 _qm qm(qu_l)'
5. Some Generalizations of the Complete Graph

The two proofs we gave for Theorem 4.1 can be extended to more general results. For
the first generaization, let G be an n-vertex graph (without loops or multiple edges).
Let Lo denote the reduced generic Laplacian matrix of G, with respect to some vertex
v indexing the last row and column of L. Write h(G, r) for the number of ways of
evaluating Lo over Fy (i.e., the number of ways to substitute elements of Fy for the
variables appearing in Lg) such that amatrix of rank r is obtained. Thus, if visan apex
of G, then by Theorem 3.3, we have h(G, n— 1) = gg(q).

Theorem 5.1. Let G be an n-vertex graph with an apex, and let G* denote G with an
apex adjoined (so G* has at |east two apexes). Then

h(G*,r) =q'h(G,r) + (q—1)g *h(G,r — 1) + (4" — g Hh(G,r — 2). (5.1)
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Proof. The proof is essentially the same as the first proof of Theorem 4.1. Let the
vertices of G* be vy,...,vnhr1, Where v and vy 1 are apexes. Let g denote the edge
fromvy tov; for 2 <i <n+ 1, and write x; for Xg. We then have

o1 [§ o]

wherey = —(Xo,..., %) ad B = X2+ --- 4+ Xn + Xn+1. SINCE Xn4+1 appearsin Lo(G*)
only in the entry B, we may replace B by xn+1 without affecting the set of matrices we
obtain from Lo(G*) by letting the x¢'s assume all possible valuesin Fy. Similarly, we
may replace y by —y. From a particular rank r evaluation of Lo(G) over Fy, we can
apply the reasoning in thefirst proof of Theorem 4.1 to get the recurrence (5.1). |

Theorem 5.1 providesasimple recursive procedurefor computing gc(q) for agraph
with “few” missing edges (and hence many apexes). For instance, for n > k, let K, — K
denote the complete graph K,, on the vertex set [n] = {1,2...,n} with al edges ij
removedwherei, j € {1,2,...,k},i # j. Whenk=n—1, Lo(Kn — K) isjust ageneric
diagonal matrix, so we get

h(Kn— Kn_1,7) = (”jl) (-1

Hence, in principle, Theorem 5.1 can be used iteratively to compute h(K, — Ky, 1)
for any n, k, r. In particular, it follows that gk,—«, () € Z[q], verifying Kontsevich's
conjecture in this case. When k = 1, we have K, — K1 = K;,, which was dealt with in
Theorem 4.1. When k = 2, we have K, — K, = K, — g, the complete graph K, with
one edge removed. We compute gk,,—e(q) by another method in Theorem 5.4 (the case
s=1). For 3< k <5, we use Theorem 5.1 to produce the following conjecture. One
could easily extend this conjecture to other small values of k, but what would be more
interesting is a conjecture for general n and k.

Conjecture5.2. We have
OKom-—K3(Q) = qm(mfl) (q—1) (> =1)--- (P 5 —1)
(' = 4G 4 3O - g O 1), m> 2,
OKomi1-Ks (q) = querfB(q _ 1) (q3 _ 1) . (q2mf3 _ 1)
(Pt —39+2), m>2,
Okom—k4(A) = q" ™Y (q-1)(F—1)--- (P —1)
. (q4m—10 _ 7q2m—6 4 8q2m—7 _ 3q2m—8 + 1)’ m Z 3’
Ohomi ke () = A" ™4 — D) (@P - 1)+ (™5 - 1)

. (q4m—6 _ 8q2m—3 + 9q2m—4 _ 4q2m—5 + q2m—6 + 4q _ 3),
m> 2,
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IKom—Ks (Q) = qm(m—l) (q _ 1) (q3 _ 1) . (qu—7 _ 1)
(™10 —16g*Mm-14 4 2515 _ 1616 4 ggm-17 _ im-18
+ 0P 0+ 11628 — 15¢2™ 0 + 62™ 10— 1), m> 3,

Okiame 15 (@) = 47T 5(a = 1) (e = 1)+ (PO - 1)
R (q4m79 _ 15q2m75_'_ 24q2m76 _ 15q2m77 _'_ 4q2m78
+59—-4), m>3.

To provethis conjecturefor a particular value of k, one could try to guess aformula
for h(K, — K, r) and then verify that it satisfies the recurrence (5.1) (with appropriate
initial conditions).

For our second generalization of Theorem 4.1, we need to consider the inequivalent
nondegenerate symmetric scalar products on the space . Standard results in orthog-
onal geometry over Fy (essentially equivalent to the results used in the second proof
of Theorem 4.1) show that there are two such scalar products when g is odd. They are
defined as follows, wherea= (ay, ..., an), b= (by,...,bn) € Fy:

(a, by, =ab' = ab; (5.2)

n
(a,b)_ =aDb' = cashs + Y aibi.
i—2

Here, D and o have the same meaning as in the second proof of Theorem 4.1, so, in
particular, o is anonsguarein Fy.

Similarly, if nis odd, then all nondegenerate symmetric scalar products are equiva-
lent to (5.2) when qis even. When n = 2m, we have (5.2) together with

m

(a,b)_ =aEb' = Z(aziflbzi + aibyi_1),

i=1

where E is defined in the second proof of Theorem 4.1.
Now, suppose G is agraph with vertex set {vi,...,Vn+1} such that v 41 is an apex.
Let b§(q) (respectively, bg(q)) denote the number of ordered bases (uy, ..., un) of Fg
such that
<Ui, uj>+ =0 (reSpeC“de, <Ui, Uj>_ = O)a

whenever i # j and ij ¢ E(G). Such an ordered basis forms the rows of a matrix
A€ GL(n,q) such that (AHA!);j = 0 whenever i # j andij ¢ E(G), whereH =1, D,
or E depending on which of the scalar products we are considering. It follows that the
second proof of Theorem 4.1 extends mutatis mutandis to give the following result.

Theorem 5.3. Let G beasabove. If qisodd or if gisevenand niseven, then
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If gisevenand nis odd, then

As an example of the use of Theorem 5.3, let Ky s denote the star consisting of
one vertex connected to s other vertices, and let G = K1 — Ky s for n> s+ 1. In other
words, G consists of K1 with sedges removed which areincident to acommon vertex.
In particular, Kny1 — Ky, 1 = Knp1 — Ko, the specia case k = 2 of Kn — K considered
above (with n replaced by n+ 1).

Theorem 5.4. e have

Oiom 1-K1 o(0) = A5 Y= 1)(q®—1)--- (P 3 - 1)
(P"-0f-g+1), s<2m-3, (5.3

ngmiKl.s(q) el qm(m—l) (q _ l) (q3 _ 1) . (q2m—3 _ l)
: (quflfs - 1), S S Zm — 2 (54)

Proof. According to Theorem 5.3, we need to count the number of ordered bases
(ug,...,un) of Fy satisfying

(U1, Ug)+ = -+ = (Up, Usy1)+ =0,

as well as the number of ordered bases (ug, .. .,un) of IFQ satisfying
(Ul, U2>, == (Ul, Us+1>, =0

(except that when g is even and n is odd, we only have one type of scalar product). Let
ui denotethe set of all vectors orthogonal to us, with respect to whatever scalar product
is under consideration. We always have dimuj = n— 1. Once we have chosen uy, if
ui € u, thenthereare ("1 — 1)(g"™* — )+ (q" ! — g*1) choicesfor uy, .. ., Us; 1,
and then (9" — ¢*t1)---(q" — g"?) choicesfor Us;2,...,Un. On the other hand, if
u; € uf, thenthereare (g™ —q) (g™ —q?) --- (q"~* - ¢°) choicesfor uy, ..., Us+1, and
then (g" — g*1)--- (9" — g"~1) choices for us2,...,un as before. Hence, to complete
the computation, we need to know the number N (n) of uy for which u; € uf, i.e
(u1, u1)+ = 0. When qiseven, it is easy to compute N (n); when nis odd, this number
appears, e.g. in [4, Theorems 65 and 66] and [10, Theorems 1.26 and 1.37]. The values
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are

N, (n)=N(n) = g" 1, g odd and n odd,
Ny (n) = g™ 1+q2 —q2 L, either qisodd and n= 0 (mod 4),
org=1(mod4)andn=2(mod4),
Ny (n) = g"1—q2 +q2 L, either qisodd and n= 2 (mod 4),
org=1(mod4)andn= 0 (mod 4),

N_(n) = "1 —q? + g2, either gisodd and n= 0 (mod 4),
org=1(mod4)andn=2(mod4),
N_(n) = q"1+q2 — g2, either gisodd and n= 2 (mod 4),
org=1(mod4) andn= 0 (mod 4),
N(n) = g™1, g even and n odd,
N, (n) = g™ 1, g even and n even,
N_(n) = q", g even and n even.

It is now aroutine computation (which we omit) to obtain the stated formulas (5.3) and
(5.4). |

6. Some Related Negative Results

In Theorem 3.3, we showed that the Kontsevich conjecture for graphs with apexesis
equivalent to counting nonsingular symmetric matrices over Fy with specified “holes”
(entries equal to 0), with no holes on the main diagonal. A related problem that comes
to mind is the case of arbitrary matrices, rather than symmetric matrices. Thus, let She
any subset of [n] x [n], and let hs(q) denote the number of matrices A € GL (n, q) whose
support is contained in S, i.e., Ajj = 0 whenever (i, j) ¢ S. For instance,

Moy (0) = #GL(n,0) = (0" = 1)(a" =) -+ (" =" ).
Question. Is the function hg(q) always a polynomial in g?

According to Kontsevich (private communication), a negative answer follows from
the existence of the Fano plane F (the projective plane of order two, with three points
on a line and seven pointsin all). We have not been able to understand this remark
of Kontsevich. However, if wetake n =7 and let SC [7] x [7] be the support of the
incidence matrix of F (so #S= 21), then Stembridge has shown that hg(q) is not a
polynomial. More precisely,

qu _ q20 _ q19 _ 14q18 _ 7q17 + 176q16 + 8q15 _ 1860q14
+5603g"3 — 888002+ 9010g** — 6110q° 4 2603¢°
— 42808 — 248q" + 208¢° — 720° + 13g9* — ¢, q odd,

hs(q) =
qu _ qZO _ ql9 _ 14q18 _ 7q17 + 175q16 + 21q15 _ 1938ql4

+5889q13 — 9595012 + 10297 — 7826¢° + 4319¢°
[ —1715¢8 + 467q" — 780° + 60°, q even.
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Moreover, Stembridge has also verified that S is the smallest counterexample to the
polynomiality of ht(q), in the sense that ht(q) is a polynomial whenever #T < 21 or
whenever n < 7, except when T can be transformed to S by row and column permuta-
tions.

Now, let Sbe a symmetric subset of [n] x [n], i.e, (i, j) € S& (j,i) € S Define
ks(q) to be the number of invertible n x n symmetric matrices over Fyq whose support is
contained in S. Suppose T isasubset of [n] x [n] for which ht(q) is not a polynomial.
(The discussion above shows that we can taken = 7.) Let A bean nx nmatrix over Fy.
Then Ais counted by hr(q) if and only if the 2n x 2n matrix

0 A
>[5

isanonsingular symmetric matrix with support contained in
S={(i,j+n),(j+n,i): (i, j)eT}c[2n x[2n].

Hence, ks(q) is not a polynomial. Unfortunately, all the main diagonal elements of
,2‘ '8‘ are holes, so we cannot use Theorem 3.3 to deduce that
we have a counterexample to Kontsevich's conjecture.

As pointed out by Stembridge, there are even simpler examples of symmetric sets
S [n] x [n] for which ks(q) is not a polynomial. Any symmetric matrix of odd order
n with 0’s on the main diagonal over afield of characteristic 2 is singular. Hence, for
n odd, we can choose S to be any subset of [n] x [n] that includes no element of the
form (i, i) and contains at least one transversal (i.e., a subset (i, w(i)) where w is a
permutation of [n]). (This last condition is equivalent to ks(q) # O for some g.) Then
ks(g) = 0 for g = 2™, but ks(qg) # 0 for some g, so ks(q) is not a polynomial. Since
the prime 2 plays such a special role in this example, perhaps the function hs(q) or
ks(q) isapolynomial in q for odd g. A good place to look for a counterexampleto this
suggestion would be when Sis the support of a projective plane of odd order, but even
for the plane of order 3, we are unable to compute hs(q).

There are various natural generalizations of Kontsevich's conjecture. For instance,
the spanning trees of a connected graph G form the bases of the graphic matroid asso-
ciated with G (see, e.g., [3, 1.3.B]). Thus, if M is any matroid on the set {ey,...,es},
then define in complete analogy to (1.1)

Qu(X) = %XB’

examples of the form

where B ranges over all bases of M. Let g (q) denote the number of ways of substitut-
ing elements of Fy for the variables of Qm(X) such that Qwm(X) # 0. We can generalize
Kontsevich's conjecture by asking whether g (q) is always a polynomia function of g.
There are, however, very simple counterexamples. For instance, if M is the four-point
line so that

QM (X) = X1X2 + X1X3 + X2X3 + X1X4 + X2X4 + X3X4,
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then it can be shown that
a(q-1)(a®-1), q=1(mod3),
gv (@) =< a(q-1)(e*+1), q=2(mod3),
®*(q-1), q=0(mod 3).

Matroid theorists will notice that the four-point line is not a regular (or unimodular)
matroid, but every graphic matroid is regular. Hence, it is natural to ask whether gm(q)
might be a polynomial for regular matroids M. However, Stembridge has shown that,
for the regular matroid M called R10 in Oxley’s book [7], gm(q) is not a polynomial.

Althoughfor thefour-pointlinegwm () isnot apolynomial, notethat it isaquasipoly-
nomial, i.e., for some N > 0 (here, N = 3), it is a polynomia on the different residue
classes modulo N. Thus, it might be interesting to consider for which matroids M (or
for even more general varieties than the zeros of Qu (X)) is gw (q) aquasipolynomial. In
particular, if Kontsevich’s conjectureisfalse, isit at least true that gc(q) isaquasipoly-
nomial ?
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