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Lászĺo Lovász
MicrosoftResearch

lovasz@microsoft.com

SantoshVempala�

Georgia TechandMIT
vempala@cc.gatech.edu

Abstract

We prove that the hit-and-runrandomwalk is rapidly
mixing for an arbitrary logconcavedistribution starting
from any point in the support. This extendsthe work of
[26], where thiswasshownfor an importantspecialcase,
and settlesthe main conjecture formulatedthere. From
this result,we deriveasymptoticallyfasteralgorithmsin
thegeneral oraclemodelfor sampling, rounding, integra-
tion andmaximizationof logconcavefunctions,improving
or generalizing the main resultsof [24, 25, 1] and [16]
respectively. Thealgorithmsfor integrationandoptimiza-
tion bothusesamplingandare surprisinglysimilar.

1 Intr oduction

Given a real-valuedfunction f in Rn , computingthe
integral of f and �nding a point that maximizesf are
two fundamentalalgorithmicproblems.They includeas
specialcases,thefamousproblemsof computingthevol-
umeof a convex body(heref is theindicatorfunctionof
theconvex body)andminimizing a linearfunctionovera
convex set(heref is equalto the linear functionover the
convex set and in�nity outside). In this generalsetting,
the complexity of an algorithmcan be measuredby the
numberof function evaluations(“membershipqueries”).
Both problemsarecomputationallyintractablein general
[7, 2, 5, 17] andthequestionof understandingthe setof
functionsfor which they aresolvablein polynomialtime
hasreceivedmuchattentionover thepastfew decades.

In a breakthroughpaper, Dyer, FriezeandKannan[6]
gave a polynomial-timealgorithm(O� (n23)) for thespe-
cial caseof computingthevolumeof aconvex body. Many
improvementsfollowed[1, 19, 21, 23, 5, 14, 25], themost
recentreducingthecomplexity to O� (n4). Applegateand
Kannan[1] gave an algorithmfor the integrationof log-
concavefunctions(with mild smoothnessassumptions),a
commongeneralizationof convex bodiesandGaussians.
The driving ideabehindall theseresultsis randomsam-
pling by geometricrandomwalks.Unlikevolumecompu-
tation,therehasnot beenmuchimprovementin thecom-
plexity of integrationandthecurrentbestfor generallog-
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concave functionsis still O� (n10) from [1] (the O� no-
tationsuppressesthedependenceon errorparametersand
logarithmicterms).

For minimizing a convex function over a convex set
(equivalent to maximizing a logconcave function), the
original solution was the deterministicellipsoid method
[10]. Thecurrentbestalgorithmis basedon samplingby
a randomwalk andits complexity is O� (n5) [3] (with a
separationoracle,thecomplexity is O� (n) [30, 3]). This
hasrecentlybeenimprovedto O� (n4:5) for minimizing a
linearfunctionoveraconvex set[16].

The classof functionsfor which either integrationor
optimizationcanbeachievedin (randomized)polynomial
time is currently determinedby ef�cient samplingfrom
thedistribution whosedensityis proportionalto thegiven
function. In [24], it is shown that arbitrary logconcave
functionscanbe sampledusingthe ball walk or the hit-
and-runwalk. However, thewalksareprovedto berapidly
mixing only from a warm start,i.e., a distribution that is
alreadycloseto the target. This requirementleadsto a
considerableoverheadin the algorithm (and, of course,
in theanalysis).For theball walk, sucha requirementis
unavoidablein general—themixing ratedependspolyno-
mially on the“distance”betweenthestartandtargetdis-
tributions(seeSection1.2).

On the other hand, the hit-and-runalgorithm, which
seemsto be the fastestsamplingalgorithmin practice,is
conjecturedto berapid-mixingfrom any startingdistribu-
tion (includingonethatis concentratedonasinglepoint);
moreprecisely, thedependenceon thedistanceto thesta-
tionary distribution could be logarithmic. An important
step towards proving this conjecturewas taken in [26]
whereit wasproved for the specialcasewhenthe target
distribution is anexponentialfunctionoveraconvex body
(which includestheuniform density).This resultplaysa
key role in the latestvolumealgorithm[25] andalso in
a fasteralgorithmfor minimizing a linear function over
a convex set [16]. The major hurdle in extendingthese
algorithmsto integrationandoptimizationof logconcave
functionsis the lack of a provably rapid-mixingrandom
walk with a similar mild (logarithmic)dependenceon the
start.



1.1 Computational model

First, let ushave a brief discussionof thecaseof con-
vex bodies.Oneusualde�nition of mixing time is to take
theworststartingpoint,but we cannotusethis here.Sup-
posethatwe wantto samplefrom theunit n-cubeandwe
start at a vertex or in�nitesimally closeto it. Then, for
eachof thealgorithmsconsideredsofar, it takesabout2n

time beforethe orthantin which a nontrivial stepcanbe
madeis recognized,sinceouronly accessto thebodyis a
membershiporacle.

Oneconsequenceof this is that if we wantpolynomial
boundsin thedimensionn, we have to eitherprovide in-
formationaboutthestartingpoint, sayby taking into ac-
countthedistanceof thepoint to theboundary. Else,we
canstartfrom arandompoint from adistributionwhich is
suf�ciently spreadout. A strongversionof thissecondap-
proachis warmstart, whenwe assumethedensityof the
startingdistribution relative to the stationarydistribution
is at most2.

A theoremof Aldous andDiaconisguaranteesthat if
the distanceof the distribution after m0 stepsfrom the
stationarydistribution fromanystartingpoint is lessthan
1=4, thenafter m stepsit is lessthan2� m=m 0 ; but this
gives very poor boundshere becauseof “bad” starting
points. So polynomiality in j log" j (where" is the dis-
tancewewant)is anissuehere.

To bemoreprecise,aconvex bodysamplingproblemis
givenby

(CS1)a convex body K � Rn , which is given by a
membershiporacle,togetherwith two “guarantees”r and
R thatit containsaball with radiusr andit is containedin
a ball with radiusR;

(CS2)a startingpoint a0 2 K , togetherwith a “guar-
antee”d > 0 suchthatB (a0; d) � K ;

(CS3)anerrorbound" > 0, describinghow closethe
samplepoint's distribution mustbe to theuniform distri-
butiononK (in total variationdistance).

Insteadof (CS2),wecouldhave
(CS2') a randomstartingpoint a0 2 K , togetherwith

a “guarantee”M � 1 suchthat thedensityof the distri-
bution � of a0 is boundedby M (relative to the uniform
densityonK )

or
(CS2”)arandomstartingpointa0 2 K , togetherwith a

parameterM � 1 suchthatthedensityof thedistribution
� of a0 is boundedby M exceptin asubsetS with � (S) �
"=2.

It turnsout the (CS2”) is the mostuseful versionfor
applications.

More generally, we considertheproblemof sampling
from a logconcave distribution. To statetheproblemfor-
mally, we considera logconcavefunctionf : Rn ! R+ ;
it will beconvenientto assumethatf hasa boundedsup-
port, so that theres a convex body K suchthat f = 0
outsideK . We considerthe distribution � f de�ned by
� f (X ) =

� R
X f

��� R
Rn f

�
. So f is proportionalto the

density function of the distribution, but not necessarily
equal, i.e., we don't assumethat

R
f = 1. We'll need

thelevel setsL (a) = f x 2 Rn : f (x) � ag. Thecentroid
of � f is zf =

R
x d� f (x) = E(x), andthevarianceof � f

is Var(� f ) =
R

kx � zf k2 d� f = E(kx � zf k2).
This samplingproblemis givenby:
(LS1) anoraclethatevaluatesf at any givenpoint, to-

getherwith “guarantees”that the distribution is neither
too spreadout nor to concentrated;this will be given by
r; R > 0 suchthat if � f (L (c)) � 1=8 thenL(c) contains
aball of radiusr , andthevarianceof � f is at mostR2.

(LS2) a startingpoint a0 2 Rn , togetherwith a “guar-
antee”d > 0 suchthata0 is atdistanced from thebound-
ary of the level set L (f (a0)=2) and anotherguarantee
� > 0 suchthatf (a0) � � n max f .

(LS3) anerrorbound" > 0, describinghow closethe
samplepoint's distribution mustbe to the targetdistribu-
tion � f (in total variationdistance).

Again, we couldreplace(LS2) by theassumptionthat
wehave

(LS2') a randomstartingpoint a0 from a distribution
� , anda “guarantee”M � 1 suchthatd� =d� f � M

or evenmoregenerally,
(LS2”) a randomstartingpoint a0 from a distribution

� , and a “guarantee”M � 1 suchthat d� =d� f � M
exceptfor a setS with � (S) � " .

The samplingalgorithmwe analyzeis thehit-and-run
walk in Rn , which we startat a1 andstopafter m steps
(seesection3 for thede�nition). Let � m denotethedis-
tribution of thelastpoint. We saythatthewalk is rapidly
mixingif for somem polynomialin n, logR, logr , log " ,
logd andlog � (or logM ), dtv (� f ; � m ) � " .

1.2 Results

In this paper, we �rst show thathit-and-runappliedto
any logconcave functionmixesrapidly. Themixing time
is O� (n3) afterappropriatenormalization(to bediscussed
shortly). It is worth noting that this is the �rst random
walk provento berapidlymixing (in thesenseabove)even
for thespecialcaseof convex bodies. (Strictly speaking,
theotherwell-known walks,namelytheball walk andthe
latticewalk ([8, 9]), arenot rapid-mixing.)

Theorem1.1 Letf bea logconcavefunctionin Rn , given
in thesenseof (LS1),(LS2”) and(LS3).Thenfor

m > 1030 n2R2

r 2 ln2 M nR
r "

ln3 M
"

;

thetotal variationdistanceof � m and� f is lessthan2" .

Remarks: 1. If insteadof aboundon themomentE(jx �
zf j2) we have thestrongerconditionthatthesupportof f
is containedin a ball of radiusR, thenthe boundon the
mixing time is smallerby a factorof ln2(M =").

2. Thecondition(LS2”) capturesthesettingwhenL 2
distance(seeSection2) betweenthestartandtargetden-
sitiesis bounded.

3. This result improveson the main theoremof [24]
by reducingthe dependenceon M and " from (M =")4

to polylogarithmic. For the ball walk, somepolynomial
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dependenceonM isunavoidable.(considere.g.,astarting
distribution that is uniform in thesetof pointswithin � =2
of the apex of a rotationalcone,where� is the radiusof
theball walk).

To analyzehit-and-runstartingat a single point, we
takeonestepandthenapplythetheoremaboveto thedis-
tributionobtained.

Corollary 1.2 Let f be a logconcavefunction in Rn ,
givenin thesenseof (LS1),(LS2)and(LS3).Thenfor

m > 1031 n3R2

r 2 ln5 nR2

"r d�
;

thetotal variationdistanceof � m and� f is lessthan" .

Theboundabovedoesnotimply rapid-mixing,because
thenumberof stepsis polynomialin R=r, ratherthanin its
logarithm. We call a logconcave function well-rounded,
if R=r = O(

p
n). In the rest of this introduction,we

assumethat our logconcave functionsare well-rounded.
In this case,our algorithmsarepolynomial,andthe(per-
hapsmost interesting)dependenceon the dimensionis
O� (n3). Every logconcave function canbe broughtto a
well-roundedpositionby an af�ne transformationof the
spacein polynomialtime (we'll returnto this shortly).

With thisef�cient samplingalgorithmat hand,we turn
to the problemsof integration of logconcave functions,
perhapsthe most importantproblemconsideredhere,at
least from a practicalviewpoint. The idea for integra-
tion, �rst suggestedin [22], canbe viewed asa general-
izedversionof themethodcalledsimulatedannealingin
acontinuoussetting.We considerasequenceof functions
of the form f (x)1=T whereT, the “temperature”,starts
very high (which meansthecorrespondingdistribution is
nearlyuniform over thesupportof f ) andis reducedto 1.
We will seeshortly that thesameideais alsosuitablefor
maximizationof logconcavefunctions.

Theorem1.3 Let f be a well-roundedlogconcavefunc-
tion givenby a samplingoracle. Given"; � > 0, wecan
computea numberA such that with probability at least
1 � � ,

(1 � " )
Z

f � A � (1 + ")
Z

f

andthenumberof oraclecalls is

O
�

n4

"2 log7 n
"�

�
= O� (n4):

In [25], it wasshown thata convex bodycanbeput in
near-isotropicposition(which implies well-roundedness,
seeSection2) in O� (n4) steps.In Section6, we give an
algorithmto putanarbitrarylogconcavefunctionin near-
isotropic position in O� (n4) steps. However, this algo-
rithm (aspreviousalgorithms)requirestheknowledgeof
apointwheref is (approximately)maximized(astronger
versionof (LS2)). In many cases,sucha point is much
easierto �nd. If onehasaseparationoraclefor f , which,
givenapointx, returnsahyperplanethatseparatesx from

pointsthatattainthemaximum(e.g.atangentplaneto the
level setL (f (x)) ), thenthemaximizationproblemcanbe
solvedusingO� (n) oraclecalls[3, 30]. Thisgivesaninte-
grationalgorithmof complexity O� (n4) for arbitrarylog-
concave functions,improving on the O� (n10) algorithm
of ApplegateandKannan.

It is, however, possiblethat theonly accessto f is via
an oraclethat evaluatesf at a given point. In this set-
ting, themaximizationproblemseemsmoredif�cult. Our
last result is an algorithmfor this problem. The ideafor
maximization,describedin [16] andearlierfor a morere-
strictedsettingin [15], is againsimulatedannealing:we
considera sequenceof functionsf (x)1=T whereT starts
very high (so the distribution is close to uniform) and
is reducedtill thedistribution is concentratedsuf�ciently
close to points that maximize f (so, unlike integration,
we do not stop when T = 1 but proceedfurther till T
is suf�ciently closeto zero). Theresultingalgorithmcan
be viewed asan interior-point methodthat requiresonly
O� (

p
n) phases.By usingf (x) = e� g(x ) , wegetanalgo-

rithm for minimizingany convex functiong overaconvex
body.

Theorem1.4 For any well-roundedlogconcavefunction
f , given"; � > 0 anda point x0 with f (x0) � � n max f ,
we can �nd a point x in O� (n4:5) oracle calls such that
with probabilityat least1 � � ,

f (x) � (1 � " ) max f

and thedependenceon " , � and � is boundedby a poly-
nomialin ln(1="� � ).

This improveson thepreviousbestalgorithm[3] by a
factorof

p
n.

2 Preliminaries

We measurethe distancebetweentwo distributions�
and� in two ways,by thetotal variationdistance

dtv (� ; � ) =
1
2

Z

Rn
j� (x) � � (x)j dx;

andtheL 2 distance

d2(� ; � ) =
Z

Rn

� (x)
� (x)

d� (x):

A function f : Rn ! R+ is saidto be logconcaveif
f (�x + (1 � � )y) � f (x) � f (y)1� � for everyx; y 2 Rn

and 0 � � � 1. Gaussians,exponentialsand indica-
tor functionsover convex bodiesareall logconcave. The
product, minimum and convolution of two logconcave
functionsis also logconcave [4, 27, 18]. The last prop-
erty impliesthatany marginalof a logconcavefunctionis
alsologconcave. We will useseveralknown propertiesof
logconcave functions. The following propertyproved in
[16] (a variantof a lemmafrom [25]) will beusedmulti-
ple times.
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Lemma 2.1([16]) Let f bea logconcavefunctionin Rn .
For a > 0, let

Z (a) =
Z

Rn
f (x)a dx:

Thenan Z (a) is a logconcavefunctionof a.

The level setsof a function f aredenotedby L f (t) =
f x j f (x) � tg or just L (t) whenthecontext is clear. For
a logconcavef , thelevel setsareall convex.

A densityfunction f is saidto be in isotropic position
if Ef (x) = 0 andEf (xx T ) = I . Thesecondconditionis
equivalentto sayingthat

Z

Rn
(vT x)2f (x) dx = 1

for any unit vectorv 2 Rn . Similarly, f is C-isotropicif

1
C

�
Z

Rn
(vT (x � zf ))2f (x) d(x) � C

for any unit vector v 2 Rn . For any function, thereis
an af�ne transformationthatputsit in isotropicposition.
An approximationto thiscanbecomputedfrom arandom
sampleasimpliedby combiningalemmafrom [28] with a
momentboundfrom [24] (seee.g.,CorollaryA.2 in [16]).
We quoteit below asa theorem.

Lemma 2.2 Let f bea logconcavefunctionin Rn that is
not concentratedona subspaceandlet X 1; : : : X k bein-
dependentrandompointsfromthedistribution � f . There
is a constantC0 such that if k > C0t3 ln n thenthetrans-
formationg(x) = T � 1=2x where

�X =
1
k

kX

i =1

X i ; T =
1
k

kX

i =1

(X i � �X )(X i � �X )T

putsf in 2-isotropicpositionwith probabilityat least1 �
1=2t .

A weaker normalizationwill also be useful. We say
that a function f is C-round if R=r � C

p
n where

R2 = Ef (jX � zf j2) andthe level setof f of measure
1=8 containsa ball of radiusr . WhenC is a constant,we
saythatf is well-rounded. For anisotropicfunctionf , we
have Ef (jX j2) = n. In [24], it is shown that if f is also
logconcave, thenany level setL containsa ball of radius
� f (L )=e. Thus,if a logconcavefunctionis isotropicthan
it is also(8e)-round.

3 Analysisof the hit-and-run walk

The hit-and-runwalk for an integrable, nonnegative
functionf in Rn is de�ned asfollows:

� Pick a uniformly distributed randomline ` through
thecurrentpoint.

� Move to a randompoint y along the line ` chosen
with densityproportionalto f (restrictedto theline).

It is well-known that the stationarydistribution of this
walk is � f . Our goal is to boundtherateof convergence.
Wewill usetheconductancetechniqueof JerrumandSin-
clair [11] asextendedto thecontinuoussettingby Lovász
andSimonovits [23]. Thestatespaceof hit-and-runis the
supportK of f . For any measurablesubsetS � K and
x 2 K , we denoteby Px (S) the probability that a step
from x goesto S. For 0 < � f (S) < 1, theconductance
� (S) is de�ned as

� (S) =

R
x 2 S Px (K n S) d� f

minf � f (S); � f (K n S)g
:

In words,thisis theprobabilityof goingfromS to itscom-
plementin onestep,given thatwe startrandomlyon the
sideof smallermeasure.Then,if � is theminimumcon-
ductanceoverall measurablesubsets,O(1=� 2) is abound
onthemixing time(roughlyspeaking,thenumberof steps
requiredto halve the distanceto the stationarydistribu-
tion).

At a high level, theanalysishastwo parts: (i) “large”
subsets(under the measurede�ned by f ) have large
boundariesand(ii) pointsthatare“near” theboundaryare
likely to crossfrom asubsetto its complementin onestep.
The�rst partwill begivenby anisoperimetricinequality.
In fact,we will usetheweightedinequalitydevelopedin
[26], quotedbelow. This geometricinequalityis indepen-
dentof any particularrandomwalk. It is thesecondpart
that is quitedifferentfor differentrandomwalks. It con-
sistsof connectingappropriatenotionsof geometricdis-
tanceand probabilisticdistanceby a careful analysisof
singlestepsof therandomwalk.

Theisoperimetricinequalitybelow usesthecross-ratio
distancede�ned asfollows. For two pointsu; v in a con-
vex bodyK , let p;q be theendpointsof the line through
u; v so that they appearin the orderp;u; v; q. Then the
cross-ratiodistanceis

dK (u; v) =
ju � vjjp � qj
jp � ujjv � qj

:

Theorem3.1([26]) Let K be a convex bodyin Rn . Let
f : K ! R+ be a logconcavefunction,� f be thecor-
respondingdistribution andh : K ! R+ , an arbitrary
function. Let S1; S2; S3 be any partition of K into mea-
surablesets.Supposethat for anypair of pointsu 2 S1
andv 2 S2 andanypoint x on thechord of K throughu
andv,

h(x) �
1
3

min(1; dK (u; v)) :

Then

� f (S3) � Ef (h(x)) minf � f (S1); � f (S2)g:

For a function f in Rn , let � `;f be the measureinduced
by f on the line `. For two points u; v 2 Rn , let ` be
the line throughthem, ` � be the semi-linestartingat u
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not containingv and`+ be thesemilinestartingat v not
containingu. Thenthef -distanceis

df (u; v) =
� `;f ([u; v])� `;f (`)
� `;f (` � )� `;f (`+ )

3.1 The smoothnessof singlesteps

As in [20, 26], atapointx, wede�ne thestep-sizeF (x)
by

P (jx � yj � F (x)) =
1
8

;

wherey is a randomstepfrom x. Next, we de�ne

� (x; t) =
vol((x + tB ) \ L ((3=4)f (x)))

vol(tB )

and

s(x) = supf t 2 R+ : � (x; t) � 63=64g:

Finally, wede�ne � (x) to bethesmallestt � 3 for which
a hit-and-runstepy from x satis�esP(f (y) � tf (x)) �
1=16. Thefollowing lemmawasprovedin [24].

Lemma 3.2([24])

� f (u : � (u) � t) �
16
t

:

Thenext two lemmasarefrom [26].

Lemma 3.3([26])

F (x) �
s(x)
64

:

Lemma 3.4([26]) Let f beanylogconcavefunctionsuch
that the level setof f of measure 1=8 containsa ball of
radiusr . Then

Ef (s(x)) �
r

210
p

n
:

Next we provea new lemmathatwill becrucial in ex-
tendingtheanalysisof hit-and-run.

Lemma 3.5 Let u; v 2 K , the supportof a logconcave
functionf andlet x 2 [u; v]. If s(x) � 4cju � vj

p
n for

somec � 1, then

df (u; v) �
1
c

and ju � vj �
maxf s(u); s(v)g

c
p

n
:

Proof. First supposedf (u; v) � 1=c. Let y; y0 be
the pointson the line `(u; v) at distance4cju � vj from
x. From the de�nition of df andthe logconcavity of f ,
minf f (y); f (y0)g � f (x)=2. Assumef (y) � f (x)=2.
Let H bea supportingplaneat y of thelevel setL (f (y)) .
In theball of radius4cju � vj

p
n aroundx, thehalfspace

boundedby H not containingx cutsoff at least1=16th

of the volumeof the ball; further, eachpoint in the sep-
aratedsubsethasfunctionvalueat mostf (y) � f (x)=2.
Therefore,s(x) < 4cju � vj

p
n.

Supposethat ju � vj � maxf s(u); s(v)g=c
p

n. We
may supposethat f (u) � f (x) (one of u; v has func-
tion valueatmostf (x)). Thelevel setL (3f (u)=4) misses
1=64 of the ball of radiuss(u) aroundu. Using Lemma
4.4 in [24], it missesat least3=4 of the ball of radius
4cju � vj

p
n > 4s(u) aroundu. Now considerballs of

radius4cju � vj
p

n aroundu andx. Theseballsoverlap
in at least1=2 of their volume. Therefore,the level set
L (3f (u)=4) missesat least1=4 of theball aroundx; since
f (u) � f (x), the level setL (3f (x)=4) � L (3f (u)=4)
and so L(3f (x)=4) also missesat least1=4 of the ball
aroundx. This contradictsthe assumptionthat s(x) �
4cju � vj

p
n. �

3.2 Conductanceand mixing time

For a point u 2 K , let Pu bethedistribution obtained
by takingonehit-and-runstepfrom u. Let � f (u; x) bethe
integralof f alongtheline throughu andx. Then,

Pu (A) =
2

n� n

Z

A

f (x) dx
� f (u; x)jx � ujn � 1 : (1)

Thenext lemmafrom [26] connectsgeometricdistance
with probabilisticdistance.

Lemma 3.6([26]) Letu; v 2 K . Supposethat

df (u; v) <
1

128ln(3 + � (u))

and
ju � vj <

1
4
p

n
maxf F (u); F (v)g:

Thendtv (Pu ; Pv ) < 1 � 1=500.

We arenow readyto provethemaintheorembounding
theconductance.

Theorem3.7 Let f bea logconcavefunctionin Rn such
that the level setof measure 1=8 containsa unit ball and
the supportK hasdiameterD . Thenfor any subsetS,
with � f (S) = p � 1=2, the conductanceof hit-and-run
satis�es

� (S) �
1

1013nD ln( nD
p )

:

Proof. Let K = S1 [ S2 bea partition into measurable
sets,whereS1 = S andp = � f (S1) � � f (S2). We will
provethat

Z

S1

Px (S2) dx �
1

1013nD ln nD
p

� f (S1) (2)

Considerthepointsthataredeepinsidethesesets:

S0
1 =

�
x 2 S1 : Px (S2) <

1
1000

�

5



and

S0
2 =

�
x 2 S2 : Px (S1) <

1
1000

�
:

Let S0
3 betheresti.e.,S0

3 = K n S0
1 n S0

2.
Suppose� f (S0

1) < � f (S1)=2. Then
Z

S1

Px (S2) dx �
1

1000
� f (S1 n S0

1) �
1

2000
� f (S1)

which proves (2). So we can assumethat � f (S0
1) �

� f (S1)=2 andsimilarly � f (S0
2) � � f (S2)=2.

Next, de�ne theexceptionalsubsetW assetof points
u for which � (u) is very large.

W =
�

u 2 S : � (u) �
227nD

p

�
:

By Lemma3.2, � f (W ) � p=223nD . Now, for any u 2
S0

1 n W andv 2 S0
2 n W ,

dtv (Pu ; Pv ) � 1 � Pu (S2) � Pv (S1) > 1 �
1

500
:

Thus,by Lemma3.6,

df (u; v) �
1

128ln(3 + � (u))
�

1

212 ln nD
p

or

ju � vj �
1

4
p

n
maxf F (u); F (v)g:

By Lemma3.3,thelatterimpliesthat

ju � vj �
1

28
p

n
maxf s(u); s(v)g:

Now applying Lemma3.5, in either case,for any point
x 2 [u; v], we have

s(x) � 214 ln
�

nD
p

�
ju � vj

p
n

� 214 ln
�

nD
p

�
dK (u; v)D

p
n:

To applyTheorem3.1,we de�ne

h(x) =
s(x)

216D
p

n ln nD
p

andconsiderthe partition S0
1 n W , S0

2 n W andthe rest.
Clearly, for any u 2 S0

1 n W; v 2 S0
2 n W andx 2 [u; v],

we haveh(x) � dK (u; v)=3. Thus,

� f (S0
3) � Ef (h)� f (S0

1 n W )� f (S0
2 n W ) � � f (W )

�
1

229nD ln nD
p

� f (S1):

Herewe have usedLemma3.4andtheboundon � f (W ).
Therefore,

Z

S1

Px (S2) dx �
1
2

�
1

1000
� f (S0

3)

�
1

1013nD ln nD
p

� f (S1)

whichagainproves(2) �

3.3 Mixing time

Whenthe supportof f is boundedby a ball of radius
R, theboundon themixing time in Theorem1.1 follows
by applyingCorollary 1.6 in [23] with p = "=2M and
D = 2R=r in theexpressionfor conductance.

Now let Ef (kx � zf k2) � R2. Weconsidertherestric-
tion of f to theball of radiusR ln(4e=p) aroundthecen-
troid zf . By Lemma5.17in [24], themeasureof f outside
this ball is at mostp=4. In the proof of the conductance
bound,we canconsidertherestrictionof f to this set. In
theboundon theconductancefor a setof measurep, the
diameterD is effectively replacedby R ln(4e=p), i.e., for
any subsetof measurep, theconductanceis at least

� (p) �
cr

nR ln(nR=rp) ln(4e=p)

wherec is a �x edconstant.Theboundonmixing follows
by applyingCorollary1.6in [23] with p = "=2M .

4 Integration

The algorithmcanbe viewedasa generalizedversion
of simulatedannealing.To integratef , we startwith the
constantfunction over K , the supportof f , and slowly
transformit into f via a sequenceof m = O� (

p
n) log-

concave functions. In eachstep, we computethe ratio
of consecutive integralsby sampling. Multiplying all of
theseandthevolumeof K , we getouranswer.

In the descriptionbelow, we assumethat f is well-
rounded.We restrictf to a ball of radiusO(

p
n ln(1="))

and to the larger of the level sets L (f (x0)=2) and
L(max f =e� 2n � 2 ln (1=" ) ). By Lemma6.13 of [24], this
restrictionremovesa negligible part of the integral of f .
The algorithm usesan upper bound B on the quantity
ln(max f =min f ). We can set B = 2n + 2ln(1=") +
n ln(1=� ) where the initial point x0 satis�es f (x0) �
� n max f .
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Integration algorithm:

I0. Setm = d
p

n ln B e; k = 512
" 2

p
n ln B . Let K be

thesupportof f andf 0 betheindicatorfunctionof
K . For i = 1; : : : ; m � 1, let

ai =
1
B

�
1 +

1
p

n

� i

andf i (x) = f (x)a i

andf m (x) = f (x).

I1. Let W0 = vol(K ) or anestimateof vol(K ) using
thealgorithmof [25]. Also, let X 1

0 ; : : : ; X k
0 bein-

dependentuniformrandompointsfrom K .

I2. For i = 1; : : : ; m, do thefollowing.

— Run the sampler k times with target den-
sity proportional to f i � 1 and starting points
X 1

i � 1; : : : X k
i � 1 to get independentrandompoints

X 1
i ; : : : ; X k

i .

— Usingthesepoints,compute

Wi =
1
k

kX

j =1

f (X j
i )a i � a i � 1 :

I3. ReturnW = W0W1 : : : Wm .

To prove Theorem1.3 we will show that (i) the estimate
is accurate(Lemma4.2) and(ii) useTheorem1.1 to en-
surethat eachsampleis obtainedusingO(n3 ln5(n="))
steps;this is implied by (a) samplesfrom eachdistribu-
tion providea goodstartto samplingthenext distribution
(Lemma4.3) and(b) the densitybeingsampledremains
O(ln(1=")) -round(Lemma4.4). Thenext lemmais anal-
ogousto Lemma4.1 in [25] with similar proof. In this
section,we let Z (a) denote

R
Rn f (x)a dx.

Lemma 4.1 Let X be a randompoint with densitypro-
portional to f i � 1 andde�ne Y = f i (X )=f i � 1(X ). Then
E(Y ) = Z (ai )=Z (ai � 1) andE(Y 2) � eE(Y)2.

Proof. The �rst part is straightforward. For the second
we have

E(Y 2) =
Z

f (X )2a i � 2a i � 1

�
f (X )a i � 1

R
f (x)a i � 1 dx

�
dX

=
Z (2ai � ai � 1)

Z (ai � 1)
:

Now by Lemma2.1,an Z (a) is logconcaveandso

(2ai � ai � 1)n Z (2ai � ai � 1)an
i Z (ai � 1) � a2n

i Z (a):

Using this, andthe fact that ai = ai � 1(1 + 1=
p

n), we

have

E(Y 2)
E(Y )2 =

Z (2ai � ai � 1)Z (ai � 1)
Z (ai )2

�
�

a2
i

(2ai � ai � 1)ai � 1

� n

=

0

B
@

�
1 + 1p

n

� 2

�
1 + 2p

n

�

1

C
A

n

�
�

1 +
1
n

� n

� e:

�

Lemma 4.2 With probabilityat least3=4, theestimateW
satis�es

(1 � " )
Z

f � W � (1 + ")
Z

f :

Proof. For i = 1; : : : ; m, let Ri = Z (ai )=Z (ai � 1) and
for j = 1; : : : ; k, let Y j

i = f (X j
i )a i � a i � 1 . ThenE(Y j

i ) =
Ri andby Lemma4.1,E((Y j

i )2) � eR2
i . Also, E(Wi ) =

Ri andassumingtheY i
j 's areall independent,

E(W 2
i ) �

�
1 +

e � 1
k

�
R2

i :

Finally, E(W ) = vol(K )� m
i =1 E(Wi ) =

R
Rn f (x) dx and

E(W 2) �
�

1 +
e � 1

k

� m

E(W )2:

This impliesVar(W ) � (" 2=32)E(W )2 andfrom this the
lemmafollows.

Therearetwo technicalissuesto dealwith. The �rst
is thatthedistributionof eachX j

i is notexactly thetarget
but closeto it. Thesecondis that theX j

i 's (andtherefore
theY j

i 's)areindependentfor a�x edi but not for different
i . Both issuescanbehandledin a manneridenticalto the
proofof Lemma4.2in [25], the�rst usingacouplingtrick
andthesecondby boundingthedependence. �

Lemma 4.3 For i = 0; : : : ; m, let � i be the distribution
with densityproportionalto f (x)a i . Thend2(� i � 1; � i ) �
e andd2(� i ; � i � 1) � 4.

Proof.

d2(� i � 1; � i )

=
Z

f (x)a i � 1 =
R

f (x)a i � 1 dx
f (x)a i =

R
f (x)a i dx

f (x)a i � 1

R
f (x)a i � 1 dx

dx

=

R
f (x)2a i � 1 � a i dx

R
f (x)a i dx

�R
f (x)a i � 1 dx

� 2

=
Z (2ai � 1 � ai )Z (ai )

Z (ai � 1)2 �
�

a2
i � 1

(2ai � 1 � ai )ai

� n

� 4:
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Ontheotherhand,asin theproofof Lemma4.2,

d2(� i ; � i � 1) =
Z (2ai � ai � 1)Z (ai � 1)

Z (ai )2 � e

�

Lemma 4.4 For i = 0; : : : ; m, thedistribution � i corre-
spondingto f i is O(ln (1=")) -round.

Proof. By assumption,f m (x) = f (x) is well-rounded
andcontainedin a ball of radiusO(

p
n ln(1=")) . Thus,

eachf i is containedin this ball and so it follows that
E(jxj2) = O(n ln2(1=")) for thedistribution correspond-
ing to eachf i .

Now considerthelevel setL = L f (t) of measure1=8.
By assumption,thiscontainsaball of radiusequalto some
constantc. As we move throughthe sequenceof func-
tions, f m ; f m � 1; : : : ; f 1, the measureof L is decreasing
andsofor eachof them,L is containedin thelevel setof
measure1=8 which meansthis level setcontainsa ball of
radiusc. �

5 Optimization

In this section,we give an algorithm for �nding the
maximumof a logconcave function f , given accessto f
by meansof anoraclethatevaluatesf atany desiredpoint
x anda startingpoint x0 with f (x0) � � n max f . The
algorithmcanbeviewedassimulatedannealingin a con-
tinuoussettingandis suggestedin [16] andanalyzedfor
the specialcasewhenf (x) = e� aT x for somevectora.
Herewe considertheproblemof maximizinganarbitrary
logconcavefunction.Thisis equivalentto �nding themin-
imum of a convex function g(x) by consideringthe log-
concavefunctione� g(x ) .

We restrict the support of the function f to K =
f yjf (y) � f (x0)=2g. In the descriptionbelow, B is
an upperboundon ln(max f =min f ). It will suf�ce to
useB = n ln(2=� ) from our assumptionthat f (x0) �
� n max f .

Optimization algorithm:

O1. Setm = d
p

n ln 2B (n +ln(1 =� ))
" e; k = dC0n ln5 ne

andfor i = 1; : : : ; m, let

ai =
1
B

(1 +
1

p
n

) i and f i (x) = f (x)a i :

Also X 1
0 ; : : : ; X k

0 areindependentuniformrandom
pointsfrom K andT0 is their covariancematrix.

O2. For i = 1; : : : ; m, do thefollowing:

— Getk independentrandomsamplesX 1
i ; : : : ; X k

i
from � f i usinghit-and-runwith covariancematrix
Ti andstartingpointsX 1

i � 1; : : : ; X k
i � 1 respectively.

— Set Ti +1 to be the covariance matrix of
X 1

i ; : : : ; X k
i .

O3. Outputmaxj f (X j
m ) anda point X j

m thatachieves
themaximum.

We generateuniform randompoints from K , required
in the �rst step(O1), as in [25], by putting K in near-
isotropicposition.

It is clear that the numberof phasesof the algorithm
is O� (

p
n). To proveTheorem1.4,we needto show that

(i) thelastdistribution is concentratednearthemaximum,
(ii) samplesfrom thei ' thphaseprovideagoodstartfor the
next phase,i.e., d2(� i ; � i ) is boundedand(iii) the trans-
formationTi keepsf i near-isotropicandthusthetimeper
sampleremainsO� (n3).

Of these,(ii) is alreadygivenby Lemma4.3. Thenext
lemmaestablishes(i).

Lemma 5.1 For any" > 0, with

m �
p

n ln
2B (n + ln(1=� )

"
;

for a randompoint X drawnwith densityproportionalto
f m , wehave

P(f (X ) < (1 � " ) max f ) � �
�

2
e

� n � 1

:

Proof. LetX bearandompointfrom� f m . Wecanbound
thedesiredprobabilityasfollows:

P(f (X ) < (1 � " ) max f )
= P(f (X )am < (1 � " )am (max f )am )
= P(f m (X ) < (1 � " )am max f m )

� P(f m (X ) < e� 2(n +ln (1=� ) max f m ):

Now we useLemma5.16 from [24] which saysthat for
� � 2 (sincef m is logconcave),

P(f m (X ) < e� � (n � 1) max f m ) � (e1� � � )n � 1

to getthebound. �

Finally, thenear-isotropy is derivedusingthefollowing
lemmafrom [16].
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Lemma 5.2([16]) Let � and � be logconcavedensities
with centroids z� andz� , respectively. Thenfor anyc 2
Rn ,

E� ((c � (x � z� ))2) � 16d2(�; � )E� ((c � (x � z� ))2)

We applythis to � = � i +1 and� = � i after thetrans-
formationTi . By Lemma2.2, the transformationTi puts
� i in 2-isotropicpositionwith highprobability. Usingthis
andthe secondinequalityof Lemma4.3, we get that for
any c 2 Rn ,

E� i +1 ((c � (x � z� i +1 ))2) � 128:

Reversingtherolesof � and� in Lemma2.2givesalower
boundand provesthat � i +1 is 128-isotropic. Thus, the
complexity of samplingis O(n3 ln5 n) (it suf�ces to set
the desiredvariationdistanceto the targetdistribution to
be1=poly(n)).

6 Rounding

Theoptimizationalgorithmof theprevioussectioncan
be usedto achieve near-isotropicposition,by startingat
theuniformdensityandstoppingwith f m = f . Thetrans-
formation Tm +1 will put f in 2-isotropic position with
high probability. The algorithmusesonly a function or-
aclebut requiresO� (n4:5) steps.Herewe give an algo-
rithm that requiresonly O� (n4) steps,but assumingwe
aregivenapointx � wheref is maximized(wewill hence-
forth assumethatx � = 0).

Theorem6.1 Any logconcavefunction f can be put in
near-isotropicpositionusingO� (n4) oraclecalls,givena
point thatmaximizesf .

The algorithmis similar to that for a convex body given
in [25]. Themaindifferenceis thatinsteadof a pencilwe
usea log-pencilwhich is the function G : Rn +1 ! R+
de�ned as

G(x0; x) =

8
<

:

f (x) if 0 � x0 � 2B and
ln f (x) � ln max f � x0;

0 otherwise.

Here B is an upper bound on ln(max f =min f ). In
words, the cross-sectionof G at x0 is the level set
L f (max f =ex 0 ). It is easyto seeG is alsologconcave.

For i = 1; : : : ; m, de�ne Gi asthe restrictionof G to
thehalfspacef (x; x0) : x0 � 2i=B g andGm = G. The
algorithmmakestheGi 's isotropicsuccessively. In most
phasesit only needsO� (1) new samplesandonceevery
n phasesit usesO� (n) new samples. OnceG is near-
isotropic,onemoreroundof samplescanbeusedto make
f near-isotropicin Rn .
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equalityII, Acta Sci.Math. Szeged33 (1972),217–
223.

[19] L. Lovász:How to computethevolume?Jber. d. Dt.
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