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Abstract

We prove that the hit-and-runrandomwalk is rapidly
mixing for an arbitrary logconcavedistribution starting
from any point in the support. This extendsthe work of
[26], whele thiswasshownfor animportantspecialcase
and settlesthe main conjectue formulatedthere. From
this result, we derive asymptoticallyfaster algorithmsin
thegenerl oracle modelfor sampling rounding integra-
tion andmaximizatiorof logconcavdunctions,jmproving
or genealizing the main resultsof [24, 25, 1] and [16]
respectivelyThealgorithmsfor integration and optimiza-
tion bothusesamplingandare surprisinglysimilar.

1 Intr oduction

Given a real-waluedfunctionf in R", computingthe
integral of f and nding a point that maximizesf are
two fundamentablgorithmic problems. They includeas
specialcasesthe famousproblemsof computingthe vol-
umeof aconvex body (heref is theindicatorfunction of
the corvex body) andminimizing a linearfunctionovera
corvex set(heref is equalto thelinearfunctionoverthe
corvex setandin nity outside). In this generalsetting,
the compleity of an algorithm can be measuredy the
numberof function evaluations(*“membershipqueries”).
Both problemsare computationallyintractablein general
[7, 2, 5, 17] andthe questionof understandinghe setof
functionsfor which they aresolvablein polynomialtime
hasreceived muchattentionover the pastfew decades.

In a breakthroughpaper Dyer, FriezeandKannan([6]
gave a polynomial-timealgorithm(O (n23)) for the spe-
cial caseof computinghevolumeof acorvex body. Many
improvementdollowed[1, 19, 21, 23, 5, 14, 25], themost
recentreducingthe complexity to O (n*). Applegateand
Kannan[1] gave an algorithmfor the integrationof log-
concae functions(with mild smoothnesassumptionskya

commongeneralizatiorof corvex bodiesand Gaussians.

The driving ideabehindall theseresultsis randomsam-
pling by geometricandomwalks. Unlike volumecompu-
tation, therehasnot beenmuchimprovementin the com-
plexity of integrationandthe currentbestfor generalog-
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concae functionsis still O (n'°) from [1] (the O no-
tationsuppressethe dependencen errorparametersind
logarithmicterms).

For minimizing a convex function over a corvex set
(equivalent to maximizing a logconcae function), the
original solution was the deterministicellipsoid method
[1Q]. Thecurrentbestalgorithmis basedon samplingby
arandomwalk andits compleity is O (n®) [3] (with a
separatiororacle,the compleity is O (n) [30, 3]). This
hasrecentlybeenimprovedto O (n“%) for minimizing a
linearfunctionoveracorvex set[16].

The classof functionsfor which eitherintegration or
optimizationcanbe achievedin (randomizedpolynomial
time is currently determinedby efcient samplingfrom
thedistribution whosedensityis proportionalto the given
function. In [24], it is shown that arbitrary logconcae
functionscan be sampledusingthe ball walk or the hit-
and-runwalk. However, thewalksareprovedto berapidly
mixing only from a warm start,i.e., a distribution that is
alreadycloseto the tarmget. This requirementeadsto a
considerableoverheadin the algorithm (and, of course,
in the analysis).For the ball walk, sucha requiremenis
unavoidablein general—themixing ratedependgolyno-
mially on the “distance”betweerthe startandtargetdis-
tributions(seeSectionl.2).

On the other hand, the hit-and-runalgorithm, which
seemgo be the fastestsamplingalgorithmin practice,is
conjecturedo berapid-mixingfrom ary startingdistribu-
tion (includingonethatis concentrated@n a singlepoint);
morepreciselythedependencen thedistanceo the sta-
tionary distribution could be logarithmic An important
step towards proving this conjecturewas taken in [26]
whereit wasproved for the specialcasewhenthe target
distribution is anexponentiaffunctionoveracorvex body
(which includesthe uniform density). This resultplaysa
key role in the latestvolume algorithm [25] and alsoin
a fasteralgorithm for minimizing a linear function over
a convex set[16]. The major hurdlein extendingthese
algorithmsto integrationand optimizationof logconcae
functionsis the lack of a provably rapid-mixingrandom
walk with a similar mild (logarithmic)dependencen the
start.



1.1 Computational model

First, let us have a brief discussiorof the caseof con-
vex bodies.Oneusualde nition of mixing timeis to take
theworststartingpoint, but we cannotusethis here.Sup-
posethatwe wantto samplefrom the unit n-cubeandwe
startat a vertex or in nitesimally closeto it. Then,for
eachof thealgorithmsconsideredgofar, it takesabout2"
time beforethe orthantin which a nontrivial stepcanbe
madeis recognizedsinceour only accesgo thebodyis a
membershipracle.

Oneconsequencef thisis thatif we wantpolynomial
boundsin the dimensionn, we have to eitherprovide in-
formationaboutthe startingpoint, say by takinginto ac-
countthe distanceof the point to the boundary Else,we
canstartfrom arandompointfrom adistribution whichis
sufciently spreadut. A strongversionof this secondap-
proachis warm start, whenwe assumehe densityof the
startingdistribution relative to the stationarydistribution
is atmost2.

A theoremof Aldous and Diaconisguaranteeshat if
the distanceof the distribution after mqy stepsfrom the
stationarydistribution from any starting point is lessthan
1=4, thenafter m stepsit is lessthan2 ™="o: put this
gives very poor boundshere becauseof “bad” starting
points. So polynomiality in jlog"j (where" is the dis-
tancewe want)is anissuehere.

To bemorepreciseaconvex bodysamplingproblemis
givenby

(CS1)a corvex body K R", which is givenby a
membershipracle togethemwith two “guaranteest and
R thatit containsa ball with radiusr andit is containedn
aball with radiusR;

(CS2)a startingpointag 2 K, togetherwith a “guar
antee’d > OsuchthatB(ap;d) K;

(CSs3)anerrorbound" > 0, describinghow closethe
samplepoint's distribution mustbe to the uniform distri-
butiononK (in total variationdistance).

Insteadof (CS2),we couldhave

(CS2") arandomstartingpointag 2 K, togetherwith
a “guarantee’™ 1 suchthatthe densityof the distri-

bution of ag is boundedby M (relative to the uniform
densityonK)
or

(CS2Marandomstartingpointag 2 K , togethemwith a

parameteM 1 suchthatthedensityof the distribution
of ag isboundedy M exceptin asubset with (S)
"=2.

It turnsout the (CS2") is the mostuseful versionfor
applications.

More generally we considerthe problemof sampling
from alogconcae distribution. To statethe problemfor-
mally, we consideralogconcae functionf : R" ! R+;
it will be corvenientto assumehatf hasaboundedsup-
port, so that theres a corvex body K suchthatf = 0
outsideK . |¥Ve conﬁ'derthe distribution ; de ned by

F(X) = f rn [ . Sof is proportionalto the
density function of the distributiof, but not necessarily
equal,i.e., we don't assumeghat f = 1. We'll need

thelevel setslga) = fx 2 R" : f (x) ag. Thecentoid
of ¢isz = Rxd  (X) = E(x), andthevarianceof ¢
isVar( ¢)= kx zk®d ¢ = E(kx zKk?).

This samplingproblemis givenby:

(LS1) anoraclethatevaluates atary givenpoint, to-
getherwith “guarantees'that the distribution is neither
too spreadout nor to concentratedthis will be given by
r;R > Osuchthatif ;(L(c)) 1=8thenL(c) contains
aball of radiusr, andthevarianceof ; is at mostR2.

(LS2) astartingpointag 2 R", togethemwith a “guar
antee”d > 0 suchthatay is atdistanced from the bound-
ary of the level setL(f (ap)=2) and anotherguarantee

> 0 suchthatf (ap) " maxf .

(Ls3)anerrorbound" > 0, describinghow closethe
samplepoint's distribution mustbe to the target distribu-
tion ¢ (in totalvariationdistance).

Again, we couldreplace(LS2) by the assumptiorthat
we have

(LS2") arandomstartingpoint apg from a distribution

,anda“guaranteeM  lsuchthatd =d 1 M
or evenmoregenerally
(LS2") arandomstartingpoint ag from a distribution
, and a “guarantee”M 1 suchthatd =d M
exceptfor asetS with (S) "

The samplingalgorithmwe analyzeis the hit-and-run
walk in R", which we startat a; andstopafterm steps
(seesection3 for thede nition). Let ™ denotethe dis-
tribution of the lastpoint. We saythatthewalk is rapidly
mixingif for somem polynomialin n, logR, logr, log",
logdandlog (orlogM),dy( ¢; ™) "

1.2 Results

In this paperwe rst shav thathit-and-runappliedto
ary logconcae function mixesrapidly. The mixing time
isO (n®) afterappropriateormalization(to bediscussed
shortly). It is worth noting that this is the rst random
walk provento berapidlymixing (in thesenseabove)even
for the specialcaseof corvex bodies. (Strictly speaking,
the otherwell-known walks,namelythe ball walk andthe
latticewalk ([8, 9]), arenotrapid-mixing.)

Theorem 1.1 Letf bealogconcavdunctionin R", given
in thesenseof (LS1),(LS2") and(LS3). Thenfor

m > 10%°

n2R2 M nR M
——In* ——1n® —;
r r

thetotal variationdistanceof ™ and ¢ islessthan2".

Remarks: 1. If insteadof aboundon the momentE(jx

zt j%) we have the strongerconditionthatthe supportof f
is containedn a ball of radiusR, thenthe boundon the
mixing time is smallerby a factorof In?(M =").

2. The condition(LS2") captureghe settingwhenL ;
distance(seeSection2) betweerthe startandtargetden-
sitiesis bounded.

3. This resultimproveson the main theoremof [24]
by reducingthe dependencen M and" from (M =")%
to polylogarithmic. For the ball walk, somepolynomial



dependencenM isunavoidable.(considee.g.,astarting
distribution thatis uniformin the setof pointswithin =2
of the apex of arotationalcone,where is the radiusof
theball walk).

To analyzehit-and-runstarting at a single point, we
take onestepandthenapplythetheoremabove to thedis-
tribution obtained.

Corollary 1.2 Let f be a logconcavefunctionin R",
givenin thesenseof (LS1),(LS2)and (LS3). Thenfor

n3R? nR?2
m > 103 In® ——;
r2 "rd

thetotal variationdistanceof ™ and ; islessthan".

Theboundabove doesnotimply rapid-mixing,because
thenumberof stepds polynomialin R=r, ratherthanin its
logarithm. W%call a logconcae function well-rounded
if R=r = O(" n). In therestof this introduction, we
assumethat our logconcae functionsare well-rounded.
In this case our algorithmsare polynomial,andthe (per
hapsmost interesting)dependencen the dimensionis
O (n®). Everylogconcae function canbe broughtto a
well-roundedpositionby an af ne transformatiorof the
spacean polynomialtime (we'll returnto this shortly).

With this ef cient samplingalgorithmat hand,we turn
to the problemsof integration of logconcae functions,
perhapsthe mostimportantproblemconsiderechere, at
leastfrom a practical viewpoint. The idea for integra-
tion, rst suggestedn [22], canbe viewed asa general-
ized versionof the methodcalled simulatedannealingin
acontinuoussetting.We considera sequencef functions
of the form f (x)*=T whereT, the “temperature” starts
very high (which meanghe correspondinglistribution is
nearlyuniform overthe supportof f ) andis reducedo 1.
We will seeshortlythatthe sameideais alsosuitablefor
maximizationof logconcae functions.

Theorem1.3 Letf be a well-roundedlogconcavefunc-
tion givenby a samplingoracle Given"; > 0, wecan
computea numberA sud that with probability at least

1, z z
@a " f A @+ f

andthenumberof oraclecallsis

n4

7N _ 4y.
O zlog = =0 (n%):

In [25], it wasshowvn thata corvex body canbe putin
nearisotropicposition (which implies well-roundedness,
seeSection2) in O (n*) steps.In Section6, we give an
algorithmto putanarbitrarylogconcae functionin near
isotropic positionin O (n*) steps. However, this algo-
rithm (asprevious algorithms)requiresthe knowledgeof
apointwheref is (approximately)maximized(astronger
versionof (LS2)). In mary casessucha pointis much
easierto nd. If onehasasepaationoraclefor f , which,
givenapointx, returnsahyperplanghatseparates from

pointsthatattainthemaximum(e.g.atangeniplaneto the
level setL (f (x))), thenthe maximizationproblemcanbe
solvedusingO (n) oraclecalls[3, 30]. Thisgivesaninte-
grationalgorithmof compleity O (n#) for arbitrarylog-
concaze functions,improving on the O (n*%) algorithm
of ApplegateandKannan.

It is, however, possiblethatthe only accesgo f is via
an oraclethat evaluatesf at a given point. In this set-
ting, the maximizationproblemseemsnoredif cult. Our
lastresultis an algorithmfor this problem. The ideafor
maximization,describedn [16] andearlierfor amorere-
strictedsettingin [15], is againsimulatedannealing:we
considera sequencef functionsf (x)*=T whereT starts
very high (so the distribution is close to uniform) and
is reducedill thedistributionis concentratedufciently
closeto points that maximizef (so, unlike integration,
we do not stopwhenT = 1 but proceedfurthertill T
is sufciently closeto zero). The resultingalgorithmcan
be viewed as an interior-point methodthat requiresonly
O (" n) phasesBy usingf (x) = e 9X) wegetanalgo-
rithm for minimizing ary cornvex functiong overa convex
body.

Theorem 1.4 For anywell-roundedlogconcavefunction
f,given"; > 0andapointxg withf (Xg) " maxf,
wecan nd a pointx in O (n*%) oracle calls sud that
with probability atleastl

f(x) (@ ")maxf

andthedependencen”, and

nomialin In(1=" ).

is boundedby a poly-

This ilaproveson the previous bestalgorithm[3] by a
factorof = n.

2 Preliminaries

We measurehe distancebetweentwo distributions
and in two ways,by thetotal variation distance

z

do( ;)= 2

> an () (9idx;

andthel , distance

() :
w0 8O

A functionf : R" ! R, is saidto belogconcavsf
f(x +(@ )  f(x) f(y)t foreveryx;y2 R"
and0 1. Gaussiansgxponentialsand indica-
tor functionsover corvex bodiesareall logconcae. The
product, minimum and corvolution of two logconcae
functionsis alsologconcae [4, 27, 18]. The last prop-
erty impliesthatany maminal of alogconcae functionis
alsologconcae. We will useseveralknown propertiesof
logconcae functions. The following propertyprovedin
[16] (avariantof alemmafrom [25]) will be usedmulti-
pletimes.

d2(; )=



Lemma2.1([16]) Letf bealogconcavdunctionin R".
Fora> 0, let
z
Z(a) =

f (x)2 dx:
Rn

Thena"Z (a) is alogconcavdunctionof a.

Thelevel setsof afunctionf aredenotedby L (t) =
fxjf(x) tgorjustL(t) whenthecontetis clear For
alogconcaef , thelevel setsareall convex.

A densityfunctionf is saidto bein isotropic position

if E; (x) = 0andE; (xxT) = |. Thesecondconditionis
equivalentto sayingthat
z

(VIx)%f (x)dx = 1
Rn

for any unitvectorv 2 R". Similarly, f is C-isotropicif
1 z
= (v (x zZ)(x)dx) C
C RI‘I

for any unit vectorv 2 R". For ary function, thereis
an af ne transformatiorthat putsit in isotropicposition.
An approximatiorto this canbecomputedrom arandom
sampleasimplied by combiningalemmafrom [28] with a
momentboundfrom [24] (seee.g.,CorollaryA.2in [16]).

We quoteit belov asatheorem.

Lemma 2.2 Letf bealogconcavdunctionin R" thatis
not concentatedon a subspacandlet X 1;::: X ¥ bein-
dependentandompointsfromthedistribution ;. Thee
is a constantCy sud thatif k > Cot2In n thenthetrans-
formationg(x) = T 172x whee

_1% i. _1>«
X=X T=o

i=1 i=1

(X' X)X oXx)T

putsf in 2-isotropic positionwith probability at least1
1=2".

A wealer normalizationwill also be useflry. We say
that a function f is C-round if R=r C" n where
R2 = E (jX  zj?) andthe level setof f of measure
1=8 containsa ball of radiusr. WhenC is a constantwe
saythatf is well-rounded For anisotropicfunctionf , we
have E; (jXj2) = n. In [24], it is shavn thatif f is also
logconcae, thenary level setL containsa ball of radius

¢ (L)=e Thus,if alogconcae functionis isotropicthan
it is also(8e)-round.

3 Analysis of the hit-and-run walk

The hit-and-runwalk for an integrable, nonneative
functionf in R" is de ned asfollows:

Pick a uniformly distributed randomline * through
thecurrentpoint.

Move to a randompointy alongthe line * chosen
with densityproportionalto f (restrictedto theline).

It is well-known that the stationarydistribution of this
walkis ;. Ourgoalisto boundthe rateof corvergence.
Wewill usetheconductancéechniqueof JerrumandSin-
clair [11] asextendedo the continuoussettingby Lovasz
andSimonurits [23]. The statespaceof hit-and-runis the
supportK of f. For ary measurablesubsetS K and
x 2 K, we denoteby Py (S) the probability that a step
fromx goesto S. For0 < ¢ (S) < 1, theconductance
(S) isde nedas

(s - s Px(KnS)d ¢
minf ¢ (S); (K nS)g’

In words,thisis theprobabilityof goingfrom S to its com-
plementin onestep,giventhatwe startrandomlyon the
sideof smallermeasureThen,if is theminimumcon-
ductanceoverall measurablsubsetsQ(1= ?) isabound
onthemixing time (roughlyspeakingthenumberof steps
requiredto halve the distanceto the stationarydistribu-
tion).

At ahigh level, the analysishastwo parts: (i) “large”
subsets(under the measurede ned by f) have large
boundariegnd(ii) pointsthatare“near”theboundaryare
likely to crossfrom a subseto its complemenin onestep.
The rst partwill begivenby anisoperimetricinequality.
In fact,we will usethe weightedinequalitydevelopedin
[26], quotedbelow. This geometridnequalityis indepen-
dentof ary particularrandomwalk. It is the seconcdpart
thatis quite differentfor differentrandomwalks. It con-
sistsof connectingappropriatenotionsof geometricdis-
tanceand probabilisticdistanceby a careful analysisof
singlestepsof therandomwalk.

Theisoperimetridnequalitybelon useshe cross-ratio
distancede ned asfollows. For two pointsu; v in acon-
vex bodyK , let p; g be the endpointsof the line through
u; v sothatthey appearin the orderp;u;v;q. Thenthe
cross-ratiadistancds

ju viip q.

jpujjv g

Theorem3.1([26]) LetK bea corvex bodyin R". Let
f . K ! R: bealogconcaveunction, ; bethecor-
respondingdistributionandh : K ! R, , anarbitrary
function. Let S1; S;; S3 be any partition of K into mea-
surable sets. Supposehat for any pair of pointsu 2 S;

andv 2 S, andanypointx onthechord of K throughu
andv,

dk (u;v) =

h(x) % min(1; dg (u;v)):

Then

1(S3)  E(h(x)) minf ¢ (S1); 1 (S2)a:

For a functionf in R", let -; bethe measurenduced
by f ontheline . For two pointsu;v 2 R", let " be
the line throughthem,™  be the semi-linestartingat u



not containingv and"* bethe semilinestartingat v not
containingu. Thenthef -distances

+ ([u; v])

N (
s ) o CF

dr (u;v) =

)
)
3.1 The smoothnesf singlesteps
Asin [20, 26], atapointx, wede ne thestep-sizé- (x)
by
. . 1
P(ix yi F() =g
wherey is arandomstepfrom x. Next, we de ne

vol((x + tB)\ L((3=4)f (x)))

(1) = vol(tB)

and

s(x) = supft 2 Ry @ (x;t)

Finally, wede ne (x) to bethesmallest
a hit-and-runstepy from x satis esP(f (y)
1=16. Thefollowing lemmawasprovedin [24].

Lemma 3.2([24])

63=64g:

3 for which
tf (x))

t(us () 1 —

t
Thenext two lemmasarefrom [26].

Lemma 3.3([26])

s(x)
F —
) 4
Lemma 3.4([26]) Letf beanylogconcavdunctionsud
that the level setof f of measue 1=8 containsa ball of
radiusr. Then
r
Er (s(x)) ﬁp_ﬁ:
Next we prove a nenv lemmathatwill becrucialin ex-
tendingthe analysisof hit-and-run.

Lemma3.5 Letu;v 2 K, the supportof a Iogclgncave
functionf andletx 2 [u;v]. If s(x) 4cju vj n for
somec 1, then

dr (u; V) I and ju vj maxf s{u); s(v)g.
¢ cn
Proof. First supposed; (u; v) 1=c. Lety;y° be

the pointson theline " (u; v) at distancedcju  vj from
X. Fromthe de nition of d; andthe logconcaity of f ,
minff (y);f (y9g  f(x)=2. Assumef (y) f(x)=2.
LetH beasupportinmlane%y of thelevel setL (f (y)).
In theball of radius4cju  vj n aroundx, the halfspace
boundedby H not containingx cuts off at least1=16th

of the volume of the ball; further, eachpointin the sep-
aratedsubsethasfunction V?Jlueatmostf (y) fx)=2
Therefores(x) < 4cju  vj n. p_

Supposehatju vj maxf s(u); s(v)g=c n. We
may supposethat f (u) f (x) (oneof u;v hasfunc-
tion valueatmostf (x)). Thelevel setL (3f (u)=4) misses
1=64 of the ball of radiuss(u) aroundu. UsingLemma
4.4in [ZAB, it missesat least3=4 of the ball of radius
4cju vj n > y:f‘i(u) aroundu. Now considerballs of
radius4cju  vj n aroundu andx. Theseballsoverlap
in at least1=2 of their volume. Therefore,the level set
L (3f (u)=4) missesatleastl=4 of theball aroundx; since
f(u) f(x), thelevel setL(3f (x)=4) L (3f (u)=4)
andso L (3f (x)=4) also missesat least1=4 of the ball
aroundx ., This contradictsthe assumptiorthat s(x)
4cju  vj n.

3.2 Conductanceand mixing time

For apointu 2 K, let P, bethedistribution obtained
by takingonehit-and-runstepfromu. Let ; (u; x) bethe
integral of f alongtheline throughu andx. Then,
2 z f (x) dx

Pu(A) = t (u; X)jx

N 1
Nhn oa ujn 1 @)

Thenext lemmafrom [26] connectgeometriadistance
with probabilisticdistance.

Lemma 3.6([26]) Letu;v 2 K. Supposehat

1

dr (U;v) < 128n3+ ()

and 1
ju vj< Zp—ﬁmafo(u);F(v)g:

Thendy (Py;Py) <1 1500

We arenow readyto prove the maintheorembounding
the conductance.

Theorem 3.7 Letf bealogconcaveunctionin R" sud
that the level setof measue 1=8 containsa unit ball and
the supportK hasdiameterD. Thenfor any subsetS,
with ¢(S) = p  1=2, the conductancef hit-and-run

satis es
1

) Totnp in(2)’

Proof. LetK = S;[ S, beapartitioninto measurable

setswhereS; = Sandp = (S;) £ (S2). We will
provethat
z 1
Py (S>) dx — (S 2
s X( 2) 1013nD |n % f( l) ( )

Considerthe pointsthataredeepinsidethesesets:

1
X2 S]_:PX(SQ)< —

0
St = 1000



and

1
SI= X2 Sy :Py(S1) < =
Let S? betheresti.e.,S3= K nS{nS).
Suppose ¢ (S9) < 1 (S1)=2. Then

z

L f (S1)

1 0
Px(S2)dx —— ¢(S1nSy) 2000

s, 1000

which proves (2). So we can assumethat ¢ (S?)
¢ (S1)=2andsimilarly ¢ (S9) ¢ (Sz)=2.
Next, de ne the exceptionalsubsetW assetof points
u for which (u) is verylarge.

227nD
p

W= u2S: (u

By Lemma3.2, (W)

p=22°nD. Now, for ary u 2
SYnW andv 2 SInw,

dv (Pu;Py) 1 Pu(S2) Pu(S1)>1 —:

500
Thus,by Lemma3.6,

dr (u;v) 1 1
s 128n(3+ (u) 22In™>
or 1
ju vj Zp_ﬁ maxf F (u); F (v)g:

By Lemma3.3,thelatterimpliesthat
ju vj 5 maxf s(u); s(v)g:

Now applyingLemma3.5, in either case,for any point
X 2 [u; V], we have

s(x)  24In % u vitn
2%In % dK(u;v)Dpﬁ:

To apply Theoren3.1,we de ne

()
h(X) = =5

0 215D " nin 13-

and considerthe partition S n W, S§ nW andthe rest.
Clearly forary u 2 S9nW;v 2 S?nW andx 2 [u; V],
wehaveh(x) dk (u;v)=3. Thus,

1(S3)  Er(h) 1(SPnW) ¢(S2nw)

1
oo (%)
p

t (W)

Herewe have usedLemma3.4 andtheboundon ¢ (W).
Therefore,

4
1

1 0
Py (S2) dx > 1000 f (S3)

1
10'3nD In %

S

t (S1)

whichagainproves(2)

3.3 Mixing time

Whenthe supportof f is boundedby a ball of radius
R, the boundon the mixing time in Theorem1.1 follows
by applying Corollary 1.6 in [23] with p = "=2M and
D = 2R=r in theexpressiorfor conductance.

Now letE; (kx  z k?)  R2?. Weconsidettherestric-
tion of f to the ball of radiusR In(4e=p aroundthe cen-
troid z; . By Lemmab.17in [24], themeasureff outside
this ball is at mostp=4. In the proof of the conductance
bound,we canconsidertherestrictionof f to this set. In
the boundon the conductancéor a setof measure, the
diameteD is effectively replacedy R In(4e=p), i.e., for
ary subsebf measure, theconductancés atleast

Cr

(P) NR In(nR=rp) In(4e=p

wherecis a x edconstant.The boundon mixing follows
by applyingCorollary1.6in [23] with p= "=2M .

4 Integration

The algorithmcanbe viewed asa generalizedrersion
of simulatedannealing.To integratef , we startwith the
constantfunction over K , the supportof f , arbd slowly
transformit into f via asequencef m = O (' n) log-
concae functions. In eachstep, we computethe ratio
of consecutie integralsby sampling. Multiplying all of
theseandthevolumeof K , we getouranswer

In the descriptionbelowv, we assumeth%tf is well-
rounded.We restrictf to aball of radiusO(" nIn(1="))
and to the larger of the level sets L(f (x9)=2) and
L(maxf=e 2" 2In(=")) By Lemma6.13of [24], this
restrictionremovesa negligible part of the integral of f .
The algorithm usesan upperbound B on the quantity
In(max f=minf). WecansetB = 2n + 2In(1=") +
nin(1= ) wherethe initial point xo satis esf (Xo)

" maxf .



Integration algorithm:

10. Setm = d" Aln Bek = 5.—.123pﬁInB. LetK be
thesupportof f andf o betheindicatorfunctionof
1, let

1+ pl—ﬁ andf(x) = f (x)®

W| =

ai=

andf m (x) = f (x).

I11. Let Wy = vol(K) or anestimateof vol(K ) using

— Run the samplerk times with target den-
sity proportional to f; ; and starting points
X1t 500Xk | to getindependentandompoints

13. ReturnW = WoW;:::Wp,.

To prove Theoreml1.3 we will shav that (i) the estimate
is accuratgLemmad.2) and (ii) useTheoreml.1to en-
surethat eachsampleis obtainedusing O(n? In°(n="))
steps;this is implied by (a) samplesfrom eachdistribu-
tion provide a goodstartto samplingthe next distribution
(Lemma4.3) and (b) the densitybeing sampledremains
O(In(1="))-round(Lemma4.4). Thenext lemmais anal-
ogousto Lemma4.1 in [25k with similar proof. In this
sectionwelet Z (a) denote ., f (x)*dx.

Lemma4.1 Let X be a randompoint with densitypro-
portionaltof; ; anddeneY = f;(X)=f; 1(X). Then
E(Y) = Z(a)=Z(a 1) andE(Y?) eE(Y)2.

Proof. The rst partis straightforward. For the second
we have
z
. f(X)a 2
2y — 2a; 2a; 1
E(Y?) f(X) F)™ T dx dXx
_Z(a & 1),
Z(a 1)

Now by Lemma2.1,a"Z (a) is logconcae andso
(Qa & 1)"Z(2a a 1)a'Z(a 1) a’Z(a):

Using this, andthe factthata; = a (1 + 1:IO n), we

have

E(Y?) _ Z(2a & 1)Z(ai 1)
E(Y)? Z(a)?
2 n
&
28 & 1)a
O( a; i ;)1 |n 1
1+ pL n
= %)7n ] 1+ % e:
1+ 2 n

Lemma 4.2 With probability at least3=4, theestimateN
satis es

Z Z
@a " f w @+ f:

Proof. Fori = 1;:::;m,letRi = Z(a)=Z(a 1) and
forj = 1;:::;k, letY! = f(X/)& & 1 ThenE(Y/) =
Ri andby Lemmad4.1,E((Y{)?) eR?2. Also, E(W;) =
Ri andassumingheY;''sareall independent,

e 1
k

E(W?) 1+ RZ:

Finally, E(W) = vol(K) M, E(W;) = RRn f (x) dx and

E(W?) 1+ ) E(W)?:

e 1
k
ThisimpliesVar(W)

lemmafollows.

Therearetwo technicalissuesto dealwith. The rst
is thatthe distribution of eachX ! is notexactly thetarget
but closeto it. Theseconds thatthexij 's (andtherefore
theYij 's)areindependentfor a x edi but notfor different
i. Bothissuesanbe handledn a manneridenticalto the

proofof Lemma4.2in [25], the rst usingacouplingtrick
andthe secondoy boundingthedependence.

"2=32)E(W)? andfrom this the

Lemma4.3 Fori = 0;:::;m, let ; bethedistribution
with densityproportionalto f (x)& . Thenda( i 1; i)
eanddz( i; i 1) 4

Proof.
dy( iZl; i) R | |
00 1=gf (0% *dx of (9
f(x)a= f(X&ai dx f(X)ai 1 dx
- f(x)Z'ii 1A gy f(x)ai dx
T 1dx 2
- Z(2a 1 @)Z(a&) ai2 1 n
Z(ai 1)? (2a 1 a)ai



Ontheotherhand,asin the proof of Lemma4.2,

Z(2a; & 1)Z(a 1)

da( s i 1) = Z@)?

spondingo f; is O(In(1="))-round.

Proof. By assumptionf m (x) = frgx) is well-rounded
and containedin a ball of radiusO(" niIn(1=")). Thus,
eachf; is containedin this ball and so it follows that
E(jxj2) = O(nIn?(1=")) for thedistribution correspond-
ing to eachf ;.

Now considerthelevel setL = L+ (t) of measurel=8.
By assumptionthis containsaball of radiusequalto some
constantc. As we move throughthe sequencef func-

andsofor eachof them,L is containedn thelevel setof
measurel=8 which meanshis level setcontainsa ball of
radiusc.

5 Optimization

In this section,we give an algorithm for nding the
maximumof a logconcae functionf , givenaccesso f
by meanf anoraclethatevaluated atary desiredooint
X anda startingpoint xo with f (Xg) "maxf. The
algorithmcanbeviewedassimulatedannealingn a con-
tinuoussettingandis suggestedn [16] andanalyzedfor

the specialcasewhenf (x) = e a"x for somevectora.
Herewe considerthe problemof maximizinganarbitrary
logconcaefunction. Thisis equivalentto nding themin-
imum of a corvex function g(x) by consideringthe log-

concaefunctione 9,

We restrict the supportof the function f to K =
fyjf (y) f (X0)=2g. In the descriptionbelow, B is
an upperboundon In(max f =min ). It will sufce to
useB = nIn(2= ) from our assumptiorthat f (xg)

" maxf .

Optimization algorithm:

p

01. Setm = d nin Z20*Q =) ok = dConIn® ne

02. Fori = 1;:::;m, dothefollowing:

— Set Tij+1 to be the covariance matrix of

X1 XKk,
03. Outputmax; f (X},) andapointX}, thatachieves
themaximum.

We generateuniform random points from K, required
in the rst step(0O1), asin [25], by putting K in near
isotropicposition.

It i%,clearthatthe numberof phasesf the algorithm
isO (" n). To prove Theoreml.4, we needto show that
(i) thelastdistribution is concentratedearthe maximum,
(i) sampledromthei'th phaseprovide agoodstartfor the
next phasej.e., dx( i; i) is boundedand(iii) thetrans-
formationT; keepd | nearisotropicandthusthetime per
sampleremainsO (n®).

Of these(ii) is alreadygivenby Lemma4.3. The next
lemmaestablishegi).

Lemmab5.1 For any" > 0, with
— + =
p =i 2B(n+ In(1 );

m |

for arandompoint X drawnwith densityproportionalto
fm, wehave

2n1

P(f(X)< (1 ")maxf)

Proof. LetX bearandompointfrom ¢ . Wecanbound
thedesiredprobability asfollows:

P(F(X)< (1 ")maxf)
= P(f(X)? < (1 ") (maxf)a@m)
=P(fm(X)< (@ ") maxfm)

P(fm(X) < e 2" =) maxfy,):

Now we useLemmab.16 from [24] which saysthat for
2 (sincef 1, is logconcae),

Pfm(X)<e " Ymaxfn) (e )"*

to getthebound.

Finally, thenearisotropy is derivedusingthefollowing
lemmafrom [16].



Lemmab5.2([16]) Let and be logconcavedensities
with centoidsz andz , respectively Thenfor anyc 2
R",

E((c (x z)? 16d(; )E((c (x z)?

We applythisto = 4 and = ; afterthetrans-
formationT;. By Lemma2.2, the transformationl; puts
i in 2-isotropicpositionwith high probability. Usingthis
andthe secondnequality of Lemma4.3, we getthat for
arnyc2 R",

E.(c(x z.,)%) 128

Reversingtherolesof and in Lemma2.2givesalower
boundand provesthat j.; is 128isotropic. Thus,the
complexity of samplingis O(n3In®n) (it sufces to set
the desiredvariationdistanceto the target distribution to
be 1=poly(n)).

6 Rounding

Theoptimizationalgorithmof theprevioussectioncan
be usedto achiere nearisotropic position, by startingat
theuniform densityandstoppingwith f , = f . Thetrans-
formation Try+1 will put f in 2-isotropic position with
high probability The algorithmusesonly a function or-
aclebut requiresO (n*®) steps. Herewe give an algo-
rithm that requiresonly O (n*) steps,but assumingwe
aregivenapointx wheref is maximized(wewill hence-
forthassumehatx = 0).

Theorem 6.1 Any logconcavefunctionf can be put in
nearisotropic positionusingO (n*) oraclecalls,givena
pointthat maximizeg .

The algorithmis similar to that for a convex body given
in [25]. Themaindifferenceis thatinsteadof a pencilwe
usea log-pencilwhich is the functionG : R"** | R,
de nedas

8

<f(x) if0O xo 2Band
G(Xo;X) = . Inf(x) Inmaxf Xp;

"0 otherwise.

Here B is an upper bound on In(maxf=minf). In
words, the cross-sectionof G at xg is the level set
Lt (maxf =€ ). It is easyto seeG is alsologconcae.

the halfspacd (x; o) : xo 272 gandG, = G. The
algorithmmakesthe G;'s isotropicsuccessiely. In most
phasest only needsO (1) new samplesandonceevery
n phasest usesO (n) new samples. OnceG is near
isotropic,onemoreroundof samplesanbeusedto make
f nearisotropicin R".
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