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G = loopless graph with verti
es 1; 2; : : : ; n
spanning forest: subgraph with verti
es1; : : : ; n and no 
y
les
spanning tree: 
onne
ted spanning forest
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Let 
(G) = number of spanning trees(or 
omplexity) of G.Origin (Kir
hho�). Suppose that ea
hedge of G is a unit resistan
e. Letu;v = distin
t verti
es of GRuv(G) = total resistan
e of the networkbetween u and vG0 = G with u and v identi�ed:Then Ruv(G) = 
(G0)
(G) :
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LetKn be the 
omplete graph on 1; : : : ; n.Thus 
(Kn) is the total number of treeson 1; : : : ; n.
Theorem (Bor
hardt, Sylvester, Cay-ley) 
(Kn) = nn�2.First proof (Joyal, 1981). The num-ber of ways to 
hoose a spanning treeT of Kn and two verti
es u and v isn2
(Kn).
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We get the graph of a fun
tionf : f1; : : : ; ng ! f1; : : : ; ng;i.e., i!f (i). There are nn su
h fun
-tions, so n2
(Kn) = nn:
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Se
ond proof (Pitman, 1997). LetRn be the set of all rooted forests on1; : : : ; n. De�ne F to 
over F 0 inRn ifF 0 
an be obtained from F by removingone edge e and rooting the \deta
hed"tree at the vertex in
ident to e.
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Rn be
omes a ranked poset. The el-ements of rank i are the rooted forestswith i edges.
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LetMn = #(maximal 
hains of Rn):Choose a maximal element of Rn in n �
(Kn) ways, then remove an edge in n�1 ways, then another edge in n�2 ways,et
. Hen
eMn = (n� 1)! � n � 
(Kn) = n! 
(Kn):
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Lemma. If F has i edges, then Fis 
overed by n(n� i� 1) elements ofRn.Proof.

Hen
eMn = n(n� 1) � n(n� 2) � � � n(1)= n! � nn�2:Sin
e also Mn = n! � 
(Kn), we get
(Kn) = nn�2. 2
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The A
y
lotopeLet o be an orientation of G. Letdi = di(o) be the outdegree of vertexi. De�ne the outdegree sequen
ed(o) = (d1; : : : ; dn) 2 R n:De�ne the a
y
lotope AG byAG = 
onvfd(o) : o is anorientation of Gg � R n:
dimAG = n� 1
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Theorem (Zaslavsky). The follow-ing are equivalent:
(a) d(o) is a vertex of AG.(b) o is an a
y
li
 orientation.(
) d(o) is uniquely realizable by o.
Theorem (Zaslavsky). AG \ Zn =fd(o) : o is an orientation of GgLeti(AG; r) = # (rAG \ Zn) 2 Q [r℄;theEhrhart polynomial ofAG. Easy:i(P ; r) = V (P)rn�1 +O(rn�2):
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Letfi(G) = # i�edge spanning forests of G:
Theorem. i(AG; r) = n�1Xi=0 fi(G)ri.
Theorem.V (AG) = fn�1(G) = 
(G)(with respe
t to the integer latti
e inthe aÆne span of AG).
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Put r = 1 to get:Corollary. The number of span-ning forests of G equals the numberof distin
t outdegree sequen
es oforientations of G.(no simple proof known)
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The Matrix-Tree Theorem
G = (loopless) graph with verti
es v1; : : : ; vne = edge of G; xe = indeterminateT = spanning tree with edge set E(T )

xT = Ye2E(T ) xeQG(x) =XT xT ;summed over all spanning trees of G.
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QG(x) = x1x2x3+x1x2x4+x1x3x4+x2x3x4
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De�ne the generi
 Lapla
ian ma-trix L = �Lij�n1 of G by
Lij =

8>>>>><>>>>>:
� Xe in
identto vi;vj xe; i 6= jXe in
identto vi xe; i = j

L0 = L with last row andlast 
olumn removedNote. detL = 0Theorem (Kir
hho�, : : :).detL0 = QG(x):
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An equivalent form:Theorem. Let �1; : : : ; �n be theeigenvalues of L with �n = 0. ThenQG(x) = 1n (�1 � � � �n�1) :Spe
ial 
ase (all xe = 1):Corollary. Let �(i; j) be the num-ber of edges between vi and vj. De-�ne
L(1)ij = (��(i; j); i 6= jdeg(vi); i = j:Then 
(G) = detL(1)0.
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Example. Cn = graph of the n-
ube.

C3

Symmetry ofCn) eigenvalues ofL(1)are 2k with multipli
ity �nk�, where 0 �k � n.
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Corollary. 
(Cn) = 22n�n�1 nYk=1 k(nk):Is there a 
ombinatorial proof?
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A Conje
ture of Kontsevi
h
q = prime power
G(q) = # solutions to QG(x) 6= 0 over F q

QG(x) = x1 + x2 + x3 + x4
G(q) = q3(q � 1) 2 Z [q℄
22




G(q) = q(q � 1)(q2 � 2) 2 Z [q℄
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Conje
ture (M. Kontsevi
h, 8 De
.1997). For any G,
G(q) 2 Z [q℄:
(still open)Note.
� 
G(q) = qjEj +O �qjEj�1�� 
G(q) 2 Q [q℄ ) 
G(q) 2 Z [q℄(by rationality of the zeta fun
tionof a variety=F q)
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Note. LetL be the generi
 Lapla
ianof G. Matrix-Tree Theorem)
G(q) = number of solutions todetL0 6= 0 over F q
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Suppose vn is an apex, i.e., is adja-
ent to v1; : : : ; vn�1.
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L0 =
264 x1 + x3 �x1 0�x1 x1 + x2 + x4 �x20 �x2 x2 + x5

375
Can 
hange signs of o�-diagonal entriesand kill non-red diagonal entries with-out a�e
ting set of L0's over F q .
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Corollary. Let G be simple (nomultiple edges), and let vn be an apexof G. Then
G(q) = # (n� 1)� (n� 1) nonsingularsymmetri
 matri
es M over F qsu
h thatMij = 0 if i 6= j; ij 62 E:Example. G = Kn (
omplete graph))
Kn(q) = # (n� 1)� (n� 1) nonsingularsymmetri
 matri
es=F q:
27



This number was 
omputed by Carlitz(1954) and Ma
Williams (1969).Theorem. 
Kn(q) =qm(m�1)(q�1)(q3�1) � � � (q2m�1�1); n = 2m
qm(m+1)(q�1)(q3�1) � � � (q2m�1�1);n = 2m + 1;so 
Kn(q) 2 Z [q℄.Note. Stembridge showed Kontse-vi
h's 
onje
ture holds for all graphs with� 12 edges.
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Related ProblemsLet A be an n�n matrix over a �eldK. De�nesupp(A) = f(i; j) : Aij 6= 0g:1. Let S � f1; : : : ; ng � f1; : : : ; ngsu
h that (i; j) 2 S , (j; i) 2 S. LeteS(q) = #n�n nonsingular symmetri
matri
es M over F q; supp(M ) � S:Is eS(q) 2 Q [q℄? (Kontsevi
h 
onje
-ture) yes if ea
h (i; i) 2 S.)No: If n is odd with Aii = 0, thendetA = 0 when q = 2j. There arealso examples for whi
h eS(q) is a poly-nomial for odd q but not all q, andeS(2j) 6= 0. 29



2. Is eS(q) a polynomial for odd q?(open)3. Let S � f1; : : : ; ng � f1; : : : ; ng.De�nedS(q) = #n�n nonsingular matri
es Mover F q; supp(M ) � S:Is dS(q) 2 Q [q℄?Kontsevi
h 
laimed 9 
ounterexample.One was found by Stembridge, with n =7 and #S = 21.4. Is dS(q) a polynomial for odd q?(Open | 
andidate for 
ounterexamplewith n = 13, #S = 52.)
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5. Are 
(q), dS(q), eS(q) quasipoly-nomials, i.e., for someN are they poly-nomials on residue 
lasses modulo N?(open)6. Is Kontsevi
h's 
onje
ture true forbases of matroids? (False, even for reg-ular matroids.)
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