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(& = loopless graph with vertices 1,2,....n

spanning forest: subgraph with vertices

1,....n and no cycles

spanning tree: connected spanning forest
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Let ¢(() = number of spanning trees

(or complexity) of G.

Origin (Kirchhoff). Suppose that each

edge of G is a unit resistance. Let
u, v = distinct vertices of G

R (G) = total resistance of the network
between v and v
G = G with u and v identified.

Then
R’U/U (G) —




Let K, be the complete graphon 1, ...
Thus C(Kn) is the total number of trees

on 1,.
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Theorem (Borchardt, Sylvester, Cay-
ley) ¢(Kp) = n~*.

First proof (Joyal, 1981). The num-
ber of ways to choose a spanning tree

T ot K, and two vertices v and v is
n’c(Kp).
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We get the graph of a function
f{L...,n} = {1,... n},

ie., i—f(¢). There are n™ such func-

tions, so

n’e(Kp) = n"



Second proof (Pitman, 1997). Let
<, be the set of all rooted forests on
1,...,n. Define F' to cover F'in R, if
F’ can be obtained from F' by removing
one edge e and rooting the “detached”

tree at the vertex incident to e.
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Ry, becomes a ranked poset. The el-

ements of rank ¢ are the rooted forests

with ¢ edges.




Let
M, = #(maximal chains of Ry,).

Choose a maximal element of R, in n -
c(Ky,) ways, then remove an edge in n—
1 ways, then another edge in n—2 ways

)

etc. Hence

My =(n—=1!-n-c(Ky)=nlc(Ky).



Lemma. If F' has i edges, then F
is covered by n(n —i— 1) elements of

R

Proof.

My, =n(n—1)-n(n—2)---n(1)

= n!-n"2
Since also M, = n! - c(Ky), we get

o(Kp)=n""2 O
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The Acyclotope

Let 0 be an orientation of G. Let
d; = d;(0) be the outdegree of vertex

1. Define the outdegree sequence
d(o) = (dy,...,dp) € R".
Define the acyclotope A by

Aq = conv{d(o) : ois an
orientation of G} C R".

dimAg=n—1
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Theorem (Zaslavsky). The follow-

ing are equivalent:

(a) d(0) is a vertex of Agq.
(b) 0 is an acyclic orientation.
(c) d(o) #s uniquely realizable by o.
Theorem (Zaslavsky). Aqg NZ" =
{d(0) : o is an orientation of G'}
Let
i(Ag. 1) =#(rAgNZ") € Qlr],
the Ehrhart polynomial of 4. Easy:
i(P,r)=V(P)r" !+ 00",
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Let

f;( &) = # i—edge spanning forests of G.

Theorem. i(Agq, ) Z fi(G

Theorem.

V(Ag) = fn—1(G) = ¢(G)

(with respect to the integer lattice in
the affine span of A¢).
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Put r =1 to get:

Corollary. The number of span-
ning forests of G equals the number
of distinct outdegree sequences of
orientations of GG.

(no simple proof known)
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The Matrix-Tree Theorem

G

e = edge of G, 1z, = indeterminate

T = spanning tree with edge set E(T)

-1 -

ecE(T
=Z$ |
T

summed over all spanning trees of G.
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(loopless) graph with vertices v1, . ..



xroxrar
Qac(x) = T12003+T1 T4+ T T3T4+T 0T 3Ty
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Define the generic Laplacian ma-
trix L = (LZ])TJ of G by

(_ Z ZIZ'e,Z'#j

e incident
to Vi,Vg

Z Te, 1 =)

e incident
to vy

Lij =

Lo = L with last row and

last column removed

Note. det L =0
Theorem (Kirchhoff, .. .).

det Lo = Qg (x).
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An equivalent form:

Theorem. Let Ai,...,\, be the

ergenvalues of L with Ay, = 0. Then

Qclr) =~ (A An_1).

n
Special case (all e = 1):

Corollary. Let u(i,5) be the num-

ber of edges between v; and v;. De-

fine

deg(v;), © = J.
Then c(G) = det L(1)g.
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Example. (), = graph of the n-

cube.

N
/NS

Symmetry of Cy, = eigenvalues of L(1)
are 2k with multiplicity (Z’), where 0 <
kE <n.
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n
Corollary. ¢(Cy,) = 2% "1 H k().
k=1

Is there a combinatorial proot?
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A Conjecture of Kontsevich

(] = prime power

ccla) = # solutions to Qg (z) # 0 over I,

Qg(aj) = T1+I9+ I3+ Ty
calq) = ¢°(¢ — 1) € Z[q]
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ca(q) = (g — 1)(¢* — 2) € Z[q]
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Conjecture (M. Kontsevich, 8 Dec.
1997). For any G,

ci(q) € Zg)-
(still open)
Note.

o cilg) = g1+ 0 (¢F171)

ocqlq) € Qlgf = cgle) € Zqg|
(by rationality of the zeta function

of a variety/IF,)
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Note. Let L be the generic Laplacian
of G. Matrix-Tree Theorem =

cc:(q) = number of solutions to
det Ly # 0 over FFy
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Suppose vy, 18 an apex, i.e., is adja-

cent to vi,..., V1.
04
3. 1 .5
p 45 \\\
]_c// 1 o 2 *3
2
_:zzl + 23 —I1 0 |
Ly = —x1 xX1+xT0o+ T4 —XT9
0 — 9 T9 + T5 |

Can change signs of off-diagonal entries
and kill non-red diagonal entries with-
out affecting set of Ly’s over IFy.
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Corollary. Let G be simple (no

multiple edges), and let vy, be an apex

of G. Then

ca(q) = # (n—1) x (n — 1) nonsingular
symmetric matrices M over I,

such that
Mij=0ifi+#j, ij & E.
Example. G = K, (complete graph)
=

ck,(q) = # (n—1) x (n — 1) nonsingular

symmetric matrices/[Fy.
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This number was computed by Carlitz
(1954) and MacWilliams (1969).

Theorem. cy, (q) =

"""V g=1)(@’ 1) (P =1) 0 = 2m

" (=1 (P =1) - (P 1),
n=2m-+1,

so cx, (q) € Z[q].

Note. Stembridge showed Kontse-
vich’s conjecture holds for all graphs with
< 12 edges.

28



Related Problems

Let A be an n X n matrix over a field
K. Define

supp(A) = {(6,) © Ayj # 0},

1. Let S C{1,...,n} x{1,...,n}
such that (¢,7) € S < (7,1) € S. Let

eg(q) = # nxn nonsingular symmetric
matrices M over Fy, supp(M) C S.

Is eg(q) € Qlq]? (Kontsevich conjec-
ture = yes if each (i,7) € S.)

No: If n is odd with A;; = 0, then
det A = 0 when ¢ = 2/. There are

also examples for which eg(q) is a poly-
nomial for odd ¢ but not all ¢, and

eg(27) # 0.
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2. Is eg(q) a polynomial for odd ¢
(open)
3. Let S C{l,...,n} x{1,...,n}.
Define
dg(q) = # nxn nonsingular matrices M
over [Fy,supp(M) C S.
Is dg(q) € Qlg]”

Kontsevich claimed 4 counterexample.
One was found by Stembridge, with n =
7 and #S5 = 21.

4. Is dg(q) a polynomial for odd ¢
(Open — candidate for counterexample
with n = 13, #S = 52.)
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5. Arec(q), dg(q), eg(q) quasipoly-
nomials, i.e., for some N are they poly-

nomials on residue classes modulo N7
(open)

6. Is Kontsevich’s conjecture true for
bases of matroids? (False, even for reg-

ular matroids. )
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