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Let x

i

= probability of i 2 P = f1; 2 : : :g.

Fix n 2 P . De�ne a random w 2 S

n

as follows:

For 1 � j � n, 
hoose independently

an integer i

j

from the distribution x

i

.

Then standardize the sequen
e i =

i

1

� � � i

n

, i.e., repla
e the 1's with 1; 2; : : : ; a

1

from left-to-right, then the 2's with a

1

+

1; a

1

+2; : : : ; a

1

+ a

2

from left-to-right,

et
.

i = 311431

w = 412653

Call this theQS-distribution orQS(x)-

distribution.
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Previously studied by

� Dia
onis-Fill-Pitman

� Fulman

� Its-Tra
y-Widom

� Kuperberg,

at least when x

i

has �nite support.
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Example. w = 213. The sequen
e

i

1

i

2

i

3

has standardization 213 if and only

if i

2

< i

1

� i

3

. Hen
e

Prob(213) =

X

a<b�


x

a

x

b

x




= L

(1;2)

(x):

Theorem. Let w 2 S

n

. The prob-

ability Prob(w) that a permutation in

S

n


hosen from the QS-permutation

is equal to w is given by

Prob(w) = L


o(w

�1

)

(x):

Example. w = 74513826

w

�1

= 47 � 5 � 238 � 16


o(w

�1

) = (2; 1; 3; 2)

L

(2;1;3;2)

(x) =

X

a�b<
<d�e�f<g�h

x

a

� � � x

h

:
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Spe
ial 
ases:

� x

1

= x

2

= 1=2: ri�e or dovetail shuf-


e (Bayer-Dia
onis), theU

2

-distribution

� x

1

= � � � = x

q

= 1=q: q-shu�e (Bayer-

Dia
onis), the U

q

-distribution

� lim

q!1

U

q

: the uniform distribu-

tion U

Note. A q-shu�e followed by an r-

shu�e is a qr-shu�e, i.e., U

q

�U

r

= U

qr

.

Theorem. Let y have �nite sup-

port. Then

QS(x) � QS(y) = QS(xy);

where xy denotes the variables x

i

y

j

in lexi
ographi
 order.
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The QS-distribution de�nes a Markov


hain (or random walk) on S

n

by

Prob(u; uw) = L


o(w

�1

)

(x):

Theorem. The eigenvalues of M

n

are the power sum symmetri
 fun
-

tions p

�

(x) for � ` n. The eigenvalue

p

�

(x) o

urs with multipli
ity n!=z

�

,

the number of elements in S

n

of 
y-


le type �.

(
onsequen
e of Bergeron-Garsia or Bid-

igare-Hanlon-Ro
kmore)
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Sample enumerative results. For

w 2 S

n

let

inv(w) = #f(i; j) : i < j; w(i) > w(j)g

maj(w) =

X

i :w(i)>w(i+1)

i

I

n

(j) = Prob(inv(w) = j)

M

n

(j) = Prob(maj(w) = j):

Theorem. We have

M

n

(j) = I

n

(j)

X

n�0

X

j�0

M

n

(j)t

j

z

n

(1� t)(1� t

2

) � � � (1� t

n

)

=

Y

i;j�1

�

1� t

i�1

x

j

z

�

�1

:
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Ma
Mahon (1913):

#fw 2 S

n

: maj(w) = jg

= #fw 2 S

n

: inv(w) = jg:

Sin
eU = lim

q!1

U

q

, the resultM

n

(j) =

I

n

(j) is a generalization.

8



In fa
t, if

F

�

(t) =

X

v

t

maj(v)

G

�

(t) =

X

v

t

inv(v)

;

where v ranges over all permutations of

the multiset f1

�

1

; 2

�

2

; : : :g, then

X

j

M

n

(j)t

j

=

X

�`n

F

�

(t)m

�

(x)

X

j

I

n

(j)t

j

=

X

�`n

G

�

(t)m

�

(x):

Thus M

n

(j) = I

n

(j) is equivalent to

Ma
Mahon's result for multisets.
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Let

L

n

(x) =

1

n

X

djn

�(d)p

n=d

d

(x)

= 
h ind

S

n

C

n

e

2�i=n

:

Theorem. Let w be a random per-

mutation in S

n

, 
hosen from the QS-

distribution. The probability Prob(�(w) =

�) that w has 
y
le type � = h1

m

1

2

m

2

� � �i

` n (i.e., m

i


y
les of length i) is

given by

Prob(�(w) = �) =

Y

i�1

h

m

i

[L

i

℄;

where bra
kets denote plethysm.
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Conne
tions with

the RSK algorithm

Let w 2 S

n

, and let w

RSK

�! (P;Q)

denote the RSK algorithm, so P and

Q are SYT of the same shape � ` n.

Write

sh(w) = �:

Theorem. Choose w 2 S

n

from

the QS-distribution, and let w

RSK

�!

(P;Q). Let T be a SYT of shape � `

n. Then

Prob(P = T ) = s

�

(x);

where s

�

(x) denotes a S
hur fun
tion.
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Corollary. Choose w 2 S

n

from

the QS-distribution, and let � ` n.

Then

Prob(sh(w) = �) = f

�

s

�

(x);

where f

�

denotes the number of SYT

of shape � (given expli
itly by the Frame-

Robinson-Thrall hook-length formula).
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Longest in
reasing

subsequen
es

Let is(w) be the length of the longest

in
reasing subsequen
e ofw = w

1

� � �w

n

.

Theorem (S
hensted). If

sh(w) = (�

1

; �

2

; : : :);

then �

1

= is(w). Hen
e

E

U

(is(w)) =

1

n!

X

�`n

�

1

�

f

�

�

2

:

Theorem (Vershik-Kerov):

E

U

(is(w)) � 2

p

n:
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For the QS-distribution,

E(is(w)) =

X

�`n

�

1

f

�

s

�

(x):

E

U

q

(is(w)) =

1

n!

X

�`n

�

1

�

f

�

�

2

Y

u2�

�

1 + q

�1


(u)

�

= E

U

(is(w))

+

1

n!

X

�`n

�

1

�

f

�

�

2

0

�

X

u2�


(u)

1

A

1

q

+� � � :

Let

F

1

(n) =

1

n!

X

�`n

�

1

�

f

�

�

2

0

�

X

u2�


(u)

1

A

:

Numeri
al eviden
e suggests that F

1

(n)=n

is slowly in
reasing, possibly to a �nite

limit. We 
omputedF

1

(47)=47 � 0:6991.
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Logan-Shepp, Vershik-Kerov:

\asymptoti
 shape" of a \typi
al" w 2

S

n

(uniform distribution) as n!1.

Baik-Deift-Johansson: Asymptoti


distribution of sh(w) for w 2 S

n

(uni-

form distribution) as n!1.

Theorem. For ea
h n 2 P let w

(n)

2

S

n

be 
hosen from the QS-distribution.

Let sh(w

(n)

) = (�

(n)

1

; �

(n)

2

; : : :), and

let y

1

� y

2

� � � � be the de
reasing

rearrangement of x

1

; x

2

; : : :. Then al-

most surely (i.e., with probability 1)

for all i there holds

lim

n!1

�

(n)

i

n

= y

i

:
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Corollary. Fix x = (x

1

; x

2

; : : :),

with x

i

� 0 and

P

x

i

= 1 as usual.

Let �

(n)

be a partition � ` n that

maximizes f

�

s

�

(x). Then

lim

n!1

�

(n)

i

n

= y

i

:
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Theorem (Its-Tra
y-Widom) Let

x

1

> x

2

> � � � :

Then

E(is(w)) = x

1

n+

X

j>1

p

j

p

1

� p

j

+O

�

1

p

n

�

:
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Open: Find an asymptoti
 formula

for the expe
ted value of �

1

(where sh(w)

= � under the QS(x)-distribution) that

spe
ializes to both the Vershik-Kerov

result (uniform distribution) and the 
ase

x �xed, n!1.
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