
THE LAURENT

PHENOMENON

a

n�1

a

n+1

= a

2

n

� (�1)

n

; n � 1

a

0

= 1; a

1

= 1

A priori a

n

2 Q but a
tually

a

n

= F

n

2 Z

(Fibona

i number), \explained" by

F

n

= �a

n

+ �b

n

and the addition law for e

x

or sinx.

M. Somos, 
. 1982: Is there some-

thing similar involving addition law for

ellipti
 fun
tions?
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First 
ame Somos-6. Somos-4 through

Somos-7:

a

n

a

n�4

= a

n�1

a

n�3

+ a

2

n�2

; n � 4

a

i

= 1 for 0 � i � 3

a

n

a

n�5

= a

n�1

a

n�4

+ a

n�2

a

n�3

; n � 5

a

i

= 1 for 0 � i � 4

a

n

a

n�6

= a

n�1

a

n�5

+ a

n�2

a

n�4

+ a

2

n�3

;

n � 6

a

i

= 1 for 0 � i � 5

a

n

a

n�7

= a

n�1

a

n�6

+ a

n�2

a

n�5

+ a

n�3

a

n�4

;

n � 7

a

i

= 1 for 0 � i � 6:
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Somos-4 through Somos-7 were 
on-

je
tured to be integral (now proved),

but for Somos-8,

a

17

= 420514=7:

Many similar 
onje
tures, e.g., if

1 � p � q � r; k = p + q + r;

and

a

n

a

n�k

= a

n�p

a

n�k+p

+a

n�q

a

n�k+q

+a

n�r

a

n�k+r

;

a

i

= 1; 0 � i � k � 1;

then a

n

2 Z (R. Robinson).
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Parameters.

E.g., generi
 Somos-4:

a

n

a

n�4

= xa

n�1

a

n�3

+ ya

2

n�2

a

0

= a; a

1

= b; a

2

= 
; a

3

= d:

Then

a

n

2 Z [a

�1

; b

�1

; 


�1

; d

�1

; x

�1

; y

�1

℄;

an example of theLaurent phenomenon.

Note. CoeÆ
ients are� 0 (D. Speyer).

Also for Somos-5, but open for Somos-6

and Somos-7.
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Cluster algebras (Fomin-Zelevinsky).

� Commutative algebras generated by

unions of 
ertain subsets 
alled 
lus-

ters (subje
t to axioms).

� If C = fx

1

; : : : ; x

n

g andC

0

are 
lus-

ters and y 2 C

0

then y = F (x

1

; : : : ; x

n

)

for some rational fun
tion F .

� In fa
t, F is a Laurent polyno-

mial in x

1

; : : : ; x

n

.

� Developed to 
reate an algebrai
 frame-

work for dual-
anoni
al bases and to-

tal positivity in algebrai
 groups.

� Te
hniques 
ould be modi�ed to ap-

ply to 
ombinatorial situations su
h

as Somos sequen
es.
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Example. A = C [SL

3

=N ℄, where

N is the subgroup of unipotent upper-

triangular matri
es. Let

x

1

; x

2

; x

3

; x

12

; x

13

; x

23

be Pl�u
ker 
oordinates on SL

3

=N . Let

fx

2

g and fx

13

g be the 
lusters. Then

A is the algebra over C [x

1

; x

3

; x

12

; x

13

℄

generated by x

2

and x

13

subje
t to the

ex
hange relation

x

2

x

13

= x

1

x

23

+ x

3

x

12

:
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Example (Somos-4).

33
14

64

4

5

25

4
6

5
3

5
7

2

6
4

0 2

0 1
3

2

3 4

x x + x

7
32x x + x

4
2’

3

3’ 3’ 4’

4’ 5’ 5’ 6’
5

1

2

x x + x4

3

5

x x +x2

2
2

x x + x3 6
32

x x + x3 6
32
4

4
2

7
3
6

x x + x
1 4 3
2

6

x x +x31
2
2 x x +x42 x x +x3 5 4

2

x x +x5 7

3 x x + x2 5 4
2 x x + x2 5 3

32

{ x , x’ , x , x  }431 2
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spine: in�nite path at top

two legs at ea
h spine vertex (ex
ept the

�rst)

spine verti
es v

0

; v

1

; : : :


orresponding 
luster:

C

i

= fx

i

; x

i+1

; x

i+2

; x

i+3

g

spine edge e has numeri
al labels a

e

; b

e

and polynomial label P

e

leg edge e has numeri
al label a

e

, poly-

nomial label P

e

and a label b

e

= a

0

e

at

bottom
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If e 
onne
ts spine vertex v and leg ver-

tex w, then

C

w

= (C

v

[ fx

a

0

e

g)� fx

a

e

g

For any edge e = vw with labels a

e

and

b

e

,

C

w

= (C

v

[ fx

b

e

g)� fx

a

e

g:
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If e has labels a, b, P , then regard

x

a

x

b

= P:

E.g., leftmost edge of T )

x

0

x

4

= x

1

x

3

+ x

2

2

:

Thus all x

i

; x

0

i

are rational fun
tions of

C

0

= fx

0

; x

1

; x

2

; x

3

g.

What makes these rational fun
tions

Laurent polynomials?
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� Every internal vertex v

i

, i � 1, has

the same degree, namely four, and

the four edge labels \next to" v

i

are

i; i+1; i+2; i+3, the indi
es of the


luster variables asso
iated to v

i

.

� The polynomial P

e

does not depend

on x

a

e

and x

b

e

, and is not divisible

by any variable x

i

or x

0

i

.
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�Write

�

P

e

for P

e

with ea
h variable

x

j

and x

0

j

repla
ed with x

�

j

, where

�

j is the least positive residue of j

modulo 4. If e and f are 
onse
utive

edges of T then the polynomials

�

P

e

and

�

P

f;0

:=

�

P

f

j

x

�a

e

=0

are relatively

prime elements of Z [x

1

; x

2

; x

3

; x

4

℄.

Example. The leftmost two top

edges of T yield that x

1

x

4

+ x

2

2

and

(x

2

x

4

+ x

2

3

)j

x

4

=0

= x

2

3

are 
oprime.
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� If e; f; g are three 
onse
utive edges

of T su
h that �a

e

= �a

g

, then

L �

�

P

b

f;0

�

�

P

e

=

�

P

g

j

x

�a

f

 

�

P

f;0

x

�a

f

(1)

where L is a Laurent monomial and

x

�a

f

 

�

P

f;0

x

�a

f

denotes the substitution

of

�

P

f;0

x

�a

f

for x

�a

f

.
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Example. Let e be the leftmost leg

edge and f; g the se
ond and third spine

edges. Thus �a

e

= �a

g

= 2 and �a

f

= 1.

Equation (1) be
omes

L � (x

2

x

4

+ x

2

3

)

b

x

2

=0

� (x

1

x

3

+ x

2

2

) =

(x

1

x

2

2

+ x

3

3

) j

x

1

 

x

2

3

x

1

;

whi
h holds for b = 1 and L = 1=x

1

, as

desired.

By \periodi
ity," only �nitely many

need be 
he
ked.

Sin
e x

i

x

i+4

= x

i+1

x

i+3

+ x

2

i+2

, x

n

is just the nth term of Somos-4 with

generi
 initial 
onditions x

0

; x

1

; x

2

; x

3

.

Hen
e Somos-4 satis�es the Lau-

rent phenomenon.
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Combinatorial proofs. Let e.g.

a

0

; a

1

; : : : be the Somos-4 sequen
e. Can

we interpret a

n


ombinatorially and prove


ombinatorially that

a

n

a

n�4

= a

n�1

a

n�3

+ a

2

n�2

?

Clue. a

n

grows quadrati
ally expo-

nentially, as does the number 2

(

n

2

)

of


omplete mat
hings in the Azte
 dia-

mond graph AZ

n

.

AZ3
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Proje
t REACH (Propp) and Bousquet-

M�elou{Propp{West: a

n

is the number

of mat
hings in the Somos-4 graph

S

n

.

7

3
2

23
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TORIC SCHUR FUNCTIONS

Gr

kn

: Grassmann variety of k-sub-

spa
es of C

n

dim

C

Gr

kn

= k(n� k)

H

�

(Gr

kn

) = H

�

(Gr

kn

;Z): 
ohomol-

ogy ring (fundamental obje
t for S
hu-

bert 
al
ulus)

basis forH

�

(Gr

kn

): S
hubert 
lasses

�

�

, where � = (�

1

; : : : ; �

k

) and

� � k � (n� k);

i.e.,

n� k � �

1

� � � � � �

k

� 0:

Let P

kn

be the set of all su
h partitions

�, so

#P

kn

= rankH

�

(Gr

kn

) =

�

n

k

�

:

17






�

� Gr

kn

: S
hubert variety,

de�ned by bounds on dimX \ V

i

, for

X 2 Gr

kn

, where

f0g = V

0

� V

1

� � � � � V

n

= C

n

is a �xed 
ag.

Multipli
ation in H

�

(Gr

kn

):

�

�

�

�

=

X

�2P

kn




�

��

�

�

;

where 


�

��

is aLittlewood-Ri
hardson


oeÆ
ient.

) 


�

��

= #

�

~




�

\

~




�

\

~




�

_

�

;

where

~




�

is a generi
 translate of 


�

and �

_

is the 
omplementary par-

tition

�

_

= (n� k � �

k

; : : : ; n� k � �

1

):
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QH

�

(Gr

kn

): quantum deforma-

tion of H

�

(Gr

kn

)

�

k

: ring of symmetri
 polynomials over

Z in x

1

; : : : ; x

k

.

�

k

= Z [e

1

; : : : ; e

k

℄;

where e

i

is the ith elementary sym-

metri
 fun
tion in x

1

; : : : ; x

k

.

h

i

: sum of all monomials of degree i

(
omplete symmetri
 fun
tion)

H

�

(Gr

kn

)

�

=

�

k

=(h

n�k+1

; : : : ; h

n

)

QH

�

(Gr

kn

)

�

=

�

k


Z [q℄=(h

n�k+1

; : : : ; h

n�1

; h

n

+(�1)

k

q)


lassi
al 
ase: q = 0
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H

�

(Gr

kn

)

�

=

�

k

=(h

n�k+1

; : : : ; h

n

)

Basis B

kn

for �

k

=(h

n�k+1

; : : : ; h

n

):

Let � be a partition.

semistandard Young tableau (SSYT)

of shape �:

11 3 4
2 4 4
4 6 9
6

6

�=� = (4; 4; 3; 1)

x

T

= x

2

1

x

2

x

3

x

4

4

x

3

6

x

9

20



S
hur fun
tion s

�

of shape �:

s

�

=

X

T

x

T

;

summed over all SSYT T of shape �.

B

kn

= fs

�

: � � k � (n� k)g;

H

�

(Gr

kn

)

�

=

! �

k

=(h

n�k+1

; : : : ; h

n

)

�

�

7! s

�

s

�

s

�

=

X

�




�

��

s

�

21



1 1
2

1 1
3

1 2
2

1
3

3

2 2
3

2
3

3 1
3

2 1
2

3

s

21

(a; b; 
) = a

2

b + ab

2

+ a

2


 + a


2

+b

2


 + b


2

+ 2ab


s

21

=

X

i 6=j

x

2

i

x

j

+ 2

X

i<j<k

x

i

x

j

x

k

s

2

21

= s

42

+ s

33

+ s

411

+ 2s

321

+ s

222

+s

3111

+ s

2211

! s

42

+ s

33

in H

�

(Gr

26

):
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basis for QH

�

(Gr

kn

) remains

f�

�

: � � k � (n� k)g

quantum multipli
ation:

�

�

� �

�

=

X

d�0

X

�`j�j+j�j�dn

�2P

kn

q

d

C

�;d

��

�

�

;

where C

�;d

��

2 Z .

C

�;d

��

: number of rational 
urves of de-

gree d in Gr

kn

meeting

~




�

\

~




�

\

~




�

_

,

a 3-point Gromov-Witten invari-

ant

23



Naively, a rational 
urve of de-

gree r in Gr

kn

is a set

C =

n

(f

1

(s; t); f

2

(s; t); : : : ; f

(

n

k

)

(s; t))

2 P

(

n

k

)

�1

(C ) : s; t 2 C

o

;

where f

1

(x; y); : : : ; f

(

n

k

)

(x; y) are homo-

geneous polynomials of degree d su
h

that C � Gr

kn

.

Rational 
urve of degree d = 0 is a

point.
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Let �=� be a skew partition, i.e.,

� � �.

semistandard Young tableau (SSYT)

of shape �=�:

63
2

1
2
4 4

3

�=� = (4; 4; 3; 1)=(2; 1; 1)

x

T

= x

1

x

2

2

x

2

3

x

2

4

x

6

25



skew S
hur fun
tion s

�=�

of shape

�=�:

s

�=�

=

X

T

x

T

;

summed over all SSYT T of shape �=�.

s

�

= s

�=;

s

�=�

=

X

�




�

��

s

�

; (2)

where 


�

��

is a Littlewood-Ri
hardson


oeÆ
ient, i.e.,

s

�

s

�

=

X

�




�

��

s

�

:

Want to generalize (2) to C

�;d

��

.
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tori
 shape � in a 6� 10 re
tangle:

27



semistandard tori
 tableau (SSTT):

2 2 4 6

3 5

4 21 4

1 2 2 2 52

3 3 4 4 4

1 2 4
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the tori
 shape

� = �=d=�

= (9; 7; 6; 2; 2; 0)=2=(9; 9; 7; 3; 3; 1) :

29



tori
 S
hur fun
tion:

s

�=d=�

=

X

T

x

T

;

summed over all SSTT of shape �=d=�

Theorem. Let �=d=� be a tori


shape 
ontained in a k�(n�k) torus.

Then

s

�=d=�

(x

1

; : : : ; x

k

) =

X

�2P

kn

C

�;d

��

s

�

(x

1

; : : : ; x

k

):

Compare the 
ase d = 0: If

�=� � k � (n� k);

then

s

�=�

(x

1

; ; : : : ; x

k

) =

X

�2P

kn




�

��

s

�

(x

1

; : : : ; x

k

):
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SIGN IMBALANCE

P : partial ordering of 1; 2; : : : ; n

L

P

: set of linear extensions of P ,

regarded as permutations

a

1

� � � a

n

2 S

n

1

3 4

2

L

P

= f1243; 1234; 2134; 2143; 2413g

F. Ruskey (1989): does 9 linear order-

ing of L

P

su
h that any two 
onse
utive

terms di�er by an (adja
ent) transposi-

tion?
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Let

"

w

=

�

1; if w is even

�1; if w is odd.

De�ne the imbalan
e I

P

by

I

P

=

X

w2L

P

"

w

:

Note. jI

P

j depends only on P up

to isomorphism.
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Note. If 9 a Ruskey ordering of L

P

,

then I

P

= 0;�1 (P is sign-balan
ed).

r: r-element 
hain

2x3
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Ruskey 
onje
tured (1992):

I

r�s

= 0, r; s > 1; r � s (mod 2):

Easy for r; s even (Ruskey). Proof in

general by D. White (2002). In fa
t:

Theorem. Let r 6� s (mod 2). Then

I

r�s

= g

�

;

where g

�

is the number of standard

shifted Young tableaux (SShYT)

of shape

� =

�

r + s� 1

2

;

r + s� 3

2

; � � � ;

jr � sj + 3

2

;

jr � sj + 1

2

�

:
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E.g., P = 8� 3, � = (5; 4; 3).

1 2 3 5 7
4 6 9

8 10 12
11

I

P

= g

5;4;3

=

12!

9 � 8 � 7 � 5 � 4

2

� 3

3

� 2

2

� 1

= 110
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Generalize to partitions �:

Pλλ = (4,3,3,1,1)

Write I

�

= I

P

�

.
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standard Young tableau (SYT)

of shape �:

λ = (4,3,3,1,1)

7
5 9
2 6 8
1 3 4 12

11

10
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Involution on SYT's T of shape �:

inter
hange smallest 2i� 1; 2i possible;

otherwise T is �xed.

5

7

86 1 5

3 8
762

9
1044 10

21

3 9

survivors are standard domino tableaux

of shape �:

1

2

9

3 4 5 6

7 8

10

1
2 3

4

5

38



Domino S
hur fun
tions (Carr�e,

Le
ler
, Las
oux, Thibon, Kirillov, T.

Lam, : : :)
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semistandard domino tableau

(SSDT) D of shape (5; 5; 4):

2

1 1 53
5 5

x

D

= x

2

1

x

2

x

3

x

3

5

spin(D) =

1

2

(v(�)�v(D)) =

1

2

(5�3) = 1;

where

v(D) = # verti
al dominos in D

v(�) = max # of verti
al dominos in a

domino tiling of shape �

40



Let � ` 2m. De�ne

G

�

(x; q) =

X

D

q

spin(D)

x

D

;

summed over all SSDT D of shape �.

(Analogous de�nition for � ` 2m + 1,

with momino in upper-left 
orner.)

Related to Hall-Littlewood symmet-

ri
 fun
tions, quantum aÆne algebras,

unipotent varieties, real S
hubert vari-

eties, : : :

Proposition. Let � ` n. Then

[x

1

� � � x

n

℄G

�

(x;�1) = �I

�

:
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Conne
tion with real S
hubert

varieties (Eremenko-Gabrielov). Let

� � k � (n� k). Let 


�

(C ) be

the 
orresponding S
hubert variety for

Gr

kn

(C ).

The Wronski map

W (f

1

; : : : ; f

n�k

) =

�

�

�

�

�

�

�

�

�

f

1

� � � f

n�k

f

0

1

� � � f

0

n�k

� � � � � � � � �

f

(n�k�1)

1

� � � f

(n�k�1)

p

�

�

�

�

�

�

�

�

�

;

where deg f

i

< n, may be regarded as

a map

� : Gr

kn

(C ) ! C P

k(n�k)

:
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Restri
t to 


�

.

S
hubert (1886): deg�j




�

= f

�

,

the number of SYT of shape � (elegant

hook-length formula).

What about 


�

(R )? Milnor (1965)

de�ned deg� for maps � : X ! Y of

real spa
es satisfying 
ertain orientabil-

ity 
onditions.

Let

�

R

: Gr

kn

(R ) ! RP

k(n�k)

:

Restri
t to 


�

. When orientability 
on-

ditions are satis�ed (e.g., � = k�(n� k)),

deg �

R

j




�

= I

�

:
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Sample appli
ation (
onje
tured

by RS, proved by T. Lam and J. Sj�ostrand,

independently):

Theorem.

P

�`n

I

�

= 2

bn=2


(spe
ial 
ase of weighted version)

1 2 3 1 2 1 3 1

3 2 2

3

123 123 132 123

1 1 �1 1

1 + 1� 1 + 1 = 2 = 2

b3=2
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Conne
tion with shifted tableaux.

Re
all that if r 6� s (mod 2) then

I

r�s

= g

�

for a 
ertain SShYT �. What about

other �?

Conje
ture (Eremenko-Gabrielov).

For �xed `(�) and parity of ea
h �

i

,

there is a \ni
e" formula for I

�

in terms

of g

�

's.
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Example. Let g

r;s;t

= 0 unless

r > s > t � 0;

et
. Then

I

2a;2b;2


= g

a;b;


� g

a+1;b;
�1

I

2a;2b+1;2
+1

= g

a+1;b;


+ g

a;b+1;


I

2a;2b+1;2


= 0 (easy)

I

2a;2b;2
;2d

= g

a;b;
;d

� g

a+1;b;
�1;d

�g

a;b+1;
;d�1

�g

a+1;b+1;
�1;d�1

�2g

a+1;b;
;d�1

:

(Can be proved by indu
tion.)

Expli
it formulas not known.
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Re�nement of previous 
onje
-

ture. If f is a symmetri
 fun
tion, let

f(x=x) = f (p

2i�1

! 2p

2i�1

; p

2i

! 0)

= f (X �X):

Q

�

(x): S
hur's shifted Q-fun
tion

[x

1

� � � x

n

℄Q

�

(x) = 2

n

g

�

Example.

I

2a;2b;2


= g

a;b;


� g

a+1;b;
�1

�G

2a;2b;2


(x=x;�1) = Q

a;b;


(x)

�Q

a+1;b;
�1

(x)
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