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I' = “geometric object” made out of
faces of well-defined dimensions.

E.g., simplicial complex, polyhedral com-
plex, regular cell complex, ...

f; = #(i-dimensional faces)
d = I+dim[' = I+max{dim F' : F is a face}
£(T) = (fo, - fa—1),
the f-vector of I.
(fo1=1unless'=10)

Define the h-vector h(I') = (hg, ..., hg)
by
d d

Y hiatTt =Y fiq(z = 1)
i=0

1=0
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Let X = |I'| denote the geomet-
ric realization of I'. I' is Cohen-
Macaulay (C-M) over K if Vp € X
and ¢ < dimI'=d — 1,

Hi(X; K) = Hy(X, X —p; K) = 0.
[ is Gorenstein™ if in addition

Hy_1(X;K) = Hy_(X,X—p; K) = K.

Dehn-Sommerville equations: If
[ is a Gorenstein™ simplicial com-
plex, then h; = hgj_;.

Theorem (GLBT for simplicial poly-
topes). If I' is the boundary complex
of a stmplicial d-polytope (and hence
Gorenstein™®), then

hop < hy <--- < hyg
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Problem 1. Does the GLBT hold
for Gorenstein™ simplicial complexes (or
even complete simplicial fans, PL-spheres,
or spheres)?

Known for the boundary of a (d — 1)-
ball that is a subcomplex of the bound-
ary complex of a simplicial d-polytope.



Centrally-symmetric polytopes:
abysmal ignorance (except lower bound
theorems).

Problem 2. (a) What is the maxi-
mum number of facets (or ¢-dimensional
faces) of a centrally-symmetric (simpli-
cial) d-polytope with n vertices? Or of
a Gorenstein™ simplicial complex of di-
mension d — 1 and with n vertices and
a free involution? Answers are differ-
ent!

(b) (Kalai) Does every centrally-sym-
metric d-polytope (or Gorenstein™ com-
plex as above) have at least 3d nonempty
faces?



Flag complex: a simplicial com-
plex for which every minimal nonface
(or missing face) has two elements.

E.g., the order complex (set of chains)
of a poset.

Same as clique complexes or indepen-
dent set complexes of graphs.

Balanced complex: a (d — 1) di-
mensional simplicial complex whose ver-
tices can be colored with d colors so that
no edge is monochromatic. E.g., order
complexes.



Problem 3. (a) (Kalai) Is the f-
vector of a flag complex also the f-vector
of a balanced complex”

[/

flag balanced
f=(55)

(b) (Charney-Davis) Let I' be a
(2e — 1)-dimensional Gorenstein™ flag
complex with A(I') = (hg, ..., hoe). Is
it true that

(—1)%(hg — hy +ho — -+ hop) > 07

True for face posets of convex poly-
topes.



Matroid complex: asimplicial com-
plex I' on the vertex set V' such that the
restriction of I' to any subset of V' is
pure (i.e., all maximal faces have same
dimension).

Example. The linearly independent
subsets of a subset of a vector space.

Multicomplex: a collection A of mul-
tisets such that FF € A and G C F =
G € A. A is pure if all maximal ele-
ments have the same cardinality. Define

f(A) just like f(T).

Problem 4. Is the A-vector of a ma-
troid complex the f-vector of a pure
multicomplex?



Note: A matroid complex is C-M
(even shellable), and the h-vector of any
C-M complex is the f-vector of a mul-
ticomplex.

Example. (1,3,1) is the f-vector
of the multicomplex {(,1,2,3,11} or
{0,1,2,3,12} but is not the f-vector
of a pure multicomplex.



Partitioning. An interval of a sim-
plicial complex I' is a set

[F,F|={G: FCGCF}CT
(so F C F'el).

An interval partition Il of I' is a
collection of nonempty pairwise disjoint
intervals whose union is I

[ ]
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Theorem. If T is acyclic (vanish-
ing reduced homology), then there is
a partition 11 of T into two-element
intervals [F, F'| such that

A:={F:[FFell
15 a subcomplex of T'.

Corollary. f(I') = f(C(4A)), where
C'(A) is the cone over A.

A/
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Duval: generalization that gives a
“partitioning proof” of the result of Bjorner-
Kalai characterizing the f-vector of sim-
plicial complexes with prescribed Betti
numbers.
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Problem 5. (a) Suppose that I" is
acyclic, as well as lk(v) for every vertex
vof I'. CanI' be partitioned into four-
element intervals such that

A:={F:[FFell
is a subcomplex of I'?

(b) Suppose that I' is C-M. Can T
be partitioned into intervals [F, F”] such

that each F’ is a facet (maximal face)
of ['7

Note: If I' has a partition II as in
(b), then

Zhixi: Z o
1

F,F'ell
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Cubical complexes. Regard a (fi-
nite, abstract) cubical complex as a fi-
nite meet-semilattice such that every in-
terval [0,¢] is isomorphic to the face-
lattice of a cube (whose dimension de-
pends on t).

= |
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Let L be a pure cubical complex of
rank d (or dimension d — 1). Let s be
a vertex (element covering 0). The sub-
poset {t € L : t > s} is the face poset
of a simplicial complex [s =1k(s). Let

h(5, ) ZhI;
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Define h;(L) by the equation

d . |
> hifL)at = —— (24!
P 1+

2> h(Ds, 2)+(=2) 1 R(L)at ),
S
where s ranges over all vertices of L and

X(L) = (~yro=t,

telL
the reduced Euler characteristic of L.

Easy: Right-hand side is a polyno-
mial in x.
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3 .
> hi(L)a' =
i—0

[22 + (4 +4(1+ )
I+

+(1+ 2z +2%) + (=2)%-0- ;c4]

= 445z 4 2
= h(L)=(4,5,1,0).
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Problem 6. (a) Let L be a pure
cubical complex of rank d. If L is a C-

M poset (i.e., the order complex of L is
C-M), then is h;(L) > 0 for all 4?7 (True
if L is shellable.)

(b) (Adin) If L is in addition a Goren-
stein™ poset, then is it true that

ho(L) < hi(L) < - < hyg9)(L)?
(Adin: h; = hy_;.)
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Simplicial posets. Intuitively, a
simplicial complex for which two faces
can intersect in any subcomplex of both,
not just a face.

Rigorously: a (finite) poset with 0
for which every interval is a boolean al-
gebra.
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|P| ~ S* = P — 0 is Gorenstein*
f(P> — (47674>

Z hizd Tt = (z— 1% +4(x —1)°

1=0 +6(x — 1) +4

S I R |
= h(P)=(1,1,1,1).
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Theorem. (a) If P is a C-M sim-
plicial poset, then hg =1 and h; > 0
(complete characterization).

(b) If P is a Gorenstein™ simpli-
cial poset, then hg =1, h; > 0, and
h; = hy_; (complete characterization
if fq_1 is even, e.q., d odd).

Problem 7. Characterize the h-vector

X

of Gorenstein™ simplicial posets when

fd—l i1s odd.

E.g (1,0,1,0,1) is not the h-vector
of a Gorenstein™ simplicial poset.

21



Subdivisions.

W W
A

geometric
subdivision

— A
topological

subdivision

A’ is a quasigeometric subdivi-
sion of A if the vertices of an 7-dimensional
face of A’ do not all lie on a face of A
of smaller dimension.
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geometric = quasigeometric = topological

Theorem. If A’ is a quasigeo-
metric subdivision of the C-M (or

even Buchsbaum) complex, then

Vi hi(A') > hi(A).

Problem 8. Does the above result
hold for topological subdivisions”
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Local h-vectors. Let #V = d, and
let T" be a (simplicial) subdivision (geo-
metric or quasigeometric) of the simplex
2V Let

I'vw = restriction of I' to W C V
h(I'w, x) Zh (L )z

(y(Dx)= ) <—1)#<V Wh(Tyw, 2).
WcCVv
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(1,0)

(1,2,0) (10

h(r) = (1,5,2,0)

ly(Tz) = —-143-1—[14+(1+x)+ (14 22)
+(1 4 5z + 22%)
2x+2x2.

Problem 9. When does ¢y/(I', z) =
07
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