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PROBLEMS AND 
CONJECTURES
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� = \geometri
 obje
t" made out of

fa
es of well-de�ned dimensions.

E.g., simpli
ial 
omplex, polyhedral 
om-

plex, regular 
ell 
omplex, : : :

f

i

= #(i-dimensional fa
es)

d = 1+dim� = 1+maxfdimF : F is a fa
eg

f(�) = (f

0

; : : : ; f

d�1

);

the f-ve
tor of �.

(f

�1

= 1 unless � = ;)

De�ne the h-ve
tor h(�) = (h

0

; : : : ; h

d

)

by

d

X

i=0

h

i

x

d�i

=

d

X

i=0

f

i�1

(x� 1)

d�i

:
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Let X = j�j denote the geomet-

ri
 realization of �. � is Cohen-

Ma
aulay (C-M) over K if 8p 2 X

and i < dim� = d� 1,

~

H

i

(X ;K) = H

i

(X;X � p;K) = 0:

� is Gorenstein* if in addition

~

H

d�1

(X ;K) =

~

H

d�1

(X;X�p;K) = K:

Dehn-Sommerville equations: If

� is a Gorenstein* simpli
ial 
om-

plex, then h

i

= h

d�i

.

Theorem (GLBT for simpli
ial poly-

topes). If � is the boundary 
omplex

of a simpli
ial d-polytope (and hen
e

Gorenstein*), then

h

0

� h

1

� � � � � h

bd=2


:
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Problem 1. Does the GLBT hold

for Gorenstein* simpli
ial 
omplexes (or

even 
omplete simpli
ial fans, PL-spheres,

or spheres)?

Known for the boundary of a (d� 1)-

ball that is a sub
omplex of the bound-

ary 
omplex of a simpli
ial d-polytope.
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Centrally-symmetri
 polytopes:

abysmal ignoran
e (ex
ept lower bound

theorems).

Problem 2. (a) What is the maxi-

mum number of fa
ets (or i-dimensional

fa
es) of a 
entrally-symmetri
 (simpli-


ial) d-polytope with n verti
es? Or of

a Gorenstein* simpli
ial 
omplex of di-

mension d� 1 and with n verti
es and

a free involution? Answers are di�er-

ent!

(b) (Kalai)Does every 
entrally-sym-

metri
 d-polytope (or Gorenstein* 
om-

plex as above) have at least 3

d

nonempty

fa
es?
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Flag 
omplex: a simpli
ial 
om-

plex for whi
h every minimal nonfa
e

(or missing fa
e) has two elements.

E.g., the order 
omplex (set of 
hains)

of a poset.

Same as 
lique 
omplexes or indepen-

dent set 
omplexes of graphs.

Balan
ed 
omplex: a (d � 1) di-

mensional simpli
ial 
omplex whose ver-

ti
es 
an be 
olored with d 
olors so that

no edge is mono
hromati
. E.g., order


omplexes.
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Problem 3. (a) (Kalai) Is the f -

ve
tor of a 
ag 
omplex also the f -ve
tor

of a balan
ed 
omplex?

balancedflag

f = (5,5)

(b) (Charney-Davis) Let � be a

(2e � 1)-dimensional Gorenstein* 
ag


omplex with h(�) = (h

0

; : : : ; h

2e

). Is

it true that

(�1)

e

(h

0

� h

1

+ h

2

� � � � + h

2e

) � 0?

True for fa
e posets of 
onvex poly-

topes.
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Matroid 
omplex: a simpli
ial 
om-

plex � on the vertex set V su
h that the

restri
tion of � to any subset of V is

pure (i.e., all maximal fa
es have same

dimension).

Example. The linearly independent

subsets of a subset of a ve
tor spa
e.

Multi
omplex: a 
olle
tion � of mul-

tisets su
h that F 2 � and G � F )

G 2 �. � is pure if all maximal ele-

ments have the same 
ardinality. De�ne

f (�) just like f (�).

Problem 4. Is the h-ve
tor of a ma-

troid 
omplex the f -ve
tor of a pure

multi
omplex?
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Note: A matroid 
omplex is C-M

(even shellable), and the h-ve
tor of any

C-M 
omplex is the f -ve
tor of a mul-

ti
omplex.

Example. (1; 3; 1) is the f -ve
tor

of the multi
omplex f;; 1; 2; 3; 11g or

f;; 1; 2; 3; 12g but is not the f -ve
tor

of a pure multi
omplex.
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Partitioning. An interval of a sim-

pli
ial 
omplex � is a set

[F; F

0

℄ = fG : F � G � F

0

g � �

(so F � F

0

2 �).

An interval partition � of � is a


olle
tion of nonempty pairwise disjoint

intervals whose union is �.
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Theorem. If � is a
y
li
 (vanish-

ing redu
ed homology), then there is

a partition � of � into two-element

intervals [F; F

0

℄ su
h that

� := fF : [F; F

0

℄ 2 �g

is a sub
omplex of �.

Corollary. f (�) = f (C(�)), where

C(�) is the 
one over �.
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Duval: generalization that gives a

\partitioning proof" of the result of Bj�orner-

Kalai 
hara
terizing the f -ve
tor of sim-

pli
ial 
omplexes with pres
ribed Betti

numbers.
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Problem 5. (a) Suppose that � is

a
y
li
, as well as lk(v) for every vertex

v of �. Can � be partitioned into four-

element intervals su
h that

� := fF : [F; F

0

℄ 2 �g

is a sub
omplex of �?

(b) Suppose that � is C-M. Can �

be partitioned into intervals [F; F

0

℄ su
h

that ea
h F

0

is a fa
et (maximal fa
e)

of �?

Note: If � has a partition � as in

(b), then

X

i

h

i

x

i

=

X

[F;F

0

℄2�

x

#F

:
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Cubi
al 
omplexes. Regard a (�-

nite, abstra
t) 
ubi
al 
omplex as a �-

nite meet-semilatti
e su
h that every in-

terval [

^

0; t℄ is isomorphi
 to the fa
e-

latti
e of a 
ube (whose dimension de-

pends on t).
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Let L be a pure 
ubi
al 
omplex of

rank d (or dimension d � 1). Let s be

a vertex (element 
overing

^

0). The sub-

poset ft 2 L : t � sg is the fa
e poset

of a simpli
ial 
omplex �

s

= lk(s). Let

h(�

s

; x) =

d�1

X

i=0

h

i

(�

s

)x

i

:
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De�ne h

i

(L) by the equation

d

X

i=0

h

i

(L)x

i

=

1

1 + x

�

2

d�1

+x

X

s

h(�

s

; x)+(�2)

d�1

e�(L)x

d+1

�

;

where s ranges over all verti
es of L and

e�(L) =

X

t2L

(�1)

rank(t)�1

;

the redu
ed Euler 
hara
teristi
 of L.

Easy: Right-hand side is a polyno-

mial in x.
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3

X

i=0

h

i

(L)x

i

=

1

1 + x

h

2

2

+ x(4 + 4(1 + x)

+(1 + 2x + x

2

)) + (�2)

2

� 0 � x

4

i

= 4 + 5x + x

2

) h(L) = (4; 5; 1; 0):
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Problem 6. (a) Let L be a pure


ubi
al 
omplex of rank d. If L is a C-

M poset (i.e., the order 
omplex of L is

C-M), then is h

i

(L) � 0 for all i? (True

if L is shellable.)

(b) (Adin) IfL is in addition a Goren-

stein* poset, then is it true that

h

0

(L) � h

1

(L) � � � � � h

bd=2


(L)?

(Adin: h

i

= h

d�i

.)
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Simpli
ial posets. Intuitively, a

simpli
ial 
omplex for whi
h two fa
es


an interse
t in any sub
omplex of both,

not just a fa
e.

Rigorously: a (�nite) poset with

^

0

for whi
h every interval is a boolean al-

gebra.
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b d

1 2 3 4

a c

1

2

3
4

a b

d

c

jP j � S

2

) P �

^

0 is Gorenstein*

f (P ) = (4; 6; 4)

3

X

i=0

h

i

x

3�i

= (x� 1)

3

+ 4(x� 1)

2

+6(x� 1) + 4

= x

3

+ x

2

+ x + 1

) h(P ) = (1; 1; 1; 1):
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Theorem. (a) If P is a C-M sim-

pli
ial poset, then h

0

= 1 and h

i

� 0

(
omplete 
hara
terization).

(b) If P is a Gorenstein* simpli-


ial poset, then h

0

= 1, h

i

� 0, and

h

i

= h

d�i

(
omplete 
hara
terization

if f

d�1

is even, e.g., d odd).

Problem 7. Chara
terize the h-ve
tor

of Gorenstein* simpli
ial posets when

f

d�1

is odd.

E.g, (1; 0; 1; 0; 1) is not the h-ve
tor

of a Gorenstein* simpli
ial poset.
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Subdivisions.

geometric
subdivision

topological
subdivision

�

0

is a quasigeometri
 subdivi-

sion of � if the verti
es of an i-dimensional

fa
e of �

0

do not all lie on a fa
e of �

of smaller dimension.
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geometri
 ) quasigeometri
 ) topologi
al

Theorem. If �

0

is a quasigeo-

metri
 subdivision of the C-M (or

even Bu
hsbaum) 
omplex, then

8i h

i

(�

0

) � h

i

(�):

Problem 8. Does the above result

hold for topologi
al subdivisions?
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Lo
al h-ve
tors. Let #V = d, and

let � be a (simpli
ial) subdivision (geo-

metri
 or quasigeometri
) of the simplex

2

V

. Let

�

W

= restri
tion of � to W � V

h(�

W

;x) =

X

i

h

i

(�

W

)x

i

:

`

V

(�;x) =

X

W�V

(�1)

#(V�W )

h(�

W

; x):
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(1,2,0)

(1,0,0)

(1,0)

Γh(  ) = (1,5,2,0)

(1,0) (1,0)

(1,1,0)

`

V

(�; x) = �1 + 3 � 1� [1 + (1 + x) + (1 + 2x)℄

+(1 + 5x + 2x

2

)

= 2x + 2x

2

:

Problem 9. When does `

V

(�; x) =

0?
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