BERTINI THEOREMS OVER FINITE FIELDS
BJORN POONEN

ABSTRACT. Let X be a smooth quasiprojective subscheme of P™ of dimension m > 0 over
F,. Then there exist homogeneous polynomials f over F, for which the intersection of X
and the hypersurface f = 0 is smooth. In fact, the set of such f has a positive density,
equal to (x(m + 1)71, where (x(s) = Zx(q¢~*) is the zeta function of X. An analogue for
regular quasiprojective schemes over Z is proved, assuming the abc conjecture and another
conjecture.

1. INTRODUCTION

The classical Bertini theorems say that if a subscheme X C P has a certain property,
then for a sufficiently general hyperplane H C P", HN X has the property too. For instance,
if X is a quasiprojective subscheme of P™ that is smooth of dimension m > 0 over a field &,
and U is the set of points u in the dual projective space P" corresponding to hyperplanes
H C P}, such that H N X is smooth of dimension m — 1 over the residue field x(u) of v,

then U contains a dense open subset of P™. If k is infinite, then U N P"(k) is nonempty, and
hence one can find H over k. But if £ is finite, then it can happen that the finitely many
hyperplanes H over k all fail to give a smooth intersection H N X. See Theorem 3.1.

N. M. Katz [Kat99] asked whether the Bertini theorem over finite fields can be salvaged
by allowing hypersurfaces of unbounded degree in place of hyperplanes. (In fact he asked for
a little more; see Section 3 for details.) We answer the question affirmatively below. O. Gab-
ber [Gab01, Corollary 1.6] has independently proved the existence of good hypersurfaces of
any sufficiently large degree divisible by the characteristic of k.

Let F, be a finite field of ¢ = p® elements. Let S = Fy[xo, ..., z,] be the homogeneous
coordinate ring of P", let S; C S be the F -subspace of homogeneous polynomials of degree
d, and let Shomog = U Sa- For each f € Sy, let Hy be the subscheme Proj(S/(f)) € P™.
Typically (but not always), Hy is a hypersurface of dimension n — 1 defined by the equation
f = 0. Define the density of a subset P C Shomog by

. #(PNSy)
n(P) == dlggo 45,

if the limit exists. For a scheme X of finite type over F,, define the zeta function [Wei49|

CX(S) _ Zx(q_s) — H (1 o q—sdegP)—l — exp (Z wq—m) '

closed PeX
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Theorem 1.1 (Bertini over finite fields). Let X be a smooth quasiprojective subscheme of
P" of dimension m > 0 over F,. Define

P :={f € Shomog : Hf N X is smooth of dimension m —1}.
Then u(P) = Cx(m+ 1)t

Remarks.

(1) The empty scheme is smooth of any dimension, including —1. Later (for instance,
in Theorem 1.3), we will similarly use the convention that if P is a point not on a
scheme X, then for any r, the scheme X is automatically smooth of dimension r at
P.

(2) In this paper, N denotes scheme-theoretic intersection (when applied to schemes).

(3) If n > 2, the density is unchanged if we insist also that Hy be a geometrically integral
hypersurface of dimension n — 1. This follows from the easy Proposition 2.7.

(4) The case n = 1, X = A!, is a well known polynomial analogue of the fact that the
set of squarefree integers has density ((2)™! = 6/7%. See Section 5 for a conjectural
common generalization.

(5) The density is independent of the choice of embedding X — P!

(6) By [Dwo60], (x is a rational function of 7%, so (x(m +1)~! € Q.

The overall plan of the proof is to start with all homogeneous polynomials of degree d, and
then for each closed point P € X to sieve out the polynomials f for which HyNX is singular
at P. The condition that P be singular on HyN.X amounts to m+1 linear conditions on the
Taylor coefficients of a dehomogenization of f at P, and these linear conditions are over the
residue field of P. Therefore one expects that the probability that H; N X is nonsingular at
P will be 1 — ¢g~(m+1)dee P Agsuming that these conditions at different P are independent,
the probability that Hy N X is nonsingular everywhere should be

H (1 . q—(m+1)degP) _ CX(m+ 1)—1.

closed PeX

Unfortunately, the independence assumption and the individual singularity probability esti-
mates break down once deg P becomes large relative to d. Therefore we must approximate
our answer by truncating the product after finitely many terms, say those corresponding to
P of degree < r. The main difficulty of the proof, as with many sieve proofs, is in bound-
ing the error of the approximation, i.e., in showing that when d > r > 1, the number of
polynomials of degree d sieved out by conditions at the infinitely many P of degree > r is
negligible.

In fact we will prove Theorem 1.1 as a special case of the following, which is more versatile
in applications. The effect of T" below is to prescribe the first few terms of the Taylor
expansions of the dehomogenizations of f at finitely many closed points.

Theorem 1.2 (Bertini with Taylor conditions). Let X be a quasiprojective subscheme of
P™ over ¥,. Let Z be a finite subscheme of P", and assume that U := X — (Z N X) is
smooth of dimension m > 0. Fiz a subset T C H°(Z,0z). Given f € Sy, let f|z be the
element of H*(Z,Oz) that on each connected component Z; equals the restriction of :cj’df to

Z;, where j = j(i) is the smallest j € {0,1...,n} such that the coordinate x; is invertible
on Z;. Define

P :={f € Shomog : Hf NU is smooth of dimension m — 1, and f|, € T }.
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Then
__ #T
~ #HO(Z,0y)

Using a formalism analogous to that of Lemma 20 of [PS99], we can deduce the following
even stronger version, which allows us to impose infinitely many local conditions, provided
that the conditions at most points are no more stringent than the condition that the hyper-
surface intersect a given finite set of varieties smoothly.

u(P) Colm+1)7",

Theorem 1.3 (Infinitely many local conditions). For each closed point P of P" over F, let
up be normalized Haar measure on the completed local ring Op as an additive compact group,
and let Up be a subset of Op whose boundary OUp has measure zero. Also for each P, fix a
nonvanishing coordinate x;, and for f € Sy let f|p be the image of x;df in Op. Assume that
there exist smooth quasiprojective subschemes Xy, ..., X, of P" of dimensions m; = dim X;
over F, such that for all but finitely many P, Up contains f|p whenever f € Shomog S such
that Hy N X; is smooth of dimension m; — 1 at P for all i. Define

P :={f € Shomog : flp € Up for all closed points P € P" }.
Then w(P) =[] neUsp),

closed PeP™

Remark. Implicit in Theorem 1.3 is the claim that the product [ [, pp(Up) always converges,
and in particular that its value is zero if and only if pp(Up) = 0 for some closed point P.

The proofs of Theorems 1.1, 1.2, and 1.3 are contained in Section 2. But the reader at this
point is encouraged to jump to Section 3 for applications, and to glance at Section 5, which
shows that the abc conjecture and another conjecture imply analogues of our main theorems
for regular quasiprojective schemes over SpecZ. The abc conjecture is needed to apply a
multivariable generalization [Poo03] of A. Granville’s result [Grad8] about squarefree values
of polynomials. For some open questions, see Sections 4 and 5.7, and also Conjecture 5.2.

The author hopes that the technique of Section 2 will prove useful in removing the condi-
tion “assume that the ground field k is infinite” from other theorems in the literature.

2. BERTINI OVER FINITE FIELDS: THE CLOSED POINT SIEVE

Sections 2.1, 2.2, and 2.3 are devoted to the proofs of Lemmas 2.2, 2.4, and 2.6, which are
the main results needed in Section 2.4 to prove Theorems 1.1, 1.2, and 1.3.

2.1. Singular points of low degree. Let A = F[zy,...,z,] be the ring of regular func-
tions on the subset A™ := {zy # 0} C P", and identify S; with the set of dehomogenizations
Acg={fe A:degf <d}, where deg f denotes total degree.

Lemma 2.1. IfY is a finite subscheme of P™ over a field k, then the map
¢a: Sq = H°(P",Opn(d)) — H°(Y,Oy(d))
is surjective for d > dim H°(Y, Oy) — 1.
Proof. Let Zy be the ideal sheaf of Y C P™. Then coker(¢gq) is contained in H'(P", Zy(d)),
which vanishes for d > 1 by Theorem II1.5.2b of [Har77]. Thus ¢4 is surjective for d > 1.

Enlarging F, if necessary, we can perform a linear change of variable to assume Y C A" :=
{zo # 0}. Dehomogenize by setting xy = 1, so that ¢4 is identified with a map from A<,
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to B := H(Y,Oy). Let b = dim B. For i > —1, let B; be the image of A<; in B. Then
0=B_1CByC B C...,s0 Bj=Bj; for some j € [-1,b— 1]. Then

Bj+2 = Bj+1 + inBj—i-l = Bj + szBj = Bj+1.
=1 i=1

Similarly B; = Bj+1 = Bj+2 = ..., and these eventually equal B by the previous paragraph.
Hence ¢g4 is surjective for d > 7, and in particular for d > b — 1. 0

If U is a scheme of finite type over F,, let U., be the set of closed points of U of degree
< r. Similarly define Us,.

Lemma 2.2 (Singularities of low degree). Let notation and hypotheses be as in Theorem 1.2,
and define

P, :={f € Shomog : Hf NU is smooth of dimension m — 1 at all P € U.,, and f|; € T }.
Then

# 1 —(m+1)deg P

u(P) = oo T (1),
FINZ.O7) 5

Proof. Let U, = {Pi,..., P;}. Let m; be the ideal sheaf of P, on U, let Y; be the closed

subscheme of U corresponding to the ideal sheaf m? C Oy, and let Y = [JY;. Then Hy N U

is singular at P; (more precisely, not smooth of dimension m — 1 at P,;) if and only if the

restriction of f to a section of Oy;(d) is zero. Hence P, N Sy is the inverse image of

Tx [[ (H(Y;, 0x) — {0})
i=1
under the F-linear composition

a1 Sq=H(P",0pn(d)) = H(Y U Z,Oyiz(d)) = H(Z,07) x | [ H(Y;, Oy,),
i=1
where the last isomorphism is the (noncanonical) untwisting, component by component, by
division by the d-th powers of various coordinates, as in the definition of f|z. Applying
Lemma 2.1 to Y U Z shows that ¢4 is surjective for d > 1, so
# (T x J[;_, (H°(Yi, Oy,) — {0})] #1 -

7)7» = hm 5 — 1 — —(m+1)deg P; ’
HP) = I 0 2.0 T, BV 0]~ 0z 0, LL (1 )

since H°(Y;, Oy,) has a two-step filtration whose quotients Oy p,/my,p, and my p,/mf; p are
vector spaces of dimensions 1 and m respectively over the residue field of P;.

2.2. Singular points of medium degree.

Lemma 2.3. Let U be a smooth quasiprojective subscheme of P™ of dimension m > 0 over
F,. If P €U is a closed point of degree e, where e < d/(m + 1), then the fraction of f € Sy
such that Hy NU 1is not smooth of dimension m — 1 at P equals g (e,

Proof. Let m be the ideal sheaf of P on U, and let Y be the closed subscheme of U corre-
sponding to m?. The f € S, to be counted are those in the kernel of ¢4 : H°(P", O(d)) —
H°(Y,Oy(d)). We have dim H°(Y,Oy(d)) = dim H°(Y,Oy) = (m + l)e < d, so ¢q is
surjective by Lemma 2.1, and the F,-codimension of ker ¢4 equals (m + 1)e. O
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Define the upper and lower densities 7i(P), u(P) of a subset P C S as pu(P) was defined,
but using lim sup and lim inf in place of lim.

Lemma 2.4 (Singularities of medium degree). Let U be a smooth quasiprojective subscheme
of P" of dimension m > 0 over F,. Define

Qmedium. U{ f€Sq: there exists P € U withr < deg P <

0 m—+1

such that Hy N U is not smooth of dimension m — 1 at P }.
Then lim,_, o, f(Qmedivm) = (.

Proof. Using Lemma 2.3 and the crude bound #U(Fy) < ¢¢®™ for some ¢ > 0 depending
only on U [LW54], we obtain

medium d/(m+1)]
N Sq)
7O < Z (number of points of degree e in U) g~ (m+be
#54
d/(m+1
Z #U —(m+1)e
S Z qu q m+1
cq™"
1—¢g!
Hence 7i(Qmedivm) < ¢g=" /(1 — ¢~'), which tends to zero as r — oo. O

2.3. Singular points of high degree.

Lemma 2.5. Let P be a closed point of degree e in A™ over F,. Then the fraction of f € A<q
that vanish at P is at most g~ ™n(d+1e)

Proof. Let evp : A<4 — F ;e be the evaluation-at-P map. The proof of Lemma 2.1 shows that
dimp, evp(A<g) strictly increases with d until it reaches e, so dimg, evp(A<q) > min(d+1,e).
Equivalently, the codimension of ker(evp) in A<, is at least min(d + 1, €). O

Lemma 2.6 (Singularities of high degree). Let U be a smooth quasiprojective subscheme of
P" of dimension m > 0 over F,. Define

Qhigh . — U{ f €84 :3P € Usqjomiry such that Hy VU is not smooth of dimension m — 1 at P }.
d>0

Then 1(QMeh) = 0.

Proof. If the lemma holds for U and for V', it holds for U U V', so we may assume U C A"
is affine.

Given a closed point u € U, choose a system of local parameters t{,...,t, € A at u on
A" such that t,,,1 =ty = -+ = t, = 0 defines U locally at u. Then dt,,...,dt, are a
Oar y-basis for the stalk Q}M/quu. Let 01, ...,0, be the dual basis of the stalk Tan/p, . of
the tangent sheaf. Choose s € A with s(u) # 0 to clear denominators so that D; := s0;
gives a global derivation A — A for ¢« = 1,...,n. Then there is a neighborhood N, of u in
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A™ such that N, N {t;y1 = tiyo = -+ =t, = 0} = N, NU, Q}Vu/Fq = @ ,0y,dt;, and
s € O(N,)*. We may cover U with finitely many N,, so by the first sentence of this proof, we
may reduce to the case where U C N, for a single u. For f € A<y, HyNU fails to be smooth

of dimension m—1 at a point P € U if and only if f(P) = (D1 f)(P) =--- = (D, f)(P) = 0.
Now for the trick. Let 7 = max;(degt;), v = [(d — 7)/p|, and n = |d/p]. If fo € A<,
g1 € A<y, ..., gm € A<y, and h € A<, are selected uniformly and independently at random,

then the distribution of

f=f+dti+--+gt, +h°
is uniform over A<;. We will bound the probability that an f constructed in this way has a
point P € Usg/(m+1) where f(P) = (D1f)(P) = --- = (Dy,f)(P) = 0. By writing f in this
way, we partially decouple the D;f from each other: D;f = (D;fo) + g's for i = 1,...,m.
We will select fo, g1, .., gm,h one at a time. For 0 <7 < m, define

Claim 1: For 0 < i < m — 1, conditioned on a choice of fy,g1,...,g; for which dim(W;) <
m — i, the probability that dim(W;;1) <m —i—11is1—o0(1) as d — co. (The function of
d represented by the o(1) depends on U and the D;.)

Proof of Claim 1: Let Vi, ..., Vi be the (m — i)-dimensional F-irreducible components of
(Wi)rea- By Bézout’s theorem [Ful84, p. 10],

¢ < (degU)(deg D1 f)...(deg D;f) = O(d")

as d — 0o, where U is the projective closure of U. Since dim Vj, > 1, there exists a coordinate
z; depending on k such that the projection z;(Vj) has dimension 1. We need to bound the
set
G = {gi1 € A<yt Dipi f = (Diy1fo) + g7,y vanishes identically on Vj }.

If g, € GP*, then by taking the difference and multiplying by s~!, we see that g — ¢
vanishes on V;. Hence if GP* is nonempty, it is a coset of the subspace of functions in A<,
vanishing on V;. The codimension of that subspace, or equivalently the dimension of the
image of A<, in the regular functions on Vj, exceeds v + 1, since a nonzero polynomial in
x; alone does not vanish on V. Thus the probability that D;,f vanishes on some V}, is at

most g1 = O(d'q~(4""/P) = o(1) as d — oo. This proves Claim 1.

Claim 2: Conditioned on a choice of fy, g1, ..., gm for which W, is finite, Prob(H; N W,, N
Usa/tms1) =0) =1 —o0(1) as d — oc.

Proof of Claim 2: The Bézout theorem argument in the proof of Claim 1 shows that #W,,, =
O(d™). For a given point P € W,,, the set H of h € A, for which H; passes through
P is cither @) or a coset of ker(evp : A<, — k(P)), where x(P) is the residue field of
P. If moreover deg P > d/(m + 1), then Lemma 2.5 implies #H"/# A, < ¢~" where
v =min(n+1,d/(m+1)). Hence

Prob(H; N Wy, N Usg/ms1) # 0) < #Whg™” = O0(d"q™") = o(1)

as d — oo, since v eventually grows linearly in d. This proves Claim 2.

End of proof of Lemma 2.6: Choose f € S; uniformly at random. Claims 1 and 2 show
that with probability [/ (1 — o(1)) - (1 — o(1)) = 1 — o(1) as d — oo, dimW; = m — i
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fori=0,1,...,m and Hf N Wy, N Usq/im1) = 0. But Hy N W, is the subvariety of U cut

out by the equations f(P) = (D1 f)(P) = -+ = (D f)(P) = 0, so Hy N Wy, N Us.ajm+1) 18
exactly the set of points of Hy N U of degree > d/(m + 1) where Hy N U is not smooth of
dimension m — 1. O

2.4. Proofs of theorems over finite fields.

Proof of Theorem 1.2. As mentioned in the proof of Lemma 2.4, the number of closed points
of degree r in U is O(¢"™); this guarantees that the product defining (;7(s)™! converges at
s =m+ 1. By Lemma 2.2,

. #T
lim pu(Pr) = EH(Z.05)

On the other hand, the definitions imply P C P, C P U Qprednm y Qhigh " so 7i(P) and pu(P)
each differ from p(P,) by at most z(Qmediwm) + 7(QMel)  Applying Lemmas 2.4 and 2.6 and
letting r tend to oo, we obtain

CU(m —+ 1)_1.

W(P) = lim u(P) = — L

1 nP) = Zi g 6,y i D

l

Proof of Theorem 1.1. Take Z = () and T = {0} in Theorem 1.2. O

Proof of Theorem 1.3. The existence of X,..., X, and Lemmas 2.4 and 2.6 let us approxi-
mate P by the set P, defined only by the conditions at closed points P of degree less than
r, for large . For each P € P, the hypothesis pp(0Up) = 0 lets us approximate Up by a
union of cosets of an ideal Ip of finite index in Op. (The details are completely analogous
to those in the proof of Lemma 20 of [PS99].) Finally, Lemma 2.1 implies that for d > 1,

the images of f € Sy in HPePg Op/Ip are equidistributed. O

Finally let us show that the densities in our theorems do not change if in the definition of
density we consider only f for which Hy is geometrically integral, at least for n > 2.

Proposition 2.7. Suppose n > 2. Let R be the set of f € Shomog for which Hy fails to be a
geometrically integral hypersurface of dimension n — 1. Then pu(R) = 0.

Proof. We have R = R1 UR, where R, is the set of f € Shomog that factor nontrivially over
F,, and Ry is the set of f € Spomog Of the form N . /r, (g) for some homogeneous polynomial
g € Fpelxg,...,z,] and e > 2. (Note: if our base field were an arbitrary perfect field, an
irreducible polynomial that is not absolutely irreducible would be a constant times a norm,

but the constant is unnecessary here, since Ng . /p, : Fge — F is surjective.)
q q
We have

sRiNS) 1 9 o
#Sd S #Sd ;(#Sl)<#sdz) - ; q )

()0

where
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For 1 <i<d/2—1,
Noy - N, = {(n+g_2> B (n—kd;z—l)] B l(n-l—;ﬂLl) B (n:@)}
()00

> 0.

Similarly, for d > n,
N, = n+d-—1 B n+1 > n+d-—1 B n+1 _J_9
n—1 n 1 1

[d/2] [d/2]
#R1ﬂ5d Zq Z<Zq2d<dq2d

which tends to zero as d — 0.

The number of f € S; that are norms of homogeneous polynomials of degree d/e over F
d/e+n

is at most (qe)( "), Therefore

Thus

#(R2 N Sa) M
#Ra0S) o
#Sd eld,e>1
where M, = (d:”) — e(d/f:r"). For 2 < e <d,

(") _elitn) (E4n—1)---(£+1)

n

(djf) (d+n)(d+n—1)---(d+1)
_e(den) (4n-1)
~— (d+n)(d+n-1)
Se(£1+n)
_1+2_n+ﬁ
e d d?
L, 2t dn?
-2 d d?
<2/3,

once d > 18n?. Hence in this case, M, > + (d+”) > d?/6 for large d, so

#071252 %) < S g M <dg e,

eld,e>1
which tends to zero as d — 0. O

Another proof of Proposition 2.7 is given in Section 3.2, but that proof is valid only for
n > 3.
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3. APPLICATIONS

3.1. Counterexamples to Bertini. Ironically, we can use our hypersurface Bertini the-
orem to construct counterexamples to the original hyperplane Bertini theorem! More gen-
erally, we can show that hypersurfaces of bounded degree do not suffice to yield a smooth
intersection.

Theorem 3.1 (Anti-Bertini theorem). Given a finite field ¥, and integers n > 2, d > 1,
there exists a smooth projective geometrically integral hypersurface X in P™ over F, such
that for each f € S1U---USy, Hy N X fails to be smooth of dimension n — 2.

Proof. Let HY, ... H® be a list of the H; arising from f € S;U---US,. Fori=1,...,fin
turn, choose a closed point P, € H® distinct from P; for j < i. Using a T  as in Theorem 1.2,
we can express the condition that a hypersurface in P be smooth of dimension n — 1 at
P, and have tangent space at P; equal to that of H® whenever the latter is smooth of
dimension n — 1 at P,. Theorem 1.2 (with Proposition 2.7) implies that there exists a
smooth projective geometrically integral hypersurface X C P satisfying these conditions.

Then for each i, X N H® fails to be smooth of dimension n — 2 at P;. O
Remark. Katz [Kat99, p. 621] remarks that if X is the hypersurface

n+1

D (XY - X1Y) =0

i=1
in P?"*! over F, with homogeneous coordinates Xi,..., X,11,Y1,..., Y, 41, then HN X is

singular for every hyperplane H in P?"™! over F,.

3.2. Singularities of positive dimension. Let X be a smooth quasiprojective subscheme
of P™ of dimension m > 0 over F,. Given f € Shomog, let (Hf N X)sing be the closed subset
of points where Hy N X is not smooth of dimension m — 1.

Although Theorem 1.1 shows that for a nonempty smooth quasiprojective subscheme
X C P” of dimension m > 0, there is a positive probability that (H; N X)sng # 0, we now
show that the probability that dim(H N X )gne > 1 is zero.

Theorem 3.2. Let X be a smooth quasiprojective subscheme of P"™ of dimension m > 0
over F,. Define

S = { f € Shomog : AIM(Hf N X )gng > 1}
Then u(S) = 0.

Proof. This is a corollary of Lemma 2.6 with U = X, since S C Qhsh, O

Remark. If f € Shomog 15 such that H; is not geometrically integral of dimension n — 1, then
dim(H f)sing > n — 2. Hence Theorem 3.2 with X = P" gives a new proof of Proposition 2.7,
at least when n > 3.

3.3. Space-filling curves. We next use Theorem 1.2 to answer affirmatively all the open
questions in [Kat99]. In their strongest forms, these are

Question 10: Given a smooth projective geometrically connected variety X
of dimension m > 2 over F,, and a finite extension F of F, is there always a
closed subscheme Y in X, Y # X such that Y(F) = X(F) and such that Y
is smooth and geometrically connected over F,?
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Question 13: Given a closed subscheme X C P" over F, that is smooth and
geometrically connected of dimension m, and a point P € X(F,), is it true
for all d > 1 that there exists a hypersurface H C P" of degree d such that
P lies on H and H N X is smooth of dimension m — 1?7

Both of these questions are answered by the following:

Theorem 3.3. Let X be a smooth quasiprojective subscheme of P"™ of dimension m > 1
over F, and let F' C X be a finite set of closed points. Then there exists a smooth projective
geometrically integral hypersurface H C P™ such that H N X s smooth of dimension m — 1
and contains F'.

Remarks.

(1) If m > 2 and if X in Theorem 3.3 is geometrically connected and projective in
addition to being smooth, then H N X will be geometrically connected and projective
too. This follows from Corollary I11.7.9 in [Har77].

(2) Recall that if a variety is geometrically connected and smooth, then it is geometrically
integral.

(3) Question 10 and (partially) Question 13 were independently answered by Gabber [Gab01].

Proof of Theorem 3.3. Let Tp x be the Zariski tangent space of a point P on X. At each
P ¢ F choose a codimension 1 subspace Vp C Tppn not equal to Tpx. We will apply
Theorem 1.3 with the following local conditions: for P € F, Up is the condition that the
hypersurface H; passes through P and Tpy = Vp; for P ¢ F', Up is the condition that H;
and Hy N X be smooth of dimensions n — 1 and m — 1, respectively, at P. Theorem 1.3
(with Proposition 2.7) implies the existence of a smooth projective geometrically integral
hypersurface H C P" satisfying these conditions. 0

Remark. 1f we did not insist in Theorem 3.3 that H be smooth, then in the proof, Theorem 1.2
would suffice in place of Theorem 1.3. This weakened version of Theorem 3.3 is already

enough to imply Corollaries 3.4 and 3.5, and Theorem 3.7. Corollary 3.6 also follows from
Theorem 1.2.

Corollary 3.4. Let X be a smooth, projective, geometrically integral variety of dimension
m > 1 over Fy, let ' be a finite set of closed points of X, and let y be an integer with
1 <y < m. Then there exists a smooth, projective, geometrically integral subvariety Y C X
of dimension y such that FF' C Y.

Proof. Use Theorem 3.3 with reverse induction on y. 0

Corollary 3.5 (Space-filling curves). Let X be a smooth, projective, geometrically integral
variety of dimension m > 1 over F,, and let EZ be a finite extension of F,. Then there exists
a smooth, projective, geometrically integral curve Y C X such that Y (E) = X (F).

Proof. Apply Corollary 3.4 with y = 1 and F the set of closed points corresponding to

X(E). O
In a similar way, we prove the following:

Corollary 3.6 (Space-avoiding varieties). Let X be a smooth, projective, geometrically in-

tegral variety of dimension m over Fy, and let ¢ and y be integers with £ > 1 and1 <y < m.

Then there exists a smooth, projective, geometrically integral subvariety Y C X of dimension
y such that'Y has no points of degree less than .
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Proof. Repeat the arguments used in the proof of Theorem 3.3 and Corollary 3.4, but in the
first application of Theorem 1.3, instead force the hypersurface to avoid the finitely many
points of X of degree less than /. U

3.4. Albanese varieties. For a smooth, projective, geometrically integral variety X over
a field, let Alb X be its Albanese variety. As pointed out in [Kat99], a positive answer to
Question 13 implies that every positive dimensional abelian variety A over F, contains a
smooth, projective, geometrically integral curve Y such that the natural map AlbY — A
is surjective. We generalize this slightly in the next result, which strengthens Theorem 11
of [Kat99] in the finite field case.

Theorem 3.7. Let X be a smooth, projective, geometrically integral variety of dimension
m > 1 over Fy. Then there exists a smooth, projective, geometrically integral curve Y C X
such that the natural map AlbY — Alb X is surjective.

Proof. Choose a prime ¢ not equal to the characteristic. Represent each /(-torsion point
in (Alb X)(F,) by a zero-cycle of degree zero on X, and let F be the finite set of closed
points appearing in these. Use Corollary 3.4 to construct a smooth, projective, geometrically
integral curve Y passing through all points of F'. The image of AlbY — Alb X is an abelian
subvariety of Alb X containing all the /-torsion points, so the image equals Alb X. (The
trick of using the ¢-torsion points is due to Gabber [Kat99].) O

Remarks.

(1) A slightly more general argument proves Theorem 3.7 over an arbitrary field k [Gab01,
Proposition 2.4].
(2) It is also true that any abelian variety over a field & can be embedded as an abelian

subvariety of the Jacobian of a smooth, projective, geometrically integral curve over
k [Gab01].

3.5. Plane curves. The probability that a projective plane curve over F, is nonsingular
equals

peB) T =1—¢ N1 —qg )1 —-q7?).

(We interpret this probability as the density given by Theorem 1.1 for X = P? in P2.)
Theorem 1.3 with a simple local calculation shows that the probability that a projective
plane curve over F, has at worst nodes as singularities equals

() =(1—-g A= H)(1 g,
For Fy, these probabilities are 21/64 and 315/512.

Remark. Although Theorem 1.1 guarantees the existence of a smooth plane curve of degree
d over F, only when d is sufficiently large relative to ¢, in fact such a curve exists for every
d > 1 and every finite field F,. Moreover, the corresponding statement for hypersurfaces of
specified dimension and degree is true [KS99, §11.4.6]. In fact, for any field & and integers
n>1,d > 3 with (n,d) not equal to (1,3) or (2,4), there exists a smooth hypersurface X
over k of degree d in P"*! such that X has no nontrivial automorphisms over k [Poo00].
This last statement is false for (1, 3); whether or not it holds for (2,4) is an open question.
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4. AN OPEN QUESTION
In response to Theorem 1.1, Matt Baker has asked the following:

Question 4.1. Fix a smooth quasiprojective subscheme X of dimension m over F,. Does
there exist an integer ng > 0 such that for n > ng, if : : X — P" is an embedding such that
no connected component of X is mapped by ¢ into a hyperplane in P", then there exists a
hyperplane H C P" over F, such that H N ¢(X) is smooth of dimension m — 17

Theorem 1.1 proves that the answer is yes, if one allows only the embeddings ¢ obtained
by composing a fixed initial embedding X — P with d-uple embeddings P* — P¥. Never-
theless, we conjecture that for each X of positive dimension, the answer to Question 4.1 is
no.

5. AN ARITHMETIC ANALOGUE

We formulate an analogue of Theorem 1.1 in which the smooth quasiprojective scheme
X over F, is replaced by a regular quasiprojective scheme X over SpecZ, and we seek
hyperplane sections that are regular. The reason for using regularity instead of the stronger
condition of being smooth over Z is discussed in Section 5.7.

Fix n € N = Z>(. Redefine S as the homogeneous coordinate ring Z[zo, ..., z,] of P},
let Sq C S be the Z-submodule of homogeneous polynomials of degree d, and let Shomog =
Uiy Sa- If p is prime, let Sy, be the set of homogeneous polynomials in F,[zo, ..., z,] of
degree d. For each f € Sy, let H; be the subscheme Proj(S/(f)) € Py. Similarly, for
f € Sap, let Hy be Proj(Fy[xo, ..., 2.]/(f)) C Py, .

If P is a subset of Z" for some N > 1, define the upper density

_ : : #(P N Box)
P) := max limsup - - - limsup ——=~
M( ) Ba(l)—ﬂg) BU(N)—}ODO #BOX

where o ranges over permutations of {1,2,..., N} and
Box = {(v1,...,7y) € Z" : |z;] < B, for all i}.

(In other words, we take the limsup only over growing boxes whose dimensions can be
ordered so that each is very large relative to the previous dimensions.) Define lower density
u(P) similarly using min and lim inf. Define upper and lower densities fi; and p By of subsets
of a fixed S; by identifying Sy with Z" using a Z-basis of monomials. If P C Shomog, define
A(P) = limsup,_,. fig(P N Sg) and p(P) = liminfy oo p (P N Sq). Finally, if P is a subset
of Shomog, define p(P) as the common value of i(P) and wu(P) if fi(P) = u(P). The reason
for choosing this definition is that it makes our proof work; aesthetically, we would have
preferred to prove a stronger statement by defining density as the limit over arbitrary boxes
in Sy with min{d, By, ..., By} — o0o; probably such a statement is also true but extremely
difficult to prove.
For a scheme X of finite type over Z, define the zeta function [Ser65, §1.3]

()= [[ (-#s(P)™)",

where k(P) is the (finite) residue field of P. This generalizes the definition of Section 1,
since a scheme of finite type over F, can be viewed as a scheme of finite type over Z. On
the other hand, (specz(s) is the Riemann zeta function.
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The abc conjecture, formulated by D. Masser and J. Oesterlé in response to insights of
R. C. Mason, L. Szpiro, and G. Frey, is the statement that for any ¢ > 0, there exists a
constant C' = C'(e) > 0 such that if a, b, ¢ are coprime positive integers satisfying a + b = ¢,

then ¢ < C’(H p)tte.

plabe
For convenience, we say that a scheme X of finite type over Z is reqular of dimension m if

for every closed point P of X, the local ring Ox p is regular of dimension m. For a scheme X
of finite type over Z, this is equivalent to the condition that Ox p be regular for all P € X
and all irreducible components of X have Krull dimension m. If X is smooth of relative
dimension m — 1 over Spec Z, then X is regular of dimension m, but the converse need not
hold. The empty scheme is regular of every dimension.

Theorem 5.1 (Bertini for arithmetic schemes). Assume the abc conjecture and Congec-
ture 5.2 below. Let X be a quasiprojective subscheme of Py that is reqular of dimension
m > 0. Define

P = {f € Shomog : Hf N X is reqular of dimension m —1}.
Then u(P) = (x(m+1)~*

Remark. The case X = PY = SpecZ in P} of Theorem 5.1 is the statement that the
density of squarefree integers is ¢(2)7!, where ¢ is the Riemann zeta function. The proof
of Theorem 5.1 in general will involve questions about squarefree values of multivariable
polynomials.

Given a scheme X, let Xq = X x Q, and let X, = X x F, for each prime p.

Conjecture 5.2. Let X be an integral quasiprojective subscheme of P7, that is smooth over
Z of relative dimension r. There exists ¢ > 0 such that if d and p are sufficiently large, then

#{fe€Sup dim(H;NX,)sing > 1} < £

#Sd,p p2

Heuristically one expects that Conjecture 5.2 is true even if ¢/p? is replaced by ¢/p* for
any fixed k£ > 2. On the other hand, for the application to Theorem 5.1, it would suffice to
prove a weak form of Conjecture 5.2 with the upper bound ¢/p? replaced by any €, > 0 such
that > €, < oo. We used ¢/ p? only to simplify the statement.

If d is sufficiently large relative to p, then Theorem 3.2 provides a suitable upper bound
on the ratio in Conjecture 5.2. If p is sufficiently large relative to d, then one can derive a
suitable upper bound from the Weil Conjectures. (In particular, the truth of Conjecture 5.2
is unchanged if we drop the assumption that d and p are sufficiently large.) The difficulty
lies in the case where d is comparable to p.

See Section 5.4, for a proof of Conjecture 5.2 in the case where the closure of Xq in Pg
has at most isolated singularities.

5.1. Singular points with small residue field. We begin the proof of Theorem 5.1 with
analogues of results in Section 2.1. If M is a finite abelian group, let length, M be its length
as a Z-module.

Lemma 5.3. If Y is a zero-dimensional closed subscheme of Py, then the map ¢q : Sq =
H(P%,0(d)) — H°(Y, Oy(d)) is surjective for d > lengthy HO(Y, Oy) — 1.
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Proof. Assume d > length,H°(Y,Oy) — 1. The cokernel C' of ¢, is finite, since it is a
quotient of the finite group HY(Y, Oy (d)). Moreover, C' has trivial p-torsion for each prime
p, by Lemma 2.1 applied to Yg, in Py, . Thus C' = 0. Hence ¢, is surjective. U

Lemma 5.4. If P C Z" is a union of c distinct cosets of a subgroup G C Z¥ of index m,
then u(P) = c/m.

Proof. Without loss of generality, we may replace G with its subgroup (mZ)® of finite index.
The result follows, since any of the boxes in the definition of © can be approximated by a
box of dimensions that are multiples of m, with an error that becomes negligible compared
with the number of lattice points in the box as the box dimensions tend to infinity. U

If X is a scheme of finite type over Z, define X_, as the set of closed points P with
#rk(P) < r. (This conflicts with the corresponding definition before Lemma 2.2; forget that
one.) Define X5, similarly. We say that X is regular of dimension m at a closed point P of
Py, if either P ¢ X or Ox p is a regular local ring of dimension m.

Lemma 5.5 (Small singularities). Let X be a quasiprojective subscheme of P} that is reqular
of dimension m > 0. Define

Pr:={f € Shomog : Hy N X is reqular of dimension m — 1 at all P € X, }.

Then
wP) = J[ (1—#w(P)tmh).

PEX <,

Proof. Given Lemmas 5.3 and 5.4, the proof is the same as that of Lemma 2.2 with Z = (. [

5.2. Reductions. Theorem 1 of [Ser65] shows that H (1- #r(P)"" ) converges to
PeX <y

(x(m+1)"! as r — oo. Thus Theorem 5.1 follows from Lemma 5.5 and the following, whose

proof will occupy the rest of Section 5.

Lemma 5.6 (Large singularities). Assume the abc conjecture and Conjecture 5.2. Let X be
a quasiprojective subscheme of Py, that is reqular of dimension m > 0. Define

Q?rge = { f € Shomog : there exists P € X, such that
Hy N X is not regular of dimension m — 1 at P }.

Then lim, ., 7(Q°) = 0.

Lemma 5.6 holds for X if it holds for each subscheme in an open cover of X, since by
quasicompactness any such open cover has a finite subcover. In particular, we may assume
that X is connected. Since X is also regular, X is integral. If the image of X — SpecZ is
a closed point (p), then X is smooth of dimension m over F,, and Lemma 5.6 for X follows
from Lemmas 2.4 and 2.6. Thus from now on, we assume that X dominates Spec Z.

Since X is regular, its generic fiber Xq is regular. Since Q is a perfect field, it follows
that Xq is smooth over Q, of dimension m — 1. By [EGA IV (4), 17.7.11(iii)], there exists
an integer ¢t > 1 such that X x Z[1/t] is smooth of relative dimension m — 1 over Z[1/t].
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5.3. Singular points of small residue characteristic.

Lemma 5.7 (Singularities of small characteristic). Fiz a nonzero prime p € Z. Let X be an
integral quasiprojective subscheme of Py, that dominates Spec Z and is reqular of dimension
m > 0. Define

Qpr :={ f € Shomog : there exists P € X, with #x(P) >r
such that Hy N X is not reqular of dimension m — 1 at P }.

Then lim, o 7(Q,) = 0.

Proof. We may assume that X, is nonempty. Then, since X, is cut out in X by a single
equation p = 0, and since p is neither a unit nor a zerodivisor in H(X, Ox), dim X, = m—1.
Let

Quedium . — U{ f € Sy there exists P € X, with r < #x(P) < p¥/(m+1)
d>0
such that Hy N X is not regular of dimension m — 1 at P }

and

Q?igh = U{ f €Sy there exists P € X, with #x(P) > p¥/(m+D
d>0

such that H; N X is not regular of dimension m — 1 at P }.

Since Q,, = Quedum y Qbieh it suffices to prove lim, o (Qpe™™) = 0 and 7z(Q5E") = 0.
We will adapt the proofs of Lemmas 2.4 and 2.6.

If P is a closed point of X, let mx p € Ox be the ideal sheaf corresponding to P, and
let Yp be the closed subscheme of X corresponding to the ideal sheaf mg(, p- For fixed d,
the set Quedim 0 S, s contained in the union over P with r < #r(P) < p#™™ of the
kernel of the restriction ¢p : Sy — H°(Yp,O(d)). Since H(Yp,O(d)) ~ H°(Yp, Oy, ) has
length (m+1)[x(P) : F)] < d as a Z-module, ¢p is surjective by Lemma 5.3, and Lemma 5.4
implies 7i(ker ¢p) = #r(P)~ ™V, Thus

Q™™ N Sy) <> Jilker gp) = > #r(P) ",
P P

where the sum is over P € X, with r < #x(P) < p¥(™*). The crude form #X,(F,c) =
O(p*™Y) of the bound in [LW54] implies that
: —( ymedium : : —( ymedium
AL G = Ty i P 0 50) =0
Next we turn to Qgigh. Since we are free to pass to an open cover of X, we may assume
that X is contained in the subset Ay := {z # 0} of P7,. Let A = Z[xy,...,x,] be the ring
of regular functions on A}. Identify Sy with the set of dehomogenizations A<, = {f € A:

deg f < d}, where deg f denotes total degree.
Let  be the sheaf of differentials Qx,/r,. For P € X, define the dimension of the fiber

qb(P) = dimn(p) Q (’)® I{(P)

Xp
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Let mx, p be the maximal ideal of the local ring Ox, p. If P is a closed point of X,,, the
isomorphism

mx, p

Q @ K(P)~

2
Ox, mx, p

of Proposition I1.8.7 of [Har77] shows that ¢(P) = dim,p) mijp/m?Xp,P; moreover

Mmxp | Mx,p

2

55— —0
m
X,P Xp,P

pOx p —

is exact. Since X is regular of dimension m, the middle term is a x(P)-vector space of
dimension m. But the module on the left is generated by one element. Hence ¢(P) equals
m — 1 or m at each closed point P.

Let Y = {P € X, : ¢(P) > m}. By Exercise 11.5.8(a) of [Har77], Y is a closed subset,
and we give Y the structure of a reduced subscheme of X,,. Let U = X, =Y. Thus for closed

points P € X,
m—1, ifPelU
P)= ’
4(P) {m, ifPeY.

If U is nonempty, then dimU = dim X, = m — 1, so U is smooth of dimension m — 1
over F,,, and Q|y is locally free. At a closed point P € U, we can find ¢y,...,t, € A such
that dti,...,dt,_1 represent an Ox, p-basis for the stalk Qp, and dt,,,...,dt, represent a
basis for the kernel of Qan/p, ® Ox, p — Qp. Let 01,...,0, € Tan/p, p be the basis of

derivations dual to dty,...,dt,. Choose s € A nonvanishing at P such that sd; extends to
a global derivation D; : A — A for ¢« = 1,2,...,m — 1. In some neighborhood V' of P in
A’]}p, dty,...,dt, form a basis of Qv p,, and dty,...,dt,_; form a basis of Quny/r,, and

s € O(V)*. By compactness, we may pass to an open cover of X to assume U C V. If
H; N X is not regular at a closed point () € U, then the image of f in mU7Q/m2U7Q must be
zero, and it follows that Dy f, ..., D,,_1f, f all vanish at ). The set of f € S; such that
there exists such a point in U can be bounded using the induction argument in the proof of
Lemma 2.6.

It remains to bound the f € Sy such that H;y N X is not regular at some closed point
P €Y. Since Y is reduced, and since the fibers of the coherent sheaf 2 ® Oy on Y all have
dimension m, the sheaf is locally free by Exercise 11.5.8(c) in [Har77]. By the same argument
as in the preceding paragraph, we can pass to an open cover of X, and find ¢{,...,%,,s € A
such that dty,. .., dt, are a basis of the restriction of {24»/r, to a neighborhood of Y in A’Pkp,
and dty, ..., dt,, are an Oy-basis of Q ® Oy, and s € O(Y)* is such that if 0y, ...,0, is the
dual basis to dt,...,dt,, then s0; extends to a derivation D; : A — Afori=1,...,m — 1.
(We could also define D; for ¢ = m, but we already have enough.) We finish again by using
the induction argument in the proof of Lemma 2.6. U

5.4. Singular points of midsized residue characteristic. While examining points of
larger residue characteristic, we may delete the fibers above small primes of Z. Hence in this
section and the next, our lemmas will suppose that X is smooth over Z.

Lemma 5.8 (Singularities of midsized characteristic). Assume Conjecture 5.2. Let X be
an integral quasiprojective subscheme of A7y that dominates SpecZ and is smooth over Z of
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relative dimension m — 1. For d, L, M > 1, define

Qur<.<m :={f € Sa: there exist p satisfying L <p < M and P € X, such that
Hy N X is not regular of dimension m — 1 at P }.

Given € > 0, if d and L are sufficiently large, then i( Q4 r<.<n) < €.

Proof. If P is a closed point of degree at most d/(m + 1) over F, where L < p < M,
then the set of f € Sy such that H;y N X is not regular of dimension m — 1 at P has
upper density #r(P)~ ™™ as in the argument for Que4™ in Lemma 5.7. The sum over
#rk(P)~mD over all such P is small if L is sufficiently large: this follows from [LW54], as
usual. By Conjecture 5.2, the upper density of the set of f € S; such that there exists p
with L < p < M such that dim(H; N X, )sing > 1 is bounded by >, _,, ¢/p?, which again
is small if L is sufficiently large.

Let &4, be the set of f € Sy for which (Hf N X, )sing is finite and HyN X fails to be regular
of dimension m — 1 at some closed point P € X, of degree greater than d/(m + 1) over F,,.
It remains to show that if d and L are sufficiently large, > ;5 7i(€ap) is small. Write
f = fo+pfi where f; has coefficients in {0, 1,...,p — 1}. Once fy is fixed, (Hf N X, )sing 18
determined, and in the case where it is finite, we let Py, ..., P, be its closed points of degree
greater than d/(m + 1) over F,,. Now H; N X is not regular of dimension m — 1 at P; if and
only if the image of f in Ox p, /mg( p, 1s zero; for fixed fo, this is a condition only on the
image of f; in Ox, p, / my, p,. It follows from Lemma 2.5 that the fraction of f; for this holds
is at most p~" where v = d/(m+1). Thus (E4yp) < fp~. As usual, we may assume we have
reduced to the case where (H ;N X, )sing is cut out by Dy f, ..., Dy,_1 f, f for some derivations
D;, and hence by Bézout’s Theorem, ¢ = O(d™) = O(p*~?%) as d — oo, so [i(Eqp) = O(p~2).
Hence » ;1 7i(&ap) is small whenever d and L are large. O

The following lemma and its proof were suggested by the referee.

Lemma 5.9. Conjecture 5.2 holds when the closure Xq of Xq in P& has at most isolated
singularities.

Proof. We use induction on n. Let X be the closure of X in P%. Since X¢q has at most
isolated singularities, a linear change of coordinates over Q makes X q N {zy = 0} is smooth
of dimension » — 1. Since the statement of Conjecture 5.2 is unchanged by deleting fibers
of X — SpecZ above small primes, we may assume that X N {zy = 0} is smooth over
Z of relative dimension r — 1. Next, we may enlarge X to assume that X is the smooth
locus of X — SpecZ, since this only makes the desired conclusion harder to prove. The
smooth Z-scheme X N {zy = 0} is contained in the smooth locus X of the Z-scheme X, so

If f € Sqp is such that dim(H; N X, )sing > 1, then the closure of (Hy N X}, )sng intersects
{zo = 0}. But X N {zo =0} = X N {zo = 0}, so (H; N X,)sing itself intersects {zg = 0}.
Thus it suffices to prove

#AS € Sap: (Hy N Xy )ang N {wo =0} A0} _ ¢
#Sd,p p2 .

For a closed point y of degree < d/(r + 1) of X, N {xy = 0}, the probability that y € (Hy N
Xp)sing 18 #£(y) """ and the sum over such points is treated as in the proof of Lemma 5.8.
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It remains to count f € Sg, such that Hy N X, is singular at a closed point y of degree
> d/(r+1) of X,N{ze = 0}. Note that (H;NX,)singN{zo = 0} is contained in the subscheme
Y= (HrNX,N{xo = 0})sing. By the inductive hypothesis applied to X N {xy = 0}, we
may restrict the count to the f for which Hy N X, N{zy = 0} is of pure dimension r — 2 and
Y s is finite. Then by Bézout, #3; = O(d"), where the implied constant depends only on X.
If we write f = fo+ fizo+ foxd +... with f; € Fy[z1,..., x,], then X depends only on fj.
For fixed fy and y € ¥y = Xy, whether or not y € (HyN X, )sing depends only on the “value”
of fi at y (which is in I'(y, O(d — 1)|,)), and at most one value corresponds to a singularity.
The F,-vector space of possible values of fi at y has dimension > min(deg(y), d), so if we
restrict to y of degree > d/(r+ 1), the probability that y € (H; N X),)sing is at most p~#/+1).
Thus, for fixed fy, the probability that H; N X, is singular at some such y is O(d p=¥/(r+1),
which is O(p~2) for d large enough. Finally, the implied constant is independent of fy, so
the overall probability is again O(p~2). O

5.5. Singular points of large residue characteristic. We continue to identify homoge-
neous polynomials in xg, ..., z, with their dehomogenizations obtained by setting xy, when
needed to consider them as functions on A7 C P7.

Lemma 5.10. Let X be an integral quasiprojective subscheme of Ay that dominates Spec Z
and is smooth over Z of relative dimension m—1. Fixd > 1. Let f € Z[co, ..., cn|[To, - ., Ty
be the generic homogeneous polynomial in xg,...,x, of total degree d, having the indeter-
minates co,...,cn as coefficients (so N + 1 is the number of homogeneous monomials in
X, ..., T, of total degree d). Then there exists an integer M > 0 and a squarefree poly-
nomial R(cy,...,cx) € Zlco, ..., cn] such that if f is obtained from f by specializing the
coefficients ¢; to integers v;, and if Hf N X fails to be regular at a closed point in the fiber
X, for some prime p > M, then p* divides the value R(vo,...,VN)-

Proof. By using a “d-uple embedding” of X (i.e., mapping A" to A" using all homogeneous
monomials in o, ..., x, of total degree d), we reduce to the case of intersecting X instead
with an affine hyperplane H; C A7, defined by (the dehomogenization of) f = cozg+ -+ +
CnZn. Let A" = ATZLJrl be the affine space whose points correspond to such homogeneous
linear forms. Thus co, ..., c, are the coordinates on A"

If X has relative dimension n over SpecZ (so X is a nonempty open subset of A"), we
may trivially take R = ¢g if n = 0 and R = cygcy if n > 0. Therefore we assume that the
relative dimension is strictly less than n in what follows.

Let ¥ C X x A" be the reduced closed subscheme of points (z, f) such that the variety
Hy N X over the residue field of (z, f) is not smooth of dimension m — 2 at x. Then,
because we have excluded the degenerate case of the previous paragraph, ¥q is the closure
in Xq x Ag’l of the inverse image under Xq x Agrl --» Xq x Pg of the conormal variety
CX C Xq x Py as defined in [Kle86, I-2] (under slightly different hypotheses). Concretely,
¥ is the subscheme of X x A™*! locally cut out by the equations Dy f =---D,,_1f = f =0
where the D; are defined locally on X as in the penultimate paragraph of the proof of
Lemma 5.7.

Let I be the scheme-theoretic image of ¥ under the projection 7 : ¥ — A", Thus
Iq C Ag“ is the cone over the dual variety X, defined as the scheme-theoretic image of
the corresponding projection C'X — Pg. By [Kle86, p. 168], we have dimCX =n — 1, so

dimX <n-—1.
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Case 1. dim X =n — 1.

Then Iq is an integral hypersurface in Ag, say given by the equation Ry(co,...,¢,) =0,
where Ry is an irreducible polynomial with content 1. After inverting a finite number of
nonzero primes of Z, we may assume that Ry = 0 is also the equation defining I in A7.
Choose M greater than all the inverted primes.

Since dim X = n — 1, the projection CX — X is a birational morphism. By duality
(see the Monge-Segre-Wallace criterion on p. 169 of [Kle86]), CX = CX, so CX — X
is a birational map. It follows that = : 3 — [ is a birational morphism. Thus we may
choose an open dense subset I’ of I such that the birational morphism 7 : ¥ — I induces
an isomorphism ' — I', where X' = 7~1(I’). By Hilbert’s Nullstellensatz, there exists
Ry € Z]cy, ..., c,] such that R; vanishes on the closed subset I — I’ but not on I. We may
assume that R; is squarefree. Define R = RqR;. Then R is squarefree.

Suppose that Hy N X fails to be regular at a point P € X, with p > M. Let v be the
closed point of A™"! defined by ¢ — v = -+ = ¢, — v, = p = 0. Then the point (P,7)
of X x A" is in ¥. Hence v € I, so Ry(7o,---,7,) is divisible by p. If v € I — I', then
Ri(Y0, - - -, ) is divisible by p as well, so R(7o, . ..,7,) is divisible by p?, as desired.

Therefore we assume from now on that v € I’; so (P,v) € ¥'. Let W be the inverse image
of I under the closed immersion Spec Z — A"™"! defined by the ideal (co — Yo, -, Cn — Yn)-
Let V be the inverse image of ¥’ under the morphism X < X x A"*! induced by the
previous closed immersion. Thus we have a cube in which the top, bottom, front, and back
faces are cartesian:

Vv o
\
X J X x Antl
; ,
Spec Z Antl

Near (P,7) € X x A" the functions Dy f, -+, D, _1f, f cut out ¥ (and hence also its
open subset ¥') locally in X x A", Then Oyp = Oxp/(Dif,Dof,...,Dm_1f, f). By
assumption, Hy N X is not regular at P, so f maps to zero in (’)X,p/m%gp. Now Ox p is
a regular local ring of dimension m, D;f € my p, and fe mgf’ p, o the quotient Oy p has
length at least 2. Since ¥’ — [’ is an isomorphism, the cube shows that V' — W is an
isomorphism too. Hence the localization of W at p has length at least 2. On the other hand
I’ is an open subscheme of I, whose ideal is generated by Ry(co, ..., c,) (after some primes
were inverted), so W is an open subscheme of Z/(Ry(71,...,7vn)). Thus Ro(yo,-..,Vn) iS
divisible by p? at least. Thus R(7o,...,7,) is divisible by p2.

Case 2. dim X < n — 1.

Then Iq is of codimension > 2 in Ag“. Inverting finitely many primes if necessary, we
can find a pair of distinct irreducible polynomials Ry, Ry € Z]cy, . .., ¢,] vanishing on I. Let
R = RiRy. As in Case 1, if Hy N X fails to be regular at P € X, with p > M, then the
values of R; and Ry both vanish modulo p, so the value of R is divisible by p?. U
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Because of Lemma 5.10, we would like to know that most values of a multivariable poly-
nomial over Z are almost squarefree (that is, squarefree except for prime factors less than
M). It is here that we need to assume the abe conjecture.

Theorem 5.11 (Almost squarefree values of polynomials). Assume the abc congjecture. Let
F € Zlxy, ..., x,| be squarefree. For M > 0, define

Su:={(a1,...,a,) €Z" | Flay,..., ay,) is divisible by p* for some prime p > M }.
Then 1(Sy) — 0 as M — oo.

Proof. The n = 1 case is in [Gra98]. The general case follows from Lemma 6.2 of [Poo03],
in the same way that Corollary 3.3 there follows from Theorem 3.2 there. Lemma 6.2 there
is proved there by reduction to the n = 1 case. O

Remarks.

(1) These results assume the abc conjecture, but the special case where F' factors into
one-variable polynomials of degree < 3 is known unconditionally [Hoo67]. Other
unconditional results are contained in [GM91].

(2) Theorem 5.11 together with a simple sieve lets one show that the naive heuris-
tic (multiplying probabilities for each prime p) correctly predicts the density of
(a1,...,a,) € Z" for which F(aq,...,a,) is squarefree, assuming the abc conjecture.

Lemma 5.12 (Singularities of large characteristic). Assume the abc conjecture. Let X be
an integral quasiprojective subscheme of Ay that dominates SpecZ and is smooth over Z of
relative dimension m — 1. Define

Qi>m :={f € Sa: there exists p > M and P € X, such that
Hy N X is not reqular of dimension m — 1 at P }.
If d is sufficiently large, then im0 1i( Qg >n) = 0.

Proof. We may assume that d is large enough for Lemma 5.10. Apply Theorem 5.11 to the
squarefree polynomial R provided by Lemma 5.10 for X. 0]

5.6. End of proof. We are now ready to prove Theorem 5.1. Recall that in Section 5.2 we
reduced to the problem of proving Lemma 5.6 in the case where X is an integral quasipro-
jective subscheme of A7 such that X dominates SpecZ and is regular of dimension m > 0.
In Lemma 5.6, d tends to infinity for each fixed r, and then r tends to infinity. We choose
L depending on r, and M depending on r and d, such that 1 < L < r < d < M. (The
precise requirement implied by each < is whatever is needed below for the applications of
the lemmas below.) Then

(1) Qlreen g, C <U (Qpr N Sd)) U Qi r<.cnm U Qg >,

p<L
and we will bound the upper density of each term on the right. Recall from the end of
Section 5.2 that X has a subscheme of the form X’ = X x Spec Z[1/t] that is smooth over Z.
We may assume L > t. By Lemma 5.7, lim, o 71(Q,,) = 0 for each p, so [ (Ung Qpﬂn) is

small (by which we mean tending to zero) if r sufficiently large relative to L. By Lemma 5.8
applied to X', if L and d are sufficiently large, then 71(Qg <.<a) is small. By Lemma 5.12
applied to X', if d is sufficiently large, and M is sufficiently large relative to d, then (Qq>r)
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is small. Thus by (1), 77(Q!"¢) is small whenever r is large and d is sufficiently large relative
to r. This completes the proof of Lemma 5.6 and hence of Theorem 5.1. U

Remark. Arithmetic analogues of Theorems 1.2 and 1.3, and of many of the applications in
Section 3 can be proved as well.

5.7. Regular versus smooth. One might ask what happens in Theorem 5.1 if we ask for
H; N X to be not only regular, but also smooth over Z. We now show unconditionally that
this requirement is so strict, that at most a density zero subset of polynomials f satisfies it,
even if the original scheme X is smooth over Z.

Theorem 5.13. Let X be a nonempty quasiprojective subscheme of P7, that is smooth of
relative dimension m > 0 over Z. Define

PImeoth . — L £ € Shomog : Hp N X is smooth of relative dimension m — 1 over Z }.

Then p(Psmeeth) = 0.
Proof. Let
pemeoth . — [ f ¢ Shomog : HfNX is smooth of relative dimension m — 1 over Z at all P € X_, }.

Suppose P € X, lies above the prime (p) € SpecZ. Let Y be the closed subscheme of X,
corresponding to the ideal sheaf m? where m is the ideal sheaf of functions on X,, vanishing
at P. Then for f € Sy, Hy N X is smooth of relative dimension m — 1 over Z at P if and
only if the image of f in H°(Y, O(d)) is nonzero. Applying Lemma 5.3 to the union of such
Y over all P € X_,, and using #H°(Y, O(d)) = #x(P)™, we find

M(P:mooth) _ H (1 _ #H(P)_(m+1)) .

PeX <,

Since dim X = m+1, (x(s) has a pole at s = m+1 and our product diverges to 0 as r — oc.
(See Theorems 1 and 3(a) in [Ser65].) But Psmecth C psmeoth for a]] g0 p(Psmecth) = (0. O

A density zero subset of Spomog can still be nonempty or even infinite. For example, if
X = SpecZ[1/2,x] < P, then P N0 G, is infinite for infinitely many d: H; N X is
smooth over Z whenever f is the homogenization of (x — a)2b — 2 for some a,b € Z with
b>0.

On the other hand, N. Fakhruddin has given the following two examples in which Psm°°th 0
Sy is empty for all d > 0.

Example 5.14. Let X be the image of the 4-uple embedding P, — P3. Then X is smooth
over Z. If f € P™°h 0 G, for some d > 0, then Hy N X ~ [[Spec A; where each A4;
is the ring of integers of a number field K; unramified above all finite primes of Z, such
that Y [K; : Q] = 4d. The only absolutely unramified number field is Q, so each A; is Z,
and H; N X ~ [[}%, SpecZ. Then 4d = #(H; N X)(Fy) < #X(Fy) = #P(Fy) = 3, a

contradiction.

Example 5.15. Let X be the image of the 3-uple embedding PZ — P3. Then X is smooth
over Z. If f € Psmeoth 0 G for some d > 0, then Hy N X is isomorphic to a smooth proper
geometrically connected curve in P of degree 3d, hence of genus at least 1, so its Jacobian
contradicts the main theorem of [Fon85].



22 BJORN POONEN

Despite these counterexamples, P. Autissier has proved a positive result for a slightly
different problem. An arithmetic variety of dimension m is an integral scheme X of dimension
m that is projective and flat over Z, such that Xgq is regular (of dimension m — 1). If Ok
is the ring of integers of a finite extension K of Q, then an arithmetic variety over Ok
is an Og-scheme X such that X is an arithmetic variety and whose generic fiber X is
geometrically irreducible over K. The following is a part of Théoreme 3.2.3 of [Aut01]:

Let X be an arithmetic variety over O of dimension m > 3. Then there
exists a finite extension L of K and a closed subscheme X’ of X, such that
(1) The subscheme X' is an arithmetic variety over Oy, of dimension m — 1.
(2) Whenever the fiber X, of X above p € Spec Ok is smooth, the fiber X|,

of X" above p’ is smooth for all p’ € Spec Of, lying above p.

Actually Autissier proves more, that one can also control the height of X’. (He uses the
theory of heights developed by Bost, Gillet, and Soulé, generalizing Arakelov’s theory.)

The most significant difference between Autissier’s result and the phenomenon exhibited
by Fakhruddin’s examples is the finite extension of the base allowed in the former.
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