On the vi-periodicity of the Moore space

by
Lyuboslav Panchev

B.S., Stanford University (2014)

Submitted to the Department of Mathematics

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2019

(© Massachusetts Institute of Technology 2019. All rights reserved.

Department of Mathematics
May 3, 2019

Certified by . . . .« . L L e
Haynes Miller

Professor of Mathematics

Thesis Supervisor

Accepted by . . . . . L
William Minicozzi
Chairman, Department Committee on Graduate Students



On the vi-periodicity of the Moore space

by

Lyuboslav Panchev

Submitted to the Department of Mathematics on May 3, 2019
in Partial Fulfillment of the Requirements for

the Degree of Doctor of Philosophy in Mathematics

ABSTRACT

We present progress in trying to verify a long-standing conjecture by Mark Mahowald on the v;-
periodic component of the classical Adams spectral sequence for a Moore space M. The approach
we follow was proposed by John Palmieri in his work on the stable category of A-comodules. We
improve on Palmieri’s work by working with the endomorphism ring of M - End(M) thus resolving
some of the initial difficulties of his approach and formulating a conjecture of our own that would
lead to Mahowald’s formulation. We further improve upon a method for calculating differentials

via double filtration first used by Miller and apply it to our problem.
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1 Introduction

1.1 Motivation and background

Homotopy groups have been one of the cornerstone objects of study in algebraic topology and really
something that gave birth to the subject itself. The Freudenthal Suspension theorem gives rise
to a stability phenomenon for those groups. More precisely, for an n-connected pointed space X,
the suspension map 7;(X) — mx41(XX) is an isomorphism for & < 2n. This generalizes to an
isomorphism [X,Y] — [XX,XY] given dim X < 2n —1 and Y is n — 1-connected, and allows us to
study homotopy theory in this stable context. We move from working in the category of spaces and
homotopy classes of maps to its stable version - the category of spectra.

In this category we have a generalized Adams Spectral Sequence that converges to a certain local-
iztion of m.(X). This spectral sequence is constructed via a ring spectrum E that needs to satisfy a
number of conditions to make sure Ey = Extp, (g (Ex, Ex (X)) and to guarantee convergence. Most
common candidates for E are the mod p Eilenberg-MacLane spectrum H or the Brown-Peterson
spectrum BP. We get the classical Adams spectral sequence and the Adams Novikov spectral se-
quence respectively. The later spectral sequence has a striking connection to the theory of formal
group laws.

A formal group law over a ring R is a power series of two variables with coefficients in that ring
that satisfies certain group-like properties. We can talk about morphisms of group laws in terms
of a change-of-base map over R or as arising from a ring map R — 7. It’s natural to look for
universal objects in this setting and (working p-locally) the pair (BP.BP, BP,) is one such object.
B P,corepresents p-typical formal group laws over a Z,)-algebra, while BP,BP correspresents iso-
morphisms between them. Thus, the pair correpresents objects and morphisms in a groupoid and
as such is called a Hopf algebroid. The structure of this Hopf algebroid is present in the world of
formal group laws and so we conclude this world “knows” exactly how the Fy page of the Adams
Novikov spectral sequence looks like. One manifestation of this relation is chromatic homotopy
theory.

Given BP; = Z)[v1,v2,...], our interpretation of a formal group law over a ring R as a map
f : BP. — R allows us to define the concept of height associated to the formal group law. The

height is the smallest integer n for which f(v,) # 0. This “filtration” of formal group laws by height



translates to the chromatic filtration in homotopy theory and leads us to talk about v,-periodicity.
Informally speaking, if I, is the complete information that formal group laws of height n or higher
“see” in stable homotopy, then the v,-periodic phenomena are given by I,,/I,41. The objects that
detect periodicity on the level of spectra are the Morava K-theories K(n). Given a fixed p-local
finite spectrum X, let n be the smallest integer such that K(n).(X) # 0. Then we say X is of
type n and m,(X) has a non-trivial v,-periodic part. Furthermore, one can isolate v,-periodicity by
virtue of the Periodicity theorem. The theorem tells us there is an (asymptotically) unique self-map
B : 2Bl X — X which induces an isomorphism on K (n),. Hence the fiber of this map has type higher
than n and so the v,-periodic homotopy of X is exactly what (powers of) 3 detect. The telescope
71X is the geometric manifestation of the v,-periodic part of X i.e. m,(87'X) = 87 7. (X). It’s an
interesting question how 8 works on the level of the Adamas Novikov spectral sequence, which is the
statement of the telescope conjecture, for instance. More precisely, the telescope conjecture claims
that the v,-localized Adams Novikov spectral sequence of X converges to 3~ m.(X). Alternatively,
it says there is no v,-periodic element in 7, (X) with unbounded Novikov filtration as higher powers
of 3 are applied (there are enough v,-towers) and there is no v,-periodic element in the unlocalized
spectral sequence that kills off non-periodic elements as higher powers of 5 are applied (there are
not too many v,-towers). This is a step towards computing 8~ 7. (X).

The connection of BP to formal groups makes it into a computationally effective tool in the
study of stable homotopy. However, at least on theory, one can try to play the same game with
other spectra and in particular with ordinary mod p homology H. An immediate issue that arises
is that homology itself doesn’t detect self maps as effectively and we are limited as to what we can
construct geometrically. That is to say we don’t have an equivalent to the Periodicity theorem or
Morava K-theory or at least we don’t know what they are supposed to be. For example, the mod
2 Moore space M has a vi-self map « : XM — M and clearly H(a) = 0, so ordinary homology
doesn’t detect o as well as BP. This has to do with the fact that BP (unlike H) detects periodicity
at filtration O (this is related to the Nilpotence theorem). So what can we do? Can we change our
framework so ordinary homology “sees more”?

Before we give an answer we would need to know a bit about the structure theory of A and
(co)modules over it. Those were extensively studied by Margolis [4], among others. He introduced

elements P € A*dual to §tps € A. At p = 2 we know that (P?)? = 0 for s < t, so one can define



H(N, P?) for a given A-comodule N. The significance of these homology groups becomes apparent

by the following results

Theorem 1.1: Let N be a bounded below comodule N such that H(N, Pf) = 0 for all s < t.
Then N is cofree.

Theorem 1.2: Given an integer d, if H(N, Pf) = 0 for all |P?| < d then Ext4(F3, N) has a

vanishing line of slope d.

Theorem 1.2 leads us to define the type of a bounded below comodule N to be the smallest
n = |Pf| such that H(N, P?) # 0. Naively, following the BP analogy we want to construct a
(unique) self map  : NIl — N which induces an isomorphism on H(—, P?). To do that we
need to work in the derived category of A-comodules - Stable(A). This is enough to deal with
the limitations of H mentioned earlier as compared to BP. To see how, consider again the v
self-map a : X¥M — M for the mod 2 Moore space. H(a) = 0, but a has to be detected by
Extff’t)(H*(M), H,(M)) and so it is present in Stable(A) and, in fact, it induces an isomorphism
on H(H.(M), PY). More generally, a type n = |Pf| comodule N = H,(X) has a self-map (3 with a
geometric realization (also called ). If Y is the spectrum that is the fiber of 5, we get that H,(Y) is
of type higher than n and so Ext4(F2, H.(Y')) has a vanishing line of slope m > n. Hence § induces
an isomorphism on Ext(Fa, H.(X)) above a line of slope m. As a result 3~ 'Ext(Fo, Hy(X))
completely detects Exta(Fa, Ho (X)) above a line of slope m. We refer to this as the P/-periodic
part of X.

The author is finally in a position to present the problem he will try to tackle. Let N be the
stable comodule corresponding to H.(M). It is a stable comodule of type |PY| and the self-map
is induced precisely from the map « : ¥8M — M. By the above discussion a_lE:cti"t (Fo, H (M)
detects completely E;t(H , M) above a line of slope |P}| — 1 = 5. This leads to the central problem

of this thesis

Problem : What is o~ Ext% (Fy, H.(M))?

An explicit answer was claimed by Mahowald [3], but it was never verified. According to him it
is built out of a number of copies of two pieces. Those pieces are a‘lEth’t(IFg, H,(bo AN M)) and

oz_lEa:t‘;’t (Fo, He(bu A M)) where bo and bu are connected real and complex K-theory respectively.



It is worth noting that both of these pieces are easily computed by a change of rings isomorphism
(occuring due to a colapse of the Cartan-Eilenberg spectral sequence in both cases). To present
the answer in an explicit form, we define a polynomial algebra P = Fa[z1,x2,...] with derivation
d(x;) = x12?_ ;. P is bigraded with |z;| = (2,202 + 1). If H(d) and B(d) are the homology and

image of d resepectively, then the conjecture takes the following form

Conjecture: o~ Ext’(Fay, Ho(M)) = @ slala=t Ext’ (Fq, Hy(bo A M))
a€H(d)

& P sPla Bty (Fy, Ho(bu A M))
beB(d)

We proceed to describe an approach to this conjecture proposed by Palmieri in his book [8]. He
first notes the analogy between Stable(A) and the category of spectra allows us to build a generalized
Adams Spectral sequence in precisely the same way. Furthermore, there are spectra @, (playing
the role of Morava K-theories) that detect P? 1-periodicity. Recalling N was the stable comodule
corresponding to H, (M) we get a spectral sequence with Fy = Extg, g, (Q1+, Q1+(IN)) converging to
a_lE:Bti{t(Fg, H,(M)). This spectral sequence converges to v; " Ea(M; H) and computations seem
promising due to the simplicity of Ey = Fg[vfcl, hi1,ha1,- -+ ,hp1,---] and the fact that B3 = FE»
as for degree reasons nontrivial differentials can only occur at odd pages. It is important to note
that since M is not a ring spectrum, FE, is not an algebra and d, is not a derivation and so what
we really mean by the above equality is that Fs is a Fo-vector space with basis the monomials
in ]Fg[vlﬂ,hll,hgl, -+« hpy,---]. Palmieri then conjectured what the values of ds(h,1) are and
proposed one should be able to extend them in some way to the entire E3. Moreover he conjectured
that the spectral sequence collapses at F, and claimed this would imply Mahowald’s conjecture.
Note it is not immediately obvious how Palmieri’s formulation relates to Mahowald’s and it is
something we address in more detail at a later section of the paper.

Thus our problem is three-fold: how does one compute dz(hy,1), how does one extend it to the
rest of B3 and why are there no higher degree differentials. We solely address the first two questions,
fully answering the second one. We do this by working with the endomorphism ring spectrum of
M - End(M). It is the 4 cell complex M A DM. The advantage of End(M) is that its spectral

sequence is multiplicative and so d3 is a derivation. At the same time the action End(M)AM — M



makes E,(M) into a module over E,(End(M)). We will also show Palmieri’s originally conjectured
values for ds(h,1) can’t be true and so we propose a revised conjecture of what those values are.
We verify that conjecture modulo knowing that the elements v]"h, don’t survive to E4 for n > 3,

m € 7.

1.2 The suqgare

Computing ds on the above elements seems to be significantly harder. An example of a similar
computation in the literature can be found in a paper due to Miller [6]. He manages to compute
a7 (M) in the case of an odd p by analyzing ds in the Adams Spectral sequence. This is done
by considering the Cartan-Eilenberg spectral sequence arising from the reduced powers in A. This
spectral sequence colapses, but its second page coincides with the second page of the Algebraic
Novikov spectral sequence which converges to E:z:tsétp*( B P)(BP*, BP,(M)). Miller is able to relate
ds to the differential in the Algebraic Novikov spectral sequence, which is more computationally
accessible . This relation determines dy modulo higher Cartan-Eilenberg filtration, which is enough
to compute a1, (M).

We will present an attempt to follow the same strategy refered to as the “square” since one obtains
4 spectral sequnces that form a square diagram. In fact, we will generalize the square construction
to any triangulated category (rather than the category of spectra) and obtain information about

any d, (rather than just da).

1.3 Organization

This thesis is informally divided into two main parts. In the first part (sections 2 — 5) we present
the progress regarding the conjecture, while sections 6 — 7 are dedicated to the development of the
square method as an independant tool and it’s use regarding our conjecture.

In section 2 we provide the necessary background about Stable(A) - the stable category of
comodules over the Steenrod algebra A, and explicitly write Palmieri’s original conjecture and our
revised version of it. In section 3 we work out the corresponding spectral sequence for End(M)
and its action on the the one for M. Section 4 consists of the meat of the paper as we proceed to
show that Mahowald’s conjecture would follow as long as a family of elements vanishes at Fy. We

conclude the first part with section 5 where we introduce the original conjecture by Mahowlad and



show explicitly how it follows from our revised conjecture.
We switch gears in section 6 as we introduce the terminology and basic setting of the square
construction. Then in Section 7 we discuss how the square construction fits into the setting of our

original problem.

2 The category Stable(A)

In this chapter we give a brief description of Stable(A) and any related results of immediate use to
us. For more detail the reader is directed to Palmieri’s book [8].

Objects in Stable(A) are unbounded cochain complexes of (left) A-comodules. We will identify
a comodule L with its injective resolution over A. For two such objects L, N the set of morphisms
is [L, N]s; = Bxt%'(L, N). Then Ly, = ms,(L) = Ext%'(Fa, L). For the sake of clarity we observe
L itself is bigraded and one should make a distinction between the elements of degree (s,t) in L
and Ls;. Note also the sphere spectrum S € Stable(A) is the injective resolution of Fa, which is in
line with our notation of 7, (L) = [S, L]s; above. Stable(A) is now a triangulated category and for
a ring spectrum X € Stable(A) we can build a generalaized Adams spectral sequence in the usual
way. Then assuming certain conditions hold we can identify Fo(L; X) = Fatx,, x (X, XsL) and
further conditions would guarantee convergence to L.

We are interested in the case where the spectrum @Q); plays the role of X. To define @)1, we first
define g1 to be the injective resolution of ADFz(&)/(E%)FQ. (21 is now obtained from ¢; after working
out how to extend the g;-resolution into the negative dimensions. Then one can check g4 = Falv],
Ques = Fo[oi ] [8, p44] and QuxQ1 = Fa[v", 61,63, €2,---]/(&1,65,--+) [8, p.101].

The trigraded spectral sequence of interest is

EQ(M; Ql) - Exth**Ql (Ql**7 Ql**(M)) = F2[’Uit17 h117 h21a T 7hn17 e ]

and it converges to vy ' Fo(M; H) [8, p.81, 101]. Note the abuse of notation above as what we
really mean by Fo(M; Q1) is Eo(L; Q1) where L is an injective resolution for H,(M). Elsewhere
M will always refer to the topological Moore spectrum. For degree reasons the only potential non-
zero differentials in E,.(M; Q1) happen at odd pages, so Eo = E3. Palmieri then conjectured the

following differentials:



dB(U%) = h%
d3(hn1) = U1—2h11h21h721_171 for n Z 3
As we will see later, the conjecture in its current form is incorrect, so we make the following

revised conjecture:

d3(vf) = hi;
d3(hn1) = v7 °h3 bt + 0] *hathorh?_y | forn >3
Though this isn’t enough to fully determine ds, Palmieri goes on to propose that d3 “looks” as though
as Fo(M; Q1) is an algebra. One reason for this proposal that he notes is we can also compute the

FE5 page of the corresponding spectral sequence for the sphere

Es(S;Q1) = Extg,..0, (Qrix, Quix) = Fo[vift, hao, Pty hoty -+ Bty - -]

and use the map S — M to induce a surjection Fy(S; Q1) — E2(M;Q1) with hpy — hypi, hip — 0
and v; — v;. Then the identity map S A M — M turns Es(M; Q1) into a cyclic module over
E5(S;Q1). Now identifying Eo(M; Q1) with Fa [vfﬂ, hi1,ha1,- -+, hn1,- - -] becomes justified as both

coincide as Fs(S; Q1)-modules:
Ey(M; Q1) & Ey(S;Qu)/(h1o) = Fa[oy, har, har, -+ s ot -+

Then information about differentials in E,.(S; Q1) could directly produce differentials in E,.(M; Q1)
and since S is a ring spectrum, E,(S; Q1) is a spectral sequence of algebras, so the differentials in
E,.(S;Q1) are derivations. The problem is differentials in F5(S; Q1) are difficult to compute and
so we don’t know what E3(S;Q1) looks like. This is where End(M) enters the picture - it is a
ring spectrum that acts on M just as S does, but differentials in Es(End(M); Q1) are much more

manageable to compute.
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3 The @, E> term for End(M)

We begin by computing H,(End(M)) as a comodule over A. Let z¢ and x1 denote the two cells of
M and y_1 and yo denote the two cells of DM = X~'M. Then End(M) = M A DM has four cells
of the form x;y; with |z;y;| =i+ j. As DM is the dual of M we have maps n: S — M A DM and
€e: DM AN M — S that specify the ring structure of End(M). More precisely, n is the unit, while

multiplication is given by
M ADMAMADM 2% MA DM

and the action of End(M) on M is then given by the map 1Ae : MADMAM — M. If v € H.(5) is
the generator, then 7, (¢) = z1y—1 + xoyo and €x(y12-1) = ex(yoxo) = ¢. This allows us to compute

the multiplicative structure of H,(End(M))

iy fj+k=0
(ziy;) (wkyr) =
0 otherwise

Setting o = xoy_1 and v = x1yg we get that H,(End(M)) = Faa,v]/(a?, %, ay + ya + 1).
Note this is a 4-dimensional non-commutative Fo-algebra with basis (1, «,, ay) where |a] = —1
and |y| = 1. To understand the coaction of A we just need to understand the coaction on a and ~.

Since ¥ (zg) = 1 ®@ x¢ and P(z1) =1 @ 21 + &1 ® o we conclude that
Y(a) = P(zoy—1) = (@)Y (y—1) = 1@ z)(1® y-1) = 1@ T0y-—1 =1 @ @
and

V() = P(zyo) = Y(@)Y(yo) = 1 @ 31y0 + &1 @ (T1y—1 + ToYo) + & @ Toy—1

= 1@7+&ael+g®a

Recall we are interested in computing ds in Ea(M;Q1). Since M lacks multiplicative structure,

we will work with End(M) and try to understand E,.(End(M);Q1). We proceed with a direct

11



computation

Ey(End(M); Q1) = Exi(q,),.q,(Q1)w (Q1)w(End(M)))
= Fofoi']® Exty, e, ¢34 (F2, F2(l, o, 7, a7))

= IFQ[Uitl] ® Fg[hgl, h31, ] (=) E(L'tF2[£ﬂ/(€zll)(F2, IFQ(l, a, 7, a’y))

Here we used that the coaction of &2 on Fa(l,a,~,ay) is trivial for i > 2. The conormal
extension Fa(£2)/(£1) — Fa(€1)/(€F) — Fo(&1)/(£2) produces a Cartan-Eilenberg spectral sequence

that collapses since H.(End(M)) = Fa(l, a,~y, a) is cofree over Fo(&1)/(£2). Thus, we get

Exty, e/ (F2, Fo(l, v, 7)) = Bty ez (e3) (Fa, Extp, e /e2) (Fa, Fa (1, 0,7, )

= Eutp, et (F2, Fa(1, )

We conclude that Extg, ety (F2, F2(1, o, 7, 7)) = F2(1, a) @ Fa[h11] and so
Ey(BEnd(M); Q1) = Fa[vi', a, ha1, hat, ha, .../ (a?)

which (expectedly so) is two copies of Ea(M;Q1). The degrees of the generators are given by |vi| =
(0,2,1), || = (0,—1,0), |hn1| = (1,27F1—=2,0). It is worth noting that even though H,(End(M)) is

not commutative, the spectral sequence above ends up with a commutative multiplicative structure.
3.1 FE3(M;Q,) as a differential module over Ey(End(M); Q)
The action of End(M) on M extends to an action E,(End(M);Q1) ® E.(M;Q1) — E.(M;Q1)

and so E,(M;Q1) is a differential module over E.(End(M);@Q1). The commutative diagram

MADMAM -2 M

w2

SANM

implies the action of E5(S;Q1) on Ea(M; Q1) factors through the action of Ey(End(M); Q1) via

12



the algebra map 7. : E,(S,Q1) = E(End(M); Q1), which is just
e : Fo[vf] @ Falhio, hi1, hat, hat, o] = Fo[vf!] @ Falhay, hot, hat, ...] @ Fa(1, @)

with 74 (v1) = v1 and 1« (hp1) = hpi. Furthermore we claim 7, (h19) = ahi1. Indeed, since ¢(v) =

1@y +& @1+ @ait follows that £ ® 1+ €2 ® o vanishes in the homology of the cobar complex

of End(M) and so ahy; = 2| = &1|1, which is the cobar representative of hig in E2(S;Q1)-
Hence Eo(M;@Q1) is a cyclic module over Ey(End(M); Q7). Furthermore, we have an isomor-

phism of Ey(End(M);Q1)-modules:

Ey(M;Q1) = Eo(End(M); Q1)/ () = Fo[vE! hyt, hat, -+, b,y - -]

Before we move on to the next section we note that all of the elements hq1, v1, hoiv1, hglv% survive
to Exo(M; Q1) as shown by the diagram of Eo(M; H) below. Observe this doesn’t guarantee the
same is true in E,(End(M);Q1), but we will still be able to extract some of the information back

to E.(End(M); Q1) using the action above.

13



4 Calculating dy and ds of Ey(End(M); Q1)

4.1 Low-degree calculations

We begin by calculating dy and ds on the low-degree elements in E,.(End(M); Q1) and then proceed
to formulating a conjecture for ds and ds on the remaining elements.

Theorem 4.1.1: The elements «, hq1, v1c, v1hoy survive to Ey(End(M); Q). Furthermore,

da(v1) = ah%l

ds(v}) = I

Proof:

Since we will need to distinguish between differentials in E.(End(M); Q1) and E.(M;Q1), we
will denote them by d, and d™ respectively.

In E,.(M;Q1), h3; must be a coboundary at some point and for degree reasons di (v?) = h3,.
Indeed, if d,.(x) = h3, for some r > 3 and x € E,(M; Q) then since |h$,| = (3,6,0) and d™ changes
degrees by (r,7 — 1,1 — r) we conclude that |z| = (3 — 7,7 —r,7 — 1). Recall |vi| = (0,2,1), |a] =
(0,—1,0), |hp1| = (1,271 —2,0). Then 3 —r > 0, so r = 3 and |x| = (0,4,2). The only option
now is x = v}, Note if v; was to survive to E3(End(M); Q1) then d3(v?) = 0, which would force
dM(v?) = 0. Hence da(v1) # 0 and so for degree reasons da(vi) = ah?;. Given the action of
Es(End(M); Q1) we must also have da(v1) = ah?,. Either of those differentials could be also seen
since da(v1) = hioh11 in E2(S; Q1) which follows from the same differential in the Cartan-Eilenberg
spectral sequence computing H*(A(1)).

Next we claim dg(h21) # 0. Indeed, assume that da(ho1) = 0. Then da(v?he1) = 0 and since
v2hgy survives in E,.(M; Q1) it must be that d3(v?hg1) = 0 in E3(End(M); Q1). By multiplicativity
we conclude d3(hg1) = vf2hi’1h21. But now considering the action E3(End(M); Q1) ® E3(M; Q1) —
E5(M;Q1) we have

ng(h21 . 1)1) = d3(h21) -v1 + hot - ng(’Ul) = ’Ul_lhli’lhm 75 0

which can’t happen since hojv; survives in E,.(M;@1). Note we have to consider the action since
ho1v1 would not be present in E3(End(M); Q7). Hence our assumption was wrong and dg(ha1) # 0,

which by degree reasons means da(ha1) = vl_lahflhgl.

14



Finally both hq1 and vy hop survive dé\/l in F5(M;Q1), so they must also survive ds in Es(End(M); Q1)

d3(h11) = ds(vihe1) = 0. At the same time, for degree reasons d,(a) = d.(avy) = 0 for

r = 2,3 and neither elements can be a coboundary, which means both « and awv; are present in

Ey(End(M); Q1)-

4.2 Conjectures on FE,.(End(M); Q1)

Given the theorem above, in order to compute do completely we just need to know the values on

the remaining generators i.e. da(hy1) for n > 3. Thus we make the following conjecture:

(Main) Conjecture part 1: da(h,1) = v 'ah? hy for n >3

Observe then x, = vihy41,1 is a cycle, and that

EQ(End(M), Ql) = FQ[IEl, x9, } %) FQ[Ulil, hlla Oé]/(()éZ)

where the first factor has zero differential and the second factor has only dev; = ah?;. The homology

is thus

E3(End(M); Q1) = Fa[zy, 22, ..] @ Fa[vi? by, o, ]/ (2, ah?y, ad, o/?)

where o is the class of vja. Again Theorem 1 tells us d3(z1) = d3(a) = d3(a’) = 0 and d3(v?) = h$;

and so in order to compute d3 completely we just need to know the values on the remaining

generators i.e. dg(xy,) for n > 2. Thus we further conjecture:

(Main) Conjecture part 2: ds(z,) = vy *hyx122_; for n > 2

We can prove this conjecture modulo the following assumption

(Smaller) conjecture: vz, does not survive to E4(End(M); Q1) for n,m € Z, n > 2.

Theorem 4.2.1: The smaller conjecture above implies the main one.

15



Before proving the Theorem observe the converse statement that the main conjecture implies the
smaller one also holds. In fact, the main conjecture even specifies what d,(v{"xy) is, which is what
justifies the naming convention of the two conjectures. Thus, the Theorem can be reformulated by
saying that the smaller and main conjectures above are equivalent.

Proof:

For n > 3 da(hp1) is a linear combination of vy ' ah? hy and vflahglh%_u for degree reasons,
but the later is not in the image of FEo(S;@). Hence da(h,1) = vl_lahflhnl or 0. Assume that
for some n > 3 da(h,1) = 0. For degree reasons, ds(hy,1) is a linear combination of vfzh‘;’lhm and

U1_2h11h21hi—1,1a but vl_Qhthlh%_Ll doesn’t survive to E3(End(M); Q1) since
d2(”1_2h11h21h371,1) = d2(h21)”1_2h11h271,1 = Ufgah‘%lhﬂhiq,l
By our smaller conjecture, d3(hy1) # 0 and so ds(hp1) = vahi”lhm. Then
d3(vihn1) = d3(v3)hnt + vids(hn1) = I 1At + B jhet =0

which again contradicts the (smaller) conjecture. We conclude da(hp1) = vy lahflhnl for all n > 2,
which is also equivalent to da(vihy1) = 0 for all n > 2. Hence the elements z,, = vihy,41,1 survive,
which justifies their presence in F3. This completes the da calculation in Eo(End(M); Q1).

Next for n > 2 d3(x,) is a linear combination of v *hyz122 | and vy ?h3, 2, which leaves us
with 4 possibilities. ds(z,) = vfzh?lxn would imply ds(viz,) = 0 and so d3(z,,) = 0 or vfzh?lxn are
both ruled out as possibilities due to the (smaller) conjecture. Then either d3(x,) = vy *hi1z122

or d3(zy,) = vy *hyyx122_| + vy 2k} x,. However, the latter case would imply

2 2 2 3 3 -2 2 —2 2
dg(len) = dg(vl)xn + Uldg(mn) = hnxn + hHCL‘n + v h11w1$n71 =V hllxll’nfl

and so

0 = d3(vizy) = ds3(vi *huzias_y) = ds(vi ) hiziel ) = vy *hzel )

which is false as v] *h{ 2122 _| is present in E3(End(M);Q1). We conclude d3(x,) = vy *hiizi22

for n > 2 as desired.
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It is worth mentioning that Palmieri’s original conjecture would imply that d3f(v]*h,1) # 0
for n > 3, which would guarantee the (smaller) conjecture. However, the smaller conjecture itself
is enough to arrive at a different answer than what Palmieri suggested. This proves his original
formulation is incorrect, but as we will see in the next section it is close to what we arrive at based

on the (smaller) conjecture.

4.3 Completing the calculation of d; in E3(M; Q)

Now that we have learnt a fair bit about the structure of E,(End(M);Q1) we will see how the
information about its differentials can translate to information about the differentials in E,.(M; Q).
Recall for degree reasons Eo(M; Q1) = E3(M;Q1). Observe E3(M; Q1) is now generated by {1,v;}
as a B3(End(M); Q1)-module. Since vy survives to Eo(M; Q1) we get d3f(v1) = d}(1) = 0 and so
ds now completely determines dé\/l .

For example, to compute dé\/l(hnl) for n > 3 note that h,; = Uf2$n71 -v1 and so we get

dé\/l(hn1) = dg(vl_QIn_l) V1 = Ul_zhi’lhrﬁ + Ul_2h11h21h%7171

We conclude that assuming the (smaller) conjecture holds, the differentials in E3(M; Q1) are
di' (vf) = hi,
di' (har) = vy *ha1ht,y
3! (hp1) = 7 °h3 ey + 07 2hathorh2_ o for n >3

which is what we conjectured in Section 2.

5 Relation between Palmieri’s and Mahowald’s notations

In this section we will see how the conjectured differentials for E5(M; Q1) imply Mahowald’s conjec-
ture assuming there are no higher degree differentials. We begin by stating Mahowald’s conjecture
explicitly following the original description in [3|. Let P = Fa[z1,x2, -] be a polynomial algebra,
which is bigraded with |z;| = (2,272 +1). Set a derivation d on P by d(x;) = x12? | for i > 1. Let
H(d) be the resulting homology and B(d) the image of d. Then assuming a and b run through an
[Fy-basis for H(d) and B(d) Mahowald conjectured that
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v EBaty (Fy, Ho(M)) = @ Sy Eat (Fa, Ha(bo A M))
a€H(d)

o P =Pl Bt (Fy, Ha(bu A M)
beB(d)
Here bo and bu are connective real and complex K-theory respectively and we have explicit
computations:

v Ext’ (Fa, Hy(bo A M)) = Fa[vit] @ Fo(hay, v1)/ (R, v?)
vy LBzt (Fy, Ho(bu A M)) = Fafv!]

In other words, the conjecture reads that vy 'Eo(M; H) consists of |H(d)| copies of Fo[v!] @
Fo(hi1,v1)/(h3),v?) and |B(d)| copies of Fo[vi']. To clarify, by |H(d)| we mean the number of
basis elements of any given degree in H(d) and even though H(d) is infinite, it is of finite type and
so for every basis element a € H(d) the copy is suspended by the degree of a. The same holds for
B(d).

Recall E5 = E3(M; Q1) = Fo [vlﬂ] ® Fa[h11, ha1, ha1, ...] with proposed differentials d3(v?) = h$;
and d3(hn1) = vl_Qh:flhnl +v1_2h11h21h%_171 for n > 2. We will express Fy in such a way that it takes
the form Mahowald suggested. Rewrite F5 = Fo [vfd, h11] ® Fa[x1, z9...] where x, = vihyy11 and

, 0 ifi=0,1(4)
introduce a grading on Ej3 so that |v]| = , |h11] = 1 and |z,| = 0. Extend this

2 ifi=2,3(4)
grading to monomials in the obvious fashion. Then E3 = ®,>0E3,. The reason we are interested

in this grading is that now ds increases it by 1. But then Ej is just the homology of the graded

chain complex i.e. Fy = ®p>oker(dy)/im(dy ).

dy! d3 dj d3
0 Es B3, E39

) )

We claim that
(1) ker(dg) /im(dy ") = ker(d}) = Z(d) @ Fa[vi*] @ Fo[v1]/(v7)
(2) ker(d3) /im(d§) = H(d) @ Fafv; '] ® Fa[o]/(v7) @ {h11}
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(ker(d3) /im(d}) ) /H(d) © Falv] @ Falvn)/(v3) @ {3} =

= B(d) © Faolop*] @ Fafu1]/(v}) ® {v}}
(4) ker(dy)/im(dy ') = 0 for n >3

Given the proof of (1) — (4) is not particularly insightful, we leave it for the end of this section.
We are left with the task of identifying the expressions above with Mahowald’s formulation. The
key here is to observe that given (2) and (3) we would need to identify Z(d) ® Fa[vi?] @ Fav1]/(v)
in (1) with (H(d) ® B(d)) ® Fo[v:4] @ Fo[v1]/(v?). Then from (1), (2), (3) we would get the |H(d)|
copies of Fo[vi?] @ Fa(hu1,v1)/(h3;,v}). What is left over is B(d) ® Fo[vi*] @ Fafv1]/(v}) from
(1) and B(d) ® Fa[vi?] @ Fofv1]/(v?) ® {v?} from (3), which combine to produce |B(d)| copies of
Fo[vi!]. Thus each of (1), (2) and (3) corresponds to a third of the “lightning flash” sequence, while
the remainder of (1) and (3) each represent half of the v;-line.

Below we can see exactly how the elements of H(d) and B(d) correspond to lightning flashes
and vy-lines in Fy(M; H). The first few elements of H(d) appearing are 1,21, 23, x% and x2z3 + x%
and we can see the lightning falshes for each one. Similarly, the first few elements of B(d) appearing
are x through z and x123 each corresponding to a copy of Fo[vf!]. The colors used have no

underlying meaning outside of grouping together the different elements in E5(M; H) and relating

each group to its representing element of H(d) or B(d).

19



We are left to prove (1) — (4). It is an immediate check to verify they follow from (i) and (i7)

below, which is what we set out to show.

ker(d}) = Z(d) ® Fa[v™*] @ Fa[u1]/(v]) © {hy} ifn=0,1
(1) ker(dy)/Z(d) @ Fa[v1"] @ Fafvy]/(v3) ® {h} =
> B(d) ® Fa[v™*] @ Fa[v] /(v}) © {vf} @ {B?}  ifn>2

B(d) ® Fo[vt] @ Fo[v1]/(v?) @ {1} ifn=0,1
(43) im(dy) =
ker(d3™) if n>2

Note that that EY = P ® Fa[v™] @ Fa[v1]/(v]), E3 = P © Fa[o;"] @ Folu1]/(v}) ® {h11} and
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d(y) = d(y)vy *hyy for every y € P C EY. Hence ker(d3) and im(d3) take the desired form and the
same argument holds for ker(d}) and im(d}). We proceed to calculate ker(d2) and the calculation
of ker(d}) for n > 2 is analogous. Every element of E3 takes the form Y7, v"y; + 2;21 vllj zih}
where m; < mg < -+ < mg, m; = 2,3(4), 1 <lp < -, [; =0,1(4) and y;,2; € P. We also

assume ¥;, z; # 0. Then

s t s t
, I — — l,—4
d; ( Z vy + Z Uljzjh%) = Z (07" ?yihdy + o7 d(yi) b)) + Z v d(z)hiy
i=1 j=1 i=1 Jj=1

Setting this equal to 0 we observe two cases. First if s = 0 then d(z;) = 0 for all j and we get
the same component as in ker(d3), namely Z(d) ® Fo[v1*] @ Fo[v1]/(v?) @ {h?,} C ker(d3). If s > 0

then we obtain d(y;) = 0 for all ¢ and we are left with

s t
- li—4
Zv?“ Qyi + va d(z;) =0
i=1 j=1

which given the degrees of v; can only happen if s = ¢, m; — 2 = ; — 4 and y; = d(z;). Note
y; = d(z;) already implies d(y;) = 0. Furthermore, for every y; € B(d) we have a unique z; € P
with y; = d(2;) modulo Z(d) ® Fa[vi'] @ Fa[v1]/(v}) ® {h3,} C ker(d3). Hence

ker(d3)/Z(d) @ Fafvr™] @ Fo[vi]/(v]) ® {ht1} = B(d) ® Fafvr] @ Fo[vi]/(v]) ® {vi}

as desired. In fact, ker(d?) = P ® Fo[vit] ® Fo[v1]/(v?), but stated this way it does not relate well
with Mahowald’s conjecture.

Next we show im(d%) = ker(d3) and the result for im(d%) follows analogically. As we saw above
elements of ker(d3) are sums of elements of the form v yhy; +v* " 22h3, form = 2,3(4) and y, 2 € P
such that d(z) = y. But then d3(v]*z) = v yhi1 + 0" 22h3, and so ker(d3) C im(d3) and since the

reverse inclusion holds as well the two must coincide. This completes the proof of (i) and (ii) and

thus we have successfully identified Mahowald’s and Palmieri’s formulations of the problem.
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6 Introducing the “square” of spectral sequences

In this section we will improve upon a technique originally used by Miller [6] and further refined by
Andrews and Miller [1] to obtain information about differentials in a spectral sequence. An informal
discussion to the approach below was first presented by Novikov [7]. Most of this section is based
on [1] and follows the approach there closely. We will try to set up the machinery of the “square”
in a great generality where we are working in any triangulated category, but the reader should keep
in mind the goal is to ultimatly use our setup in the category of stable comodules over the dual
Steenrod algebra.

Consider resolving a spectrum X by another spectrum B thus obtaining a spectral sequence
Ey(X; B) = m(X). How can we go about computing the differentials? One approach is to pick
a spectrum A and consider the resolutions of X by A and B simultaniously. We can resolve by A
first and then by B or vice versa. This would give us 4 different spectral sequences organized as in

the figure below - hence a “square” of spectral sequences.

» Mahowalg E2(X,B>

ﬂMay ﬂBfAdams
Bo(X; A) AL 1 (X)

Explaining why would such a diagram make sense and how is it organized is the goal of this
section. There are a number of conditions that need to be satisfied by A and B, but perhaps the
most vital one - central to the approach - is requiring the existence of a ring map A — B. This
guarantees that every element in 7,(X) has A-filtration s and B-filtration s + ¢ for some s,t > 0.
Then the diagram gives us two different ways to resolve elements of 7.(X) - first by finding s + ¢
and then finding out s or first finding out s and then s + ¢. This condition is at the “heart” of the
construction as it will become apparent. The rest of the conditions on A, B are more technical and
it is conceivable that one would be able to perform similar (albeit more difficult and less complete)

analysis without them.

(C. 1)There exists a ring map 6 : A — B
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6.1 Setting up the A, B- Adams spectral sequence

We set up the A-Adams spectral sequence for X by considering the canonical A-resolution of S and
smashing it on the left with X. Via the unit map of A we obtain a cofiber sequence S — A — A.

Smashing it with powers of A we obtain an A-resolution for S

S A AN ANt L
L | |
Al0] All] Alsl Als+1]

where the top maps are desuspensions and we use the notation Als) = 4”5 A A. Smashing the above
diagram with X on the left and taking the LES of homotopy groups for each cofiber sequence results
in an exact couple, which is the A- Adams spectral sequence for X.

We perform the exact same construction for B except that Bl = B A BM and we smash the
canonical B-resolution with X on the right instead of on the left. It is crucial to observe that the
reason we can simultaniously resolve X by both A and B is precisely because we have a freedom
to resolve either on the left or on the right. This will be an important point when we end up
performing calculations as the cobar complexes for computing Fo(X, A) and Eo(X; B) would be set
up via coaction maps for right and left comodules respectively. An interesting observation is that
resolving by more than 2 spectra simultaniously can’t be done in that context as we have no more
degrees of freedom available (not to mention it is not clear why one would like to deal with such a

beast in the first place).

6.2 Setting up the May and Mahowald spectral sequences

We begin by defining the May spectral sequence in our square diagram. Note Ey(X; A) = H(Fy(X; A),df") =
H(m (X A All) df), so we consider the B-filtration of m.(X A AFl) we will obtain a spectral se-

quence converging to Es(X; A) - the May spectral sequence in our diagram. To be able to perform
computations we need the following assumption:

(C.2) E.(X AAFLB) = 1,(X A AP collapses at By

This implies that E{w W= Ey(X A Alsl: B). Another way to express the above condition is by
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saying that X is a (A, B)-primary spectrum.

To define the Mahowald spectral sequence note that (C.1) implies that B is A-injective and so
A-exact sequences are B-exact. Hence, applying Eo(—; B) to the A-resolution of X would produce
a family of LES’s that link together to produce an exact couple. The resulting spectral sequence is
the Mahowald spectral sequence. It converges to Ez(X; B). Note E{feh = Ey(X NAlL B) = E{V[“y,
which completes our square of spectral sequences.

We will need a final condition stating that the following diagram commutes (C3):

BAA LAia BAB
1AS
ipAl
B

For simplicity, we introduce the notation XUl = Bl A X A Alsl X®lsl = BA A X A Al
XM = B A X A AN, XD() = BAMA X A AN, We also set i4,j4,ka and i3, j5, kp to be the
maps in the exact couple for the A and B Adams Spectral Sequences respectively. For example,

E.(X A AlFl; B) is obtained via the exact couple

B (X V1) By umu(XO)

T —

@LUM(X[t] [s])

with maps

ip : m(XEDEN o (X @)
jp : ma (X OB 5 (x ]

kg : mo (XMl 7, (X D

6.3 Main result

Theorem 6.3.1: If an element = € ELY*(X; B) survives to Ey then its representative a € E;7*

survives to Eéw “_ More precisely we will see that df x = 0 implies divjaya =0 and d3B x = 0 implies
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dg/[ Ya=0.

An integral part of the proof is the following lemma due to May [5] following from observations
in [2].

Lemma 6.3.2: Let D - EF — F and X — Y — Z be cofiber sequences. Smash them together

to get the following commutative diagram of cofiber sequences.

DANX — DAY —— DANZ

| | |

ENX — EANY —— ENZ

| | |

FNX — FANY —— FANZ

Take e € m,(E AY) that maps to 0 in 7, (F A Z). Then there are elements d € m,(D A Z) and
f € my(F A X) that map to the image of e in 7, (E A Z) and 7, (F AY) respectively. Fruthermore,
those elements can be chosen so that they have the same image (up to a sign) in m,—1(D A X) under
the boundary maps associated to the cofiber sequences along the top and left edge of the diagram.

We will use a slightly stronger version of this lemma, which states that for every d’ € 7, (DA Z)
that maps to the image of e in 7, (E A Z), there exists a f’ € m,(F A X) that maps to the image of
e in m,(F AY). To see how this stronger version follows from the lemma above, note d’ — d maps
to 0 in m,(E A Z) and so there is g € m,+1(F A Z) that maps to d — d. But then we can pick
fhem(F AX) so that g maps to f' — f in m,(F A Z). Now d' and f’ would have the same image
(up to a sign) in m,—1(D A X). Also note since we are working mod 2, we don’t have to worry about
signs.

Proof of Theorem 6.3.1: Let = has A-filtration s i.e. it can be lifted to an element 2 € E5(X A
AMs: B). Clearly z survives to Ey as well. Pick 2/ € EL(X A A B) = 7, (X1l]) that represents 2.
Since 2’ survives to Ey, there must exist ¢ € 7, (X)) such that kpz’ = i%y" and jpy” will be
represented by dP2’ in E4(X A A™; B). A central point will be to show we can choose " so that it
lifts to E1(X A A7TL B) via the map §. With that in mind, note @’ = j4(2') survives to an element
a € Fy(X A A™; B) and so must survive to Ey by (C2). Hence there exists b’ € m, (X ®l) with
jpb’ = a’ and so kpa’ = 0. Consider j4i%y"”. We know applying either ip or jp to this element
produces 0. But note ipjaiky” = 0 implies we can pull back j4i%y" to an element w € 7, (X 1l

while jpjai%y” = 0 implies dPw = 0 and so w survives to Ey and as above jai%y" = 0. By the
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exact same reason since both ig and jp yield 0 on jaipy” we conclude jaigy” = 0. Hence there
exists yp € m, (X)) such that 42 = iy, but isys = ipdys by (C3) and so we can pick
y" = dy2. As a side note, observe jpy” = §jpys and so d¥x has A-filtration s + 1.

Recall we want to show diwaya =0 and dé\/[aya =0. di‘/[aya is obtained by the top of the following

diagram.

It di ltls+1] | I+ [s+1]
ip
jBT jBT JBT
(®)ls] di Y (O)ls+1] | S (1) [s+1]
X (0)(s+1) : X (t+1)(s+1)
iB

Set yo = ipy1 = iQByg. Then May’s lemma applied to the diagram below guarantees the existence

of b’ such that igy(, = kal/. But then djlwaya is represented by jpjayo = 0 as desired.

T

YOG+ A @) I x(B)s]

Js Js» Js»

Y+ A xl(s) A el

|1 J1o J1o

) (s+1) A e (t41)(s) _IA L x(t+1)[s]

iB

Similarly to get dé\/[aya we need to lift jayo via ip to (X2 H) and apply jp, but yo lifts

via ip to y; and jpy; = 0. Hence jpjay: = 0 represents déwaya. This concludes the proof.

X0 4t X[Hls+1] _ X[e+2ls+1]
.jBT jBT : jBT
X ai X (Ols+1] : ()54
w‘ y s y’
X ®)(s+1) : X (t+2)(s+1)
i

0

It is easy to see that the same argument we applied to déw “a works for higher differentials and

we end up with the following generalization:
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Theorem 6.3.3 (Generalization): If an element z € EL™*(X; B) survives to E, 11 then its
representative a € E{V[ W survives to BMW.
It is worth noting the representative a above might not be unique and the result holds for any

such choice. Indeed, the element a is obtained uniquely from a representative 2’ € Ef(X A A"®; B)

of z and the above proof works for any such 2’.

7 Proof of the Smaller Conjecture

7.1 Choice of spectra in the context of the square construction

We will begin this section with an informal discussion that would hopefully shed some light on the
reason why the above construction of the square could be useful to our problem as well as problems
of that type. Let’s recall our goal is to show that a ds3 differential is non-zero on a family of elements
of an Adams spectral sequence. We can reformulate this by saying we want to show the family of
elements does not survive to £4. Theorem 2 tells us it is then sufficient to find a spectrum T that
together with ()1 fits into the setting of the square defined above and for which the representatives of
the family of elements we are interested in does not survive to Eéw “_ At first sight this might seem
like it introduces an unnecessary level of complexity. It is also not clear how one might go about
finding such a T. The advantage we have here is that we know exactly what dgl should look like.
Note all elements h,1 have an (s + t)—filtration of 1, while dX increases s—filtration by 1. Hence
we want h,1 to have s-filtration 1 less than the s—filtration of 711_2hllh2lh%71,1 for every n > 2.
For every h,; we have 2 possibilities to the corresponding values of (s,¢) as both are non-negative
and they sum to 1. Note also the (s + t)—filtration of v is 0. Now pick the smallest n > 2 (if it
exists) such that the s—filtration of h,; is 1 (rather than 0). Then the s—filtration of vl_thlhglhil
would be at least 2 and the s—filtration of h,41,1 is at most 1, but we want the difference between
the two to be exactly 1 and so hi; and hs; are forced to have an s—filtration of 0. However, then
the s—filtration of v1_2h11h21h%7171 is 0, which is not 1 more than the s—filtration of h,;. Hence
we can assume for n > 2 h,; has s—filtration 0. This forces hy; to have s—filtration 1 and ho; to
have s—filtration 0. What this means is the elements h,; for n > 1 are represented by elements in
T« M in the cobar complex that is the Fy page of the T-Adams spectral sequence for M. At the

same time hq1 should not be present in T, M, but rather be represented in Ty M ® T, T.
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Recall the May spectral sequence is obtained by applying a Q1 —filtration to the T-cobar complex.
Then the calculation of d%ay comes down to calculating the coaction map Ty M — Tw M ® T, T
for the Hopf Algebroid (Tis, TxT). For that reason we will choose T' = HC for some conormal
quotient coalgebra C' of the dual Steenrod algebra. Then (T, T T') is in fact a split Hopf algebra
with T, T = AOcFy @ Ty and Ty = Exto(Fa,Fo) (prop. 1.4.6, p.27, Palmieri) i.e. the map of
interest is just the coaction map of Extc(Fa, Fa(€1)/(€3)) as a AOcFa—comodule.

As noted above, for n > 1 h,; must be represented in Fxtco(Fa, Fo), while hj; shouldn’t be. This
means we can choose any conormal quotient coalgebraC' of the dual Steenrod algebra locked between
Cp and C i.e. both C — Cjy and C; — C are quotients, where Cy = Fo(&1, &0, -+ )/(£3,65,€5,-+)
and Cy = Fa(&1,&2,--+)/(€2). In other words Cy and O are the largest and smallest quotients that
satisfy the restrictions on hy; listed above.

As we proceed with the formal application of the square construction in our setup, observe there
is a bit of care we need to exercise when translating the statements. Specifically, maps in Stable(A)
are bigraded and our construction will essentially ignore the second grading. Also as a matter of
convention, cofiber sequences in Stable(A) have the form E — R — F — X~10F and so while the

general arguments remain unchanged, C.3 takes the following slightly different form:

Q1 NHC O Q1N Q1
116
in/\l
S0,

7.2 Condition C.1

In the next sections we will address what choice of C would fit in the setup of the square so
that the pair (HC, @) would satisfy conditions C.1 — C.3. Condition C.1 is in fact trivial as
Q1 = HF(&)/(€3) = Alg, (¢,)/(¢2)F2 and so the quotient map C' — Fo[&2])/(€2) produces a ring

map HC — Q1. So far this imposes no further restrictions on our choice of C.

7.3 Condition C.2

Condition C.2 is essential for the construction of the May spectral sequence. More precisely we have

that Eo(M; HC) = H(mw(M A HCP!), dH¢) and we would like to filter this complex via Q. This
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would produce a filtration spectral sequence which is the May spectral sequence. Condition C.2 now
allows us to identify E{”ay = Eo(M A HCPFL Q). An important point is that Ey(M A HCE Q1)
converges to '1)1_17T**(M A HC[S]) = m*(vflM A HC[S]), where the equality is just the Telescope
conjecture in the setting of Stable(A), which is known to hold [8, Prop.3.1.10]. Hence in order to

construct the May spectral sequence we should be working with v, LM instead of M.

Proposition 7.3.1: The Q1-Adams spectral sequences converging to ’1)1_17T**(M A HCp) and
Ul_lﬁ**(M A HCY) collapse.

Proof: This holds for degree reasons (p102-103, Palmieri).

Proposition 7.3.2: The Q)1-Adams spectral sequences converging to vl_lm* (M A HC’([)S]) and
vl_lm*(M A HC{S}) collapse.
Proof: In fact this proposition holds for any conormal C as long as Prop.7.3.1 holds. Indeed,

since C is conormal

07 M (M A HCWY) = 07, (M A HO) @ ACIpFo®*
Furthermore

Eo(M AHCH; Q) = Ey(M A HC; Q1) ® AOF,™

and so the result follows from the previous proposition.

7.4 Condition C.3

Recall condition C.3 states that the following diagram commutes:

Q1 ANHC e Q1N Q1

1N
in Al

5100,

This would follow from the stronger statement that Ql_l’o(Q1 A HC) = 0 as observed by Andrews
and Miller in [1]. More precisely, if we compose either of the two maps Q1 A HC — £719Q; in the
diagram with ig, : Y10Q; — £729S we will obtain iQ, NiHC : Q1 AN HC — ¥729S. Hence the

difference between the two maps lifts to the fiber of ig,, which is just X~19Q), so to prove condition
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C.3 it suffices to show [Q1 A HC,X710Qq] = Ql_l’O(Ql A HC) vanishes.

QiNHC e Q1A Q1

»-208

To prove Ql_l’O(Q_l A HC) = 0 first note we have a duality statement relating the Q1-homology
and cohomology. This follows since Q1. = Fo[vi'] is a field and so Q(f’b >~ Hom® g, (Q1uss Qrax) =
(Q1)ap. Furthermore Homg,,, (—, Q1) is exact and so inductively we get that for every finite type
stable comodule N over the dual Steenrod algebra it holds that chb’b(N) = (Q1)ap(N). Thus it
suffices to show (Q1)-1,0(Q1 A HC) = 0. Indeed, we claim that for a suitable choice of C' that
(Q1)-1,0(Q1 AN HC) is an Fa-vector space of dimension 2 with elements coming from (Q1)—1,0(Q1)
and (Q1)-1,0(HC) each of dimension 1. In other words smashing the two spectra produces no
further homology and so (Q1)-1,0(Q1 A HC) is trivial. Note this is exactly the same reasoning one

uses in the ordinary category of stable cell complexes.
We directly compute Qr.(HC) = H(AOcF2, Q1) ® Q1x. Note H(AOcF2, Q1) has bidegree

(0,%). Hence as long as &2 € AQcFy we have that
(Q1)-10(HC) = Hy(ADcF2, Q1) @ {v; '} = Fo(f @ v ')

Similarly

(Q1)-1,0(Q1) = Ha(AD, (g (e2)F2, Q1) ® {v '} = Fo (& @ vy ")

and
(@1)-1,0(@Q1AHC) = Ha(ADp, ¢, (2)F2 ® ADcF2, Q1) @ {v; '} = Fo{(1@ &) @v ', (@ 1) @v; )

as desired.
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7.5 Calculating d)'*

Recall we start with Eo(M; HC) = H(mw(HC AHC® A M), dH ). Note following our construction
we are smashing on the left and not on the right. That’s because the Qi-spectral sequence we
already have is obtained by smashing on the right. Furthermore, the part of d{{ ¢ we are interested
in is exactly the coaction map for 7. (HC A M) as a AOcFe-comodule. However, this coaction
map is one for a right comodule i.e. we are interested in m(HCAM) — mu(HC A M) @ AOcF;.
Recall

T (HO N M) = Exty,e, .1y (F2, F2) = @n>2F2[hno, hni]

So what is df€(h,1)? Well, the representative in the cobar complex for Fa[¢a, - --]/(£}) is just
€2]1. We have that A& = >0, 572::»1 ® €2 and so we are interested in those indices 0 < i < n for
which €27 € Fyléo, - --]/(£4) and €2 € ATFy, but this can’t happen and so d€(h,1) = 0 and hy,;

n—

is primitive. But then all May differentials for hy,; vanish, which while not being what we want, at

least doesn’t contradict the square construction.
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