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Abstract

We initiate thestudyof semi-obliviousrouting,a relaxation
of oblivious routingwhich is �rst introducedby Räcke and
led to many subsequentimprovementsandapplications.In
semi-obliviousrouting like oblivious routing, thealgorithm
shouldselectonlyapolynomialnumberof pathsbetweenthe
sourceandthesinkof eachcommodity, but unlikeoblivious
routing, the �o w from eachsourceto its sink is not just a
scalarmultipleof thesingle-commodity�o w; any amountof
�o w canbe sentalongeachselectedpath. Semi-oblivious
routing hasseveral applicationsin traf�c engineeringand
VLSI routing.

Trivially, any competitive ratio � for oblivious routing
(includling the polylogarthimic ratio in undirectedgraphs
obtainedby Räcke)alsoimpliescompetitiveratio� for semi-
obliviousrouting. In this paper, we focuson lower bounds.
We rule out the possibility of O(1) competitive ratio for
semi-oblivious routing in undirectedgraphsby providing a
lower boundof 
( log n

log log n ) in grids or even series-parallel
graphs. More strongly in directedgraphs,we rule out the
possibility of sub-polynomialcompetitive ratio when the
number of paths betweeneach sourceand its sink is in
O(n1=5). The proof of our lower boundon the grid uses
anon-Markovianrandomwalk ontheintegerswith amixing
propertywhich may be of independentinterest. Last but
not least,our lower boundson the grid canbe signi�cantly
strengthenedto show thatwith pathsof at mostb bends,the
competitive ratio is in 
( n

1
2b+1 ). This answersnegatively a

long-standingopenproblemon b-bendrouting schemesin
gridsposede.g.in [10, 6].

1 Intr oduction

In this work we initiate the studyof semi-obliviousrouting
problems,a classof �o w problemswhich canbe described
by thefollowing seriesof interactionsbetweenanalgorithm
and an adversary. First, the algorithm selectsa set � of
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paths in a speci�ed graph G of size n. The size of �
must be polynomial in n. Second,the adversarypresents
a multicommodity�o w problemin G. Third, thealgorithm
computesa solution to the speci�ed multicommodity�o w
problem. Every unit of �o w must be routedusing one of
thepathsin � . Theobjective is to minimizethecongestion
of the most congestededgeor vertex in G. We refer to
the set of paths� as a semi-obliviousrouting schemein
G. We saythat � is � -competitiveif it is the casethat for
every demandmatrix that might be selectedin step2, the
algorithmcancomputea �o w in step3 whosecongestionis
a � -approximationto theoptimumcongestion.

Semi-obliviousroutingproblemsareanalogousto obliv-
ious routing problems[11], which may be describedusing
thesamepatternof stepsasabove, exceptthat in step1 the
algorithmchoosesasingle-commodity�o w for eachpairs; t
(insteadof choosingasetof s � t paths)andthe�o w routed
from s to t in step3 mustusea scalarmultipleof thesingle-
commodity �o w chosenin step1. It is known [5, 8, 11]
thateveryundirectedgraphhasanobliviousroutingscheme
which is O(log2 n log logn)-competitive with respect to
edgecongestion,andthatsucharoutingschemecanbecom-
putedin polynomialtime. However, it is alsoknown [4, 7]
that in generalgraphs— in fact, even in grids — the op-
timal obliviousroutingschemeis 
(log n)-competitive,and
thatin directedgraphsor node-capacitatedundirectedgraphs
thecompetitiveratioof theoptimalobliviousroutingscheme
canbeaslargeas
(

p
n): Cansomeof theselower bounds

be overcomeby using semi-oblivious routing rather than
obliviousrouting?In particular, canwe achievecompetitive
ratioO(1) in undirectedgraphs,oratleastin grids?Wesettle
thisquestionnegatively in Theorems3.1and3.3below.

Semi-obliviousroutingis interestingnotonly asarelax-
ationof obliviousrouting,but alsoasanabstractionof sev-
eral problemsarising in network traf�c engineeringand in
VLSI design.We brie�y touchoneachof theseapplications
next.

Traf�c engineering. A commonpracticein modern
Internet traf�c engineeringis the useof multiprotocol la-
belswitching(MPLS) to createexplicit label-switchedpaths
(LSPs)betweencertainingressandegresspoints in an au-
tonomoussystem. By properlyapportioningtraf�c among
theseLSP tunnels, ISP's can achieve desiredresourceuti-
lizationandperformanceobjectives[2]. Becausetheinstan-
tiation andmaintenanceof LSP tunnelsconsumesnetwork



managementresources,it is infeasibleto maintaina large
(e.g. exponentialin the network size) set of LSPs. Our
semi-oblivious routing problemthus abstractsthe problem
onefaceswhentrying to instantiateLSPtunnelsto allow un-
known futuredemandmatricesto beroutedin a way which
will approximatelyminimizecongestion.

VLSI design. Routingin thegrid to minimizeconges-
tion hasbeenextensively studied,largely dueto its applica-
tionsin thelayoutof VLSI circuits.Routingwith a constant
numberof bendswasstudiedin [1, 9]; from theseworks, it
is known thatfor routingproblemsin whicheachnodeof the
n � n grid belongsto at mostonesource-sinkpair, thecon-
gestionof theoptimalone-bendroutingis boundedaboveby
dn=2e+ 1, andthata routingwith b+ 1 bendscanimprove
signi�cantly (i.e. by a factorof n 
(1) ) on thecongestionof
the optimal routing with b bendswhenb = 1; 2. Note that
for constantb, the set of all b-bendpathsin the grid is a
semi-obliviousroutingschemewith O(nb+3 ) paths,sothese
resultscanall beinterpretedasresultsaboutsemi-oblivious
routingin thegrid. OurTheorem3.1thusplacesanon-trivial
lower boundon the congestionthat canbe achieved using
routeswith b = O(1) bendsin then � n grid. For b-bend
routing schemes,this lower boundcanbe signi�cantly im-
proved;seeTheorem3.4below. This answersnegatively an
old openproblemonb-bendroutingschemesongridsposed
e.g.in [10, 6].

2 De�nitions

Throughoutthispaper, “ log” denotesthebase-2logarithm.

De�nition Let G be a graphwith n verticesandm edges,
� a setof pathsin G, and let �( s; t) denotethe setof all
pathsin � which startat s andendat t. A � -valued�o w
in G is a vectorf specifyinga non-negative weight f P for
eachP 2 � . We saythat f satis�esa non-negativedemand
matrixD = (D st )s;t 2 V (G) if it is thecasethat

D st =
X

P 2 �( s;t )

f P

for all s; t 2 V (G):
Supposethateachedgeeof G hasapositivereal-valued

capacityc(e). We saythatf hasedgecongestionC if

C = max
e2 E (G)

1
c(e)

X

P 2 � : e2 P

f P :

Similarly, if eachvertex v of G hasa positive real-valued
capacityc(v), we saythatf hasvertex congestionC if

C = max
v2 V (G)

1
c(v)

X

P 2 � : v2 P

f P :

De�nition A semi-obliviousrouting schemein a graphG
is a set � of pathsin G, suchthat for eachpair of distinct

verticess; t, � containsatleastonepathfrom s to t. Suppose
thateachedgeeof G hasapositivereal-valuedcapacityc(e).
Given a demandmatrix D , we de�ne opt � (D ) to be the
minimumedgecongestionof a� -valued�o w whichsatis�es
D . We de�ne thecompetitiveratio of � to be

� (�) = sup
D

 
opt � (D )

optP(G) (D )

!

;

where P(G) denotesthe set of all paths in G and the
supremumis takenoverall nonzerodemandmatricesD .

3 Our results

Trivially, if there exists an oblivious routing schemein a
graphG with competitive ratio � , thenthereexists a semi-
obliviousroutingschemewith competitive ratio � . (Simply
take eachof the �o ws in theoblivious routing scheme,and
representit as a weightedsum of paths.) Thus, using the
resultsof [5, 8, 11], every undirectedgraphof size n has
a semi-oblivious routing schemewhosecompetitive ratio
(with respectto edge-congestion)isO(log2 n loglogn). Our
�rst resultshows thatthis upperboundcannot beimproved
to O(1), evenwhenthegraphis a grid.

THEOREM 3.1. The competitive ratio of every semi-
oblivious routing scheme in the n � n grid is in

(log n= loglogn).

The proof of Theorem3.1 usesa non-Markovian random
walk on the integerswith a mixing propertywhich may be
of independentinterest.

THEOREM 3.2. There exists a random walk
: : : ; Z � 1; Z0; Z1; : : : on the integers with the following
property. For every integer ` > 1, every residueclass
x 2 Z=(`), and every pair of integers t; u such that
t � u > 8` log3(2`), Pr(Z t � x (mod `) k Zu ) > 1

2` :

Given the lower boundfor semi-oblivious routing in grids,
perhapsthere is a simpler class of graphs(e.g. graphs
of boundedtreewidth) which admitssemi-obliviousrouting
schemeswith congestionO(1): The following lower bound
for series-parallelgraphs(which have treewidth 2) rulesout
thispossibility.

THEOREM 3.3. There exist series-parallel graphsof sizen
in which every semi-obliviousrouting schemehascompeti-
tive ratio 
(log n= loglogn):

Thelower boundin Theorem3.1canbestrengthenedwhen
thesemi-obliviousroutingschemein questionconsistsof all
pathswith at mostbbends,for someconstantb.

THEOREM 3.4. There exists a multicommodity �ow in-
stancein the n-by-n grid which can be satis�ed by a �ow
with edge-congestionone, but any �ow which satis�es the



demandsusingpathswith lessthanb bendshascongestion

( n

1
2b+1 ).

Theorem3.4 is especiallyinterestingsinceanswersnega-
tively an old open problem (seee.g. [10, 6]) which asks
whetheror not allowing only a constantnumberof bends
pereach�o w pathin multicommodityroutingon thegrid is
suf�cient to achieve at mosta constantfactor(evena poly-
logarithmicfactor)timesoptimalcongestion.

Finally the main questionleft openby our work is the
following.

Question DoeseverydirectedgraphG with n verticeshave
asemi-obliviousroutingscheme(with apolynomialnumber
of paths)with congestionO(polylog(n))? Doeseverynode-
capacitatedundirectedgraphhavesucharoutingscheme?

Thefollowing theoremprovidesevidencefor anegative
answerto thisquestion,thoughthenumberof pathsbetween
eachcommodityis still sub-linear.

THEOREM 3.5. There is a node-capacitatedundirected
graph with n verticessuch that if � is any semi-oblivious
routing schemesatisfyingj�( s; t)j = O(n1=5) for all s; t,
thenthe competitiveratio of � , with respectto vertex con-
gestion,is 
( n1=10): A fortiori, thesamelowerboundholds
for directedgraphs.

Theorems3.1 and 3.2 are proved in Section5, Theo-
rem 3.3 in Section4, Theorem3.4 in Section6, andTheo-
rem3.5in Section7.

4 Semi-oblivious routing in series-parallelgraphs

In this section we describe the constructionwhich un-
derlies Theorem3.3, showing that series-parallelgraphs
do not have semi-oblivious routing schemeswhich use a
polynomial numberof pathsand achieve competitive ratio
o(log n= log logn): Ourconstructionusesafamily of graphs
G(k; r ) de�ned recursively asfollows. Let K = k6 andlet
[K ] = f 1; 2; : : : ; K g. G(k; 1) consistsof a sequenceof ver-
ticess = s0; s1; : : : ; sK = t with a pair of paralleledges
joining si � 1 to si for 1 � i � K : (If a simple graphis
desired,onecansubdivide eachof the edgesinto a pathof
lengthtwo. Thelowerboundwill remainvalid.) Recursively
de�ne G(k; r ) by startingwith a copy of G(k; r � 1) and
transformingeachedgee = (u; v) into a copy of G(k; 1),
identifyingtheverticess; t of G(k; 1) with theendpointsu; v
of edgee. ThegraphsG(k; 1) andG(k; 2) areillustratedin
Figure1.

A randommulticommodity�o w in G(k; r ), which we
will denoteby F (k; r ), canbede�nedrecursivelyasfollows.
In G(k; 1) the �o w F (k; 1) choosesa randompathfrom s
to t androutesoneunit of �o w alongthis path. Thereis a
complementarypathfrom s to t whoseedgescarryno �o w.
In therecursivestep,wearegivenarandommulticommodity

(a) (b)

Figure1: ThegraphsG(3; 1) andG(3; 2).

�o w F (k; r � 1) in G(k; r � 1) suchthat thereis a path
from s to t whoseedgescarry no �o w, andall otheredges
carry oneunit of �o w. We �rst doubleall the demandsin
F (k; r � 1). Whenwe build G(k; r ) from G(k; r � 1) we
replaceeachedgee = (u; v) of G(k; r � 1) with a copy of
G(k; 1). If edgee carrieda unit of �o w in F (k; r � 1) then
we routetwo unitsof �o w from u to v by sendingoneunit
on eachedgeof the copy of G(k; 1): The remainingedges
of G(k; r � 1) becomea subgraphof G(k; r ) consistingof
K copiesof G(k; 1) concatenatedserially. In eachof these
copiesof G(k; 1) we routeoneunit of �o w from thevertex
which correspondsto s to the vertex which correspondsto
t, usingthe random�o w F (k; 1). Let D k ;r be the random
demandmatrix satis�edby the�o w F (k; r ).

Settingr = k, wehaveade�nedarandom�o w problem
in G(k; k). Thelower boundof 
( k) = 
(log n= loglogn)
comesaboutfrom the following observations;thosewhich
arenotobviousfrom theconstructionareprovedbelow.

1. There are k = 
(log n= loglogn) different classes
of commodities,distinguishedby thedistancebetween
their sourceandsink.

2. Theoptimalsolutionroutesall thecommoditiesin such
a way that each edge is used by only one class of
commodities,andthe congestionon that edgeis 1. In
fact,thepartitionof theedgesetamongthecommodity
classesis achieved as follows: �rst half of the edges
arechosenat randomandreserved for class1. Then,
recursively, theremainingedgesarepartitionedamong
theremainingclasses.

3. Let L be the total load inducedon all edgesby the
optimum�o w. The combinedcapacityof all edgesin
G is O(L ): Theloadfrom routingcommoditiesin class
j (for 1 � j � k) is 2� j L .

4. A small fraction (i.e., 2� k ) of the edgesare not used
by any class of commoditiesin the optimal routing
solution. Call this edgeset E � . Unfortunately, for
eachj theseedgesare locatedso closeto the sources
and sinks for commoditiesof type j that with high
probability, all of thepathsusedby theroutingscheme
� for thosecommoditieswill have about2j � k fraction
of their edgesin E � . Consequentlytheamountof load
on edgesin E � causedby commoditiesin classj is
about2� k L .



5. Summing over all commodity classes,the edgesin
E � carry a load of k � 2� k L . Sincetheir capacityis
only O(2� k L), there must be an edgein E � whose
congestionis k.

Beforewe begin theproof, let usspecifythecounterex-
amplemoreprecisely. As above,givenanintegerk > 1, let
K = k6. TheedgesetE of G(k; r ) is theset[K r ] � f 0; 1gr

(edgesof the graphare arrangedin K r levels from left to
right, asshown in Figure1.) Thevertex setV of G(k; r ) is
a quotientsetof f 0; 1; : : : ; K r g � f 0; 1gr : De�ne anequiv-
alencerelation� on this setby specifyingthat for two ele-
ments(p;a) and(q; b), the relation(p;a) � (q; b) holdsif
andonly if p = q = j K ` for somenon-negative integers
j; `, andai = bi for ` + 1 < i � r . The vertex setof G
is thesetof equivalenceclassesof � , andthe left andright
endpointsof an edgewhoselabel is (p;a) are the equiva-
lenceclassescontaining(p � 1; a) and(p;a), respectively.
Theequivalenceclassof (0; 0) will bedenotedby s, andthe
equivalenceclassesof (K r ; 0) will bedenotedby t.

A path P from s to t in G(k; r ) is speci�ed by
a sequenceof edges(m; a(m ) ), where m runs from 1
to K r . The bit strings a(m ) must satisfy a(m � 1)

i =
a(m )

i for all i > 1 suchthatK i � 1 6jm. For any pathP from
s to t, let  i (P) 2 f 0; 1gK r

denote the sequence
(a(1)

i ; a(2)
i ; : : : ; a(K r )

i ): (Herei canbeany numberbetween
1 andr .) As we have seen,thesequence i (P) is constant
betweenconsecutivepowersof K i � 1:

For any pathP from s to t, speci�ed by a sequenceof
edges(m; a(m ) ) asabove, a partitionof theedgesetE n P
into subsetsE i (1 � i � r ) is de�ned as follows. Edge
e = (m; a) belongsto E i if ai 6= a(m )

i but aj = a(m )
j

for all j < i: Clearly jE i j = jE j=2i : A demandmatrix
D P is de�ned as follows. D P

v;w = 2r � i if there exist
integersp;q 2 f 0; : : : ; K r g such that p is a multiple of
K r +1 � i , q = p + K r +1 � i , v is the equivalenceclassof
(p � 1; a(p) ), and w is the equivalenceclassof (q; a(q) ):
OtherwiseD P

v;w = 0. WhenP is a pathfrom s to t chosen
uniformly at random,thedistribution of thedemandmatrix
D P is the samedistribution denotedby D k ;r in Section4.
For a commodity with sourcev = (p � 1; a) and sink
w = (q; b), we de�ne theclassof thecommodityto be the
numberr + 1 � logK (q � p): Thus, for example,class1
consistssolelyof thecommoditywith sources andsink t.

If v; w is acommodityin classi , it is easyto seethatE i

contains2r � i disjoint pathsof lengthK r +1 � i joining v to
w. ThedemandD P

v;w mayberoutedfrom v to w by sending
oneunit of �o w on eachof thesepaths.In this way, we can
de�ne a �o w satisfyingtheentiredemandmatrix D P , such
that the �o w for commoditiesin classi put oneunit of load
on all theedgesin E i anddoesnot useany otheredges.We
call this �o w the optimal �ow . It putsoneunit of load on
L = (1 � 2� r )jE j of theedgesof G.

Let Fi = E i � 1 n E i . (Wheni = 1 we areadoptingthe
conventionthat E0 = E: We will alsoput F0 = E.) We
have P = Fr � Fr � 1 � : : : � F1 � F0 = E; andeach
edgesethastwiceasmany elementsastheprecedingone.

LEMMA 4.1. If Q is a path joining the source and sink of
a commodityin class i , then at least K r +1 � i edges of Q
belongto Fi � 1.

Proof. [Proofsketch.]Wheni = 1 thereis nothingto prove,
sinceF0 = E. Wheni > 1, thereadermayverify from the
de�nition of Fi � 1 thatit containseveryshortestpathfrom v
to w. But thestructureof G(k; r ) is suchthatany pathfrom
v to w which is not a shortestpathis a very circuitouspath
thathasevenmorethanK r +1 � i edgesin Fi � 1. SeeFigure1
for intuition. 2

LEMMA 4.2. Suppose P is a uniformly random
path in G(k; r ). Let us condition on the sequences
 1(P); : : : ;  i � 1(P); this conditioningwill be implicit in
all expressionsinvolving probabilities and expectations.
(Note that the conditioningdeterminesthe edge setF i � 1.)
Let Q be any simplepath in G(k; r ) joining two vertices
v; w such that v = (p � 1; a); w = (q; b); andbothp andq
are divisibleby K r +1 � i : ThenE(jQ \ Fi j) = 1

2 jQ \ Fi � 1 j;
and

Pr
�

jQ \ Fi j <
�

1
2

�
1
k2

�
jQ \ Fi � 1 j

�
< e� 2k 2

:

Proof. If Q \ Fi � 1 = ; thenthereis nothingto prove. Oth-
erwise,the structureof G(k; r ) guaranteesthat any simple
pathwhich intersectsFi � 1 doesso in a union of subpaths
of length K r +1 � i . Eachof thesesubpathsis further par-
titioned into K subpathsof equallength,eachof which is
either disjoint from Fi or containedin it accordingto the
valueof onebit of thesequence i (P): Sincedifferentsub-
pathscorrespondto differentbits, we �nd that the random
variable(jQ \ Fi j)=(jQ \ Fi � 1 j) hasthesamedistribution
asthefractionof headsobservedin at leastK tossesof afair
coin. The expressionfor E(jQ \ Fi j) is now obvious, and
the tail boundfor jQ \ Fi j follows by applyingChernoff 's
boundto the fraction of headsobserved in at leastK fair
coin tosses. 2

LEMMA 4.3. If � is any set of eo(k 2 ) paths in G(k; k),
and P is a uniformly randompath in G(k; r ), then with
probability1� o(1) thefollowingholdsfor everypathQ 2 �
joining thesourceandsinkof a commodityin classj of the
�ow problemD P :

jQ \ P j � (1 � 1=k)2j � k jQj:

Proof. Lemma4.1 saysthat jQ \ Fj � 1 j � jQj: Applying
Lemma4.3for i = j; j + 1; : : : ; k, we �nd that

Pr

 

jQ \ P j <
�

1
2

�
1
k2

� j � k

jQj

!

< ke� 2k 2

:



Usingthefactthat
�

1
2 � 1

k 2

� j � k
>

�
1 � 1

k

�
2j � k ; weobtain

Pr
�
jQ \ P j <

�
1 � 1

k

��
< ke� 2k 2

: Thelemmafollows by
applyingtheunionboundoverall pathsin � . 2

THEOREM 4.1. Any semi-obliviousrouting scheme� in
G(k; k) hascompetitiveratio 
( k) = 
(log n= loglogn):

Proof. We have j� j = nO(1) = eO(k log k) , so we may
applyLemma4.3to concludethatwith highprobabilityover
the randomchoiceof a demandmatrix D P , the inequality
jQ \ P j � (1 � 1=k)2j � k jQj holds for all pathsQ 2 �
joining the sourceand sink of a commoditywith positive
demandin D P . Assumefrom now on that this holds for
all such Q. The commoditiesin classj (1 � j � k)
contribute 


�
2� j jE j

�
units of load in the optimal �o w by

sendingall of their demandalongshortestpaths.Therefore,
in any � -valued �o w satisfying D P , the commoditiesin
classj alsocontribute


�
2� j jE j

�
unitsof load,andat least



�
2j � k 2� j jE j

�
= 


�
2� k jE j

�
of this load is on edgesof

P. Summingover commodityclasses1; 2; : : : ; k, we see
that the total load on edgesof P is 


�
k2� k jE j

�
: Since

jP j = 2� k jE j; it follows that at leastone edgein P has
load
( k). 2

5 Semi-oblivious routing in the grid

This sectionprovesthata semi-obliviousroutingschemein
thegrid whichusesapolynomialnumberof pathsmusthave
a competitive ratio boundedbelow by 
(log n= log logn).
As wasthecasewith series-parallelgraphs,thelowerbound
comesfrom constructinga randomrouting problemin the
grid with thesameproperties(1)-(5)givenabovein theproof
sketch for Section4. For the grid lower bound,Figure 2
illustrates the random partition of the edge set which is
describedin step(2), alongwith the optimal routesfor the
commoditiesin class1. Therandomstripesrunningfrom the
lower left to theupperright areparallelcopiesof a random
walk in thegrid, eachof whosestepsis eitherin thepositive
x or positivey direction.

A subtlety ariseswhich accountsfor the most of the
complexity in theproof. In thesteplabeledas(4) in theproof
sketchgivenabove,wemustprovethatwith highprobability
(over the choiceof the randomwalk path),eachpath in �
which traversesa constantfraction of the diameterof the
grid musthaveabouthalf of its edgesin theblackstripesand
abouthalf of its edgesin thewhite stripes.Unfortunately, if
thestripeswerede�ned usingan ordinary(i.e. Markovian)
random walk, the walk does not mix rapidly enoughto
ensurethat this happenswith suf�ciently high probability.
Insteadwe mustusea non-Markovian randomwalk which
is designedto have better mixing properties. The non-
Markovianwalk is de�ned andanalyzedin Section5.1.

5.1 A non-Mark ovian random walk on the integers.
Our goal in this section is to de�ne a random walk

Figure2: The�rst level of thegrid construction.

: : : ; Z � 1; Z0; Z1; : : : on the integers which takes stepsof
boundedsizebut requiresonly O(` polylog(`)) stepsto be-
comenearly equidistributed modulo `, for every `. Such
a randomwalk must mix more rapidly than the standard
randomwalk on Z, which requires
( `2) stepsto become
equidistributedmodulo`.

Let f X i;j : i; j 2 Zg be a setof independentrandom
variables,each uniformly distributed on f 0; 1g. For an
integer m = 2s� 1t wheres; t areintegersandt is odd, let
� (m) denotetheuniqueelementof f 2s; 2s+ 1; : : : ; 2s+1 � 1g
which is congruentto t � 1

2 (mod 2s): Note that for every
integer k > 1, the set � � 1(k) is an arithmeticprogression
with differenceatmostk2: De�ne afunction : Z ! Z� Z
by  (m) =

�
� (m);

�
m2� � (m )

��
: For anintegerm let

Ym = X  (m )

Zm =

8
<

:

P m
i =1 Yi if m > 0

0 if m = 0P � m
i =1 � Y� i if m < 0:

NotethatZm +1 � Zm 2 f 0; 1g for every integerm.
Thefollowing theoremprovestherapidmixing property

(mod`) thatwasassertedearlier. Beforestatingit, we must
de�ne two piecesof notation. First, for any integerst � u
we let F t (resp. F t;u ) denotethe � -�eld generatedby the
randomvariablesf Ym j m � tg (resp.f Ym j m � t or m �
ug). Second,for any positive integer` wede�ne

� (`) = `dlog(4`2)e3:



THEOREM 5.1. Let ` bea positiveinteger andlet x beany
elementof thecyclic groupZ=(`). If u � t > � (`) then

1
2`

� Pr(Zu � x (mod `) j F t ) �
3
2`

:

Proof. Assumè � 2; otherwisethelemmais trivial. Let h
bethefunctionde�ned onZ=(`) by

h(a) =
�

1 if a � 0 (mod `)
0 otherwise:

Let ! = e2� i=` . Usingtheidentity

h(a) =
1
`

` � 1X

b=0

! ab;

we �nd that

Pr(Z t � x (mod `) j Fu ) = E(h(Z t � x) j Fu )

= 1
`

P ` � 1
b=0 E

�
! b(Z t � x ) j Fu

�

= 1
`

h
1 +

P ` � 1
b=1 E

�
! b(Z t � x ) j Fu

� i
:

To �nish, it suf�ces to provethat
�
�E

�
! b(Z t � x ) j Fu

� �
� < 1

2` 2

for 1 � b � ` � 1. Wemayassumewithout lossof generality
that1 � b � `=2, sincethenumbersE

�
! ( ` � b)( Z t � x ) j Fu

�

and E
�
! b(Z t � x ) j Fu

�
are complex conjugatesand hence

havethesameabsolutevalue.
Let k � 0 be the least integer such that 2k b � `

3 :
Observethat `

3 � 2k b � 2`
3 , hence

�
�
�1 + ! 2k b

�
�
� � 1:

Theset� � 1(k) is anarithmeticprogressionwith difference
at mostk2; so thesetJ0 = � � 1(k) \ [u + 1; t] hasat least
(t � u)=k2 > `dlog(4`2)eelements.LetJ � J0 consistof all
elementsm 2 J0 suchthatbu2� k c < bm2� k c < bt2� k c:
Thenumberof elementsin thesetJ0 nJ is atmost2k , which
is lessthan`, hencejJ j � `dlog(2`2)e.

Let J = f u + 1; u + 2; : : : ; tg n J: Let F denotethe
� -�eld generatedby the randomvariableY =

P
j 2 J Yj as

well asZu ; Zu� 1; Zu� 2; : : : : We have

Z t � x = Zu � x + Y +
X

j 2 J

Yj ;

and the randomvariablesf Yj : j 2 J g are independent
of F . Moreover, the set f Yj : j 2 J g comprisesat most
2k copiesof eachof therandomvariablesX (k; i ), asi runs
throughthe set I = fb j 2� k c j j 2 J g; and theserandom

variablesX (k; i ) aremutuallyindependent.Hence,

E
�

! b(Z t � x ) j F
�

= ! b(Z u � x + Y ) E
�

!
P

j 2 J bYj

�

= ! b(Z u � x + Y ) E
�

!
P

i 2 I 2k bX (k ;i )
�

= ! b(Z u � x + Y )
Y

i 2 I

E
�

! 2k bX (k ;i )
�

= ! b(Z u � x + Y )
Y

i 2 I

1
2

�
1 + ! 2k b

�

�
�
�E

�
! b(Z t � x ) j F

� �
�
� =

�
�
� ! b(Z u � x + Y )

�
�
�

Y

i 2 I

1
2

�
�
�1 + ! 2k b

�
�
�

� 2�j I j � 2�j J j=2k
� 2�j J j=` <

1
2`2 ;

asdesired. 2

COROLLARY 5.1. Given a sequence A =
: : : ; A � 1; A0; A1; : : : of residue classes in Z=(`), and
a setR � Z=(`), de�ne T(A; R) to be the randomsetof
integersT(A; R) = f s j Zs � As 2 Rg: If u � t = 2m� (`)
then

Pr
�

jT (A; R) \ [t; u)j <
1
16

�
jRj
`

� (u � t)








 F t

�
< jRje� m= 96

Proof. We will prove the corollary when R is a singleton
set f r g. The full corollary follows usingthe union bound,
togetherwith theobservationthat jT (A; R) \ [t; u)j < 1

16 �
jR j
` � (u � t) implies that for somer 2 R, jT (A; f r g)j \

[t; u) < 1
16` (u � t):

For any integer a 2 Z , let Va be the randomvariable
whichcountsthenumberof s suchthat� (`) � s� a < 2� (`)
and s 2 T(A; f r g): Let Wa = minf Va ; 6� (`)=`g: From
Theorem5.1wehave

(5.1) E(Wa j Fa) �
1
4

� (`)=`:

Let s = 2� (`): Equation(5.1) establishesthat thesequence
of randomvariablesfWi = Vu+ is � 1

4 � (`)=` area martin-
galedifferencesequence.The differencesare boundedby
6� (`)=`: Applying Azuma's inequality for submartingales,
we �nd that

Pr

 
m � 1X

i =0

Wu+ is <
m
8

� (`)=`












F t

!

< exp

 

�
�

m� (`)
8`

� 2 �
1

12m(� (`)=`)2

� !

= e� m= 96:

To concludethe proof, we observe that
P m � 1

i =0 Wu+ is �
P m � 1

i =0 Vu+ is � jT (A; f r g) \ [t; u)j; andthat m
8 � (`)=` =

1
16` (u � t): 2



5.2 Random height functions and routing problemsin
the in�nite grid. We may de�ne a randomfunction H :
Z � Z ! Z using the randomwalk (Z i ) i 2 Z de�ned in
Section5.1,asfollows:

H (x; y) = Zx + y � x:

This functionhasthefollowing two properties:

1. For any integersa; x; y; H (x � a; y+ a) = H (x; y)+ a:

2. For any integersx; y, exactlyoneof therelationsH (x+
1; y) = H (x; y); H (x; y + 1) = H (x; y) holds.

Property(1) impliesthatthefunction(x; y) 7! (H (x; y); x+
y) is invertible.In fact,its inverseis thefunction

�( z; w) = (H (0; w) � z; w + z � H (0; w)) :

Property (2) implies that the sequence Pz =
(: : : ; �( z; � 1); �( z; 0); �( z; 1); : : :) is an in�nite path
in Z � Z suchthat eachpoint is joined to the next by the
vector(1; 0) or (0; 1). (Thesein�nite pathsarethe random
walk pathsrepresentedby the black and white stripes in
Figure2.)

For an integer k � 2; let � k (x) denotethe unique

integer in the interval
�

� k 5

2 ; k 5

2

i
which is congruentto

b1
2 + x

(( k � 1)!) 5 c modulo k5. For an integer x let � (x)
denotethe largestk suchthat � k (x) is odd, or � (x) = 1
if no suchk exists. (Thereare always only �nitely many
k such that � k (x) is odd, because� k (x) = 0 whenever
(k � 1)! > j2xj1=5:) For a point s = (x; y) 2 Z2, let
L (s) = (� (H (s))!) 5: De�ne an in�nite demandmatrix
D = (D st )s;t 2 Z as follows. For a point s = (x; y); put
t(s) = �( H (s); x + y + L(s)) andlet

D st =
�

1=L(s) if t = t(s)
0 otherwise.

LEMMA 5.1. There existsa �ow f in thein�nite grid which
satis�esD andwhoseedgecongestionis equalto 1.

Proof. For a vertex s, let z = H (s): Recallthe pathPz =
(: : : ; �( z; � 1); �( z; 0); �( z; 1); : : :) de�ned earlier. De�ne
P(s) to be thesubpathof Pz joining s to t(s). The �o w f
sends1=L(s) unitsof �o w on pathP(s), for every s 2 Z2:
For an edgee of the grid, eithere doesnot belongto any
of the pathsPz (z 2 Z) and f sendsno �o w on e, or e
belongsto exactly onepathPz andthereare(� (z)!)5 paths
P(s) � Pz containinge, eachof which carries(� (z)!) � 5

unitsof �o w. In theformercase,thecongestionof e is 0; in
thelattercasethecongestionof e is 1. 2

Thenext lemmaconcernsthefunction

� k (x) =
�

� (x) if 2 � � (x) � k
1 otherwise.

LEMMA 5.2. Fix somek � 2 and let m = (k!)5. The
valuesof � k (x) and of � i (x) (2 � i � k) dependonly
on the residueclassof x modulom. If x is a uniformly
randomelementof Z=(m) thentherandomvariables� i (x)
are mutuallyindependent,andeach is uniformlydistributed
in its range. For 1 � j � k; the numberof elements
x 2 Z=(m) which satisfy� k (x) = j is at most4 � 2j � k m.

If i � j andI is a subintervalof
�

� i 5

2 ; i 5

2

i
whoselengthis

denotedby jI j, thenthenumberof x 2 Z=(m) which satisfy

� k (x) = j and� i (x) 2 I is at least
�

j I j� 2
4i 5

�
2j � k m:

Proof. If x � y (mod m) thenthe numbers1
2 + x

(( i � 1)!) 5

and 1
2 + y

(( i � 1)!) 5 differ by a multiple of i 5 for every i �
k. Consequently, � i (x) = � i (y) for every i � k. The
value of � k (x) is completelydeterminedby the valuesof
� 2(x); � 3(x); : : : ; � k (x); hencetheresidueclassof x modulo
m determines� k (x) aswell as� 2(x); : : : ; � k (x):

Let m0 = ((k � 1)!)5; andlet h bethehomomorphism
Z=(m) ! Z=(m0) inducedby thecanonicalhomomorphism
Z ! Z=(m0): For a given elementy 2 Z=(m0), the set
h� 1(y) hasexactly k5 elements,andasx runsthroughthe
elementsof h� 1(y), the function � k (x) takes eachinteger

value in the interval
�

� k 5

2 ; k 5

2

i
exactly only. It follows

that if x is a uniformly randomresidueclass in Z=(m),
the randomvariable� k (x) is uniformly distributed in Z \�

� k 5

2 ; k 5

2

i
; and is independentof h(x). From the �rst

paragraphof this proof, we know that h(x) determinesthe
valuesof � i (x) for 2 � i < k: By inductionon k, we may
concludethat the randomvariables� i (x) (2 � i � k) are
mutually independent,andeachis uniformly distributed in
its range.

In particular, let E i ; Fi ; Gi (I ) respectively denotethe
eventsthat � i (x) is even,that � i (x) is odd,andthat � i (x) is
an elementof the interval I which is odd if i > 1, even if
i = 1. We have

1
2

�
1
i 5 � Pr(E i ) �

1
2

+
1
i 5

1
2

�
1
i 5 � Pr(Fi ) �

1
2

+
1
i 5

jI j � 2
2i 5 � Pr(Gi (I )) �

jI j + 2
2i 5 :

All the remaining claims in the statementof the lemma
follow from theseprobabilityestimates,alongwith the fact
that these events are mutually independentfor different
valuesof i . 2

5.3 Proof of the lower bound. Let the randomfunction
H andthe randomdemandmatrix (D st )(s;t )2 Z2 be de�ned
asin the precedingsection. Let � � Z2 denotethe setof
all (x; y) suchthat � (H (x; y)) = 1. Similarly, let � k � Z2

denotethesetof all (x; y) suchthat� k (H (x; y)) = 1.



LEMMA 5.3. Suppose� (H (s)) = k and � k (H (s)) 2�
� k 5

6 ; k 5

6

i
: Supposemoreover that k is even.For anypath

P froms to t(s), theprobability that jP \ � j < 2� k � 4L(s)
is lessthane� k 1: 5

providedthat k is suf�ciently large.

Proof. We focus �rst on the probability Pr(jP \ � k j <
2� k k � 4L(s)) : Write s = (x0; y0) and let w = x0 + y0:
For j = 1; : : : ; L (s) let vj = (x j ; yj ) denotethe�rst vertex
in P to satisfyx j + yj = w + j: (Sucha vertex exists, for
eachi , becauseasonetraversesP theparameterx + y starts
at w and�nishes at w + L(s), andit increasesby at most1
oneachstep.)WehaveH (vj ) = Zw+ j � x j : Weshallapply
Corollary5.1with

A i =
�

x i � w if w � i � w + L(s)
0 otherwise.

Let ` = 2((k � 1)!)5: Sincek is even,for any integerz the
valuesof � 2(z); : : : ; � k (z) — and thereforealso of � k (z)
— are determinedby the residueclassof z in Z=(`): Let
R denotethe set of residueclassesz 2 Z=(`) such that
� k (z) = 1: Note that jRj = 2� k `, and that (x; y) 2 � k

if andonly if thereexistssomer 2 R suchthatH (x; y) � r
(mod `): De�ning thesequenceA asabove,we seethat

jP \ � k j � jT (R; A) \ [w; w + L(s)]j:

Now, recall that � (`) = `dlog(4`2)e3 which is
boundedabove by 16((k � 1)!)5(k logk)3: So L(s) >
1
16 � (`)k2(log k) � 3; which is greaterthan 192k1:5� (`) for
suf�ciently large k. Applying Corollary 5.1 with m =
96k1:5 we concludethat

Pr(jP \ � k j < 2� k � 4L(s)) < e� k 1: 5
:

To �nish, wewill provethatif jP \ � k j > jP \ � j then
jP \ � j � 2� k k � 4L(s): Indeed,if P intersects� k n � it
meansthat � (H (v)) = j > k for somev 2 P. In turn, this
implies that � j (H (v)) is odd. But by our hypothesison s,
� j (x) = 0 for everyx suchthatjx � sj < (k!)5=6; sowemay
concludethatjH (v) � H (s)j � (k!)5=6: As wemovealong
theportionof P which joins s to v, thefunctionH assumes
every value betweenH (s) and H (v). By Lemma5.2, at
least(1� 12=k5)2� k m=12of thesevaluesbelongto � � 1(1).
HencejP \ � j � (1� 12=k5)2� k m=12; whichis greaterthan
2� k � 4m for suf�ciently largek. 2

THEOREM 5.2. For anypositiveinteger d, if n > ((2d)!) 5

and � is a set of fewer than nd paths in the n � n grid
Gn , then there is a demandmatrix D for Gn which can
be satis�ed by a multicommodity�ow of edge congestion
1, but any � -valued�ow satisfyingD hasedge congestion

(log n= loglogn):

Proof. Samplea randomdemandmatrix D from thedistri-
bution de�ned in theprecedingsection,andkeeponly those
commoditieswhosesourceandsink both belongto the set
f 1; 2; : : : ; ng2. In thisway weobtaina randomdemandma-
trix for G = Gn : Thefact thatD canbesatis�ed by a �o w
of edgecongestion1 now followsdirectly from Lemma5.1.
We will prove that with high probability, every � -valued
�o w satisfyingD hasedgecongestion
(log n= loglogn):
For a pair of verticess; t, let d� (s; t) denotethe minimum
of jP \ � j overall pathsP 2 � joining s to t. Let k bethe
largestintegersuchthat(k!)5 < n: We will show that

1. jV (G) \ � j = O
�
2� k n2

�
:

2.
P

s;t D st d� (s; t) = 

�
2� k n2 logn= log logn

�
:

From thesetwo facts, it follows immediatelythat for any
� -valued�o w satisfyingD, thereis a vertex v 2 � whose
congestionis 
(log n= log logn): Sincetheedgecongestion
of a �o w in G is at leastone-fourthof thevertex congestion,
thisprovesthetheorem.

The�rst fact follows easilyfrom Lemma5.2. To prove
thesecondfact,we observethattheheightfunctionH maps
V (G) to a setof n consecutive integerswhich includes0.
It is easyto prove that thesetof all h suchthat jH � 1(h) \
V (G)j > n=2 containsa subsetX consistingof at leastn=4
consecutive integers. Let X j be thesubsetconsistingof all

x 2 X suchthat � (x) = j and � j (x) 2
�

� j 5

6 ; j 5

6

i
. By

Lemma5.2 we obtainthe lower boundjX j j = 
(2 j � k n):
Let Sj = H � 1(X j ); note that by construction,jSj j =

(2 j � k n2). If ((d + 4) logn)2=3 < j � k andj is even,we
mayapplyLemma5.3 to say, for every pathP 2 � which
joinss to t(s) for somes 2 Sj , thatwith probabilityat least
1 � 1=nd+3 thesetP \ � has
(2 � j (j !)5) vertices.Taking
a unionboundover all suchpathsP, we maysaythatwith
probability1 � 1=n we have d� (s; t(s)) = 
(2 � j (j !)5) for
all evenj betweenj 0 = ((d + 4) logn)2=3 andk andfor all
s 2 Sj . RecallingthatD s;t (s) = (j !) � 5; we obtain

X

s;t

D st d� (s; t(s))

�
X

j 0 <j � k ;j even

X

s2 Sj

D s;t (s) d� (s; t(s))

�
X

j 0 <j � k ;j even

(2 j � k n2)( j !) � 5
(2 � j (j !)5)

= 
(2 � k n2k) = 
(2 � k n2 logn= loglogn):

2

6 Lower boundsfor the number of bends

In this section, we prove Theorem3.4 by showing that
in a grid it is impossibleto route multicommodity �o ws
with constant(or evenpolylogarithmic)competitiveratio for
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Figure 3: Constructionillustration for Theorem3.4 (a)
building block (level one) (b) constructionfor odd level
numbers(c) constructionfor evenlevel numbers.

congestionwhile havingonlyaconstantnumberof bendsper
each�o w path.

We start with a level one (` = 1) building block as
follows. We considera k-by-k2 grid, in which there is a
sourcein eachnodeat the�rst row (thustherearek2 sources
in total). We will determinek in termsof n later in the
proof. Now we extend this constructionfor levels l > 1
asfollows(SeeFigure3.) For level ` = 2`0 (` = 2`0+ 1), we
constructbuilding blocks of size k ` +1 -by-k` (k` -by-k` +1 )
by takingk blocksof level ` � 1 andplacethemonthesame
setof columns(rows)with k` � k` � 1 row (column)spacing
betweentheconsecutiveblocksandafter the lastblock. We
de�ne our graphto be a block of level 2b with k = n

1
2b+1

(addsomedummycolumnsbeforethe�rst columnto make
the graphn-by-n grid). We will put the sourceson some
verticesof thelastcolumnandthelastrow asfollows. Each
sources hasa unit demandfor theuniquesink t on the last
columnor the last row which lies on thesamediagonalthat
sources lies.

First we observe that thereis onesourceper diagonal
becauseof spacingthat we used to createthe blocks at
eachstage.Thuswe canroutethe �o w from eachsources
with edge-congestiononeby takingrepetitively unit vertical
andunit horizontaledgesalongthe45 degreediagonal(see
Figure3.a) until we reachto the uniquenodet at the last
columnor thelastrow of theblockof level i , for 1 � i � 2b.
Thuswe cansatisfyall the unit demandsbetweenssources
andtheir correspondingsinkswith edge-congestionone.

In a block of level ` = 2`0 � 1, therearek` +1 sources
andat least2=3 of themhaveto exit horizontally(otherwise,

we have congestionmore than k=6 in the columns). In a
` = 2`0, therearek` +1 sourcesand2=3 of themhave to exit
vertically. Thus 2=3 of the �o ws have to run horizontally
at the odd stagesand2/3 have to run vertically at the even
stages. This meansthat 1/3 of the �o ws have to bend in
eachpair of levels. Hence,the averagenumberof bends
over all levels and �o w pathsis at leastb. Thus thereis a
�o w which bendsat leastb time which is a contradictionto
ourassumption.

7 Node-capacitatedand dir ectedgraphs

In this section,we prove Theorem3.5 by constructinga
node-capacitatedundirectedgraphasa counterexample(we
canmakethisanedge-capacitateddirectedgraphbystandard
reductions). The counterexampleis a graphwith a single
sinknodew attachedto theright sideof abipartitegraphG.
ThegraphG is constructedin [3]. We repeatthede�nition
of G here,and we recall its basicproperties. Let d be a
positiveinteger, andletX bethering (F2)d (i.e. thecartesian
productof d copiesof the �elds F2 = f 0; 1g, with addition
andmultiplication de�ned componentwise).Let b = 1 �
1
2 log2(3): ConsideringX asavectorspaceoverF2, let Y be
a linearsubspaceof dimensionbbdc suchthatthecardinality
of thesetZ = f z 2 X j zy 6= 0 for all nonzeroy 2 Y g is as
largeaspossible.G is a bipartitegraph(VL [ VR ; E ) where
VL = X � Z , VR = X , andE = f ((xL ; zL ); xR ) j xR �
xL = yzL for somey 2 Y g:

Letting n = jV (G)j, the following propertiesof G are
provenin [3]:

1. n = 4d� o(d) :

2. Everyvertex in VL hasdegree2bd = n0:2075::: .

3. The edge set of G is partitioned into matchings
f M i gi 2 I , eachof size2d� o(d) = n0:4999::: .

4. EachM i is aninducedmatching,i.e. if M L ; M R denote
the setsof left and right endpointsof edgesof M i ,
respectively, then there is no edgefrom M L to M R

exceptfor theedgesof M i .

5. For eachsuchmatchingM i , if �( M L ) denotestheset
of all verticesadjacentto M L , thenj�( M L ) n M R j <
3d=2 = n0:39624::: :

Let eG be the graphobtainedfrom G by adjoininga single
sink vertex w with edges(v; w) for every w 2 VR . Sup-
pose� is a semioblivious routing schemefor eG suchthat
j�( s; t)j = O(n1=5) for every pair s; t. We de�ne a de-
mandmatrix D(i ) for eachmatchingM = M i (i 2 I )
by specifyingthat D(i )s;t = 1 if s 2 M L ; t = w, oth-
erwiseD(i )s;t = 0. Choosethe matchingM uniformly
at random. For every s 2 VL , the neighborof s in M
conditionalon the event s 2 M L is uniformly distributed



amongthen0:2075::: neighborsof s. (This follows from the
fact that the matchingsM i are a partition of the edgeset
E .) Sincethereareonly n0:2 pathsin �( s;w), the proba-
bility that �( s;w) containsa pathstartingwith an edgeof
M is only n� 0:0075, so the expectednumberof verticess
thathavesucha pathis jM j � 0:0075: Let usnow �x a match-
ing M = M i (i 2 I ) suchthat fewer thanjM j=2 vertices
s 2 VL have a pathin �( s;w) startingwith an edgeof M .
RecallthatM is aninducedmatching,soif s 2 M L andP is
apathfrom s to w whichdoesnotbegin with anedgeof M ,
thenP passesthrougha vertex in �( M L ) n M R : If we sat-
isfy thedemandin D(i ) usinga � -valued�o w, thenat least
jM j=2 = n0:4999::: unitsof �o w mustthereforego through
the vertex set �( M L ) n M R : This vertex set hascardinal-
ity n0:39624::: so at leastoneof its verticeshascongestion
greaterthann1=10:
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