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Abstract

We initiate the study of semi-obliviougouting, a relaxation
of obliviousroutingwhichis rst introducedby Racke and
led to mary subsequenimprovementsand applications.In

semi-obliious routing lik e oblivious routing, the algorithm
shouldseleconly apolynomialnumberof pathshetweerthe
sourceandthe sink of eachcommodity but unlike oblivious
routing, the o w from eachsourceto its sink is not just a
scalamultiple of the single-commodityo w; any amountof

o w canbe sentalong eachselectedpath. Semi-oblvious
routing has several applicationsin trafc engineeringand
VLSI routing.

Trivially, any competitve ratio for oblivious routing
(includling the polylogarthimicratio in undirectedgraphs
obtainedoy Racke) alsoimpliescompetitveratio for semi-
obliviousrouting. In this paper we focuson lower bounds.
We rule out the possibility of O(1) competitive ratio for
semi-oblviousrouting in undirectedgraphsby providing a
lower boundof ( ,Og’f’o”n) in grids or even series-parallel
graphs. More strongly in directedgraphs,we rule out the
possibility of sub-polynomialcompetitve ratio when the
number of paths betweeneach sourceand its sink is in
O(n?™®). The proof of our lower boundon the grid uses
anon-Marlovianrandomwalk ontheintegerswith amixing
property which may be of independeninterest. Last but
not least,our lower boundson the grid canbe signi cantly
strengthenedb show thatwith pathsof at mostb bendsthe
competitveratioisin ( nﬁ). This answersgyatively a
long-standingopenproblemon b-bendrouting schemesn
gridsposede.qg.in [10, 6].

1 Intr oduction

In this work we initiate the study of semi-obliviougouting
problems,a classof o w problemswhich canbe described
by thefollowing seriesof interactionshetweeranalgorithm
and an adwersary First, the algorithm selectsa set  of
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pathsin a specied graph G of sizen. The size of
mustbe polynomialin n. Second,the adwersarypresents
a multicommodity o w problemin G. Third, the algorithm
computesa solution to the speci ed multicommodity o w
problem. Every unit of ow mustbe routed using one of
thepathsin . Theobjectie is to minimize the congestion
of the most congestededgeor vertex in G. We refer to
the set of paths asa semi-obliviousrouting schemein
G. We saythat is -competitiveif it is the casethat for
every demandmatrix that might be selectedn step2, the
algorithmcancomputea o w in step3 whosecongestioris
a -approximatiorto the optimumcongestion.

Semi-oblviousroutingproblemsareanalogouso obliv-
ious routing problems[11], which may be describedusing
the samepatternof stepsasabove, exceptthatin stepl the
algorithmchooses single-commodityo w for eachpairs; t
(insteadof choosingasetof st paths)andthe o w routed
fromstot in step3 mustusea scalamultiple of the single-
commodity ow chosenin stepl. It is known [5, 8, 11]
thatevery undirectedgraphhasanobliviousroutingscheme
which is O(log? n loglog n)-competitve with respectto
edgecongestionandthatsucharoutingschemeanbecom-
putedin polynomialtime. However, it is alsoknown [4, 7]
thatin generalgraphs— in fact, evenin grids — the op-
timal obliviousroutingschemas (log n)-competitve,and
thatin directedgraphsor node-capacitategndirectedyraphs
thecompetitve ratio%ftheoptimalobliviousroutingscheme
canbeaslargeas ( © n): Cansomeof theselower bounds
be overcomeby using semi-obliious routing rather than
obliviousrouting?In particular canwe achieve competitive
ratioO(1) in undirectedgraphspr atleastin grids?We settle
this questiomegatively in Theorems3.1and3.3below.

Semi-oblviousroutingis interestingnotonly asarelax-
ation of obliviousrouting, but alsoasan abstractiorof sev-
eral problemsarisingin network trafc engineeringandin
VLSI design.We brie y touchon eachof theseapplications
next.

Traf c engineering A commonpracticein modern
Internettraf c engineeringis the use of multiprotocol la-
bel switching(MPLS) to createexplicit label-switchegaths
(LSPs)betweencertainingressand egresspointsin an au-
tonomoussystem. By properly apportioningtraf c among
theseLSP tunnels ISP's can achieve desiredresourceuti-
lization andperformancebjectves[2]. Becauseéheinstan-
tiation and maintenancef LSP tunnelsconsumesetwork



managementesourcesijt is infeasibleto maintaina large
(e.g. exponentialin the network size) set of LSPs. Our
semi-oblivious routing problemthus abstractghe problem
onefaceswvhentrying to instantiatd_SPtunnelsto allow un-
known future demandmatricesto beroutedin a way which
will approximatelyminimize congestion.

VLSI design. Routingin the grid to minimize conges-
tion hasbeenextensvely studied,largely dueto its applica-
tionsin thelayoutof VLSI circuits. Routingwith a constant
numberof bendswasstudiedin [1, 9]; from theseworks, it
is known thatfor routingproblemsin which eachnodeof the
n n grid belongsto at mostonesource-sinkpair, the con-
gestionof theoptimalone-bendoutingis boundedabove by
dn=2e+ 1, andthataroutingwith b+ 1 bendscanimprove
signi cantly (i.e. by afactorof n @ ) onthe congestiorof
the optimal routing with b bendswhenb = 1;2. Notethat
for constantb, the setof all b-bend pathsin the grid is a
semi-oblviousroutingschemewith O(n®*? ) paths sothese
resultscanall beinterpretedasresultsaboutsemi-oblvious
routingin thegrid. Our TheorenB.1thusplacesanon-trivial
lower boundon the congestionthat can be achieved using
routeswith b = O(1) bendsin then n grid. For b-bend
routing schemesthis lower boundcan be signi cantly im-
proved;seeTheorem3.4 belov. This answersegatively an
old openproblemon b-bendroutingscheme®n gridsposed
e.g.in [10, 6].

2 De nitions
Throughouthis paper“log” denoteghe base-2ogarithm.

De nition Let G be a graphwith n verticesandm edges,

a setof pathsin G, andlet ( s;t) denotethe setof all
pathsin  which startats andendatt. A -valued ow
in G is a vectorf specifyinga non-neative weightf p for

eachP 2 . We saythatf satis esa non-ngative demand
matrixD = (Dst)st2v (o) if it isthecasethat
X
Dy = fp
P2 ( sit)

forall s;t 2 V(G):
Supposehateachedgee of G hasapositive real-valued

capacityc(e). We saythatf hasedge congestionC if
1 X
C= max — fp:
e2E(G) c(€) .

:e2P
Similarly, if eachvertex v of G hasa positive real-valued
capacityc(v), we saythatf hasvertex congestionC if
1 X
max —
v2Vv(G) c(V) bo

C-= fp:

1v2P

De nition A semi-obliviousrouting schemein a graphG
isaset of pathsin G, suchthatfor eachpair of distinct

verticess;t, containsatleastonepathfromstot. Suppose
thateachedgee of G hasapositivereal-valuedcapacityc(e).
Given a demandmatrix D, we de ne opt (D) to be the
minimumedgecongestiorofa -valued o w whichsatis es
D. We de ne thecompetitiveratio of  to be
I

_ opt (D) .

0 Sgp optp(g)(D)

where P(G) denotesthe set of all pathsin G and the
supremumis takenover all nonzerodemandmatricesD .

3 Our results

Trivially, if there exists an oblivious routing schemein a
graphG with competitve ratio , thenthereexists a semi-
obliviousrouting schemewith competitve ratio . (Simply
take eachof the o wsin the obliviousrouting schemeand
represenit asa weightedsum of paths.) Thus, usingthe
resultsof [5, 8, 11], every undirectedgraphof sizen has
a semi-oblvious routing schemewhose competitve ratio
(with respecto edge-congestior$ O(log? n loglogn). Our
rst resultshows thatthis upperboundcannot beimproved
to O(1), evenwhenthegraphis agrid.

THEOREM 3.1. The competitive ratio of every semi-
oblivious routing scheme in the n n grid is in
(log n=loglogn).

The proof of Theorem3.1 usesa non-Marlovian random
walk on the integerswith a mixing propertywhich may be
of independeninterest.

THEOREM 3.2. Thee exists a random walk
21032 1;Zo;Z1;: 1 on the integers with the following
property For every integer ©= > 1, every residueclass
X 2 Z=(), and every pair of integers t; u sud that
t u>8log2),Pr(z; x (mod )kZz,)> X

Giventhe lower boundfor semi-oblvious routing in grids,
perhapsthere is a simpler class of graphs(e.g. graphs
of boundedreavidth) which admitssemi-oblvious routing
schemewwith congestiorO(1): The following lower bound
for series-parallegraphs(which have treaewidth 2) rulesout
this possibility.

THEOREM 3.3. Thek exist series-paallel graphsof sizen
in which every semi-obliviougouting schemehas competi-
tiveratio (log n=loglogn):

Thelower boundin Theorem3.1 canbe strengtheneavhen
thesemi-oblviousroutingschemen questionconsistof all
pathswith atmostb bendsfor someconstant.

THEOREM 3.4. There exists a multicommodity ow in-
stancein the n-by-n grid which canbe satis ed by a ow
with edge-congstionong but any ow which satis esthe



demandsising pathswith lessthan b bendshas congestion
(nz).

Theorem3.4 is especiallyinterestingsince answersnega-
tively an old openproblem (seee.g.[10, 6]) which asks
whetheror not allowing only a constantnumberof bends
pereach o w pathin multicommodityroutingon thegrid is
sufcient to achieve at mosta constantfactor (evena poly-
logarithmicfactor)timesoptimalcongestion.

Finally the main questionleft openby our work is the
following.

Question DoeseverydirectedgraphG with n verticeshave
asemi-oblviousroutingschemgwith a polynomialnumber
of paths)with congestiorO(polylog(n)) ? Doesevery node-
capacitatedindirectedgraphhave sucharoutingscheme?

Thefollowing theoremprovidesevidencefor a negative
answetto this questionthoughthe numberof pathsbetween
eachcommodityis still sub-linear

THEOREM 3.5. There is a node-capacitatedundirected
graph with n verticessud thatif  is any semi-oblivious
routing schemesatisfyingj ( s;t)j = O(n'=) for all s;t,

thenthe competitiveratio of , with respectto vertex con-
gestion,is ( n'719): Afortiori, the sameower boundholds
for directedgraphs.

Theorems3.1 and 3.2 are proved in Section5, Theo-
rem 3.3 in Section4, Theorem3.4 in Section6, and Theo-
rem3.5in Section7.

4 Semi-obliviousrouting in series-parallelgraphs

In this section we describethe constructionwhich un-
derlies Theorem 3.3, shawving that series-parallelgraphs
do not have semi-oblvious routing schemeswhich use a
polynomial numberof pathsand achieze competitive ratio
o(log n=loglog n): Ourconstructiorusesafamily of graphs
G(k;r) de ned recursiely asfollows. Let K = k& andlet
[K]=f1;2;:::;Kg. G(k; 1) consistsof asequencef ver

joinings; 1 tos; for 1 i K: (If asimplegraphis
desired,one cansubdvide eachof the edgesinto a pathof
lengthtwo. Thelowerboundwill remainvalid.) Recursvely
de ne G(k;r) by startingwith a copy of G(k;r 1) and
transformingeachedgee = (u;v) into a copy of G(k; 1),
identifyingtheverticess;t of G(k; 1) with theendpointsi; v
of edgee. ThegraphsG(k; 1) andG(k; 2) areillustratedin
Figurel.

A randommulticommodity o w in G(k;r), which we
will denoteby F (k; r), canbede nedrecursvely asfollows.
In G(k; 1) the ow F (k; 1) choosesa randompathfrom s
to t androutesoneunit of o w alongthis path. Thereis a
complementarpathfrom s to t whoseedgescarryno o w.
In therecursve step,we aregivenarandommulticommodity

() (b)

Figurel: ThegraphsG(3; 1) andG(3; 2).

ow F(k;r 1) in G(k;r 1) suchthatthereis a path
from s to t whoseedgescarry no o w, andall otheredges
carry oneunit of ow. We rst doubleall the demandsn

F(k;r 1). Whenwe build G(k;r) from G(k;r 1) we
replaceeachedgee = (u;v) of G(k;r 1) with acopy of
G(k; 1). If edgee carriedaunitof owin F(k;r 1) then

we routetwo unitsof o w from u to v by sendingone unit

on eachedgeof the copy of G(k; 1): The remainingedges
of G(k;r 1) becomea subgraptof G(k;r) consistingof

K copiesof G(k; 1) concatenatederially. In eachof these
copiesof G(k; 1) we routeoneunit of o w from the vertex

which correspondso s to the vertex which correspondso

t, usingtherandom ow F (k;1). Let Dy, betherandom
demandnatrix satis edby the ow F (k;r).

Settingr = k, we haveade nedarandomo w problem
in G(k; k). Thelowerboundof ( k) = (log n=loglogn)
comesaboutfrom the following obsenations;thosewhich
arenotobviousfrom the constructiorareprovedbelow.

1. Therearek = (log n=loglogn) different classes
of commoditiesdistinguishedy the distancebetween
their sourceandsink.

2. Theoptimalsolutionroutesall thecommaoditiesn such
a way that eachedgeis usedby only one class of
commoditiesandthe congestioron that edgeis 1. In
fact,the partition of the edgesetamongthe commaodity
classeds achieved as follows: rst half of the edges
are chosenat randomandreseredfor classl. Then,
recursvely, theremainingedgesare partitionedamong
theremainingclasses.

3. Let L be the total load inducedon all edgesby the
optimum o w. The combinedcapacityof all edgesin
G is O(L): Theloadfrom routingcommoditiesn class
j(forl j Kk)is2 JL.

4. A smallfraction (i.e., 2 ¥) of the edgesare not used
by ary classof commaoditiesin the optimal routing
solution. Call this edgesetE . Unfortunately for
eachj theseedgesarelocatedso closeto the sources
and sinks for commoditiesof type j that with high
probability, all of the pathsusedby therouting scheme

for thosecommoditieswill have about2 ¥ fraction
of their edgesn E . Consequentlyhe amountof load
on edgesin E causedby commoditiesin classj is
about2 L.



5. Summingover all commodity classes,the edgesin
E carryaloadof k 2 kL. Sincetheir capacityis
only O(2 XL), theremust be an edgein E whose
congestions k.

Beforewe begin the proof, let us specifythe countere-
amplemoreprecisely As above, givenanintegerk > 1, let
K = k8. TheedgesetE of G(k;r) istheset[K "] f0;1g"
(edgesof the graphare arrangedn K" levels from left to
right, asshowvn in Figurel.) Thevertex setV of G(k;r) is
aquotientsetof f0;1;:::;K"g f0;1g": De ne anequv-
alencerelation on this setby specifyingthat for two ele-
ments(p;a) and(q; b), therelation(p;a)  (q; b) holdsif
andonlyif p= q = jK for somenon-negative integers
j; ,anda = by for  + 1< i r. Thevertex setof G
is the setof equivalenceclassef , andtheleft andright
endpointsof an edgewhoselabelis (p;a) arethe equiva-
lenceclassecontaining(p 1;a) and(p;a), respectiely.
Theequialenceclassof (0; 0) will bedenotedby s, andthe
equialenceclasse®f (K '; 0) will bedenotedoy t.

A path P from s to t in G(k;r) is specied by
a sequenceof edges(m;a™), where m runs from 1
to K'. The bit strings a™ must satisfy a™
ai(m) foralli > 1suchthatK'  gm. For ary pathP from

stot, let j(P) 2 f0;1g¢" denote the sequence

(a0

1 andr.) As we have seenthe sequence ;(P) is constant
betweerconsecutie powersof K ' 1:

For any pathP from s to t, speci ed by a sequencef
edges(m; a(™) asabove, a partition of the edgesetE n P
into subsetsE; (1 i r) is de ned asfollows. Edge

e = (m;a) belongsto E; if & 6 a™ buta = a™
forallj < i: ClearlyjE;j = jEj=2': A demandmatrix
DP is de ned asfollows. DP,, = 2" ' if there exist

K i q= p+ K™ i vis the equivalenceclassof
(p L a), andw is the equivalenceclassof (g;a®):
OtherwiseD?,, = 0. WhenP is a pathfrom s to t chosen
uniformly at random,the distribution of the demandmatrix
DP is the samedistribution denotedby D, in Section4.
For a commodity with sourcev (p 1;a) andsink
w = (q; b), we de ne the classof the commodityto bethe
numberr + 1 logk (9 p): Thus, for example,classl
consistssolely of the commoditywith sources andsinkt.

If v;w is acommodityin classi, it is easyto seethatE;
contains2” ' disjoint pathsof lengthK "*1 1 joining v to
w. ThedemandD\'f;W mayberoutedfrom v to w by sending
oneunit of ow on eachof thesepaths.In this way, we can
de ne a o w satisfyingthe entiredemandmatrix D, such
thatthe o w for commaoditiesn classi put oneunit of load
onall theedgesn E; anddoesnot useary otheredges.We
call this ow the optimal ow. It putsoneunit of load on
L= 2 ")jEjoftheedgesfG.

LetFi = E; 1 nE;. (Wheni = 1we areadoptingthe
corventionthatEy = E: We will alsoputFg = E.) We
hareP = F, Fr 1 F. Fo = E; andeach
edgesethastwice asmary elementsasthe precedingone.

LEMMA 4.1. If Q is a pathjoining the source and sink of
a commodityin classi, thenat leastk "*! ' edgesof Q
belongto F; ;.

Proof. [Proofsketch.]Wheni = 1 thereis nothingto prove,
sinceFo = E. Wheni > 1, thereademay verify from the
de nition of F; ; thatit containsevery shortespathfrom v
tow. But thestructureof G(k; r) is suchthatary pathfrom
v to w which is not a shortestpathis a very circuitouspath
thathasevenmorethanK "*1 T edgesn F; ;. SeeFigurel
for intuition. 2

LEMMA 4.2. Suppose P is a uniformly random
path in G(k;r). Let us condition on the sequences
1(P);:::; i 1(P); this conditioningwill be implicit in
all expressionsinvolving probabilities and expectations.
(Note that the conditioningdetermineghe edge setF; ;.)
Let Q be any simplepath in G(k;r) joining two vertices
v;w sudithatv = (p 1;a); w= (q;b); andbothp andq
aredivisibleby K "*1 T: ThenE(jQ\ Fij) = %jQ\ Fio1j;
and
Pr jQ\ Fj< % k_12 jQ\ Fi 4 <e 2
Proof. If Q\ F; 1 = ; thenthereis nothingto prove. Oth-
erwise, the structureof G(k;r) guaranteeshatarny simple
pathwhich intersectsF; ; doessoin a union of subpaths
of lengthK "** 1. Eachof thesesubpathgs further par
titioned into K subpathof equallength, eachof which is
either disjoint from F; or containedin it accordingto the
valueof onebit of thesequence ; (P): Sincedifferentsub-
pathscorrespondo differentbits, we nd thatthe random
variable(jOQ\ F;j)=(Q\ F; 1j) hasthe samedistribution
asthefractionof headobsenedin atleastK tosseof afair
coin. The expressionfor E(jQ \ F;j) is now obvious, and
thetail boundfor jQ \ F;j follows by applying Chernof's
boundto the fraction of headsobsened in at leastK fair

cointosses. 2

LEMMA 4.3. If s any setof e®*) pathsin G(k;k),
and P is a uniformly randompath in G(k;r), then with
probabilityl o(1) thefollowingholdsfor everypathQ 2

joining the souice and sink of a commodityin classj of the

ow problemDP :
jQVPj (1 172 XjQi:
Proof. Lemma4.1saysthatjQ\ F; 1j  jQj: Applying
Lemmad.3fori = j;j + 1;:::;k, we nc|i that
J k. .. 2k2
iQj :

Pr jQ\ Pj< = = < ke

k2



Usingthefactthat 3 rlfj K> 1 £ 2 X weobtain
PrijQ\ Pj< 1 L <ke 2k The lemmafollows by
applyingtheunionboundoverall pathsin . 2

THEOREM 4.1. Any semi-obliviousrouting scheme in
G(k; k) hascompetitiveratio ( k) = (log n=loglogn):

Proof. We havej j = n®®W = gOklogk) g0 we may
applyLemma4.3to concludehatwith high probabilityover
the randomchoiceof a demandmatrix D, the inequality
iQ\ Pj (1 1=k)2 kjQj holdsfor all pathsQ 2
joining the sourceand sink of a commoditywith positive
demandin DP. Assumefrom now on that this holds for
all suchQ. The commoditiesin classj (1 j k)
contritute 2 JjEj units of loadin the optimal ow by
sendingall of theirdemandalongshortespaths.Therefore,
in ary -valued ow satisfyingD ", the commoditiesin
classj alsocontribute 2 1jEj unitsof load,andatleast
20 k2 JjEj = 2 XEj of thisloadis on edgesof
P. Summingover commodityclassesl; 2;:::;k, we see
that the total load on edgesof P is k2 XjEj : Since
jPj = 2 XjEj; it follows that at leastone edgein P has
load ( k). 2

5 Semi-oblivious routing in the grid

This sectionprovesthata semi-oblviousrouting scheman

thegrid which usesa polynomialnumberof pathsmusthave
a competitive ratio boundedbelow by (log n=loglogn).

As wasthe casewith series-parallejjraphsthelower bound
comesfrom constructinga randomrouting problemin the
grid with thesamepropertieg1)-(5) givenaborein theproof
sketchfor Section4. For the grid lower bound, Figure 2

illustrates the random partition of the edge set which is
describedn step(2), alongwith the optimal routesfor the
commoditiesn classl. Therandomstripesrunningfromthe
lower left to the upperright areparallelcopiesof a random
walk in thegrid, eachof whosestepss eitherin the positive
X or positivey direction.

A subtlety ariseswhich accountsfor the most of the
compleity in theproof. In thesteplabeledas(4) in theproof
sketchgivenabove,we mustprove thatwith high probability
(over the choiceof the randomwalk path), eachpathin
which traversesa constantfraction of the diameterof the
grid musthave abouthalf of its edgesn theblackstripesand
abouthalf of its edgedn the white stripes.Unfortunately if
the stripeswerede ned usingan ordinary(i.e. Markovian)
randomwalk, the walk doesnot mix rapidly enoughto
ensurethat this happenswith sufciently high probability.
Insteadwe mustusea non-Markovian randomwalk which
is designedto have better mixing properties. The non-
Markovianwalk is de ned andanalyzedn Section5.1.

5.1 A non-Markovian random walk on the integers.
Our goal in this sectionis to dene a random walk
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Figure2: The rst level of thegrid construction.

11132 1;Zo;Z1; 1 on the integers which takes stepsof
boundedsizebut requiresonly O(" polylog(*)) stepsto be-
come nearly equidistrituted modulo °, for every *. Such
a randomwalk must mix more rapidly than the standard
randomwalk on Z, which requires ( 2) stepsto become
equidistributedmodulo’.

LetfXi; :i;j 2 Zgbea setof independentandom
variables, each uniformly distributed on f0;1g. For an
integerm = 25 1t wheres;t areintegersandt is odd, let
1g
which is congruentto % (mod 2°): Note that for every
integerk > 1, theset (k) is an arithmeticprogression
with differenceatmostk?: De ne afunction :Z! Z Z

by (m)= (m); m2 (M :Foranintegerm let
Y, = X
" g B _
< i Yi ifm>0
Zm = B ifm=20
i Y ifm<o
NotethatZ,m+1  Zm 2 f0;1gfor everyintegerm.

Thefollowing theorenprovestherapidmixing property
(mod’) thatwasasserteaarlier Beforestatingit, we must
de ne two piecesof notation. First, for ary integerst  u
we let F; (resp. Ft, ) denotethe -eld generatedy the
randomvariablesf Y, jm  tg (resp.fYnjm torm
ug). Secondfor ary positiveinteger™ wede ne

() = “dog(4 ?)e’:



THEOREM 5.1. Let™ bea positiveinteger andlet x beany

elemenbfthecyclicgroupZ=(C"). Ifu t> (7)then
1 “
> Pr(Zzy, x (mod’)jFy) =~

Proof. Assume  2; otherwisethelemmais trivial. Leth
bethefunctionde nedonZ=(") by

1 ifa 0 (mod?)

h(a) = 0 otherwise

Let! = € = . Usingtheidentity

X 1
h(a) = } | ab:
b=0
we nd that
Pr(Ze x (mod’)jFy)=EM(Z: x)jFu)

=h$ ézolE I BZe ) jFy i
i+ JE 120 R,

To nish, it sufces to provethat E ! X2t X) j F,
forl b 1. We mayassumavithoutlossof generality
thatl b =2 sincethenumbersE | € B(Zc X)jF,
andE ! ®Zc ¥) jF, arecomple conjugatesand hence
have the sameabsolutevalue.

1
< 5

Let k 0 be the leastinteger suchthat 2¥b §
Obserethat; 2b %, hence
1+120  q;
Theset (k) is anarithmeticprogressiorwith difference

atmostk?; sothesetlg = (k) \ [u+ 1;t] hasatleast
(t u)=k?> “dog(4 ?)eelementsLet J,consisbfall
elementan 2 Jo suchthatbu2 *c < bm2 *c < b2 k¢
Thenumberof elementsn thesetdo nJ is atmost2*, which
is lessthan’, hencgJj “dog(2 ?)e.

Letd = fu+ 1;u+ 2;:::;tgnJ: Let Fpdenotethe
- eld generatedy therandomvariableY = ;,5Yj as
wellasZ,;Zy 1;Zy 2;::::Wehave
X
Zi X=Z, X+Y+ Yi;
j23

andthe randomvariablesfY; : j 2 Jg areindependent
of F. Moreover, thesetfY; : j 2 Jgcomprisesat most
2% copiesof eachof therandomvariablesX (k;i), asi runs
throughthe setl = fbj2 kcjj 2 Jg; andtheserandom

variablesX (k; i) aremutuallyindependentHence,

P
E !b(Zt X)JF - !b(Zu X+Y)E I 23 bY;
P K .
- I b(Zy x+Y)E | 121 2°bX (ki)
= 1 bZu x+Y) o 2DX(kii)
i21
= 1 b(Zu x+Y)Y 1 1412
i21 2
b(Z ; b(Z, x+Y Y1 2*p
E 102 XjE = M2 x+Y) 5 14!
i2l
P gl di= g aie o L
2 2 2 < >7
asdesired. 2
COROLLARY 5.1. Given a  sequence A =

213 A 1, A0 Ag; o of residue classesin Z=("), and
asetR  Z=("), de ne T(A; R) to be the randomset of

integersT(A;R) = fsjZs As2 Rg: Ifu t=2m ()

then

m= 96

TARN Kwi< = B

Pr 16

t) Fy

< jRje
Proof. We will prove the corollary whenR is a singleton
setfrg. Thefull corollary follows usingthe union bound,
togetherwith the obsenationthatjT (A; R) \ [t; u)j < %
IRj (u t) impliesthatfor somer 2 R, jT(A;frg)j\
[tu)< &=(u t):

For ary integera 2 Z, let V, be the randomvariable
whichcountsthenumberofssuchthat () s a< 2 ()
ands 2 T(A;frg): Let W, = minfV,;6 (C)="g: From
Theoremb.1we have

. 1 ..
(5.1) E(Wa j Fa) 2 ()="
Lets = 2 (7): Equation(5.1) establisheshatthe sequence
of randomvariablestv, = V. s % (")=" area martin-
galedifferencesequence.The differencesare boundedby
6 (7)=": Applying Azuma's inequality for submartingales,
we nd that
I
X 1 m '
Pr Wytis < 8 )= F
i=0
m ()
T

1
12m( (1)=)?

=€

m=96.

concludethe proof, we obsene that i"lo ! Wy+is

'IP'o
Mo Vuris  JT(A frg)\ [t u)j; andthat T (V)=" =
(U 1) 2



5.2 Random height functions and routing problemsin
the in nite grid. We may de ne a randomfunction H

Z Z ! Z usingthe randomwalk (Z;)i>z de ned in
Section5.1,asfollows:

H(XY) = Zysy X
This functionhasthefollowing two properties:
1. Foraryintegersa;x;y; H(x a;y+a)= H(x;y)+ a:

2. Forary integersx; y, exactly oneof therelationsH (x+
Ly) = H(xy); H(xy+ 1) = H(xy) holds.

Property(1) impliesthatthefunction(x; y) 7! (H (x;y); x+
y) isinvertible. In fact,its inverseis thefunction

(zw)= (HOw) zyw+z H(Ow):

Property (2) implies that the sequence P, =
Gy (Cz; 1);(2z0);(2z;2);::) is an innite path
in Z Z suchthat eachpoint is joined to the next by the
vector(1;0) or (0; 1). (Thesein nite pathsaretherandom
walk pathsrepresentedy the black and white stripesin
Figure2.)

For an integer k

integer in the intenal

2; let jk(x) denotethe unique

g; § which is congruentto
b% + Wc modulo k. For an integer x let (x)
denotethe largestk suchthat ¢(x) is odd,or (x) = 1
if nosuchk exists. (Thereare alwaysonly nitely mary
k suchthat «(x) is odd, because ((x) = 0 whene&er
(kD! > j2xj¥5:) For apoints = (x;y) 2 Z?2, let
L(s) = ( (H(s))®: Dene aninnite demandmatrix
D = (Dst)st2z asfollows. Forapoints = (x;y); put
t(s) = ( H(s);x+ y+ L(s)) andlet

1=L(s) ift= t(s)

D= otherwise.

LEMMA 5.1. Therexistsa ow f in thein nite grid which
satis esD andwhoseedge congestionis equalto 1.

Proof Foravertex s, let z = H (s): Recallthe pathP, =
(i3 (z; 1); (z;0); (2;1);::2) de ned earlier De ne
P (s) to bethe subpathof P, joining s to t(s). The ow f
sendsl=L(s) unitsof ow on pathP(s), for everys 2 Z?2:
For an edgee of the grid, eithere doesnot belongto ary
of the pathsP, (z 2 Z) andf sendsno ow one, ore
belongsto exactly onepathP, andthereare( (z)!)° paths
P(s) P, containinge, eachof which carries( (z)!) °
unitsof o w. In theformercasethe congestiorof eis 0; in
thelattercasethecongestiorof eis 1. 2

Thenext lemmaconcernghefunction

x) if2  (x) k

K(X)= otherwise.

LEMMA 5.2. Fix somek 2andletm = (k)®. The
valuesof (x) andof ;(x) (2 [ k) dependonly
on the residueclassof x modulom. If x is a uniformly
randomelemeniof Z=(m) thentherandomvariables (x)
are mutuallyindependentand ead is uniformly distributed
in its range. For 1 | k; the numberof elements
X 2 Z=(m) which satisfy «(x) = | is at most4 2 Km.
Ifi j andl isasubintervalof % % whosedengthis
denotedbyjl j, thenthe numberof x 2 Z=(m) which satisfy

k(x) = j and i(x) 2 | isatleast U2 2 km:

Proof If x y (mod m) thenthe numbers% * o Xl)!)
andi + oy differ by a multiple of i5 for every i

k. Consequently ;(x) = (y) for everyi k. The
valueof (x) is completelydeterminedby the valuesof

Letm®= ((k 1))®; andlet h bethe homomorphism
Z=(m) ! Z=(m° inducedoy thecanonicahomomorphism
Z ! Z=(m9: For a given elementy 2 Z=(m9, the set
h 1(y) hasexactly k> elementsandasx runsthroughthe
elementsof h 1(y), the functign «(x) takes eachinteger

K®. kS

5 exactly only. It follows
that if x is a uniformly randomresidueclassin Z=(m),
the randomvariable (x) is uniformly distributedin Z \

%; % ; andis independenf h(x). From the rst
paragraplof this proof, we know thath(x) determineghe
valuesof (x) for2 i < k: By inductionon k, we may
concludethattherandomvariables j(x) (2 i k) are
mutually independentand eachis uniformly distributedin
its range.

In particular let E;; Fi; Gi(l) respectiely denotethe
eventsthat (x) is even,that ;(x) is odd,andthat (x) is
an elementof theinterval I whichis oddif i > 1, evenif
i = 1. We have

value in the interval

1 1 1 1
— — . 4+ =
2 5 Pr(Ei) 2" 5
1 1 1 1
2 5 R 3t
i 2 , ihi+2
o5 Pr(Gi(l)) 25

All the remaining claims in the statementof the lemma
follow from theseprobability estimatesalongwith the fact
that these events are mutually independentfor different
valuesofi. 2

5.3 Proof of the lower bound. Let the randomfunction
H andthe randomdemandmatrix (Dt )(s;t)2z2 be de ned
asin the precedingsection. Let Z? denotethe setof
all (x;y) suchthat (H(x;y)) = 1. Similarly, let , Z?
denotethe setof all (x; y) suchthat ¢ (H (x;y)) = 1



LEMMA 5.3. Suppose (H (s)) k and (H(s)) 2
5 5 .
K., % : Supposenoreoverthatk is even.For anypath
P fromstot(s), theprobabilitythatjP \  j< 2 ¥ *L(s)
is lessthane *** providedthatk is sufciently large.
Proof. We focus rst on the probability Pr(jP \  ¢j <
2 Xk “4L(s)): Write s = (Xo;Yo) andletw = Xq + Yo:

in P to satisfyx; + y; = w+ j. (Suchavertex exists, for
eachi, becaus@asonetraverses? theparametek + y starts
atw and nishesatw + L(s), andit increasedy at most1
oneachstep.)WehaveH (v;) = Zw+j Xx;: Weshallapply
Corollary5.1with

A = Xi w ifw 1 w+L(s)
: 0 otherwise.
Let” = 2((k 1))°: Sincek is even,for ary integerz the
valuesof ,(2);:::; k(z) — andthereforealsoof (z)

— are determinedby the residueclassof z in Z=("): Let
R denotethe set of residueclassesz 2 Z=(") suchthat
k(z) = 1: NotethatjRj = 2 X, andthat(x;y) 2
if andonly if thereexistssomer 2 R suchthatH (x;y) r
(mod "): De ning thesequencd asabove,we seethat
P\ JT(R;A)\ [w;w+ L(9)]j:
Now, recall that () ‘dog(4'2)e* which is
boundedabove by 16((k  1)!)°(klogk)3: So L(s) >
& ()k?(logk) 3; which is greaterthan 19 (%) for
sufciently large k. Applying Corollary 5.1 with m
96k > we concludethat

K]

PrP\ <2 X 4L(s)<e

To nish, wewill provethatif jP\ j> jP\ jthen
P\ j 2 Kk “L(s): Indeed,if P intersects x n it
meanghat (H(v)) = j > k for somev 2 P. In turn, this
impliesthat ; (H (v)) is odd. But by our hypothesison s,
j (x) = Ofor everyx suchthatjx sj < (k!)°=6; sowemay
concludethatjH (v) H(s)j (k!)®=6: As we movealong
the portionof P which joins s to v, the functionH assumes
every value betweenH (s) andH (v). By Lemmab.2, at
least(l 12=k%)2 ¥m=12of thesevaluesbelongto (1).
HencgP\ j (1 12=k%2 km=12; whichisgreatethan
2 X “4m for sufciently largek. 2

THEOREM 5.2. For any positiveinteger d, if n > ((2d)!)°
and is a setof fewer thann? pathsin then n grid
Gy, thenthere is a demandmatrix D for G, which can
be satis ed by a multicommaodity ow of edge congestion
1, butany -valued ow satisfyingD hasedge congestion

(log n=loglogn):

Proof. Samplea randomdemandmatrix D from the distri-
bution de ned in the precedingsection,andkeeponly those
commoditieswhosesourceand sink both belongto the set
f1;2;:::;ng?. In thisway we obtainarandomdemandma-
trix for G = Gp: ThefactthatD canbesatis edbya ow
of edgecongestiorl now follows directly from Lemmab.1.
We will prove that with high probability, every -valued
o w satisfyingD hasedgecongestion(log n=loglogn):
For a pair of verticess;t, letd (s;t) denotethe minimum
ofjP\ joverall pathsP 2 joiningstot. Letk bethe
largestintegersuchthat(k!)® < n: We will shaw that

1. jV(G)\ j=0 2 kn? :

P

2., Dgd (sit)= 2 ¥nZ?logn=loglogn :

From thesetwo facts, it follows immediatelythat for any

-valued o w satisfyingD, thereis avertexv 2 whose
congestions (log n=loglogn): Sincetheedgecongestion
of a ow in G is atleastone-fourthof thevertex congestion,
this provesthetheorem.

The rst factfollows easilyfrom Lemma5.2. To prove
thesecondact,we obsenethatthe heightfunctionH maps
V (G) to a setof n consecutie integerswhich includesO.
It is easyto prove thatthe setof all h suchthatjH *(h)\
V (G)j > n=2 containsasubseX consistingof atleastn=4
consecutie integers. Let X bethe subsetconsistingof all

X 2 X suchthat (x) = j and j(x) 2 IR By

6'6
Lemma5.2 we obtainthe lower boundjX;j = (2} *n):

Let S H (Xj); note that by construction,jSjj =

(271 kn?).If (d+ 4)logn)?2 < j kandj is even,we
may apply Lemmab.3to say for every pathP 2 which
joinss to t(s) for somes 2 S, thatwith probabilityatleast
1 1=n*3 thesetP\ has(2 I(j!)®) vertices.Taking
a unionboundover all suchpathsP, we may saythatwith
probabilityl 1=nwehaved (s;t(s)) = (2 !(j!)°®) for
all evenj betweerj = ((d+ 4)logn)?=2 andk andfor all
s 2 Sj. RecallingthatDsy(s) = (j!) °; we obtain

Dad (s;t(s)

s;t

X X
Ds;t(s)d (s:t(s)
jo<j xk,] even s2 Sj
@1 k(N %@ 1GH?)
jo<i ki even
= (2 *n’k)= (2 *n%logn=loglogn):

6 Lower boundsfor the number of bends

In this section, we prove Theorem3.4 by shaving that
in a grid it is impossibleto route multicommodity o ws
with constan{or evenpolylogarithmic)competitveratiofor
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Figure 3: Constructionillustration for Theorem3.4 (a)
building block (level one) (b) constructionfor odd level
numbergc) constructiorfor evenlevel numbers.

congestiorwhile having only aconstanhumberof bendgper
each o w path.

We startwith a level one " = 1) building block as
follows. We considera k-by-k? grid, in which thereis a
sourcein eachnodeatthe rst row (thustherearek? sources
in total). We will determinek in termsof n laterin the
proof. Now we extend this constructionfor levels| > 1
asfollows (SeeFigure3.) Forlevel” = 2°0( = 2%+ 1), we
constructbuilding blocks of sizek *1 -by-k  (k -by-k *1)
by takingk blocksof level = 1 andplacethemonthesame
setof columns(rows)with k' k * row (column)spacing
betweerthe consecutie blocksandafterthelastblock. We
de ne our graphto be a block of level 2b with k = nz+T
(addsomedummycolumnsbeforethe rst columnto make
the graphn-by-n grid). We will put the sourceson some
verticesof thelastcolumnandthelastrow asfollows. Each
sources hasa unit demandor the uniquesinkt on thelast
columnor thelastrow which lies on the samediagonalthat
sources lies.

First we obsene that thereis one sourceper diagonal
becauseof spacingthat we usedto createthe blocks at
eachstage. Thuswe canroutethe o w from eachsources
with edge-congestioaneby takingrepetitively unit vertical
andunit horizontaledgesalongthe 45 degreediagonal(see
Figure 3.a) until we reachto the uniquenodet at the last
columnorthelastrow of theblockof leveli,for1 i 2b.
Thuswe cansatisfyall the unit demanddetweenssources
andtheir correspondinginkswith edge-congestioane.

In ablock of level * = 2°0 1, therearek *! sources
andatleast2=3 of themhaveto exit horizontally(otherwise,

we have congestionmore than k=6 in the columns). In a
= 2'0 therearek *! sourcesand2=3 of themhave to exit

vertically. Thus2=3 of the o ws have to run horizontally
at the odd stagesand 2/3 have to run vertically at the even
stages. This meansthat 1/3 of the o ws have to bendin

eachpair of levels. Hence,the averagenumberof bends
over all levelsand o w pathsis at leastb. Thusthereis a
o w which bendsat leastb time which is a contradictionto

ourassumption.

7 Node-capacitatedand dir ectedgraphs

In this section,we prove Theorem3.5 by constructinga
node-capacitatedndirectedgraphasa counter@ample(we
canmalethisanedge-capacitatedirectedgraphby standard
reductions). The countergampleis a graphwith a single
sinknodew attachedo theright sideof a bipartitegraphG.
The graphG is constructedn [3]. We repeatthe de nition
of G here,and we recall its basic properties. Let d be a
positiveinteger, andlet X bethering (F»)¢ (i.e. thecartesian
productof d copiesof the elds F, = f0; 1g, with addition
and multiplication de ned componentwise).Letb = 1
% log,(3): ConsideringK asavectorspaceoverF,, letY be
alinearsubspacef dimensiorbbdc suchthatthecardinality
ofthesetZz = fz2 X jzy 6 Oforall nonzeroy 2 Ygisas
largeaspossible G is abipartitegraph(V. [ Vr;E) where
VL =X Z,Vg = X,andE = f((X_;2.);XRr)jXRr
X, = yz_ forsomey 2 Yg:

Lettingn = jV(G)j, thefollowing propertiesof G are
provenin [3]:

1. n= 49 o(d):
2. Everyvertexin V_ hasdegree2bd = n0:2075::

3. The edge set of G is partitioned into matchings
fMigi2, , eachof size2d ©°(d) = 0:4999::

. EachM; isaninducedmatchingj.e. if M| ; Mgr denote
the setsof left and right endpointsof edgesof Mj,
respectiely, thenthereis no edgefrom M| to Mg
exceptfor theedgesof M; .

5. For eachsuchmatchingM;, if ( M) denoteghe set

of all verticesadjacento M, thenj ( M) nMgj <
3d=2 = 10:39624::: .

Let € be the graphobtainedfrom G by adjoininga single
sink vertex w with edges(v;w) for everyw 2 Vgr. Sup-
pose is a semioblivious routing schemefor & suchthat
i (s;t)j = O(n*™) for every pair s;t. We de ne a de-
mandmatrix D (i) for eachmatchingM = M; (i 2 1)
by specifyingthatD (i)s: = 1if s 2 M_;t = w, oth-
erwiseD(i)s: = 0. Choosethe matchingM uniformly
at random. For every s 2 V., the neighborof s in M
conditionalon the events 2 M is uniformly distributed



amongthe n®297% neighborsof s. (This follows from the
fact that the matchingsM; are a partition of the edgeset
E.) Sincethereareonly n®? pathsin ( s;w), the proba-
bility that ( s;w) containsa path startingwith an edgeof

M is only n %9075 50 the expectednumberof verticess

thathave suchapathisjMj %75 Letusnow x amatch-
ingM = M; (i 2 1) suchthatfewerthanjM j=2 vertices
s 2 V| have apathin ( s;w) startingwith anedgeof M .

RecallthatM is aninducedmatchingsoif s2 M andP is

apathfrom s to w which doesnot begin with anedgeof M ,

thenP passeshroughavertexin ( M) nMg: If we sat-
isfy thedemandn D (i) usinga -valued o w, thenatleast
M j=2 = n0:4999= ynitsof o w mustthereforego through
the vertex set ( M) n My: This vertex sethascardinal-
ity n9:39624:: g0 at leastone of its verticeshascongestion
greatethann=19:
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