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Abstract—With the increasing commercial interest in
supporting voice and multimedia sewices over the IP
network thereis a needfor bandwidth guaranteedsewices.
For example, guaranteeing the peak demand of VolP
traf ¢ entails high costsin terms of bandwidth resewation
requirements.To effectively make useof the resewved peak
bandwidth, it is imperative that this bandwidth is shared
with best effort data traf ¢ during non peak periods. In
this paper, we formulate this bandwidth sharing network
design problem. Our goal is to minimize the total cost
of bandwidth resewation while satisfying (1) the peak
demand for real time traf c, and (2) the average demand
of both realtime and besteffort datatraf c. We show that,
the problem is polynomially solvable if we do not restrict
the number of paths used.lIt is strongly NP-hard if we use
only one path betweenany pair of nodes. We presenta
simple 2-approximation algorithm and thr ough simulation
studies show that this algorithm can be further improved
using a local search heuristic. Our simulation resultsalso
show that sharing signi cantly reduceshe total bandwidth
resewation costsand our local search heuristic can nd a
solution which is very closeto or equal to the optimal in
most cases.

Keyword —Mathematical programming optimization,
Graph theory Combinatorics

. INTRODUCTION

To provide QoS assurancdor real time multimedia
trafc, Multi-Protocol Label Switching (MPLS) label
switched paths (LSPs) with QoS (Quality of Service)
constraintsare set up betweenpairs of network end-
points. The most commonly used QoS constraintsare
in the form of averageor peak bandwidth guarantees
per LSP [6], [17]. Researclton QoS-assuredesignhas
focusedon two areas:(1) the protocol aspects[p and
(2) on algorithmsthat minimize bandwidthresenation
giventrafc demanddetweenrary pair of endpoints[7],

Mohammad@&ghi Hajiaghayi is with Departmentof Computer
Scienceat Carngyie Mellon University, Part of this work hasbeen
donewhile MohammadTaghiHajiaghayiwasin Microsoft Research
and ComputerScienceandArti cial IntelligencelLaboratoryat MIT.
Email: hajiagha@theorgsail.mit.edu

VahabsS. Mirrokni is with ComputerScienceand Arti cial Intel-
ligencelLaboratoryat MIT. Email: mirrokni@theorycsail.mit.edu

Li (Erran) Li, and Marina Thottan are with the Centerfor Net-
working Researchat Bell Labs.Email: erranlli,marinat @dnrc.bell-
labs.com

, VahabS. Mirrokni , and Marina Thottan

[1]. However, thesealgorithmsonly consideraggregate
traf c demandsand do not distinguishamongthe differ-
ent classesof traf c that may be speci edin the trafc
demandmatrix.

Recently there is an increasedcommercial interest
to supportvoice and other multimedia serviceson IP
networks. Companiedike Vonageand8 8 are already
settingup Voice Over IP (VolP) networks over the public
Internet.Major network serviceproviders suchas Veri-
zon[13] have alsodeployed voice and othermultimedia
applicationsover their networks. The supportfor these
varied types of network serviceswill require different
levels of QoS guaranteedor the different application
trafc types. For example, voice trafc has real time
requirementsand thereforeit is important that voice
bandwidthresenationsin the network satis esthe peak
demandMeanwhile,supportfor regulardatatrafc may
only needto meetthe averagetrafc demand.dentify-
ing optimal bandwidthresenation needsfor supporting
differenttrafc typesis importantfor both application
customersas well as network service providers. From
a customers perspectie, it is necessaryto minimize
the bandwidth resenation cost while for a network
serviceprovider it is importantto optimize the network
utilization.

Studiesin [16], [23] have shawvn that, it is possibleto
police peakrate,while trying to enforcethe meanrateis
dif cult. As aresult,chaging basedon peakrateis used
in practice.For example,it is pointed out in [9] that,
mary Internet Service Providers (ISPs) use percentile-
basedchaging. In this model,an ISP recordsthe traf ¢
volumeausergeneratesluringevery timeintenal (e.g.

min). At the end of a completechaging period,
thelSPuseshe -percentiletrafc volumesamongall
the timeintervalsfor chaging (e.g. ). However,
the peak period trafc can be very small due to the
burstynatureof network traf c. Furthermoretheaverage
bandwidth requirementmay be very small compared
to the peak rate. Thus using the peak rate chaging
model, the costincurredcan be much higherthanwhat
is really neededf thetrafc is constantbit rateinstead.
Thereforethe bandwidthresenationbothin termsof the
costof resenationaswell asnetwork utilization mustbe
madesuchthat the unusedbandwidthduring non peak



periodscanbe utilized by besteffort datatrafc. Hence
to provide satishctory serviceto both voice and data
trafc, andto minimize bandwidthresenation (or cost),
we want the total bandwidthresenation to satisfy the
peakdemandof realtime applicationssuchasvoice and
the averagedemandfor voice and data.

In this work we assumethat network routersimple-
ment QoS mechanismssuch as those proposedin the
DiffServ model [3]. We remark that VoIP equipments
such as Junipers VoIP products[11] hasthe DiffServ
capability This capabilityis deemedessentiato provide
carrier grade VoIP servicesand their VoIP platforms
have beendeplo/ed in mary networks [12]. The QoS
mechanismsin DiffServ can be usedto allocate the
required bandwidthfor differenttrafc classeslt also
dynamically reducesthe bandwidth allocation to best
effort trafc in orderto satisfy the demandof real time
(Expedited Forwarding Class) trafc. Note that, best
effort datatraf c is elasticin naturesinceTCPwill adjust
the sendingrate to the available network bandwidth.In
this paperwe refer to the peakdemandspeci cation of
real time trafc asthe type 1 demandand the average
demandof real time and besteffort trafc asthe type?2
demand.

The bandwidth sharing problem describedabore is
relevantto both network serviceprovidersaswell asfor
applicationserviceproviders. However, for the purpose
of this paperwe take the perspeciie of a network service
provider suchas Verizon. Serviceproviders would like
to design a network that can support the emeging
multimedia services over their IP infrastructure. We
assumehatthe costof building sucha network is equal
to the total cost of bandwidth reserations. We must
now solve the abstractproblemof minimal-costnetwork
designjointly for bothrealtime andbesteffort trafc. A
feasiblesolution to this problemis one that can satisfy
the demandsof both type 1 andtype 2 trafc.

The trafc demandin a provider network can be
either expressedas two matricesor two vectors. The
two trafc matricesspecify the amountof type 1 and
type 2 demandsamongary given pair of edgenodes.
The two vectors specify the amountof incoming and
outgoingtrafc of type 1 andtype 2 at eachof the edge
nodesrespectiely. In this paperwe primarily consider
the point-to-point trafc resenation model. The path
betweenary two edgeroutersof the network can be a
singlepathor multiple paths We referto theformercase
asthe unsplittableversion;andthe latter asthe splittable
version of the bandwidth sharing problem. If routing
from all otherendpointsto ary givenendpoint formsa
tree,we referthis speci ¢ unsplittable o w versionasthe
con uent o w version[4], [1]. Con uent o w simpli es
MPLS routing for a VPN-basednetwork designsince

the pathsto a singledestinatiorform a tree.We consider
boththe capacitatec&ndthe uncapacitategersionof the
con uent ow problem.

Our key contributions are as follows:

To the bestof our knowledge this work presents
the r st formulation and study of the problem of
bandwidthsharingnetworkdesign Giventhebursty
nature of network trafc, the peak rate chaging
model and the elastic nature of best effort data
trafc, bandwidthsharingbetweenreal time trafc
and best effort data trafc is appealingto both
customerge.g.ASPssuchasVolP companiesand
serviceprovidersfor its costeffectiveness.

We shaw that, the problemcanbe solved optimally
if we do not restrictthe numberof pathsused.
We show that, the problem is strongly NP-hard
in the conuent ow version. We give a simple
approximationalgorithm which costsat most two
timesthe minimal cost. We further proposea local
minimum heuristicto improve on this simple algo-
rithm. If thenetwork is directed we shaw that,there
doesnot exist ary polynomialalgorithmthatin the
worst caseachieves a costlessthan timesthe
optimal.

We evaluate the effectivenessof our algorithms
to reducethe total bandwidth resenation through
extensive simulationstudies.Our resultsshov sub-
stantial cost reduction when comparedwith the
simple bandwidthresenation algorithms.We also
evaluatethe impactof the numberof demandsand
the connectvity of the network on the performance
of our algorithms.

The paperis organizedas follows: Sectionll pro-
vides the motivation and the problemformulation. This
is followed by Sectionlll on splittable and con uent
bandwidthresenation studies.In SectionlV we present
thelocal minimum heuristicthatimproveson the simple
algorithm.SectionV describeghe extensionof our work
for generakostfunctionsandfor sharingamongmultiple
demands.Simulation results and a discussionon the
heuristicis providedin SectionVIl andVIl respectiely.
Relatedwork is provided in SectionVIll. We conclude
our papermwith adiscussioron futurework in SectionlX.

[I. MOTIVATION AND PROBLEM FORMULATION

We illustrate the bene t of bandwidthsharingusing
the example in Figure 1. Real time trafc demandis
representedby [peak rate, averagerate] and besteffort
trafc demands representednly by averagerate.Node

has a peak demandof real time trafc of 10 units
of bandwidth,averagedemandfor real time trafc of
6 units of bandwidth;this is representedas [10,6] in
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Fig. 1. Benet of Bandwidth Sharing

Figure 1. Node also has an averagedemandof 10
for besteffort datatrafc; this is representedhs 10 in
Figurel. Node hasapeakdemandor realtime trafc
of 10 units and averagedemandof real time trafc of 4
units; this is representeds [10,4] in Figure 1. If there
is no sharing as illustrated in Figure 1-a, link
mustresene 20 units of bandwidthto satisfy both peak
demandof realtime trafc and averagedemandof data
trafc; link must resere 10 units of bandwidth
to satisfy peak demandof real time trafc; link
mustresene 30 units of bandwidthto satisfy both peak
demandof real time traf ¢ and averagedemandof best
effort trafc from node and . If we allow sharing,
the situationis muchdifferentasillustratedin Figure1-
b. All we needis to resene bandwidth such that, the
resenation satis es both peakdemandof real time, and
averagedemandof real time and besteffort data.lt is
not necessanto resene the sum of the peak demand
for realtime andthe averagedemandof besteffort data
trafc. Thus,link needsto resene only 16 units
of bandwidth;link needsto resere a bandwidth
of 10 units; and link needsto resere only 20
units of bandwidth.Note that, the naive solution which
is to take the sum of the resenation requiredfor trafc
on incoming links is not optimal. If this naive solution
is used, link will needto resere 26 units of
bandwidth.

We stressthat the averagedemandassumedn this
paperare not the averageover long time periods.The
averageis on small time intervals such as
Best-efort trafc has lower priority and will not be
transmittedif the real-timetrafc queueis not empty
Best-efort trafc is statistically multiplexed onto the

residualbandwidthof real-timetrafc.

We formalize the above problemas a variant of the
minimum costnetwork designproblem.

De nition 1: Let be a network of nodes
and links. For eachlink of the network, we are
given a perunit cost, . This is the costof reserving
a unit of bandwidth on link . Also we are given
a set of demands.Each demandcorrespondsto a
source-destinatiomequestand is de ned by a source

and a destination . For eachdemand , we are
given bandwidthrequestsfor two types of trafc, i.e,

for type 1 and for type 2 trafc. Our goal is
to resene enoughbandwidthsuch that we can satisfy
the requirementsfor eachtrafc class. The minimum
bandwidthsharingnetworkdesignproblem(Min-BSND)
is to nd the minimum cost subsetof edgesthat can
satisfy both classe<f trafc demands.

In the following sectionwe considerseveral variants
of the Min-BSND problem.In the splittableMin-BSND
problem,we wantto nd asetof pathsfor eachdemand.
In the unsplittable Min-BSND problem, we need to
assignone pathto eachdemand.In the con uent Min-
BSND problem,we needto nd a o w suchthatfor all
the ows with the samedestinationtraversinga given
node, that given node has one outgoing edgefor these
ows. In other words, for each destinationwe want
to nd atreeto sendthe ow on that tree. All these
variantscan be implementedin a network with MPLS
capabilities.Note that the con uent ow casehasthe
minimal overheadin termsof settingup LSPs.

[11. SPLITTABLE AND CONFLUENT BANDWIDTH

RESERVATION

In this section, we study the minimum cost band-
width sharingnetwork designproblemfor splittableand
con uent cases.First, we obsenre that if there exists
only oneclassof demandthenin the splittableandthe
con uent variant of the problem,the shortestpath tree
is an optimum solutionand canbe found in polynomial
time. Thefollowing exampleshows thatwith two classes
of requeststhe optimumsolutionis not necessarilatree
(andthus not necessarilya shortestpathtree).

Examplel: As illustrated in Figure 2, graph s

an undirectedgraph with 6 vertices and
edge set , , , ,
. The demandpalrs on vertices to are

, that they all

want to sendthe demandsto vertex  (i.e., the root).
The rst demandin the demandpair is the demandof
type-1trafc and the secondis the demandof type-2
trafc. Recallthat we de ne the peakrate of real-time
trafc astype-1trafc, andthesumof theaveragerateof
bothreal-timeandbest-efort traf c astype-2trafc. The
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Fig. 2. Optimal solutionis not necessarilya tree

perunit costof capacityon eachlink is 1. The optimum
network designis to buy 2 units of capacityon edge
, L unit on edge , 1 unit on edge :
2 units on edge , 1 unit on edge , and
nally 1 unit on edge . In this case,nodes?2, 3
and 4 sendtheir ows directly to (via their shortest
path).Node 6 sendsthe o w via node5 andthennode
3 to 1. Finally node5 sendsts o w via node4 andthen
node?2 to 1. The costof this solutionis 8. It is not hard
to checkthat the coston ary shortestpath treein this
exampleis greaterthan 8 (the main reasonis that both
nodesb and6 try to sendtheir o ws from edge
in the shortestpath tree, and thus we needcapacity 2
insteadof 1 on this edge.

A. SplittableMin-BSND

Although the abore example shavs that the Min-
BSND problemcannotbe solvedusingthe combinatorial
algorithmsfor shortestpath tree, we obsene that the
splittable Min-BSND problem, can be formalized as a
linear programand can be solved in polynomial time.
The linear programmingformulationis asfollows:

Our objectie is:

(1)
subjectto
for each
(2
for each
3
for each

(4)
for each
(5)
where is the per unit bandwidth cost; is the

total amountof bandwidthresered on edge ; is

the amountof type ow betweenthe th sourceand
destinatiorpair which goesthrough . The rst condition
is theonethatrequirespreserationof o w for eachnode
exceptsourcesandsinks. The secondcondition asksfor

sinksto receve the desiredamountof o w andthethird

condition asksfor sourcesto sendthe desiredamount
of ow. Finally, the last conditionsaysthe total amount
of ow thatwe sendvia an edge for all commodities
shouldbe lessthat

B. Con uent Min-BSND

Here, we considerthe other variant of the problem
which is the con uent Min-BSND problem.Despitethe
fact that the splittable casecan be solved optimally in
polynomialtime, the unsplittable(con uent or not) Min-
BSND is NP-Hard.
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Fig. 3. lllustration of the ReductionFrom Partitioning Problem.

Theoem1: The unsplittableMin-BSND problemis
NP-Hard.

Proof: We give a reductionfrom the partitioning
problem. An instance of the partitioning problem is
as follows: Given numbers such that

, hd asubsebf 'sthatsumto —. Given
an instanceof the partitioning problem, we construct
the following instanceof the Min-BSND problem.Puta
vertex correspondingo eachelement . Thedemand
onvertex is . Puttwo othervertices, and in
thegraph.Thedemand®nthesetwo verticesare  — .
The only othervertex is theroot . The edgesetof the
graphis .
Figure3 illustratesthis constructionThe perunit costof
all edgesis one.Now it is easyto seethatthereexistsa



solutionwith bandwidthresenation equalto for this
instanceif andonly if thereexists a subsetof elements
thatsumto —. |

Thefollowing theoremshows thatthe problemis even
hardto approximateup to a constantfactor

Theoem?2: If the graphis directed,i.e., the perunit
cost of edgesis asymmetric,then the con uent Min-
BSND problemis notapproximablevithin afactorbetter
than , unlessP=NP

Proof: We usea transformatiorfrom the following
famousNP-completeproblem: Given a directedgraph

andfour distinctvertices , we wantto know
whethertherearetwo edge-disjoinpathsin  , onefrom
to andtheotherfrom to . We call this problem,
2DIRPATH. We constructa graph  whoseskeletonis
, but we alsoadd anothervertex anddirectededges
and to the graph. We assumethe perunit cost
of edges and areoneandthe perunit costof all
other edgesof  is zero. Supposethat and have
typedemands, and have type demands,
andall otherverticeshave type demandsFinally,
assumeall the o w shouldbe sentto
Now, we are readyto statethe reduction.First, we
obsere thatif  hastwo edge-disjointpathsfrom to
and from , then and cansharethe edge
,and and cansharetheedge andpay only
cost . Therefore,if therearetwo edge-disjoinpathsin
, the total costof all edgesin the graphis 2. On the
other hand, if there are not two aforementionecedge-
disjoint paths,it is easyto seethat eitherthe o w from
shouldgoto via orthe ow from shouldgoto
from in thecon uent o w. Without lossof generality
assumethat the former casehappensin this case,we
needto resene at leasttwo units of bandwidthon
and one unit on (for the demandof ). Thusthe
total costis at least . Therefore,if thereare not two
edge-disjoinpathsfrom to andfrom to in
the costis atleast . It meansthereis no approximation
algorithm for the directedMin-BSND, whosefactor is
betterthan , otherwisewe can solve 2DIRPATH
in polynomialtime andthus P=NP |
Theorem 3 shaws that actually the problem has a
simple 2-approximatioralgorithm.
Theoem3: The con uent Min-BSND problemhasa
2-approximatioralgorithm.

Proof: The following is a simple 2-approximation
algorithmfor this problem: nd a shortestpathtreeand
buy enoughbandwidthon the edgesof this treeto satisfy
the requestof both types. To prove that this is in fact
a 2-approximationwe notethat the bandwidthrequired
for eachsetof demandds a lower bound.Using these
two lower bounds,we note that the cost of the solution
with the above algorithmis at mostthe sumof thesetwo

to

lower bounds.This shaws that the cost of this solution
is at mosttwice the costof the optimumsolution. m
Finally, it is worth mentioningthat in the case of
undirectedgraphswe do not have ary inapproximability
result. For this case,we only know that the problemis
strongly NP-hard.The proof of strongly NP-hardnesss
basedon a reductionfrom 3-Partitioning. The reduction
is very similar to the reductionin the proof of Theorem
1 andis omitted here.We can show that the integrality
gap of the splittable linear programis greaterthan 2.
Considerthe following example.The vertex set, ,

of graph is . The edgesetis
. Thedemandnnodes is
andthe demandon node is . The perunit

cost of edges is one and perunit cost of edges

is zero. Then the bandwidth resenation in the
optimal solution of the splittable problemis , but the
bandwidthresenationin the optimalcon uenttreeis
This shavsthattheintegrality gapof the aforementioned
linear programmingformulationis at least2. Thus we
cannothopeto geta betterthan2-approximatiorfor this
problem basedon this linear programmingrelaxation.
Notethat,our reductionusesnon-uniformedgecost.The
resultis easilyextendedto uniform edgecostcaseif we
replacethe edgefrom to with a sufciently long
path.

IV. A HEURISTIC BASED ON LOCAL MINIMUM

As mentionedin Sectionlll, for Min-BSND, design-
ing algorithmswith approximatiorfactorbetterthanthat
of nding theshortespathtreeseemsyuite hard(for the
directedcasealmostimpossible.)However, in practice,
we always have the option of using someheuristicsto
obtain betterexperimentalresults(In our case,we will
have the approximationfactor of the shortestpath tree
in the worst case).To this end, we considera heuristic
for the con uent Min-BSND as follows.

First we constructthe shortestpath tree. We note
that given ary tree to route the con uent ow of our
demandswe can easily computethe costof eachedge
in a Min-BSND optimal solution by obtainingthe cost
of eachedgefor eachdemandtype and take the maxi-
mum. Thuswe can computeour objective function,i.e.,
the total bandwidthresenation, for the given tree (see
Figure 4, for the formal descriptionof the Algorithm).
Let bethe total amountof bandwidthfor the shortest
path tree. Now, we run the following heuristic. We
considereachnode of the tree at eachround. Thenwe
take the shortestpath from that node to each of the
other nodesin the tree exceptits descendantst each
step,and we replacethe edgeconnectingthe leaf to its
parentby the aforementionedath. We again compute
the total bandwidthof the resultingtree and we call it



Algorithm Tree-Bandvidth
Input: tree , root , demands ,
., atnodes , , |,
let
for eachedge
let
for each
if the pathfrom to in goesthrough
add to
add to
add to
report asthe output
end

Fig. 4. A formal descriptionof Tree-Bandwidthalgorithm

. Now, insteadof the original tree, we take the tree
which maximizes , if ; we stop
the algorithmby reportingthe currenttree asthe output
otherwise.We note that in the latter case,the current
treeis the local minimum for the problem. The formal
description of the algorithm is depictedin Figure 5.
Though this is a very simple hill-climbing algorithm,
it works quite well in practice,asshowvn in SectionVI.

Finally, it is worth mentioningthatthe above heuristic
can be easily generalizedo the casein which we have
multiple demands.

V. EXTENSIONS OF THE PROBLEM

In this section, we consider different variants and
extensionof theproblems studythe compleity of these
problem,and reportour resultson them.

A. Genenl Costfunctions

In the Min-BSND problem, we consider the cost
of reserving bandwidth as a linear function of the
amountof bandwidththat we resere on a link. Here
we considerother costfunctions.

Capacitated Min-BSND Problem

The rst cost model is the Capacitated Min-BSND
problem. In this model, there is a capacity constraint
on eachlink and the resered bandwidthon this link

cannotexceedthis capacity In the splittable case,by

addingthe capacityconstraintwe can extendthe above
linearprogrammingormulationfor this variant. Thusthe
problemcanbe solvedin polynomialtime. On the other
hand, the con uent CapacitatedMin-BSND problemis

not approximablewithin ary approximationfactor The
following theoremprovesthis fact:

Algorithm Heuristic

Input: , root , demands , ,
, atnodes , , ,

/I computethe shortestpath tree

let tree

for each
nd the shortestpath from to tree
addall edgesandverticesof to

let be the resultof Tree-Bandwidth

// Find the local minimumtree
let and
repeat
let
for each
for each
of inT
let bethe shortestpathfrom
if intersects inonly and
obtaintree by replacingthe edge
parent by path in
be the resultof Tree-Bandwidth

and
thatis not a descendent

to in

let

if let and
until
reporttree

end

asthe output

Fig. 5. A formal descriptionof the local searchheuristicalgorithm

Theoem4: Given capacity constraintson the links,
the con uent Min-BSND problem cannotbe approxi-
matedwithin arny factorin polynomialtime unlessP=NP

Proof: We know thatin the presenceof capacity
constraints,checking if there exists a conuent ow
respectingll capacityconstraintss NP-Hardasthe min-
imum congestiorcon uent o w problemis NP-Hard.In
an instanceof the minimum congestioncon uent ow
problem,we are givena graph  with capacitieson its
edgesand we wantto nd a conuent ow tree with
minimumcongestioni.e,acon uent o w with minimum
maximumratio of the bandwidthconsumptionover the
capacityof the edgesGivenaninstanceof the minimum
congestioncon uent o w problem,we can put perunit
costzeroon the edgesof the original graphandput extra
edgeswith in nite capacity and in nite perunit cost
from all the nodesto the root. After addingtheseedges,
we have an instanceof the Capacitateccon uent Min-
BSND problem.In this instance thereexists a solution
with bandwidthresenationof costzeroif andonly if the
optimal congestionin the minimum congestioninstance



is lessthan1. This showns thatdistinguishingoetweerthe
bandwidthresenation of zero and nonzerois NP-Hard.
Hence,approximatingthe bandwidthresenation within
ary factoris NP-Hard. [ |

A moregeneralariantof the Capacitatedin-BSND
is whenthe cost function on edgesis a generalcorvex
function. For this variantof the problem,the compleity
of both splittableand con uent Min-BSND is the same
as the Capacitatedcase.In the splittable Min-BSND
problem, we can model the corvex cost function by
a cornvex programmingin which we can minimize a
cornvex function over a corvex polytope (of linear con-
straints).This canbe donein polynomialtime usingthe
interior point methods.

A more natural cost model for the bandwidthis the
concae cost function. In this casethe problemis NP-
Hard even with only one demandtype. The reduction
comesfrom the single-sink Rent-orBuy problem (see
e.g.[24]). In this problem,eachnode hasa demand

and we have a root . We want to route the
demandgrom the verticesto theroot. We caneitherrent
capacityon an edge,the renting costbeing proportional
to the amountof capacityrented,or we canpay a one-
time expenseof per unit length and buy unlimited
capacity In fact, it is easyto seethat the solution to
the problem should be always a tree with minimum
cost.Now in single-sinkRent-orBuy, of course the cost
model for the bandwidthis the concave cost function.
This reductionshows that both splittable and con uent
Min-BSND even with only one demandtype are NP-
hard.

B. Sharingamongmultiple typesof demands

In the Min-BSND problem,we assumedhatthereare
only two typesof demandsA naturalgeneralizatiorof
this problemis that, insteadof two typesof demands,
we have different classesof demandsThe goalis to
nd a ow thatcansatisfyall classesof demands.

Again, for the splittablecasethe LP canbe extended
to capture classef demandsThe following theorem
givesa -approximationfor this prob-
lem.

Theoemb5: There exists a polynomial time

, -approximationfor the Min-BSND prob-

lem.
Proof: The -approximationis simple,sinceagain
nding ashortespathtreeandbuying enoughbandwidth
on the edgesof this tree to satisfy the requestof all
typesgivesthedesiredalgorithm.Now, we shov how we
canobtain approximationWe obtain sucha
logarithmic approximationfactor basedon Bartal's ma-

etal. [8]) for probabilisticallyembeddingyeneralmetrics
into tree metrics.

In [2], [8], it is shown that given a graph , we
can constructa family of trees ,
where , suchthateachvertex
hasa correspondingvertex in each ,(in
fact ) suchthat for each ,

( is the distanceof and in

where the length of an edgeis the cost of that edge.)
In addition, there is a probability distribution on
i.e., there are probabilities summing to
one,suchthat for
every .

Now, our algorithmfor Min-BSND is asfollows. For
each tree , we considerthe same (multiple)
demandsthat we hadin . Since the pathsin are
unigue,we cansolve the problemin polynomialtime for

. Thenwe pick atree whosetotal costis minimum
amongall treesin . Now for eachedge in

, we buy all edgesin the shortestpathof and in

for the amountof ow of in (in fact, we can
apply someshort-cutsin , if it is necessary)Let
be the cost of solutionin  and be the costof the
correspondingsolutionin  (notethat ). Also,
let be the costof a minimum solutionin  and

be the costof the correspondingnappingof the
optimumsolutionof in  (againwe map eachedge
of the optimumsolutionin  to the correspondingpath
in ).
We arenow readyto show that
asfollows:

[ |

For directed graphs,we can improve the result of
Theorem2 whenwe have more classesof demandsas
follows:

Theoem®6: If the graphis directed,i.e., the perunit
cost of edgesis asymmetric,then the con uent Min-
BSND problem is not approximablewithin a factor
better than when we have different classes
of demandspnlessP=NP

Proof: Again we use a transformation from

chinery[2] (or its slightimprovementby Fakcharoenphol 2DIRPATH introducedin the proof of Theorem2. We



constructagraph whoseskeletonis shavn in Figure6.
We replaceeachvertex , with a copy of graph

P

%H

copy of H

Fig.6. Thegraphdescribingareductionfrom 2DIRPATH to directed
Min-BSND

as shown in the Figure 6. Thus the vertex set of
contains , and , , and all verticesof
copiesof the directedgraph  which are placedinstead
of . All edgesof the graphnotin
acopy of aredirectedfrom top to bottom and from
left to right. In addition,we assumethe perunit costof
edges , is one andthe perunit costof all
otheredgesncludingthosein acopy of arezero(we
assumehatonly the edgesshowvn in Figure 6 exist, and
thus the perunit cost of edgeswhich do not exist are

.) We assuméhateach , hasa vectorof
size whoseall elementsare exceptthe -th element
which is 0 at its type demand,each , , has
a type demandwhich is the complementof , andall
otherverticesare all-zerotype demandsAgain, assume
all the ow shouldbe sentto  con uently.

Now, we arereadyto statethe reduction First, we ob-
senethatif  hastwo edge-disjoinfpathsasdescribed,
we can nd edge-disjoinpathsfrom to ,
which carryaunit o w (the pathsare pathsin the
skeletonexceptthatinsteadof using verticeswe use
the edge-disjointpathsfrom to andfrom to ).
In this case, and , , cansharethe edge
andin total pay only cost . Therefore,if therearetwo
edge-disjoinpathsin , thetotal costof all edgesn the
graphis atmost . Ontheotherhand,if therearenottwo
edge-disjointpathsin , whentwo ows from and

: ,gotoacopy of , eitherthey will mix (since
the o w is con uent) or they keeptheir relative “planar”

order More precisely sinceevery two paths and
, , have anintersectionin acopy of | itis
not possibleto routethe demandfrom to andfrom

to simultaneouslylt meansin this case,we can
only routeone to throughits corresponding . In

thiscasesinceeach needsoneunit for its demandwe
need unit of bandwidthresenation. For eachdemand
from which doesnotgoto throughits , we should
resere at leastone extra unit of bandwidth.Thus the
total costis at least . Therefore,if thereare
no two edge-disjointpathsfrom to andfrom to

in , the costis at least . It meansthereis
no approximatioralgorithmfor the directedMin-BSND,
whosefactoris betterthan unlessP=NP [ |

C. Unsplittable Non-con uentBandwidthreservation

Anotherinterestinggeneralizatiorof our problemsin
this paperis the problemin which we want to have
unsplittablenon-con uentbandwidthresenation. In this
caseeachsourcehasits own sink and the demandof
eachsourceshould be routed via a single path to the
correspondingsink, and the o ws are not necessarily
con uent after meetingeachother Note that hereagain
sourceanhave morethanonedemanaype. This gen-
eralizedversion simultaneouslyis the generalizationof
boththe splittableversionandthe Unsplittablecon uent
versionof our problem.This problemis very interesting
especiallyfrom thetheoreticalpoint of view, andsomeof
our resultsin this papersuchasthealgorithmfor sharing
among multiple types of demandswork for this case.
However, still moreinsightinto this problemis neededo
obtain deeperapproximability/inapproximabilityresults
(Notethatin this casege.g., -approximationalgorithm
for source-sinkpairsandtwo demandypesis trivial).

V1. SIMULATION RESULTS

The performanceof the linear programand the local
tree searchheuristic was studied on several different
simulatedopologiesWe rst consideiknown topologies
that have beenusedin previous work. Most of these
topologiesare relatively small and provide an intuitive
understandingf our framework. We alsogeneratedarge
topologiesusingBRITE [20]. The BRITE topologygen-
eratorusesa Waxmanmodelto generateat topologies
[25]. The model parametersusedwere and

, Where capturesthe relationshipbetween
short and long edgesand measuresthe degree of
connectity in the network. We generatedwo setsof
topologies,the rst set had 100 nodeswith 100, 200
and 400 bidirectional edgesand the secondset had 60
nodeswith 120 bidirectionaledges.The linear program
was solved using the commercially available CPLEX
solver [5]. We usedCPLEX sinceit is basedon simplex
andautomaticallyproducedasicsolutionsfor anLP. In
our simulation scenariosthe trafc demandsare uni-
directional and directed to a single destinationnode.
Eachtrafc demandcomprisesof two types of trafc



k No LP Before || After BW k No LP Before || After BW
Sharing LS LS gain% | % Sharing LS LS | gain% | %
2 2.1k 1.7k 2.1k 1.7k 19 0 2 29k 24k 29k 24k 17 0
5 3.7k 2.8k 3.7k 3.1k 16 11 5 70k 39k 41k 39k 44 0
10 6.7k 4.9k 5.1k 4.9k 27 0 10 140k 78k 85k 81k 42 4
15 9.5k 6.5k 7.4k 6.5k 32 0 15 186k 110k || 110k 110k 41 0
20 13k 8.7k 9.3k 8.8k 32 1 20 244k 139k || 139k 139k 43 0
25 16k 10.4k || 10.6k || 10.4k 35 0 25 311k 180k || 180k 180k 42 0
TABLE | TABLE I

BANDWIDTH RESERVATIONS USING LP AND THE LOCAL SEARCH
HEURISTIC FOR KL TOPOLOGY; NUMBER OF NODES = 15;
NUMBER OF EDGES = 28. K: NUMBER OF DEMANDS, BW GAIN IS
W.R.TO NO SHARING, : PERCENT BW GAIN W.R.TOLP

classes:one with maximum bandwidth and the other
with averagebandwidth requirements.This simulation
framewvork canalsobe extendedfor demandgo multiple
destinations.The demandsare obtained from a uni-
form distribution over the rangeof [50, 400] bandwidth
units. In eachsimulation scenario,we report the total
bandwidth resenation obtainedusing the LP (demand
betweena given source and destinationpair can go
through multiple paths)and the bandwidthobtainedin
the con uent case (demandbetweena given source
and destinationpair must be routed in a single path)
both before and after the local search(LS) heuristicis
implemented We also reportthe No sharingbandwidth
resenation as a baselinecomparison.The percentage
bandwidthreductionfrom usingLS heuristicwhencom-
paredwith the No Sharingcaseis referredto asBW gain.
Note that, this gain is at most which meansthat
the No Sharingbandwidthreservations at most times
the optimal for two trafc types We de ne to be the
percentagef bandwidthresenation which exceedsthe
correspondind-P bandwidthresenation. means
our algorithm achieves the optimal LP solution. For
easein presentationthe actual bandwidth resenations
are given as scaledvalues.

A. Resultsfor Known Topologies

Our simulation framewvork was run on 3 different
known topologies: (1) a regular topology that has a
lattice like structure[26], (2) the KL topology[15], and
(3) US maptopology[21]. Tablesl,Il,1Il shaw theresults
for the known topologies.

First we would like to point out that, asexpected the
bandwidthreservatiorobtainedusingthe LP is the low-
estpossiblereservationin all the threetopologiesfor all
demandsln the caseof the KL topologywe nd thatthe
local seach heuristicreduceghe bandwidthreservation
of the No Sharingcaseby as mud as 35%; it improves
the bandwidthreservationof the basic Tree-Bandwidth

BANDWIDTH RESERVATIONS USING LP AND THE LOCAL SEARCH
HEURISTIC FOR US TOPOLOGY; NUMBER OF NODES = 8; NUMBER
OF EDGES = 10. k: NUMBER OF DEMANDS, BW GAIN ISW.R.TO

NO SHARING, : PERCENT BW GAIN W.R.TOLP

k No LP Before || After BW

Sharing LS LS gain% | %
2 900 700 700 700 22 0
5 3.5k 2.5k 3k 3k 14 20
10 7.5k 5k 5.8k 5k 33 0
15 10.4k 6.9k 7.4k 6.9k 34 0
20 15.4k 9.5k 10.6k 9.5k 38 0
25 19.6k || 11.8k || 12.1k || 11.8k 40 0

TABLE Il

BANDWIDTH RESERVATIONS USING LP AND THE LOCAL SEARCH

HEURISTIC FOR REGULAR TOPOLOGY; NUMBER OF NODES = 14;

NUMBER OF EDGES = 29. K: NUMBER OF DEMANDS, BW GAIN IS
W.R.TO NO SHARING, : PERCENT BW GAIN W.R.TO LP

algorithm (shownas before LS in the table) under all
demandsand by as mud as 19% (the 2 demandcase);
in 4 out of 6 casesit obtainsthe optimal reservationas
providedby the LP. it is very closeto the LP bandwidth
resenation, at most resenes 11% more bandwidth.In
the US topologywe nd that the local searchheuristic
reducesthe bandwidth resenation of the No Sharing
caseby as much as 44%; it improves the bandwidth
resenation of the basic Tree-Bandwidthalgorithmin 3
out of 6 caseswith an maximumpercentagdandwidth
gain of 17% (the 2 demandcase);also in 2 out of
the 3 caseswhere a gain is obtainedthe bandwidth
resenation is the sameas that obtainedusing the LP;
it resenes at most 4% more bandwidth than the LP.
In the more regular lattice like topology we nd that
the local searchheuristic provides a gain in bandwidth
resenation over the No Sharing caseby as much as
31%:; in 4 out of the 6 casesand in all thesecases
the bandwidthresenation is the sameas that obtained
using the LP; after applying local searchheuristic,the
bandwidthresenationis reducedyy asmuchas13% (the
10demandcasewhencomparedvith thatobtainedrom
the Tree-Bandwidthalgorithm.Thelocal searctheuristic
resenes at most 6% more bandwidththanthe LP.



k No LP Before || After BW
Sharing LS LS gain% | %
2 11.9k || 11.9k || 11.9k || 11.9k 0 0
5 25.9k || 23.9k || 25.9k || 23.9k 8 0
10 458k || 31.8k || 35.8k || 33.8k 26 6
15 67.7k || 49.8k || 57.7k || 49.8k 26 0
20 87.6k || 65.7k || 73.6k || 65.7k 25 0
25 || 105.5k || 75.6k || 87.6k || 75.6k 28 0
50 217k 147k 151k 149k 31 1
TABLE IV

BANDWIDTH RESERVATIONS USING LP AND THE LOCAL SEARCH
HEURISTIC FOR A 60 NODE TOPOLOGY WITH 120 EDGES; K:
NUMBER OF DEMANDS, BW GAIN ISW.R.TO NO SHARING, :
PERCENT BW GAIN W.R.TOLP

m k No LP Before || After BW
Shar LS LS gain% | %
100 2 19.8k 17.8k 17.8k 17.8k 10 0
10 91k 77k 77k 77k 15 0
20 166k || 132.7k || 132.7k || 132.7k 20 0
200 2 12k 10k 12k 10k 17 0
10 || 55.7k || 43.8k 47.8k 43.8k 21 0
20 || 99.5k || 73.6k 75.6k 73.6k 26 0
400 || 2 8k 8k 8k 8k 0 0
10 || 47.8k || 39.8k 39.8k 39.8k 17 0
20 || 87.6k || 65.7k 71.6k 67.7k 23 3
50 || 199k 137k 151k 139k 30 2

TABLE V

BANDWIDTH RESERVATIONS USING LP AND THE LOCAL SEARCH

HEURISTIC FOR A 100 NODE TOPOLOGY; M: NUMBER OF EDGES;

K: NUMBER OF DEMANDS, BW GAIN ISW.R.TO NO SHARING, :
PERCENT BW GAIN W.R.TOLP

B. Resultson Large Topologies

For large network topologieswe generatechetworks
with nodesizesof 60 and 100 andwith numberof edges
variedas120,100,200and400.In eachof our examples
we usedtwo typesof trafc demands.

The resultsfor the 60 node topology is takulatedin
Table IV. When comparedwith the No Sharing case,
the percentagebandwidth gain obtainedfor the local
searchheuristicis above 25%in 5 out of the 7 casesthe
local searchheuristicimprovesover the Tree-Bandwidth
algorithm by as much as 14% (the 15 demandcase)
andin 6 out of the 7 casesFor the one casewhereno
improvementis obtainedby the searchheuristic, algo-
rithm Tree-Bandwidthobtaineda bandwidthresenation
equalto that in the caseof the LP. Furthermore,n 4
out of the 6 caseswhere an improvementis obsenred
the local searchheuristicwas ableto yield a bandwidth
resenation that wasequalto that obtainedusingthe LP.

The resultsfor the 100 nodetopologyis presentedn
TableV. Whenthe numberof edgesis 100,we nd that
thesolutionobtainedrom the Tree-Bandwidthalgorithm
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andtheLP areexactly the sameHowever, we seethat,in

the200and400edgescase,Tree-Bandwidticanresene
20% (the 2 demandcase)and 10% (the 50 demandcase)
morethanthatof the LP case the local searchheuristic
is ableto reducethis over-resenationto 0% and2%. As

we can seefrom the table, the bandwidthgain over the
No Sharingcaseis very substantialin 9 out of the 10

cases;in the one casewherethereis no improvement,
the No Sharingcase nds the optimal solution. This is

becausehe disjoint shortestpathsfor the 2 demandis

optimal, thus sharingis not necessary

VIl. DiscussiON

In this work we have described differentapproaches
to obtain the minimum bandwidth resenation for two
differenttypesof trafc demandsThe key issuehereis
that both thesetypesof trafc demandsare allowed to
sharethe bandwidthon ary given edgein the network.
One algorithm is the straightforvard solution to the
linear programfor the minimum bandwidthresenation
in the splittable o w case.This solutioncanbe obtained
in polynomial time and can be solved optimally. The
secondalgorithmis for the con uent o w caseandis a
simplealgorithmthatis basedon the computationof the
shortespathtree.This solutionis not optimalandcanbe
further improved by using the local searchheuristicon
the computedshortestpathtree. Our discussiorfocuses
primarily on the intuition gainedin how the heuristic
works for the different example topologies.In all our
example topologies, large and small, we nd that as
expectedthe LP always gives the minimum possible
bandwidthresenration.

A. Local Search Heuristic

Basedon experimentalevidence we notice that the
local searchheuristic improves the solution of Tree-
Bandwidth algorithm and in most caseswas able to
reducethe total bandwidthresenation to that obtained
usingthe LP. However notethatasexpectedhe heuristic
can never improve over the bandwidthresenation ob-
tained using the LP (since the LP provides the lower
bound). In most caseswhen the heuristic gives a 0
bandwidth gain over Tree-Bandwidthalgorithm, Tree-
Bandwidthalgorithmhasalreadyyielded a solutionthat
is closeto or equalto that obtainedby the LP. Figure 7
shows these characteristic§or a 100 node 400 edge
network topology

There are several factorsthat contritute to the gains
obsened by usingthe local searchheuristic. Two of the
mostimportantcriteria are the numberof demandsand
the degree of connectvity in the network. Of the two,
the latter seemsto play a crucial role.
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Fig. 7. Comparisonof total bandwidthresenation obtainedusing
the 3 algorithmsfor a 100 node 400 edgenetwork topology

Impact of Network Connectiity:
In our exampletopologiessuchasthe US topology we
found that when the network was sparselyconnected
or had proportionatelyfewer numberof edgesthe local
searchheuristicdoesnot provide muchgainsover Tree-
Bandwidthalgorithm.Thisis becausén ourlocal search,
atevery stepwe dependn the availability of mary paths
in orderto choosea paththatreducedbandwidthbetween
ary two nodeson the tree. Furthermoreas obsenedin
the 100 node 100 edgetopology we nd that the low
connectwity in the network yields identical solutionsfor
boththetreeaswell astheLP andhencenoimprovement
is possiblefrom the local search.However when the
numberof edgesncreaseso 400, the treeheuristicdoes
shov promiseespeciallyfor larger numberof demands
asshawn in Figure 7.
Impact of the Number of Demands:

Our experimental analysis (KL topology 100 nodes
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Fig. 8. Bandwidthgainsobtainedusing the local searchheuristic
for a 100 nodenetwork topology

200 edges)shaws that for lower network connectvity
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the bandwidth gains using the searchheuristic yields

bettergainsover Tree-Bandwidthalgorithm whenthere
are fewer numberof demands.This is becauseof the

greater e xibility in bandwidth availability along the

different network edges.We also obsered that as the

connectity in the network increasegregular topology

100 nodes 400 edges)the larger number of demands
generallyyields greaterimprovementswith the help of

the searchheuristic. This is showvn in Figure 8 for two

different demands.In the sameexample we nd that
for more network connectity and fewer number of

demandshe simpleTree-Bandwidttalgorithmyieldsthe

samesolutionasthe LP.

VIII. RELATED WORK

The protocol and architectureaspectsof VPN net-
work designand MPLS networks have beenextensiely
studied [6], [22]. For the hose model, efcient band-
width resenation algorithms has been studied in [7],
[1], [10]. RecentlyGuptaet al. proposeda simple 5.5-
approximationalgorithm for the problem. Fast failure
recovery for VPN networks has been studiedin [14].
However thesepapersonly addressbandwidthresena-
tion schemedor a singletype of demandandtherefore
do not considerthe problem of minimizing bandwidth
resenation when sharing bandwidth betweenmultiple
trafc classes.

For the pipe model, ef cient bandwidth resenation
with fast restorationhas been extensively studied[18§,
[19]. Thesealgorithmstradeof bandwidth resenation
with the speedof restoration.In the single link failure
model,if alink hasresenedbandwidth to backupa
link | if thebackuppath of agivenprimarypath
traverseslink |, but not , then canbe usedby the
backuppathfor free sincethe links in do not fail at
the sametime with . The bandwidthsharingfor path
restoratioris muchmorecomplicatedhanthe sharingin
our contect. Their techniquesdo not have any provable
bounds.

The work presentechereis in the samespirit asthe
recentwork of Goldenbeg et al. [9]. In their work,
they designsmart routing algorithmsto minimize the
costof multi-homingwhile achiezing a minimal lateng
objective. Their work is restrictedto distributing load
amongdifferentnetwork providers(the topology canbe
assumedsmultiple parallellinks) anddoesnot consider
differenttype of trafc. Our work proposesovel algo-
rithmsto reducethe costof bandwidthreserationwhile
satisfying QoS requirementsfor both real time trafc
and besteffort datatrafc. With our solution the peak
demandf realtimetrafc aswell astheaveragedemand
of besteffort datatrafc are satis ed.



IX. CONCLUSION AND FUTURE WORK

The theoretical analysis along with the simulation
studies presentedin this paper shav that bandwidth
sharingbetweenmultiple trafc classeds an important
aspecbf costeffective network design.This is especially
true in caseswhere network bandwidthis priced based
on peakratesand the duration of occurrenceof these
peak rates is relatively small when comparedto the
overall life time of the network service.In this work we
show thatin the multi-path (splittable o w) bandwidth
sharing scenario,we can obtain an optimal solution
through the solution of a linear program. However in
the unsplittable (single path) con uent (all routesto
the samedestinationform a tree as it is done by ary
routing protocol) o w case the problemis NP-hardand
is not approximablewithin a factorbetterthan3/2in the
directedcase.We designa local searchheuristicwhich
hasan approximationfactorof 2. With respecto the no
sharingcaseour Tree-Bandwidthalgorithm along with
the local searchheuristicin mostcasesprovides almost
optimal solution (found in the LP lower bound).

For our future work, we plan to investigatewhether
thereis ary approximationalgorithm with an approxi-
mationfactorbetterthan2 for the (undirected)con uent
o w case We would alsolik e to designbackupnetworks
to copewith link failure in our sharednetwork design
framework.
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