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ABSTRACT
A frequentlyarisingproblemin computationalgeometryis when
a physicalstructure,suchasanad-hocwirelesssensornetwork or
a protein backbone,can measurelocal information aboutits ge-
ometry (e.g.,distances,angles,and/ororientations),andthe goal
is to reconstructtheglobalgeometryfrom this partial information.
More precisely, we aregiven a graph,the approximatelengthsof
the edges,andpossiblyextra information, andour goal is to as-
sign coordinatesto the verticesthat satisfy the given constraints
up to a constantfactor away from the bestpossible. We obtain
the�rst subexponential-time(quasipolynomial-time)algorithmfor
this problemgiven a completegraphof Euclideandistanceswith
additive error and no extra information. For generalgraphs,the
analogousproblemis NP-hardevenwith exactdistances.Thus,for
generalgraphs,we considernaturaltypesof extra informationthat
make the problemmore tractable,including approximateangles
betweenedges,the order type of vertices,a modelof coordinate
noise, or knowledge about the rangeof distancemeasurements.
Our quasipolynomial-timealgorithmfor no extra informationcan
alsobeviewedasapolynomial-timealgorithmgivenan“extremum
oracle”asextra information. We give severalapproximationalgo-
rithmsandcontrastinghardnessresultsfor thesescenarios.

Categoriesand Subject Descriptors: F.2.2 [Analysis of Algo-
rithms andProblemComplexity]: NonnumericalAlgorithms and
Problems—geometricalproblemsand computations; G.2.2 [Dis-
creteMathematics]:GraphTheory—graphalgorithms

GeneralTerms: Algorithms,Theory

Keywords: Graphembedding,metrics,angles,ordertype, distri-
bution, rangegraphs,approximationalgorithms

1. INTRODUCTION
Supposewe have a geometricstructure(a graphrealizedin Eu-
clideanspace),but we can only measurelocal propertiesin this

�
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structure,suchas distancesbetweenpairs of vertices,and such
measurementsareapproximate.In many applications,we would
like to usethis local informationto reconstructtheentiregeomet-
ric structure,that is, the realizationof the graph. Two interest-
ing questionsarisein this context: whenis sucha reconstruction
unique,andcanit be computedef�ciently? Theseproblemshave
beenstudiedextensively in the �elds of computationalgeometry
[6, 8, 25, 20], rigidity theory[11, 5, 14], sensornetworks [4, 19],
andstructuralanalysisof molecules[2, 7, 12]. Thereconstruction
problemarisesfrequentlyin severaldistributedphysicalstructures
suchastheatomsin a protein[2, 7, 12] or thenodesin anad-hoc
wirelessnetwork [4, 19,17].

A reconstructionis always unique and easy to computefor
a completegraph of exact distances,or any graph that can be
“shelled” by incrementallylocating nodesaccordingto the dis-
tancesto threenoncollinearlocatedneighbors. More interesting
is that suchgraphsincludevisibility graphs[6] andsegmentvisi-
bility graphs[8]. In general,however, the reconstructionproblem
is NP-hard[25], even in the strongsense[20]. It is alsoNP-hard
to testwhethera graphhasa uniquereconstruction[21, Sect.6].
The uniquenessof a reconstructionin the “generic” case(in 2D)
wasrecentlyshown to be testablein polynomialtime by a simple
characterizationrelatedto genericin�nitesimal rigidity [11, 14],
but this resulthasnot yet leadto ef�cient algorithmsfor actualre-
constructionin thegenericcase.

This reconstructionproblemcan alsobe castin the context of
embeddingarbitrarydistancematricesinto (low-dimensional)geo-
metricspaces.Methodsfor computingsuchembeddingshave their
rootsin work going backto the �rst half of the 20th century, and
in themorerecentwork of Shepard[22, 23], Kruskal[15, 16], and
others. The areais usually called multi-dimensionalscalingand
is a subjectof extensive researchwith several applications[24].
However, despitesigni�cant practical interest,very few theoreti-
cal resultsexist in this area.Themostcommonlyusedalgorithms
areheuristic(e.g.,gradient-basedmethodor simulatedannealing)
andareoften not satisfactoryin termsof the runningtime and/or
embeddingquality.

Recently, several papers[10, 13, 3, 1, 9] have presentedalgo-
rithmsfor variousversionsof theembeddingproblem.Thesealgo-
rithmsoffer provableguaranteeson thedistortionof thecomputed
embeddings.Unfortunately, the resultssuffer from two important
limitations:�

None of the algorithms support embeddinginto the Eu-
clideanplane. For example,thepolynomial-timealgorithm
of [3] worksonly for additive-errorembeddingsinto ��� un-
derthe �
	 norm.

�

The algorithmsassumethat approximatedistancesbetween
all pairsof pointsarespeci�ed. In somecontexts, we have



only partial distanceinformation, for example,becausean
obstaclebetweentwo objectspreventsestimatingtheir dis-
tanceor becausetheobjectsaretoo far for theestimationto
bereliable.

In this paperwe attemptto overcomethesedif�culties. Our ap-
proachis to explorepossibleadditionaltypesof local information
and study their in�uence on the complexity of the problem. In
many practicalscenarios,suchinformationis readilyavailable. In
other cases,the amountof extra information neededis so small
thatit canbe“guessed”via exhaustive enumeration,whichleadsto
a quasipolynomial-timealgorithmthat usesno extra information.
This algorithm is in fact the �rst subexponential-timealgorithm
for additive-distortionembeddinginto low-dimensionalEuclidean
space.

Weconsiderthefollowing typesof extra information:

Angle information: Betweenevery pair of incident edges�
����� ,
we aregiventheapproximateangle.

Extr emumoracle: Supposethe � coordinatesof the embed-
ding are known (�x ed). Let � be the optimal (minimum-
distortion) embeddingsubject to theseand all other con-
straints.Theextremumoraclereports,in any speci�ed ver-
tical slab of the optimal embedding,the minimum � co-
ordinateand a point achieving that coordinate,and sym-
metrically for the maximum � coordinate.More precisely,
given a range � ����������� , theoraclereportsthedatapoint ���

�� �!
"$#&%('*),+ -/.10 '*)325476 8:9,; 8=<?>

��@(AB�
�3C and �DAB�

C , andsymmetrically
with �� �!
"E��F . Guessingthis extra information is exactly
what causesone of our algorithmsto usequasipolynomial
time whengivennoextra information.

Order type: For somepoint � andall pairsof points G(�IH , we are
giventheclockwise/counterclockwiseorientationof JK�LG
H .

Distrib ution information: Weknow themetricis inducedby ran-
dompointsin a squareplusrandomnoise.

Rangeconstraints: Eachpoint � hasarangeH

'

suchthatweknow
the(approximate)distancebetween� andapoint G precisely
whenthisdistanceis at most H

'

.

Oneof ourmotivationsfor studyingtheseproblemsis “autocon-
�guration” in the Cricket Compass[18] locationsystem. In this
system,severalbeaconsareplacedin a physicalenvironment,and
beaconscanmeasureapproximatedistances(usinga combination
of ultrasonicand radio pulses)and, in somecases,approximate
angles(usingmultiple ultrasoundreceivers). In this practicalsce-
nario, order type, distribution information,rangeconstraints,and
especiallyangleinformationareall reasonableassumptionsto con-
sider.

We show that any of the typesof extra information described
above often allow us to constructgoodembeddingswith ef�cient
algorithms. More precisely, we considerthe problemof embed-
ding a graph MN�OA,PQ��R

C with speci�ed lengths ST� �D��G:� for all
edgesU��V��G1WTXYR , plus someadditionalinformation. Our goal is
to embed M into �=Z

[ spacevia a mapping �]\QP_^`�*Z

[ to either
approximatelyminimizeadditive distortion "E�:F
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We develop polynomial-timealgorithmsfor the following ver-

sionsof thisembeddingproblem:

1. Embeddinga generalgraphwith approximateangle infor-
mationinto � �

[ , stXrU1uv��w1��xyW , with approximatelyoptimal
multiplicative error. If we aregiven the angleof eachedge
with respectto a �x edaxis,or we aregivenanglesbetween
incidentpairsof edgesin thecompletegraph,ourapproxima-
tion factoris z{AIu C . If we aregivenanglesbetweenpairsof
incidentedgesin a generalgraph,our approximationfactor
is z{A,S C where S is thediameterof thegraph.Theapprox-
imation factorsdependon the additive error on the angles;
seeSection2 for details.

These algorithms are the �rst subexponential-timealgo-
rithms for embedding an arbitrary metric into a low-
dimensionalspace(evenin theone-dimensionalcase)to ap-
proximatelyminimizethemultiplicativeerror.

2. Embeddingacompletegraphinto �=�

�

with z{AIu C -approximate
additive distortion in weakly quasipolynomial time of

wv|
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where … is the “spread”of the input point
set. We obtain this result in Section3 usinga polynomial
numberof calls to anextremumoracle,which canbesimu-
latedin weaklyquasipolynomialtime.

This algorithmis the�rst subexponential-timealgorithmfor
minimizing the additive error of an embeddinginto a low-
dimensionalEuclideanspace.

3. Embeddingacompletegraphinto �=�

�

with z{AIu C -approximate
additivedistortiongiventheorientationof all triplesof points
involving acommonpoint (Section4).

4. Embeddingacompletegraphinto �
�

�

with z{AIu
C -approximate

additive distortion given the prior that the distancesS are
approximatelyinducedby a randomsetof points in a unit
square. In this case,our algorithm returnsan embedding
with additive distortionthat is within a constantfactorfrom
the“designeddistortion”. SeeSection5 for thedetailedfor-
mulation.

5. Embeddinga generalgraph that satis�es the range con-
straintsinto theline with z{AIu

C -approximateadditive distor-
tion (Section6).

6. In contrast,we show that embeddinga generalgraphthat
satis�es the rangeconstraintsinto �

�

' for �†X]U1uv��w1��xyW is
NP-hard(Section7). This problemwas known to be NP-
hardwithout rangeconstraintsin �m‡

�

for all ˆ [20].

Several of thesealgorithmsarepractical;often they arebasedon
simplelinearprograms.

2. EMBEDDING WITH
ANGLE INFORMA TION

This sectionconsidersembeddinga graphwith givenedgelengths
up to multiplicative error andgiven angleswith additive error, in

�
	
, �

�

, and �*‰ . We considerseveral possibleanglespeci�cations
in thenext section,andreduceto thecasethatwe know theangle
betweeneveryedgeandone�x ededge.

2.1 Different Typesof Angle Inf ormation
LEMMA 1. Givena completegraph,andgivenanglesbetween

pairs of incidentedges each with (one-sidedor two-sided)addi-
tive error at most Š , wecancomputetheangleof everyedge with
respectto a particular edge with additiveerror at most w:Š .



Figure 1. Feasible region of a point ‹ with respect to Œ given the •

�distance within a multiplicative Ž and given the angle to the • axis
within an additive • .

Proof: Fix oneedge AB�V�IG C andcall it the � axis. To estimatethe
angleof anedge Ah‘��/’ C with respectto the � axis,we considerthe
angles“

	
�•”D��G�‘ and “

�

�–”—G�‘1’ . If theangleswereexact, the
angleof Ah‘��/’

C with respectto AB�D�/G
C wouldbe “1	

o

“

�

f
u*˜v™vš (mod-

ulo ›
œv™
š ). With additive error, theerrorsin “

	

o

“

�

accumulateto
at mostdoublein theworstcase. •

LEMMA 2. Givena general graph, and anglesbetweenpairs
of incidentedgeseach with (one-sidedor two-sided)additiveerror
at most Š , wecancomputetheangleof everyedge with respectto
a particular edge with additiveerror at most A,S

o

u
C

Š where S is
thediameterof thegraph.

Proof: Similar to Lemma1, exceptnow we mustcombineangles
alonga path�D�/G•�*l*lml=�/‘��/’ , which might have lengthup to S

o

w ,
andthereforeinvolvesatmost S

o

u angles. •

This lemmais thebestwe canobtainin theworstcase.We can
of courseimprove the anglesestimatesby e.g.choosing AB�D�/G

C to
be maximally central,computingshortestpaths,etc. If the errors
areknown to be independentandrandomlydistributedwith mean
0, theerroris z{A�ž S

C with high probability.

2.2 Ÿ¡  Algorithm
Our algorithmsetsup a constraintprogramfor �nding thecoordi-
natesof eachvertex. Thestraightforward setupis nonconvex and
dif�cult to compute.Werelaxtheproblemto bea convex program
atthecostof someerror. Wefurtherrelaxtheproblemto bealinear
programat thecostof additionalerror.

The basicoptimizationproblemhasthe following constraints.
The distanceand angleinformation of an edge AB�D�¢G

C speci�es a
(nonconvex) feasibleregion for G givena proposedlocationfor � .
SeeFigure1. If weknow both £ and Š , ourgoalis to �nd afeasible
solution. If only oneof theseerrorparameters(e.g., Š ) is known,
ourobjectivefunctionis tominimizetheothererrorparameter(e.g.,

£ ). If neithererrorparameteris known, wecansolvethebicriterion
versionof theproblemby minimizing oneerrorparameterandbi-
narysearchingon theother.

We canrelaxthefeasibleregion to beconvex by takingthecon-
vex hull. Moreprecisely, weaddoneedgeAh¤��/¥ C to cutoff theinner
arcof theregion; seeFigure1. This relaxationproducesa convex
program.Themaximumpossibleerroris obtainedwhenG is placed
atthemidpointbetween¤ and¥ . Thenthedistancebetween� and G

is ¦*§
¨LŠ timestheinputdistancebetween� andG . Wecantransform
this contractioninto an expansionby multiplying all distancesby

u

i

¦*§
¨7Š . Thus,themaximumexpansionis at most AIu

o

£ C

i

¦*§
¨LŠ ,
proving thefollowing theorem:

THEOREM 1. Givena graph,giventhelengthof each edgewith
multiplicativeerror £ , and giventhe angleof every edge with re-
spectto a particular edge with additiveerror Š , wecancomputein
polynomialtimean �

�

embeddingwith anglesof maximumadditive
error Š anddistancesof maximumrelativeerror AIu

o

£ C

i

¦m§v¨7Š f u .

Wecanfurtherrelaxthefeasibleregionto bepiecewise-linearby
approximatingtheuniquearcof theregionwith apolygonalchain.
If weuse©

o

u

j

w segmentsin a regularchain,themaximumex-
pansionfactorof adistanceis AIu

o

£ C

i

¦*§
¨:AªŠ

i

© C . By incorporating
theexpansionfactorfrom theprevioustheoremaswell, we obtain
thefollowing theorem:

THEOREM 2. Givena graph,giventhelengthof each edgewith
multiplicativeerror £ , and giventhe angleof every edge with re-
spectto a particular edge with additiveerror Š , wecancomputein
polynomialtimean �

�

embeddingwith anglesof maximumadditive
error Š anddistancesof maximumrelativeerror

u

o

£

¦m§v¨7Š�¦*§
¨�AªŠ

i

©
C

f
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u
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z–«

Š
�

©

�L¬

l

2.3 Mor e Typesof Angle Inf ormation
For embeddinginto �

	 , we needadditionalinformationaboutthe
global rotation of the graph. More precisely, we needto know,
for eachedge AB�D�IG

C , thequadrantof G with respectto � . In other
words, we needto know the two high-orderbits of the angleof
eachedge AB�D�/G

C with respectto the � axis,i.e., whetherthis angle
is in � ™•�?­v™
š*� , � ­
™
š
�*u=˜
™
š*� , �Bu=˜v™vš1��wv®
™vš=� , or � wv®
™vš•��›
œv™vš=� . Because
of our additive angleerrors,we may not know to which quadrant
anedgebelongs;in this case,we would like to know thattheedge
is borderlinebetweentwo particularquadrants.

If our input speci�esanglesof edgeswith respectto the � axis,
we aredone.For othertypesof input, we canapply the following
reductions:

LEMMA 3. Givena graph, givenanglesbetweenpairs of in-
cidentedgeseach with (one-sidedor two-sided)additiveerror at
mostŠ , andgiventheangleof oneedge relativeto the � axiswith
the sameadditiveerror, we can computethe angleof every edge
with respectto the � axiswith additiveerror at most A,S

o

w
C

Š .

Proof: Apply Lemma2 relative to theedgefor whichweknow the
anglewith respectto the � axis,andtranslateusingthis angle. •

LEMMA 4. Givena graph,and givenanglesbetweenpairs of
incidentedgeseach with (one-sidedor two-sided)additiveerror at
mostŠ , wecancomputea familyof z{AIu

i

Š
�,C possibleassignments

of anglesrelativeto the � axiswith additiveerror at mostŠ

o

Š
� .

Proof: Apply Lemma2 to obtainanglesrelative to anedge� , and
then“guess” the angleof the � axis with respectto � amongthe

w�¯±°¢u

i

Š

�3² anglesof theform ™•�1°¢u

i

Š

�³²

��w´°¢u

i

Š

�³² , l*l*l . •



(a)Convex case

(b) Nonconvex case

Figure 2. Feasible region of a point ‹ with respect to Œ given the •

	

distance within a multiplicative Ž and given the angle to the • axis
within an additive • .

2.4 Ÿ—µ Algorithm
We canadaptthe �

�

algorithmto an ��	 algorithmasfollows. The
convex programand linear programare the sameas before; the
only differenceis theshapeof thefeasibleregion of G with respect
to � . For anedgeAB�D�IG

C thatis known to bein aparticularquadrant,
theregion is a trapezoidasshown in Figure2(a). In this case,the
region is alreadyconvex andpolygonal,andwe�nd anembedding
with noerrorbeyondtheoptimaldistortion.

The dif�cult caseis when the edge AB�D�/G
C straddlestwo quad-

rants,i.e., is almostparallelto a coordinateaxis. SeeFigure2(b).
In this case,theangularwedgeintersectstwo sidesof the �

	 circle
around� , andtheregion becomesa nonconvex `V'. As before,we
convexify thisregionby closingthemouthof the`V'. Theresulting
region is alsopolygonal,sowecanapplylinearprogramming.

Theworst-caseerrorariseswhen AB�D�/G C is exactlyparalleltoaco-
ordinateaxis. Thenthesmallestdistancebetween� anda relaxed
positionfor G is u f Aª¶

�
%

Š C

i

AIu

o

¶

��%

Š C timestheinputdistancebe-
tween� and G . Againwecantransformthiscontractioninto anex-
pansionbymultiplyingall distancesby u

i

�Bu f Aª¶

�
%

Š C

i

AIu

o

¶

�
%

Š C � ,
andthemaximumexpansionis atmost AIu

o

£ C

i

�Bu f Aª¶

�
%

Š C

i

AIu

o

¶

�
%

Š C � :

THEOREM 3. Givena completegraph,giventhelengthof each
edge with multiplicativeerror £ , andgiventheangleof everyedge
with respectto the � axiswith additiveerror Š , wecancomputein
polynomialtimean � 	 embeddingwith anglesof maximumadditive
error Š anddistancesof maximumrelativeerror

u

o

£

u f Aª¶

�
%

Š C

i

AIu

o

¶

��%

Š C

f u��]AIu

o

£ C AªŠ

o

z{AªŠ´· C/C

o

£1l

If wearegiventheapproximateanglesbetweenincidentpairsof
edges,andtheapproximateanglebetweenoneedgeandthe � axis,
thenwe canapply this theoremin combinationwith Lemma3. If
we arejustgiventheapproximateanglesbetweenincidentpairsof
edges,we canconsiderall “combinatorialrotations”with respect
to the � axis, andextract whethereachedgeis roughly horizon-
tal, roughly vertical, or substantiallywithin oneof the four quad-
rants. This partial informationincreasesthe region error for near-
horizontalandnear-verticaledges,anddoesnotpreserve theangle
for all otheredges,but will approximatelypreservedistancesin the
resultingembedding.

2.5 Extensionto Ÿ¡¸

We candirectly adaptthe �
	 algorithmto an �*‰ algorithm. If we

rotatean �
‰ input by ¹1º

š , andscaleby a factorof u

i

ž

w in each
dimension,thenwe obtainan“identical” �

	 input. Thetwo inputs
areidenticalin thesensethat the �

‰ distancebetweenany pair of
pointsin the �=‰ input is equalto the �

	 distancebetweenthatpair
in the ��	 input. Thus,we canapplythe �
	 embeddingalgorithmto
the �

	
input, andthenundothe transformation,andwe obtainan

�*‰ embeddingof an �=‰ input.

2.6 Extensionto Higher Dimensions
Ourembeddingalgorithmsextendto ˆ dimensionsfor �x ed ˆ . The
input now becomesthe approximatelengthof every edgeandthe
approximateangleof every edgewith respectto every coordinate
axis. (Lemmas3 and4 canno longerobtainthis informationfrom
just the anglesbetweenpairsof edges.)Theseanglesdetermine,
for eachedge AB�D�/G

C , a conewith origin at � specifyingthe region
of G thatsatis�estheangularconstraints.Theapproximatelength
informationintersectsthis conewith a ball andthecomplementof
a ball (a higher-dimensionalannulus);theresultingfeasibleregion
for G with respectto � is nonconvex asbefore.Therestof thealgo-
rithm proceedsasbefore;theerrorboundsfrom convexifying and
polyhedralifyingthe feasibleregionsgrow with ˆ . In theend,we
obtaina constant-factor approximation,wherethe approximation
factordependson £ , Š , and ˆ .

3. ADDITIVE EMBEDDING
INT O THE PLANE

In thissectionwedescribean z{AIu
C -approximatealgorithmfor em-

beddinga metric into �
�

�

thatminimizes(approximately)theaddi-
tive error. Thealgorithmassumesthat theminimumadditive error

»

is known. In fact, knowing a constant-factor approximationto



»

is goodenough.This assumptioncanbe satis�ed in a standard
way by trying out several valuesof

»

of the form diameterA,P C

i

wv¼

for ½¾�¿™(�muv�=l*l*l . We alsoassumethat theratio of thediameterof
�DA,P C to

»

is boundedby … , calledthe spreadof the metric. For
simplicity, we assumethatwe know

»

exactly, andwithout lossof
generality, weassumethat

»

�†u .
Thealgorithmrunsin polynomialtime given theextremumor-

acle. By exhaustive enumerationof the possibleoracleanswers,
it can be converted to a standardalgorithm with running time

w
|
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.
We usethe following notation. ÀEAB�D�IH C denotesa ball of radius

H aroundpoint � . ÁÂAB�V�IH
��s C denotesthering (or annulus)ÀÃAB�V�IH

o

s Cpf ÀEAB�D�¢H f s C .
In the�rst step,thealgorithmguessesthediameterpair (i.e.,we

run ÄÂAhÅ �

C copiesof thealgorithmfor eachpair of points).Denote
thediameterpairsby Æ and Æ � . By rotation,wecanassume�DAhÆ C �

A,™•�?™ C and �DAhÆ

� C �¿A5…E��™ C . Considerany otherpoint G . Let ÇQAhG C �

ÁÈA5�DAhÆ C ��STAhÆ•��G C �*u CpÉ ÁÂA5�DAhÆ �³C ��STAhÆ � �/G C �*u C (in the following, we
will simply refer to this setas Ç ). Clearly, �DAhG C mustlie in theset

Ç . At the sametime, Ç is “narrow”, i.e., thereis a value �

a

so
that Ç is containedin the strip � �

a

fYÊ

	 �/�

a

o

Ê

	 �—ËÌ� , for some
constantÊ

	
. Thus, if we �x the � -coordinatesof the imagesof G

to �

a

, thenthereexists anembedding� � that � �

8

AhG C �Í�

a

, whose
additive error is at most w Ê 	 . In addition,we requirethat �

�

@

AhG C is
a multiple of

»

(i.e.,anintegerif
»

�¿u ); this increasestheadditive
errorby at most

»

. Thegoalof theremainingpartof thealgorithm
is to �nd a mapping Î with at most the error of ��� , assumingwe
know Î

8

AhG
C

�Ï�

�

8

AhG
C for all GÈXTP . For simplicity, wewill assume

thatall � -coordinatesaredifferent;thiscanbeeasilyachievedby a
smallperturbation.

The algorithm is basedon the divide and conquerparadigm.
Firstly, we computethemedian� of the � -coordinatesof pointsin

Î´A,P
C . Let PKÐ bethesetof all points�ÑXÌP suchthat Î

8

AB�
C±Ò

� ,
andlet PÂÓÔ�ÕP

f
P

Ð
. The algorithmproceedsby creatingthe

setof constraintson Î´A,P
Ð

C and Î´A,PÂÓ
C . Theconstraintshave two

properties:
�

They arefeasible,i.e., �
� satis�esthem

�

For any mapping Î satisfying thoseconstraints,we have
c

Î´AB�
CQf

Î´AhG
C

c

�ÖSTAB�D�/G
C—×ÏÊ , for all �]X]PØÐ , GyX]P

Ó ;
hereÊ is a certain�x edconstant.

Thisallowsusto computeÎ´A,P
Ð

C andÎ´A,PÂÓ
C (enforcingthecon-

straints)recursively andindependentlyfrom eachother.
Theconstraintsareof theform “ Î1@•AB�

C
XÚÙÃAB�

C ”, whereÙÃAB�
C is

a �nite setof intervals.They areconstructedasfollows. For ½

j

u ,
de�ne Û

¼

�]Ah�

o

w
¼

Ó

	

f
uv���

o

w
¼

f
u�� ; if ½¡Üy™ , de�ne Û

¼

�
f

Û

Ó

¼

.
For each Û

¼

, the algorithmqueriesthe extremumoracleto obtain
the point ��¼ Ý

'

XÞP , �

�

8

AB��¼ Ý

'

C
XYÛ

¼

, suchthat �

�

@

AB�

Ý

'

C is maximal.
Similarly, thealgorithmobtains�

¼

‡?ß�à

€ . In addition,thealgorithm
obtainsthevalues�

�

@

AB�
¼Ý

'

C and �
�

@

AB�
¼

‡?ß�à

€

C for each½ .
The oracle's answerscan be implementedby exploting all

choicesof theguessedvariables.Thetotalnumberof suchchoices
is boundedby w

|

0&} ~/•�ƒL„g2

, sincethereareat most z{A5…
C different

potentialvaluesof � coordinatesof �
�

A

q

C .
After makingthe guesses,the algorithmimposesthe following

new constraints,for each½ , ˆEXáU:âv�D��ˆ1Æ
’±ÅDW , and�TXTP :
�

“ Î
@

AB��¼

‡

C
�Ï�

�

@

AB��¼

‡

C ”
�

if �

�

8

AB�
C

XTÛ

¼

, then“ Î
@

AB�
C

X�� �

�

@

AB��¼

‡�ß?à

€

C
�?�

�

@

AB��¼ Ý

'

C
� ”

�

“ Î´AB� C XÚÁÂA5�L�5AB�

¼

‡

C ��STAB�

¼

‡

�h� C �/w Ê

	

C ”; notethatthelattercon-
dition canbeexpressedasa restrictionon Î @ AB� C

As mentionedabove, after imposingthe constraints,the algo-
rithm recursesto �nd Î´A,P Ð

C and Î´A,PÂÓ C independently. At the
leaf level of recursion(i.e., whenwe aregiven only onepoint � ),
thealgorithmsetsÎ
@•AB� C to beanarbitrary � coordinatesatisfying
all constraints(if it exists).

Theclaimedboundfor therunningtime ãKAhÅ C follows from the
recursionãÈAhÅ C �äw |

0B} ~/•�ƒ�„g2

� ãKAhÅ

i

w C

o

Å |

0

	

2

]. Note that if we
couldcomputetheoracle's answersin polynomialtime, our algo-
rithm wouldhave polynomialrunningtimeaswell.

It is easyto seethat the constraintsimposedat all stagesare
consistentwith �

� . It remainsto show that,after Î´A,P ÐDC andÎ´A,P

Ó C

satisfyingtheconstraintsarefound,thenwe have c

Î´AB� Cpf Î´AhG C

c

�

STAB�D�/G C?×ØÊ , for all �TXdP Ð , GÈXTP

Ó . Thisisdonevia thefollowing
two claims.

CLAIM 1. Consider any two points ¤å�æAh�D�I� C and ¥ç�

Ah�

�

�/�

� C , such that �

�

j

�

i

w . De�ne ¥

�

�]Ah�

�

�/� C and ÛÈ�èU:™1WéËê� .
Then, for any H there exists H � such that Û É ÁÂAh¤��IH��?w Ê

	

CÍë

ÁÂAh¥ � �/H � � Ê=C for a �xed constantÊ .

The interpretation(andusage)of this claim is asfollows. Con-
siderthepoints Î´AB� C and Î´AhG C asabove, andassumethat Î

8

AB� C X

Û

¼

, ½TÜì™ , and Î

8

AhG C X•Û�í , î Ò ™ , suchthat it is not the case
that ½Ø�

f
u
��î��ïu (we will take careof this caselater). In the

proceduredescribedabove, we imposeconstraintson Î´AB�
C of the

form Î´AB�
C

X†ÁÈAh¤´�IH
��w
Ê

	

C , for ˆyX]U=ˆ1Æ
’±Åg��â
�ðW , H��äSTAB�

í

‡

�,�
C ,

¤Í�ñ�L�¢AB�

í

‡

C . However, it will be more convenient to consider
a different constraint,namely Î´AB�

C
XäÁÂAh¥

�

��H

�

�
Ê=C , where ¥

�

�

A5�
�

8

AhG
C

���
�

@

AB�

í

‡

C/C , sincein this way �
�

AhG
C and ¥

� have the same� -
coordinate,which will be usedin the next claim. However, we
do not know �

�

AhG
C , so we cannotimposethe secondconstraint

explicitely. Fortunately, the above claim guaranteesthat the lat-
ter constraintis implied by the former. Note that the assumption

�
�

j

�

i

w is satis�edby theconstructionof theintervals Û

¼

, Û/í .

Proof (of Claim 1): Without loss of generalitywe can assume
that Û

É
ÁÈAh¤´�¢H
�?w

Ê

	

C is nonempty. In addition, we assumethat
it consistsof two disconnectedcomponents(if it consistsof only
onecomponent,theproof is similar). Denotetheuppercomponent
(with highervaluesof � -coordinates)by ÙÍ�•U:™1W$Ë�� �

‡

�/�

Ý

� . Let
G

‡

�òA,™(���

‡

C , G

Ý

�_A,™(���

Ý

C . Note that �
�

Ý

o

�
�

�óAhH

o

w
Ê

	
C/� ,

and �L�

‡

o

�´�¾�]AhH
f

w
Ê

	

C
� . By symmetry, it suf�ces to ensurethat

Ù
ë

ÁÂAh¥
�

�IH
�

�
Ê=C .

De�ne H
�

�

c

¥
�vf

G

Ý

c

�r�
�

�

o

�7�
Ý . Considerany A,™(�/ô

C
XTÙ . We

needto show (1) c

¥m�
f

A,™•��ô
C

c

�kõ
AhH��

o

Ê*C

�
and(2) c

¥��
f

A,™•�?ô
C

c

�

j

AhH��
fáÊ*C

� or H��VÜ
Ê . First, c

¥m�
f

A,™•�?ô
C

c

�
�r���

�

o

ô
�öõ

���

�

o

�
�

Ý

�

H��

� . Second,c

¥��
f

A,™•�?ô
C

c

�

j

�L�

�

o

�
�

‡

j

H��

�

f
w�H��

Ê

o

Ê

�
.

By pluggingin theexpressionsfor �
�

‡

, H��

� andthen �
�

Ý , weobtain
equivalently

�

�

�

o

AhH
f

w
Ê

	

C

�

f
�

�

j

�&AhH

o

w
Ê
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�

f
�

�

�

o

�

�

�

f
w�H

�

Ê

o

Ê

�

whichsimpli�es to w�H
�
ÊQfÑÊ

�

j

¹
Ê

	
H .

BecauseH
�

j

"E��F

Ah�L�,���

Ý

C , H��
õ

�

o

�

Ý , and(by theassump-
tion) �

�

j

�

i

w and H

�

j

Ê , it follows that the last expressionis
satis�ed if Ê

j

˜
Ê

	
. Thisprovestheclaim. •

Now we needthesecondclaim.
Considerthefollowing con�gurationof points ¤$�•A,™(�/�v÷

C , ¥k�

A,™(�I�
ø
C , Ê

�]Ah�D�¢�vù
C , ˆÈ�]Ah�D�/�

‡

C .



For any H=÷ , H ø , H ù , H

‡

, de�ne two sets:

Ç 	 � U•A,™(��� C \
�v÷ÂÜY�EÜÞ� ø W É ÁÂA Ê �IH ù �?s CðÉ ÁÂAhˆ��¢H

‡

�?s C

Ç

�

� U•Ah�D�/� C \
�
ù�ÜY�EÜÞ�

‡

W É ÁÂAh¤��/H ÷ �?s CVÉ ÁÂAh¥
�IH ø ��s C

CLAIM 2. The difference "E��F

Ý

4
ú
ûm; ü�4
ú

ƒ

c

â f ‘

c

f

"$#&%

Ý

4
ú
ûm; ü:41ú

ƒ

c

â f ‘

c is at most¹
s .

Notethat this implies that for any points ��X�P Ó , GÃXÑPØÐ that
satisfytheimposedconstraints,we have c

Î´AB� CVf Î´AhG C

c

�

c

�

�

AB� CVf

� � AhG C

c

× z{AIu C . To show that,considertwo cases.Let � �

8

AB� C XÚÛ

¼

,
� �

8

AhG C XtÛ í .
Case1: ½±� f uv��îd�çu . Let �

Ý

'

�

"E�:F

� � �
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AB� Ó

	

Ý

'

C �?� �

@

AB�

	

Ý

'

C � and
�

‡�ß?à

€

�

"E�:F

� � �
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Ó

	

‡�ß?à

€

C �?� �

@
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‡?ß�à

€

C � . If �

Ý

'

f �

‡�ß?à

€

õ

Ê

�

for
Ê

�

largerthan,say, u*™ Ê 	 , thenthestatementfollows. Otherwise,if
�

Ý

'

f �

‡�ß?à

€

Ò u*™ Ê

	 , thenfor any âTXÚU��D�IG1W , theset

A/� f uv�*u��pËd� CVÉ

¼³ý

Ó
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Ý

'
;

‡�ß?à
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ÁÂA5�

�

AB�

¼

‡

C ��STAB�

¼

‡

�/â C �?w Ê

	

C

hasconstantdiameter. Thusthestatementagainfollows.
Case2: By Claim 1 we canassumethat thepoints � ¼Ý

'

�h� ¼

‡?ß?à

€

�ª�

(aswell as �

í

Ý

'

�h�

í

‡�ß?à

€

�IG ) have the same� coordinates.Thenwe
applyClaim2.
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Figure 3. Illustration of
the proof.

Proof (of Claim 2): Let ô 	 XèÇ 	 ,
ô

�

XTÇ

�

beany two pointssuchthat
c

ô 	

f ô

�

c

�

"E��F

U

c

â f ‘

c

\¾â•X

Çp	=�/‘–XçÇ

�

W . Similarly, let
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	YX
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�
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�
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c

â
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\1âÚX

Ç
	

�/‘$XÚÇ

�

W .
Without lossof generalitywecan

assumethat ��
:	¾ÜY��


�

ÜY�

‡

.
Notethatif ��


�

ÜY�v÷ thenbycon-
sidering

»

·

� Ah�D��w:�
÷êf

�

‡

C we get
c

»

	

f

»

·

c

Ü

c

»

	

f

»

�

c andwecancon-
sideronly thecasewhen ��


�

j

�v÷ .
Also, if �
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ÜY��
=	 by increasing�



�
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»

�

c sowe canas-
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�

Ò
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:	 .

It is easyto seethat as long as �v÷yÜç�

=	

we can increase�
÷

anddecreaseH=÷ suchthat
»

�

and ô

�

will continueto belongto Ç

�

.
Therefore,without lossof generalitywe canassume¤ � ô

	
and
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o
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ô
	

f
ô

�

c .
Similarly, weapplythesameideato ˆ and

»

	 : wenotethat �
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‡

, wecanassumethat ˆÈ�Ôô

�

and H
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o

s �

H
÷

o
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ô
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c . It is easyto seethatin this case(seeFigure3)
we have c

»

	

f

»

�

c

j

H=÷
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›
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ô
	

f
ô
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c

f
›vs . •

4. EMBEDDING WITH ORDER TYPE
In this section,we considerthe model in which we aregiven all
distancesin �

�

, andin additionorder typeof thepointsor in other
wordsorientationsof all triples. Hereorientationsof threepoints

� , G , and H is a triple AB�D�IG(�/H
C which sayswe seethesepoints in

this order in triangle ��G�H , when we start from � and turn clock-
wise. In fact,we presentthealgorithmwhenwe have orientations
of all triples, however we relax the condition suchthat knowing
only orientationsof all tripleswhich have a point � in commonis
suf�cient (i.e.,knowing

�

€

Ó

	

�

�

orientationsinsteadof
�

€

·

�

ones.)In
fact, knowing this informationis equivalent to knowing the order
of pointsaroundpoint � accordingto theirangleswith a �x edaxis.
In addition,weassumethatthegivenorientationsarerobust.

DEFINITION 1. A setof orientationsis called � -totally robustif
perturbingthe � and � coordinatesof all pointsby at most � does
not change the givenorientations. A setof orientationsis called

� -robust if perturbingthe � and � coordinatesof a singlepoint by
at most� doesnotchange theorientations.

Wenotethatrobustnessisweakerthantotally robustness.However,
Lemma4 showstotally robustnessandrobustnessareequivalentup
to a constantfactor.

LEMMA 5. If a set of orientationsis ›�� -robust, then it is � -
totally robust.

Proof: One can easily observe that if the set of orientationsare
not totally robust, thereshouldexist a situationin which a point �

passesa line segmentbetweenG and H . Sincethe total movement
in sucha situationis at most ›�� , onecan�x G and H andjust per-
turb � by ›�� andstill changestheorientations.Thuswe reachto a
contradiction. •

In therestof theproof, we mainly usetotally robustness.How-
ever sinceby Lemma5 totally robustnesscanbefurtherrelaxedto
robustnessby losing a constantfactor, we usethesewords inter-
changeably. Themaintheoremof thissectionis asfollows:

THEOREM 4. Givena completegraph,giventhelengthof each
edge with additiveerror £ , andgivena setof › Ê £ -robust orienta-
tions of every setof three points,we can computein polynomial
time an �

�

embeddingwith additive distortion Ê
£ for somecon-

stant Ê .

By settingthe robustnesshigh enough,we can guaranteethat
our embeddingsatis�esall speci�ed orientationconstraints.Also,
our proof usesthe orientationsof only onepoint with respectto
all otherpoints. Thus,knowing only theorientationsof all triples
involving a commonpoint is suf�cient.
Proof: Weextendthealgorithmof B�adoiu[3] for embeddingin �v	 .
Similar to [3], weguess£ by binarysearchandthuswecanassume
that we know £ . Next we show how to guessthe � coordinates
within a constantfactorof £ , which is enoughfor this result. The
main ideaof this stepis that we �rst guess� and G denotingthe
diameterandwithout loss of generalitywe take �†� A,™(�/™

C and
G$� A,ST� �D��G:�,��™

C . For any otherpoint ‘ , let Á

ü

betheintersection
of theannulusbetweenballsof radiusST� �D��‘
�

f
£ and ST� �D�/‘
�

o

£

around� andtheannulusbetweenballsof radius ST� ‘���G:�
f

£ and
ST� ‘���G��

o

£ aroundG . Onecaneasilyobservethat ‘ shouldlie in Á

ü

andthe � -coordinatesof pointsin Á

ü

arecontainedin theinterval
of � �

ü

frÊm�
£1�/�

ü

o

Êm�
£=� for someconstantÊm�

õ
¹ . (Intuitively,

region Á is narrow since � and G form a diameterand the worst
casehappenswhen G and ‘ and� and ‘ alsoform diameters.)This
stepis similar to a stepin Section3 andin analgorithmof B�adoiu
[3]. Now by �xing �

8

Ah‘
C

�Ô�

ü

, we have theadditive errorat most
w

Ê
�

£ . In the restof the algorithm,we �x these� -coordinatesand
assumethatthey areall distinct(otherwiseperturbthema bit), and
thenwe try to obtainthe � coordinatesof the points. Also, since
orientationsarerobust,�xing the � -coordinatesdosenotpreventus
to useorientationsto obtainthe � -coordinates.

Having the � coordinateswe will �nd �
@

Ah‘
C for eachpoint ‘ ,

suchthat c

ST� �D��G��
f

c&c

�DAB�
C f

�DAhG
C

c&c

�

c

õ
›�£ . We note that here

since � coordinatesare�x ed, �
@

AB�
C¡f

�
@

AhG
C cantake at mosttwo

intervals(whichdependswhether��@7AB�
C

j

�:@7AhG
C or not.) Our �nal

goalis to obtainthe � coordinatesby settingupa linearprogram.
First, we de�ne a graphwhosevertex set is the set of points

as follows. We connect� and G by a strong edge if ST� �D�/G:�

j



n

A5�

8

AB� Cpf �

8

AhG C/C

� o

›
£

�

. Also, we connecttwo points ‘ and
’ by a weakedge if thereexists � and G in the sameconnected
componentas ’ of strongedgesand ‘ is not in thesameconnected
componentas ’ and ST� ‘���’ � Ò

n

A5�

8

Ah‘ CDf �

8

Ah’ C/C

�

o

£

�

and
�

8

AB� C

õ �

8

Ah‘ C

õ �

8

AhG C . The setof edgesof M is the union of
all strongandweakedges.We sayan edge U/�D�/G
W is orientedup
if �

8

AB� C

õ �

8

AhG C and � @ AB� C

õ � @ AhG C . Similarly, we sayan edge
U/�D�/G
W is orienteddownif �

8

AB� C

õ �

8

AhG C and �:@(AB� C

j

�:@7AhG C . The
proofof thefollowing lemmasis verysimilar to Claims4.1and4.2
of Badoiu[3] andhenceomitted.

LEMMA 6. No two connectedcomponentsof M overlap, i.e.,
there is a vertical line � not passingthroughanygivenpointsthat
separatestheverticesof the�r stcomponentfromtheverticesof the
secondcomponent.

LEMMA 7. If we �x the orientationof an edge of M , we can
uniquelydeterminethe orientationof all other edges in the same
connectedcomponents.

Onecaneasilyobserve that if thereis no strongedgebetween
two points � and G , the distancealreadygiven by �

8

AB� C—f �

8

AhG C

is goodenoughfor a ›�£ -approximation.Thenwe canaddthecon-
straint ST� �D�IG��

o

£

j

c c

�DAB� Cgf �DAhG C

c&c , which is equivalentto

f

n
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f A5�
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8
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to makesurethattheerroris not toomuch.In addition,for anedge
Ah‘��I’

C
XáR$A5M

C which is orientedupand �

8

Ah‘
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õ
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8

Ah’
C , we have

this linearconstrainton �
@ .
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We have a similar relationif Ah‘��/’
C

XTREA5M
C is orienteddown.

Now, usingLemmas6 and7 andthe descriptionabove we can
obtaina Ê

£ -approximationsolutionfor theproblem,if M
� hasonly

oneconnectedcomponent.However if thereareseveralconnected
components,eachconnectedcomponentcan be orientedup or
down andthenthe numberof casescanbe exponential. For this
case,we usethe given orientations. We note that sincethe ori-
entationsare ›

Ê
£ -robust (andthus Ê

£ -totally robustby Lemma5),
andweguessedthe � and � coordinateswithin somew

Ê*�
£ errorfor

w
Ê

�

õ

Ê , still we canusethe orientations.Without lossof gener-
ality, we canassumetheleft-mostcomponentis orientedup. Now
considera point ‘ in this component.We show that for eachother
component� , usingorientations,we candeterminewhether � is
orientedup or down. Considera strongedge AhâD�/’

C
X�� (there

shouldexist sucha strongedge,sinceotherwise � hasonly one
point andits orientationis trivial.). Sincethereis no strongedge
between‘ and â , it meanssegment ‘ and â is almosthorizontal
(seethe de�nition of strongedges). Using this propertyand the
factthat AhâD��’

C is a strongedgeandalso,we know theorientations
of threepoints ‘��IâD�/’ , we candeterminetheorientationof AhâD�I’

C

andthusthe orientationof the whole component� . Thus,�xing

theorientationof theleftmostcomponentwecandeterminetheori-
entationof all edgesof othercomponents.Finally, by settingupthe
following LP, we obtainthedesiredapproximationembedding.
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8

Ah‘ C/C

�
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8
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f

n
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o
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�
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8
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8
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�
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õ
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o
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�
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8

Ah‘ Cgf �

8

Ah’ C/C

�

if Ah‘��/’ C�� XdR
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5. EMBEDDING WITH
DISTRIB UTION INFORMA TION

In this section we consider embeddingmethodsfor complete
graphswith given edgelengthsthat are chosenat randomfrom
certaindistribution. In particular, we show a polynomial-timeal-
gorithmthat �nds anembedding� into �

� under �

�

suchthat the
additive distortionof � is within a constantfactoraway from the
“designed”distortion.

The given edgelengths S is chosenvia the following random
process.Let P beaset, c

P

c

�ÔÅ , and
»

bethe“designeddistortion”.
We �rst choosethe “designedoptimal embedding” �

�

\ÈP ^

� ™(�=u��ª� . This is doneby choosing�

�

AB�
C , �ÌXÑP , to bea point cho-

senat randomfrom a uniform distribution over Ç �–� ™•�=um�ª� . Then,
eachST� �D�/G:� is chosensuchthat c

ST� �D��G:�
f

c&c

�

�

AB�
C´f

�

�

AhG
C

c&c&c

õ

»

.
Notethat �

�

providesanembeddingof A,PQ��S
C into � ™•�=um�

� thathas
anadditivedistortion

»

. Thegoalof thealgorithmis: given A,P¾�?S
C ,

�nd anembedding� suchthattheadditive distortionof � is z{A

»

C .

THEOREM 5. There is a polynomialtimealgorithmthat,given
a completegraphwith edge lengthsconstructedasabove, �nds an
embedding� thathasanadditivedistortionof z{A

»

C with probabil-
ity u

f
Æ7AIu

C , aslongas
»

����AIu

i

ž

Å
C . Thealgorithmis determin-

istic; theprobability is takenover thespaceof mappings�

�

.

Let H besuchthat HÈ���kAIu

i

ž

Å
C and HÈ�†z{A

»

C . Thealgorithm
usesthe“triangulation”approach:

1. For eachsequence�
	

�,�

�

�h�

·

�h���êXdP do:

(a) Assign �DAB�
	

C
� A,™•��™

C
���DAB�

�

C
� A,™(�mu

C
���DAB�

·

C
�

AIuv�=u
C

�?�DAB�
�=C

�]AIuv��™
C

(b) For each� X P
f

U/�
	

�h�

�

�h�

·

�,���:W , choose�DAB�
C to be

anarbitrarypoint in theregion

Á

'

�
É

¼��

	 � � �
�

ÁÂA5�DAB�

¼

C
��ST� �D�,�

¼

�5�

»

o

w
ž

w�H
C

whereÁÈAB�D�/H
�¢’
C is anannuluscenteredat � , with inner

radiusH
f

’ andouterradiusH

o

’ . If Á

'

É
Ç is empty,

ignorethe(incomplete)embedding.



2. Reporttheembeddingwith thesmallestadditive distortion

Thefollowing claim follows from basiccalculations.

CLAIM 3. With probability u f Æ(AIu C , each of the four HáË H

sub-squaresof Ç thateach touchesa cornerof Ç contain �

�

AB� C for
some�dXTP .

Fromtheclaim it follows that,with probability u f Æ(AIu C , there
exist �D	ðl*l*lh� � with theabove property. Considerthecasewhenthe
algorithmchoosesthatsetof points(step(1) of thecode).It follows
that,if wemodify �

�

into � byperformingtheassignmentasin step
(a) of thealgorithm,then � hasdistortionat most

»

o

w

ž

w�H . This
impliesthat,in this case,all regions Á

'

É Ç arenon-empty.
It suf�ces toshow thatthediameterof eachset Á

'

É Ç is z{A

»

o

H C .
Considerany �TXáP f U�� 	 �h�

�

�h�

·

�h����W .
The following claim follows from the argumentasin the proof

of Theorem4.

CLAIM 4. Considerany �D�/GÃX Ç and H 	 �/H

�

�/’ Ò ™ such that
H
	=�IH

�

�Ïz{A

c

� f G

c

C . Theset ÁÂAB�D�¢H
	*�/’ C�É ÁÂAhG•�/H

�

�/’ C is contained
in a strip of width z{Ah’ C .

Recall that Á

'

is an intersectionof four annuli. By applying
Claim4 to annuliaroundpoints A,™(�/™ C and A,™(�mu C , we concludethat

Á

'

is containedin a vertical strip of width z{A

»

o

H C . In thesame
way, weconcludethat Á

'

is containedin ain horizontalstripof the
samewidth. It follows that that thediameterof Á

'

is z{A

»

o

H
C as

claimed.

6. EMBEDDING WITH
RANGE GRAPHS

In this sectionwe areinterestedin embeddinga graphwith spec-
i�ed edgelengthsinto the line subjectto the following condition.
An embedding�–\¾Pó^ � of a graph Mò� A,PQ�?R

C with edge
lengthsspeci�ed by S satis�es the range condition if, for every
three points �D�/G•�/HÍXäP , (a) if U/�D��G
W•XìR and U/�D�/H
W

i

XìR ,
c

�DAB�
C f

�DAhG
C

c

õ

c

�DAB�
C±f

�DAhH
C

c , and (b) if U��V�/G1W
�mU��D�IH1WÞX•R ,
c

�DAB�
C f

�DAhG
C

c

õ

c

�DAB�
C±f

�DAhH
C

c preciselyif ST� �D�/G:�
õ

ST� �D�IH�� .
Among all suchembeddings,we will �nd onethat minimizesthe
additive distortionwith respectto thespeci�ededgelengthson M .
Part (b) of this de�nition will be satis�ed provided the difference
betweenadjacentdistancesin a near-optimalembeddingis at least
theadditive distortion.

6.1 The Exact Case
In this subsectionwe considerembeddingwith zerodistortion:

LEMMA 8. Givena graph M with edge lengthsspeci�edby S ,
we can check in polynomialtime whetherthere is an embedding

� that satis�esthe range conditionandmatches S exactlyon the
edgesof � , andconstructsuch anembeddingif it exists.

Proof: Without lossof generalitywe assumethat the graph M is
connected. Let � be the leftmost point in an embedding� into
the line that satis�estheconditionsof the lemma. We guess� by
enumeratingall c

P

c possibilities.Without lossof generality, � has
coordinate™ . All neighborsof � in M lie to theright of � . Let G be
sucha neighbor. Let H bea neighborof G but not a neighborof � .
By therangecondition,we have c

�DAB�
Céf

�DAhH
C

c

Ò

c

�DAB�
C f

�DAhG
C

c .
Therefore, �DAhH

CÑÒ
�DAhG

C and thus �DAhH
C

�N�DAhG
C

o

ST� G•��H�� . By
traversing M in a breadth-�rstmanner, we canreconstruct� . The
runningtime of ouralgorithmis z{A

c

P

c

q

c

R

c

C . •

6.2 The Additi veErr or Case
In this subsectionwe considerthe casewhenthe optimal embed-
dinghasminimumadditivedistortion£ . WesayanedgeAB�D�IG C XTM

is a forward edge if �DAB� C

õ �DAhG C anda backward edge if �DAB� CêÒ

�DAhG C . We call this distinctiontheorientationof anedge.Notethat
if AB�D�IG C is a forwardedgethen AhG(�ª� C is a backwardedge.

LEMMA 9. Givena graph M with edge lengthsspeci�edby S

for which thereisanembedding� thatsatis�estherangecondition,
and for any two incident edges U/�D�/G
W and U:G•�/H1W in M , we can
determinethe orientation of AhG(�IH C in � given the orientation of

AB�D�/G C in � usingjust S .

Proof: Without loss of generality AB�V�/G C is a forward edgeand
ST� �D��G:� Ò ST� G•��H:� . By part(b) of therangecondition,if ST� �D�IH��pÜ

ST� �D��G:� , then AhG•�/H C mustbea backwardedge.By bothpartsof the
rangecondition,if ST� �V��H�� Ò ST� �D��G:� or ST� �V��H�� is unknown, then

AhG•�/H C mustbea forwardedge. •

THEOREM 6. Givena graph M with edge lengthsspeci�edby
S , we can constructin polynomialtime an an embedding� that
satis�es the range condition and matches S up to the minimum
possibleadditivedistortionsubjectto therange condition.

Proof: Let AB�D�IG C be anedgein M . Without lossof generalitywe
can assumeAB�D�¢G C is a forward edge. Lemma9 implies that we
know theorientationof all theincidentedges.By applyingthis ar-
gumentmultiple times,we candeterminetheorientationof all the
edgeswithin theconnectedcomponentof M containing� . Wecan-
not determinetherelative orientationbetweendifferentconnected
components,but this is not necessary. By placingthe locally em-
beddedconnectedcomponentsfarawayfrom eachother, theresult-
ing embeddingsatis�estherangecondition.Knowing theorienta-
tions,we canconstructthe following linear programwhich mini-
mizesadditive distortion:

minimize £

subjectto �DAB�
C

o

ST� �D��G��
f

£ØÜy�DAhG
C

Üy�DAB�
C

o

ST� �D�IG��

o

£

if AB�D�¢G
C is a forwardedge,

�DAB�
CDf

ST� �V��G��
f

£ØÜy�DAhG
C

Üy�DAB�
Cpf

ST� �D�/G:�

o

£

if AB�D�¢G
C is a backwardedge.

•

In Section7, we show thatembeddinga graphwith given edge
lengthsin �

�

�

and �
�

	

, even using exact distancesand a more re-
strictedform of range-condition,is NP-hard.

7. HARDNESS RESULTS
Saxe[20] provedthatdecidingembeddabilityof agivengraphwith
exact �

�

edgelengthsis stronglyNP-hardin ˆ dimensions,for any
ˆ

j

u . Independently, Yemini [25] proved weakNP-hardnessof
thesameproblemfor ˆÂ�Ïw with asimplereductionfrom Partition.
Herewe prove weakNP-hardnessfor both �v	 and �

�

in 2D, even
whenthegraphsatis�estheconstant-range condition: two vertices

‘��/’ areconnectedby an edgepreciselywhentheir distanceis at
mosta �x edrangeH . This conditionis a specialcaseof the(vari-
able)range conditionde�ned in Section6, andhenceourhardness
resultsapplyunderthatrestrictionaswell. Oneinterestingfeature
of ourrestrictedform of theproblemis thattheproblemis nothard
in 1D, andthusour proofsrequireusto usethestructureof 2D. In
contrast,previoushardnessproofsstartwith 1D, andthentrivially
extendto higherdimensions.
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Figure 4. Our reduction from Partition to •
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embedding of a graph
satisfying the constant-range condition. In the reduction, the !

¼
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¼

's are drawn as # .

7.1 Ÿ¡  Case
THEOREM 7. It is NP-hard to decidewhethera given graph

with exact �

�

edge lengthsandsatisfyingtheconstant-range condi-
tion hasanembeddingwith zero distortion.

Our reductionfrom Partition is sketchedin Figure4. Therange
is uvl&u%$ , where $ is a largenumberto bechosenlater. In any em-
beddingof our graph,all verticeslie roughlyon a squaregrid with
edgelengths $

i

w . We usestripsof © verticesspacedevery $

i

w

unitsto build rigid barsof length ©&$

i

w ; thestripsarerigid because
eachvertex canseethenext two verticesin thestrips.Weuseright
isoscelestriangleswith edgelengths$

i

w , $

i

w , and $

i

ž

w to force
anglesof ­
™

š . All other pairs of verticeshave distanceat least
ž

º�'�w
Ò

u
l u%$ , soarenot within range.
For agiveninstance¤

	
�/¤

�

�*lml=l*�/¤

€

of Partition,weconstructw:Å

edges,two with length A($

o

¤

¼

C

i

w for each½ , andforcethemall to
be parallel. We choose$ largeenoughso that )

€

¼��

	

¤

¼

Ü–™(l&u*$ .
For eachpair of edgesof length A($

o

¤

¼

C

i

w , we alsocreatea pair
of edgesof length $

i

w , sothattheabsolutehorizontalshift caused
by thesefour edgesis A($

o

¤

¼

CVf
$ �r¤

¼

. Eachsuchquadrupleof
edgescanbe independently�ipped so that theshift is either ¤

¼

or
f

¤

¼

. Finally, we addanotherconnectionbetweenthetwo extreme
edgeswhich forcesthe total shift to be ™ . Thus,a distortion-free

aiL LL

L

L

L

L

L

P Q

Figure 5. Analogous gadgets for use in Figure 4 for the •�‰ case.
Here !

¼

is drawn larger than reality. Dotted edges are present, but
not necessary for rigidity.

embeddingcorrespondsto a solutionto Partitionandviceversa.

7.2 Ÿ—µ and Ÿ¡¸ Case
We prove the �rst hardnessresultaboutembeddingwith exact � 	

or � ‰ distances:

THEOREM 8. It is NP-hard to decidewhethera given graph
with exact �

‰ edge lengths(or equivalently, exact �
	 edge lengths)
andsatisfyingtheconstant-range conditionhasanembeddingwith
zero distortion.

Theproof is similar to the �

�

, exceptthatthegadgetsareslightly
morecomplicated;seeFigure5. The radius H is now exactly $ .
We usea sequenceof attached$ÏË+$ boxesin placeof a strip of
vertices.As before,thisconstructionactsasarigid bar, exceptthat
it canbe�ipped. (In Figure5, verticesP and , canbeswapped.)
To perturba lengthby ¤

¼

from a multiple of $ , we adda small
¤

¼

ËÑ¤

¼

box andattachit in the middle of the strip. This box is
in fact rigid and cannotbe �ipped with respectto its neighbors.
Thus,the constructioncanbe pluggedinto Figure4 andwe have
thetheorem.

8. OPEN PROBLEMS
An important open problem in this area is whether there is a
polynomial-timealgorithmfor approximatelyminimizing additive
distortiongiven all pairwisedistanceinformationandno extra in-
formation. Our quasipolynomial-timealgorithm is one step in
this direction.Theanalogousproblemfor multiplicative distortion
seemsevenharder.

A generalthemeof our work is to considerthe casein which
we do not know all distances.Anotherapproachfor makingthis
casetractableis to constraintheconnectivity to somethinglessthan

Å
f

u (for the completegraph). For example,what can we say
about Ê -connectedgraphsfor suf�ciently large Ê , or Ê

Å -connected
graphsfor Ê

Ü u ? Thesespecialcaseswill still likely requireextra
information,becauseevenfor thecasewhereweknow all pairwise
distances,wedonotknow approximationalgorithmswithoutextra
informationexceptfor �
	 andadditive error[3].

It would seemnatural to obtain angleestimatesin a graph M

“for free” using(approximate)distancesin M.-ÌMØ� , by analyzing
triangles AB�D�¢G(��H

C in M/- M
� . Thereare two problemswith this

approach.The �rst problemis that two vertices�D�IG in a triangle
may be muchcloserto eachother thanto the third vertex H , and



themultiplicative errorson distancesallow � and G to spinaround
eachotherandallow � and G to have any angle.This problemcan
be surmountedby assumingthat the ratio of lengthsbetweenany
two incident edgesis bounded. The second,more seriousprob-
lem is that it is dif�cult to decodetheorientationsof trianglesand
hencethesignsof theanglesusingpurelydistanceinformation.We
conjecturethat this informationcanbedecodedusingdistancesin

M0-dMê�1-dM

·

-dM

�

-dM324-TM65 , becauseœ -connectedgraphshave
uniqueembeddings[14].

Evenwith justdistanceinformation,thecomplexity of oneinter-
estingvariationremainsunresolved. Given a graphthat is gener-
ically uniquely embeddable,in the sensethat almostany assign-
mentof edgelengthsinducesauniqueembedding,canweconstruct
theuniqueembeddingfor almostany assignmentof edgelengths?
JacksonandJord́an[14] recentlyshowedthat,in polynomialtime,
we cantestwhethera graphhasthis property, but theproof is not
entirelyconstructive. Anotherexampleof anNP-hardproblemthat
can be solved in polynomial time almostalways is SubsetSum.
Our hardnessreductionsfor embeddingarebasedon SubsetSum,
sothereis hopethatnongenericexamplesaretheonly obstruction
to polynomial-timealgorithms.
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