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ABSTRACT

A frequentlyarising problemin computationageometryis when
a physicalstructure suchasan ad-hocwirelesssensometwork or
a protein backbone can measurdocal information aboutits ge-
ometry (e.g.,distancesangles,and/ororientations),and the goal
is to reconstructhe globalgeometryfrom this partialinformation.
More precisely we are given a graph,the approximatdengthsof
the edges,and possibly extra information, and our goal is to as-
sign coordinatego the verticesthat satisfy the given constraints
up to a constantfactor avay from the bestpossible. We obtain
the rst subeponential-timgquasipolynomial-timeglgorithmfor
this problemgiven a completegraphof Euclideandistanceswith
additive error and no extra information. For generalgraphs,the
analogougproblemis NP-hardevenwith exactdistancesThus,for
generalgraphswe considematuraltypesof extrainformationthat
male the problem more tractable,including approximateangles
betweenedges the ordertype of vertices,a model of coordinate

noise, or knowledge aboutthe rangeof distancemeasurements.

Our quasipolynomial-timelgorithmfor no extra informationcan
alsobeviewedasapolynomial-timealgorithmgivenan“extremum
oracle” asextrainformation. We give several approximatioralgo-
rithmsandcontrastinchardnessesultsfor thesescenarios.

Categoriesand Subject Descriptors: F.2.2 [Analysis of Algo-
rithms and ProblemCompleity]: NonnumericalAlgorithms and
Problems—geometricalproblemsand computations G.2.2 [Dis-
creteMathematics]:GraphTheory—graphalgorithms

General Terms: Algorithms, Theory

Keywords: Graphembeddingmetrics,angles,ordertype, distri-
bution, rangegraphsapproximatiorelgorithms

1. INTRODUCTION

Supposewe have a geometricstructure(a graphrealizedin Eu-
clideanspace),but we can only measurdocal propertiesin this
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structure,such as distancesbetweenpairs of vertices,and such
measurementare approximate.In mary applicationswe would

like to usethis local informationto reconstructhe entiregeomet-
ric structure,that s, the realizationof the graph. Two interest-
ing questiongrisein this context: whenis sucha reconstruction
unique,andcanit be computedef ciently? Theseproblemshave

beenstudiedextensvely in the elds of computationalgeometry
[6, 8, 25, 20], rigidity theory[11, 5, 14], sensometworks [4, 19],

andstructuralanalysisof moleculeq2, 7, 12]. Thereconstruction
problemarisesfrequentlyin severaldistributedphysicalstructures
suchasthe atomsin aprotein[2, 7, 12] or the nodesin anad-hoc
wirelessnetwork [4, 19,17].

A reconstructionis always unique and easyto compute for
a completegraph of exact distances,or ary graphthat can be
“shelled” by incrementallylocating nodesaccordingto the dis-
tancesto threenoncollinearlocatedneighbors. More interesting
is that suchgraphsincludevisibility graphs[6] andsegmentvisi-
bility graphs[8]. In general however, the reconstructiorproblem
is NP-hard[25], evenin the strongsensg20]. It is alsoNP-hard
to testwhethera graphhasa uniquereconstructior{21, Sect.6].
The uniquenes®f a reconstructiorin the “generic” case(in 2D)
wasrecentlyshavn to be testablein polynomialtime by a simple
characterizatiomelatedto genericin nitesimal rigidity [11, 14],
but this resulthasnot yetleadto ef cient algorithmsfor actualre-
constructionin thegenericcase.

This reconstructiorproblemcan also be castin the context of
embeddingrbitrarydistancematricesinto (low-dimensionalgeo-
metricspacesMethodsfor computingsuchembeddingsave their
rootsin work going backto the rst half of the 20th century and
in themorerecentwork of Shepard22, 23], Kruskal[15, 16], and
others. The areais usually called multi-dimensionakcaling and
is a subjectof extensie researchwith several applications[24].
However, despitesigni cant practicalinterest,very few theoreti-
cal resultsexist in this area. The mostcommonlyusedalgorithms
areheuristic(e.g.,gradient-basedhethodor simulatedannealing)
andare often not satishictoryin termsof the runningtime and/or
embeddingyuality.

Recently several papers[10, 13, 3, 1, 9] have presentedilgo-
rithmsfor variousversionsof theembeddingproblem.Thesealgo-
rithms offer provableguaranteesn the distortionof the computed
embeddings.Unfortunately the resultssuffer from two important
limitations:

None of the algorithms supportembeddinginto the Eu-
clideanplane. For example,the polynomial-timealgorithm
of [3] worksonly for additve-errorembeddingsnto  un-
derthe norm.

The algorithmsassumehat approximatedistancesdhetween
all pairsof pointsarespeci ed. In somecontexts, we have



only partial distanceinformation, for example, becausean
obstaclebetweentwo objectspreventsestimatingtheir dis-
tanceor becausehe objectsaretoo far for the estimationto
bereliable.

In this paperwe attemptto overcomethesedif culties. Our ap-
proachis to explore possibleadditionaltypesof local information
and study their in uence on the compleity of the problem. In
mary practicalscenariossuchinformationis readily available. In
other casesthe amountof extra information neededs so small
thatit canbe“guessedvia exhaustve enumerationwhichleadsto
a quasipolynomial-timelgorithmthat usesno extra information.
This algorithmis in fact the rst subexponential-timealgorithm
for additive-distortionembeddingnto low-dimensionaEuclidean
space.

We considetthefollowing typesof extrainformation:

Angle information: Betweenevery pair of incidentedges
we aregiventheapproximateangle.

Extremumoracle: Supposethe  coordinatesof the embed-
ding areknown (x ed). Let be the optimal (minimum-
distortion) embeddingsubjectto theseand all other con-
straints. The extremumoraclereports,in ary speci ed ver
tical slab of the optimal embedding,the minimum  co-
ordinateand a point achiezing that coordinate,and sym-
metrically for the maximum coordinate. More precisely

givenarange , the oraclereportsthe datapoint
and , andsymmetrically
with . Guessingthis extra information is exactly

what causesone of our algorithmsto use quasipolynomial
time whengiven no extrainformation.

Order type: For somepoint andall pairsof points
giventheclockwise/counterclockwiserientationof

, we are

Distrib ution information: Weknow themetricis inducedby ran-
dompointsin asquareplusrandomnoise.

Rangeconstraints: Eachpoint hasarange suchthatweknow
the (approximate}listancebetween andapoint precisely
whenthis distanceds at most

Oneof our motivationsfor studyingtheseproblemss “autocon-
guration” in the Cricket Compasg18] location system. In this
system severalbeaconsareplacedin a physicalervironment,and
beaconsanmeasureapproximatedistancegusinga combination
of ultrasonicand radio pulses)and, in somecases.approximate
angles(using multiple ultrasoundrecevers). In this practicalsce-
nario, ordertype, distribution information, rangeconstraints and
especiallyangleinformationareall reasonablassumptionso con-
sider

We shaw that ary of the typesof extra information described
above often allow usto constructgoodembeddingwith ef cient
algorithms. More precisely we considerthe problemof embed-
ding a graph with speci ed lengths for all
edges , plus someadditionalinformation. Our goal is
to embed into spacevia a mapping to either
approximatelyminimize additive distortion
, or approximatelyminimize multiplicative dis-

subjectto

(non-contractieness)In  spacegistancesnd
lengthsaremeasurediccordingto the  norm

tortion

We develop polynomial-timealgorithmsfor the following ver
sionsof thisembeddingproblem:

1. Embeddinga generalgraphwith approximateangleinfor-
mationinto , with approximatelyoptimal
multiplicative error If we aregiventhe angleof eachedge
with respecto a x edaxis, or we aregiven anglesbetween
incidentpairsof edgesn thecompletegraph,ourapproxima-
tion factoris . If we aregiven anglesbetweerpairsof
incidentedgesin a generalgraph,our approximationfactor
is where is thediameterof thegraph. Theapprox-
imation factorsdependon the additive error on the angles;
seeSection2 for details.

These algorithms are the rst subeponential-time algo-
rithms for embeddingan arbitrary metric into a low-
dimensionakpacegevenin the one-dimensionatase)to ap-
proximatelyminimizethe multiplicative error.

2. Embeddingacompletegraphinto  with -approximate
additive distortion in weakly quasipolynomialtime of
where is the “spread” of the input point
set. We obtainthis resultin Section3 using a polynomial
numberof callsto an extremumoracle,which canbe simu-
latedin weakly quasipolynomiatime.

This algorithmis the rst subeponential-timealgorithmfor
minimizing the additive error of an embeddingnto a low-
dimensionaEuclideanspace.

3. Embeddingacompletegraphinto  with -approximate
additive distortiongiventheorientationof all triplesof points
involving acommonpoint (Section4).

4. Embeddingacompletegraphinto  with -approximate
additive distortion given the prior that the distances are
approximatelyinducedby a randomsetof pointsin a unit
square. In this case,our algorithm returnsan embedding
with additive distortionthatis within a constanfactorfrom
the“designeddistortion”. SeeSection5 for the detailedfor-
mulation.

5. Embeddinga generalgraph that satis es the range con-
straintsinto theline with -approximateadditive distor
tion (Section6).

6. In contrast,we shawv that embeddinga generalgraphthat
satis esthe rangeconstraintsnto  for is
NP-hard(Section7). This problemwasknown to be NP-
hardwithoutrangeconstraintsn ~ for all [20].

Several of thesealgorithmsare practical; often they arebasedon
simplelinearprograms.

2. EMBEDDING WITH
ANGLE INFORMATION

This sectionconsiderembeddinga graphwith givenedgelengths
up to multiplicative error and given angleswith additive error, in

, ,and . We considerseveral possibleanglespeci cations
in the next section,andreduceto the casethatwe know theangle
betweerevery edgeandone x ededge.

2.1 Different Typesof Angle Information

LEMMA 1. Givena completggraph,andgivenanglesbetween
pairs of incidentedges eat with (one-sidedor two-sided)addi-
tive error at most , we can computethe angle of every edge with
respecto a particular edge with additiveerror at most
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Figure 1. Feasible region of a point with respectto given the
distance within a multiplicative and given the angle to the axis
within an additive

andcall it the axis. To estimatethe
with respecto the axis,we considerthe

Proof: Fix oneedge
angleof anedge

angles and . If theangleswereexact, the
angleof with respecto wouldbe (mod-
ulo ). With additive error, the errorsin accumulateo

atmostdoublein theworstcase.

LEMMA 2. Givena geneal graph, and anglesbetweenpairs
of incidentedgesead with (one-sidedr two-sided)additiveerror
at most , we cancomputethe angleof every edge with respecto
a particular edge with additiveerror at most whee is
thediameterof the graph.

Proof: Similarto Lemmal, exceptnon we mustcombineangles
alonga path , which might have lengthup to ,
andthereforeinvolvesat most angles.

This lemmais the bestwe canobtainin theworstcase.We can
of courseimprove the anglesestimateshy e.g.choosing to
be maximally central,computingshortestpaths,etc. If the errors
areknown to be independenandrandomlydistributedwith mean

0, theerroris " with high probability

2.2 Algorithm

Our algorithmsetsup a constrainfprogramfor nding the coordi-
natesof eachvertex. The straightforvard setupis noncowex and
dif cult to compute We relaxthe problemto bea convex program
atthecostof someerror We furtherrelaxtheproblemto bealinear
programat the costof additionalerror

The basicoptimization problemhasthe following constraints.

The distanceand angleinformation of an edge speci esa
(noncomwex) feasibleregionfor givena proposedocationfor
SeeFigurel. If weknow both and , ourgoalisto nd afeasible
solution. If only oneof theseerror parameterge.g., ) is known,
ourobjective functionis to minimizetheothererrorparamete(e.g.,

). If neithererrorparameteis known, we cansolve thebicriterion
versionof the problemby minimizing oneerror parameteandbi-
narysearchingntheother

We canrelaxthefeasibleregionto be corvex by takingthe con-
vex hull. More preciselywe addoneedge to cutoff theinner
arcof theregion; seeFigure 1. This relaxationproducesa convex
program.Themaximumpossibleerroris obtainedvhen is placed
atthemidpointbetween and . Thenthedistancebetween and
is timestheinputdistancebetween and . Wecantransform
this contractioninto an expansionby multiplying all distancesy

. Thus,themaximumexpansions at most ,
proving thefollowing theorem:

THEOREM 1. Givenagraph,giventhelengthof ead edge with
multiplicativeerror , and giventhe angle of every edge with re-
spectto a particular edge with additiveerror , wecancomputen
polynomialtimean embeddingvith anglesof maximurradditive
error anddistance®f maximunrelativeerror

We canfurtherrelaxthefeasibleregionto bepiecavise-linearby
approximatinghe uniquearcof theregion with a polygonalchain.
If weuse segmentsn aregularchain,themaximumex-
pansiorfactorof adistances . By incorporating
the expansionfactorfrom the previous theoremaswell, we obtain
thefollowing theorem:

THEOREM 2. Givenagraph,giventhelengthof ead edge with
multiplicativeerror , and giventhe angle of every edge with re-
spectto a particular edge with additiveerror , wecancomputen
polynomialtimean embeddingvith anglesof maximurradditive
error anddistance®f maximunrelativeerror

2.3 More Typesof Angle Information

For embeddingnto , we needadditionalinformationaboutthe
global rotation of the graph. More precisely we needto know,
for eachedge , thequadrantof with respecto . In other
words, we needto knaw the two high-orderbits of the angleof
eachedge with respecto the axis,i.e., whetherthis angle
isin , , , or . Because
of our additive angleerrors,we may not know to which quadrant
anedgebelongs;n this casewe would like to know thatthe edge
is borderlinebetweertwo particularquadrants.

If ourinput speci esanglesof edgeswith respecto the axis,
we aredone. For othertypesof input, we canapply the following
reductions:

LEMMA 3. Givena graph, givenanglesbetweenpairs of in-
cidentedges eat with (one-sidedor two-sided)additive error at
most , andgiventheangleof oneedge relativeto the axiswith
the sameadditive error, we can computethe angle of every edge
with respecto the axiswith additiveerror at most

Proof: Apply Lemmaz2 relative to the edgefor whichwe know the
anglewith respecto the axis,andtranslateusingthis angle.

LEMMA 4. Givena graph, and givenanglesbetweerpairs of
incidentedgesead with (one-sidedbr two-sided)additiveerror at
most , wecancomputea family of possibleassignments
of anglesrelativeto the axiswith additiveerror at most

Proof: Apply Lemmaz2 to obtainanglesrelative to anedge , and
then“guess”the angleof the axiswith respecto amongthe
anglesof theform ,
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Figure 2. Feasible region of a point with respectto given the
distance within a multiplicative and given the angle to the axis
within an additive

2.4 Algorithm

We canadaptthe algorithmto an  algorithmasfollows. The
corvex programand linear programare the sameas before; the
only differenceis the shapeof thefeasibleregionof  with respect
to . Foranedge thatis known to bein aparticularquadrant,
theregion is a trapezoidasshavn in Figure2(a). In this case the
regionis alreadycorvex andpolygonal,andwe nd anembedding
with no errorbeyondthe optimaldistortion.

The dif cult caseis whenthe edge straddlestwo quad-
rants,i.e., is almostparallelto a coordinateaxis. SeeFigure2(b).
In this casethe angularwedgeintersectdwo sidesof the  circle
around , andtheregion becomes noncowex "V'. As before,we
corvexify thisregionby closingthemouthof the V'. Theresulting
region is alsopolygonal,sowe canapplylinearprogramming.

Theworst-caserrorarisesvhen is exactlyparalleltoaco-
ordinateaxis. Thenthe smallestdistancebetween andarelaxed
positionfor is timestheinputdistancebe-
tween and . Againwe cantransformthis contractioninto anex-
pansiorby multiplying all distance®y ,
andthemaximumexpansionis atmost

THEOREM 3. Givenacompletegraph,giventhelengthof eac
edge with multiplicativeerror , andgiventheangleof everyedge
with respectothe axiswith additiveerror , wecancomputdan
polynomialtimean embeddingvith anglesof maximurradditive
error anddistance®f maximunrelativeerror

If we aregiventheapproximateanglesbetweerincidentpairsof
edgesandtheapproximateanglebetweeroneedgeandthe axis,
thenwe canapply this theoremin combinationwith Lemmag3. If
we arejust giventhe approximateanglesbetweerincidentpairsof
edgeswe canconsiderall “combinatorialrotations”with respect
to the axis, and extract whethereachedgeis roughly horizon-
tal, roughly vertical, or substantiallywithin one of the four quad-
rants. This partial informationincreaseshe region error for near
horizontalandnearverticaledgesanddoesnot presere theangle
for all otheredgeshbut will approximatelypresere distancesn the
resultingembedding.

2.5 Extensionto

We candirectly adaptthe  algorithmtoan  algorithm. If we
rotatean  inputby , andscaleby afactorof ~in each
dimensionthenwe obtainan“identical” input. Thetwo inputs
areidenticalin thesensahatthe  distancebetweenary pair of
pointsinthe  inputis equaltothe distancebetweerthatpair
inthe input. Thus,we canapplythe embeddinglgorithmto
the input, andthenundothe transformationandwe obtainan

embeddingfan  input.

2.6 Extensionto Higher Dimensions

Ourembeddinglgorithmsextendto dimensiondor x ed . The

input nov becomesghe approximatdengthof every edgeandthe

approximateangleof every edgewith respecto every coordinate
axis. (Lemmas3 and4 canno longerobtainthis informationfrom

just the anglesbetweenpairs of edges.) Theseanglesdetermine,
for eachedge , aconewith origin at specifyingtheregion

of thatsatis esthe angularconstraints.The approximatdength
informationintersectghis conewith a ball andthe complemenbf

aball (a higherdimensionabnnulus)theresultingfeasibleregion

for with respecto is noncowex asbefore.Therestof thealgo-
rithm proceedsasbefore;the error boundsfrom convexifying and
polyhedralifyingthe feasibleregionsgrow with . In theend,we
obtaina constant-&ctor approximation,wherethe approximation
factordependon , ,and .

3. ADDITIVE EMBEDDING
INTO THE PLANE

In this sectionwe describean -approximatealgorithmfor em-
beddingametricinto  thatminimizes(approximatelythe addi-
tive error Thealgorithmassumeshatthe minimum additive error

is known. In fact, knowving a constant-&ctor approximationto



is goodenough. This assumptiorcan be satis ed in a standard
way by trying out several valuesof of the form diameter
for . We alsoassumehattheratio of the diameterof

to is boundedby , calledthe spread of the metric. For

simplicity, we assumehatwe knon  exactly, andwithout lossof
generalitywe assumehat

The algorithmrunsin polynomialtime given the extremumor-
acle. By exhaustve enumeratiorof the possibleoracleanswers,
it can be corverted to a standardalgorithm with running time

denotesa ball of radius
denoteghering (or annulus)

We usethe following notation.
aroundpoint .

In the rst step,thealgorithmguesseshe diametempair (i.e.,we

run copiesof thealgorithmfor eachpair of points).Denote
thediametemairsby and . By rotation,we canassume
and . Considerary otherpoint . Let

(in thefollowing, we
will simply referto thissetas ). Clearly, mustlie in the set
. At the sametime, is “narron”, i.e., thereis avalue so
that is containedn the strip , for some
constant . Thus,if we x the -coordinatef theimagesof
to ,thenthereexistsanembedding that , whose
additive erroris atmost . In addition,we requirethat is
amultiple of (i.e.,anintegerif ); thisincreaseshe additive
errorby atmost . Thegoalof theremainingpartof the algorithm
isto nd amapping with at mostthe errorof , assumingwve
know for all . For simplicity, we will assume
thatall -coordinatesredifferent;this canbeeasilyachievedby a
smallperturbation.

The algorithm is basedon the divide and conquerparadigm.

Firstly, we computethemedian of the -coordinate®f pointsin
. Let bethe setof all points suchthat ,

andlet . The algorithm proceedsy creatingthe
setof constaintson and . The constrainthave two
properties:

They arefeasible,j.e., satis esthem

For ary mapping satisfying those constraints,we have
, for all , ;

here isacertain x edconstant.

Thisallowsusto compute and (enforcingthecon-
straints)recursvely andindependentlyrom eachother

The constraintsareof theform “ ", where is
a nite setof intenals. They areconstructedsfollows. For ,

de ne sif ,de ne .
For each , the algorithm queriesthe extremumoracleto obtain
the point , , suchthat is maximal.
Similarly, the algorithmobtains . In addition,the algorithm
obtainsthevalues and for each .

The oracles answerscan be implementedby exploting all
choicesof theguessedariables.Thetotal numberof suchchoices

is boundedby , sincethereare at most different
potentialvaluesof coordinate®f

After makingthe guessesthe algorithmimposesthe following
new constraintsfor each , , and

“ ”

if , then* "

“

", notethatthelattercon-
dition canbe expressedisarestrictionon

As mentionedabove, after imposingthe constraints the algo-
rithm recursesto nd and independently At the
leaf level of recursion(i.e., whenwe aregiven only onepoint ),
the algorithmsets to beanarbitrary coordinatesatisfying
all constraintdif it exists).

The claimedboundfor the runningtime follows from the

recursion ]. Notethatif we
could computethe oracles answersn polynomialtime, our algo-
rithm would have polynomialrunningtime aswell.

It is easyto seethat the constraintsimposedat all stagesare
consistentvith . It remaingo shaw that,after and
satisfyingthe constraintarefound, thenwe have

,forall , . Thisis doneviathefollowing
two claims.
CLAIM 1. Considerany two points and
, sudh that . De ne and
Then, for any ther exists sud that

for a xed constant .

The interpretation(and usage)of this claim is asfollows. Con-

siderthe points and asabove, andassumehat

, , and , , suchthatit is not the case
that (we will take careof this caselater). In the
proceduredescribedabore, we imposeconstraintson of the
form , for

However, it will be more cornvenientto consider
a different constraint,namely , Where

, sincein this way and have thesame -
coordinate,which will be usedin the next claim. However, we
do not know , SO we cannotimposethe secondconstraint
explicitely. Fortunately the above claim guaranteeshat the lat-
ter constraintis implied by the former Note thatthe assumption

is satis ed by theconstructiorof theintenals

Proof (of Claim 1): Without loss of generalitywe can assume
that is nonempty In addition, we assumethat
it consistsof two disconnectedomponentgif it consistsof only
onecomponentthe proofis similar). Denotethe uppercomponent

(with highervaluesof -coordinatespy . Let
, . Notethat ,

and . By symmetryit sufces to ensurethat

De ne . Considerary . We
needto shaw (1) and(2)

or . First,

. Second, .

By pluggingin theexpressiongor , andthen ,weobtain
equialently
which simpli es to

Because , , and(by the assump-
tion) and , it follows that the last expressionis
satis edif . This provestheclaim.

Now we needthe secondclaim.
Considerthefollowing con guration of points ,



Forary , , , ,denetwosets:

CLAIM 2. The difference
is at most

Notethatthis impliesthatfor ary points , that

satisfytheimposedconstraintswe have
. To shaw that, considertwo casesLet ,

Casel: . Let and

f for
largerthan,say , thenthe statemenftollows. Otherwise jf
, thenfor ary , theset

hasconstantdiameter Thusthe statemenagainfollows.
Case2: By Claim 1 we canassumehatthe points
(aswell as ) have thesame coordinates.Thenwe
applyClaim 2.

Proof (of Claim 2): Let ,
beary two pointssuchthat

| |
|
Similarly, let C? O
, beary two pointssuch l O
that Q O
Withoutlossof generalitywe can O !
assumehat . : Q
Notethatif thenby con- ! !
sidering we get ! !
andwecancon-
sideronly the casewhen Figure 3. lllustration of
Also, if by increasing the proof.
we decrease sowe canas-
sume

It is easyto seethataslong as we canincrease
anddecrease suchthat and will continueto belongto
Therefore without loss of generalitywe canassume and

Similarly, we applythesamedeato and : wenotethat
andby decreasing , we canassumeéhat and
. It is easyto seethatin this case(seeFigure3)
we have

4. EMBEDDING WITH ORDER TYPE

In this section,we considerthe modelin which we are given all
distancesn , andin additionorder typeof the pointsor in other
wordsorientationsof all triples. Hereorientationsof threepoints

, ,and isatriple which sayswe seethesepointsin
this orderin triangle , whenwe startfrom andturn clock-
wise. In fact, we presenthe algorithmwhenwe have orientations
of all triples, however we relax the condition suchthat knowing
only orientationsof all tripleswhich have a point in commonis
sufcient (i.e.,knowing orientationgnsteadof ones.)in
fact, knowing this informationis equivalentto knowing the order
of pointsaroundpoint accordingo theirangleswith a x edaxis.
In addition,we assumehatthe givenorientationsarerobust

DEFINITION 1. Asetoforientationsis called -totally robustif
perturbingthe and coodinatesof all pointsby at most does
not change the given orientations. A setof orientationsis called

-rohustif perturbingthe and coomdinatesof a singlepoint by
atmost doesnot change the orientations.

We notethatrobustnesss wealerthantotally robustnessHowever,
Lemma4 shavs totally robustnesandrobustnessreequivalentup
to aconstanfactor

LEMMA 5. If a setof orientationsis  -robust, thenit is -

totally robust.

Proof: Onecaneasily obsere thatif the setof orientationsare
not totally robust, thereshouldexist a situationin which a point
passes line segmentbetween and . Sincethe total movement
in suchasituationis atmost , onecan x and andjustper
turb by andstill changeghe orientations.Thuswe reachto a
contradiction.

In therestof the proof, we mainly usetotally robustness How-
ever sinceby Lemmabs totally robustnessanbe furtherrelaxedto
robustnessy losing a constantfactor we usethesewordsinter
changeablyThe maintheoremof this sectionis asfollows:

THEOREM 4. Givenacompletegraph,giventhelengthof eac
edee with additiveerror , andgivena setof  -robustorienta-
tions of every setof three points, we can computein polynomial
timean embeddingwith additive distortion  for somecon-
stant .

By settingthe robustnesshigh enough,we can guaranteethat
our embeddingsatis esall speci ed orientationconstraints. Also,
our proof usesthe orientationsof only one point with respectto
all otherpoints. Thus,knowing only the orientationsof all triples
involving acommonpointis sufcient.

Proof: We extendthealgorithmof Badoiu[3] for embeddingn
Similarto [3], weguess by binarysearctandthuswe canassume
thatwe knowv . Next we shav how to guessthe coordinates
within a constanfactorof , whichis enoughfor this result. The
main idea of this stepis thatwe rst guess and denotingthe

diameterand without loss of generalitywe take and
. For ary otherpoint ,let  betheintersection

of theannulusbetweerballs of radius and

around andthe annulusbetweenballs of radius and

around . Onecaneasilyobserethat shouldlie in

andthe -coordinate®f pointsin arecontainedn theintenal
of for someconstant . (Intuitively,
region is narrav since and form a diameterandthe worst
casehappensvhen and and and alsoform diameters.)rhis
stepis similar to a stepin Section3 andin analgorithmof Badoiu
[3]. Now by xing , we have theadditive errorat most

. In therestof the algorithm,we x these -coordinatesand
assumehatthey areall distinct(otherwiseperturbthemabit), and
thenwe try to obtainthe coordinateof the points. Also, since
orientationsarerobust, xing the -coordinateslosenotpreventus
to useorientationgo obtainthe -coordinates.

Having the coordinatesve will nd
suchthat

for eachpoint ,
. We notethat here
since coordinatesire x ed, cantake at mosttwo
intervals (which dependsvhether or not.) Our nal
goalis to obtainthe coordinatedy settingup alinearprogram.

First, we de ne a graphwhosevertex setis the setof points
asfollows. We connect and by a strong edee if



. Also, we connecttwo points and
by a weakedg if thereexists and in the sameconnected
componengas of strongedgesand is notin thesameconnected
componentas and and
. The setof edgesof s the union of
all strongandweakedges.We sayanedge is orientedup
if and . Similarly, we sayan edge
is orienteddownif and . The
proofof thefollowing lemmass very similarto Claims4.1and4.2
of Badoiu[3] andhenceomitted.

LEMMA 6. No two connecteccomponent®f  overlap, i.e.,
there is a vertical line not passingthroughany givenpointsthat
sepaatestheverticesof the r stcomponenfromtheverticesof the
seconccomponent.

LEMMA 7. If we x the orientationof an edge of , we can
uniquelydeterminethe orientationof all other edgesin the same
connectedomponents.

Onecaneasilyobsere thatif thereis no strongedgebetween
two points and , the distancealreadygiven by
is goodenoughfor a  -approximation.Thenwe canaddthe con-
straint , whichis equivalentto

to male surethattheerroris nottoo much.In addition,for anedge
which s orientedup and , we have
this linearconstrainton

or equivalently

We have a similar relationif is orienteddown.

Now, usingLemmas6 and7 andthe descriptionabose we can
obtaina -approximatiorsolutionfor the problem,if ~ hasonly
oneconnectedcomponentHowever if thereareseveralconnected
components,each connectedcomponentcan be oriented up or
down andthenthe numberof casescan be exponential. For this
case,we usethe given orientations. We note that sincethe ori-
entationsare  -robust (andthus -totally robustby Lemmab),
andwe guessedhe and coordinatesvithin some errorfor

, still we canusethe orientations.Without lossof gener
ality, we canassumehe left-mostcomponents orientedup. Now
considerapoint in this componentWe shav thatfor eachother
component , usingorientationswe candeterminewhether is
orientedup or down. Considera strongedge (there
shouldexist sucha strongedge,sinceotherwise hasonly one
point andits orientationis trivial.). Sincethereis no strongedge
between and , it meanssegment and is almosthorizontal
(seethe de nition of strongedges). Using this propertyand the
factthat is astrongedgeandalso,we know the orientations
of threepoints , we candeterminethe orientationof
andthusthe orientationof the whole component . Thus, xing

theorientationof theleftmostcomponentve candetermineheori-
entationof all edgesf othercomponentsFinally, by settingupthe
following LP, we obtainthe desiredapproximatiorembedding.

if is orientedup and

if is orienteddown and

5. EMBEDDING WITH
DISTRIBUTION INFORMA TION

In this section we consider embeddingmethodsfor complete
graphswith given edgelengthsthat are chosenat randomfrom
certaindistribution. In particular we shov a polynomial-timeal-
gorithmthat nds anembedding into  under suchthatthe
additive distortionof is within a constantfactor avay from the
“designed”distortion.

The given edgelengths is chosenvia the following random
processLet beaset, ,and bethe“designedlistortion”.
We rst choosethe “designedoptimal embedding”

. Thisis doneby choosing , , to beapoint cho-

senat randomfrom a uniform distribution over . Then,
each is chosersuchthat .
Notethat providesanembeddingf into thathas

anadditive distortion . Thegoalof thealgorithmis: given
nd anembedding suchthattheadditive distortionof is

THEOREM 5. Theris a polynomialtime algorithmthat, given
a completegraphwith edge lengthsconstructedasabove, nds an
embedding thathasanadditivedistortionof with probabil-
ity ,aslongas ~ . Thealgorithmis determin-
istic; the probability is taken over the spaceof mappings

Let besuchthat and . Thealgorithm
usegthe“triangulation” approach:
1. Foreachsequence do:
(a) Assign
(b) For each , choose to be

anarbitrarypointin theregion

where isanannuluscenteredat , with inner
radius andouterradius f is empty
ignorethe (incomplete)embedding.



2. Reporttheembeddingvith the smallestadditive distortion
Thefollowing claimfollows from basiccalculations.

CLAIM 3. With probability
sub-squagsof
some

, ead of the four
thatead touchesa cornerof contain for

Fromthe claimit follows that, with probability , there
exist with theabove property Consideithe casewhenthe
algorithmchooseshatsetof points(step(1) of thecode).It follows
that,if wemodify into by performingtheassignmenasin step
(a) of thealgorithm,then hasdistortionat most ~ . This
impliesthat,in this caseall regions arenon-empty

It sufces to shaw thatthediameteof eachset is
Considerary .

The following claim follows from the agumentasin the proof
of Theoremd.

sud that
is contained

CLAIM 4. Considerany and
. Theset
in a strip of width

Recall that is an intersectionof four annuli. By applying
Claim 4 to annuliaroundpoints and , we concludethat
is containedn a vertical strip of width . Inthesame
way, we concludethat  is containedn ain horizontalstrip of the
samewidth. It follows thatthatthe diameterof is as
claimed.

6. EMBEDDING WITH
RANGE GRAPHS

In this sectionwe areinterestedn embeddinga graphwith spec-
i ed edgelengthsinto the line subjectto the following condition.

An embedding of a graph with edge
lengthsspecied by  satis esthe range conditionif, for every
three points , (@) if and ,
, and (b) if ,
preciselyif .

Among all suchembeddingswe will nd onethat minimizesthe
additive distortionwith respecto the speci ed edgelengthson
Part (b) of this de nition will be satis ed provided the difference
betweeradjacentistancesn anearoptimalembeddings at least
the additive distortion.

6.1 The Exact Case

In this subsectiorwe considerembeddingvith zerodistortion:

LEMMA 8. Givenagraph with edge lengthsspeci edby
we can ched in polynomialtime whetherthere is an embedding

that satis esthe range conditionand matdhes  exactly on the
edgesof , andconstructsud anembeddingf it exists.

Proof: Without lossof generalitywe assumethatthe graph is
connected.Let  be the leftmost point in an embedding into
the line that satis esthe conditionsof the lemma. We guess by
enumeratingll possibilities.Without lossof generality has
coordinate . All neighboroof in lie totherightof .Let be
suchaneighbor Let beaneighborof but notaneighborof .
By the rangecondition,we have .
Therefore, andthus . By
traversing in abreadth- rstmannerwe canreconstruct . The
runningtime of our algorithmis

6.2 The Additi ve Err or Case

In this subsectiorwe considerthe casewhenthe optimal embed-
dinghasminimumadditive distortion . We sayanedge
is aforward ede if anda badkward edge if

. We call this distinctionthe orientationof anedge.Notethat
if is aforwardedgethen is abackwardedge.

LEMMA 9. Givenagraph with edge lengthsspeci edby
for whichtherisanembedding thatsatis estherange condition,
and for any two incident edges and in , wecan
determinethe orientation of in  giventhe orientation of

in  usingjust

Proof: Without loss of generality is a forward edgeand
. By part(b) of therangecondition,if

, then mustbe a backward edge.By both partsof the
rangecondition, if or is unknavn, then
mustbeaforwardedge.

THEOREM 6. Givena graph with edge lengthsspeci ed by

, We can constructin polynomialtime an an embedding that
satis es the range condition and matcdes  up to the minimum
possibleadditivedistortionsubjectto therange condition.

Proof: Let beanedgein . Withoutlossof generalitywe
canassume is a forward edge. Lemma9 implies that we
know theorientationof all theincidentedges By applyingthis ar
gumentmultiple times,we candeterminethe orientationof all the
edgeswithin theconnectedomponenbf containing . We can-
not determinethe relative orientationbetweerdifferentconnected
componentsbut this is not necessaryBy placingthe locally em-
beddedconnectedomponent$ar away from eachother theresult-
ing embeddingsatis esthe rangecondition. Knowing the orienta-
tions, we canconstructthe following linear programwhich mini-
mizesadditive distortion:

minimize
subjectto
if is aforwardedge,

if is abackwardedge.

In Section7, we shav thatembeddinga graphwith given edge
lengthsin  and , even using exact distancesand a more re-
strictedform of range-conditionis NP-hard.

7. HARDNESSRESULTS

Saxe [20] provedthatdecidingembeddabilityof agivengraphwith
exact edgelengthsis stronglyNP-hardin  dimensionsfor ary
. IndependentlyYemini[25] proved weak NP-hardnessf
thesameproblemfor with asimplereductionfrom Partition.
Herewe prove weakNP-hardnes$or both and in 2D, even
whenthegraphsatis estheconstant-ange condition two vertices
areconnectedy an edgepreciselywhentheir distanceis at
mosta x edrange . This conditionis a specialcaseof the (vari-
able)range conditionde ned in Section6, andhenceour hardness
resultsapply underthatrestrictionaswell. Oneinterestingfeature
of ourrestrictedform of the problemis thatthe problemis nothard
in 1D, andthusour proofsrequireusto usethe structureof 2D. In
contrastprevious hardnesgroofsstartwith 1D, andthentrivially
extendto higherdimensions.
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Figure 4. Our reduction from Partition to  embedding of a graph
satisfying the constant-range condition. In the reduction, the 's are
much smaller than , and in this drawing, the 's are drawn as .

7.1 Case

THEOREM 7. It is NP-had to decidewhethera given graph
withexact edg lengthsandsatisfyingtheconstant-ange condi-
tion hasan embeddingvith zeio distortion.

Our reductionfrom Partition is sketchedin Figure4. Therange
is , Where is alargenumberto be choserlater. In ary em-
beddingof our graph,all verticeslie roughlyon a squaregrid with
edgelengths . We usestripsof verticesspacedevery
unitsto build rigid barsof length ; thestripsarerigid because
eachvertex canseethe next two verticesin the strips. We useright
isosceledriangleswith edgelengths ,and " toforce
anglesof . All other pairs of verticeshave distanceat least

- , soarenotwithin range.

Foragiveninstance of Partition, we construct
edgestwo with length for each , andforcethemall to
be parallel. We choose large enoughso that .
For eachpair of edgesf length , we alsocreatea pair
of edgesf length |, sothatthe absolutehorizontalshift caused
by thesefour edgess . Eachsuchquadrupleof
edgescanbeindependentlyipped sothatthe shift is either or

. Finally, we addanotherconnectiorbetweerthetwo extreme
edgeswhich forcesthe total shift to be . Thus,a distortion-free

Figure 5. Analogous gadgets for use in Figure 4 for the case.
Here is drawn larger than reality. Dotted edges are present, but
not necessary for rigidity.

embeddingorrespond$o a solutionto Partition andvice versa.

7.2 and Case

We prove the rst hardnessesultaboutembeddingwith exact
or  distances:

THEOREM 8. It is NP-had to decidewhethera given graph
withexact  edgelengths(or equivalentlyexact edge lengths)
andsatisfyingthe constant-ange conditionhasan embeddingvith
zeo distortion.

Theproofis similartothe , exceptthatthegadgetsareslightly
more complicated;seeFigure5. Theradius is nowv exactly
We usea sequencef attached boxesin placeof a strip of
vertices.As before this constructioractsasarigid bar, exceptthat
it canbe ipped. (In Figure5, vertices and canbeswapped.)
To perturba lengthby  from a multiple of , we adda small

box and attachit in the middle of the strip. This box is
in factrigid and cannotbe ipped with respectto its neighbors.
Thus, the constructioncanbe pluggedinto Figure4 andwe have
thetheorem.

8. OPEN PROBLEMS

An important open problemin this areais whetherthereis a
polynomial-timealgorithmfor approximatelyminimizing additive
distortiongiven all pairwisedistancenformationandno extra in-
formation. Our quasipolynomial-timealgorithm is one stepin
this direction. The analogougproblemfor multiplicative distortion
seemsven harder

A generalthemeof our work is to considerthe casein which
we do not know all distances.Anotherapproachfor makingthis
casdractablds to constrairtheconnectvity to somethindessthan

(for the completegraph). For example,what canwe say
about -connectedyraphsfor sufciently large , or -connected
graphgfor ? Thesespecialcaseswill still likely requireextra
information,becaus@venfor thecasewherewe know all pairwise
distanceswe do notknow approximatioralgorithmswithout extra
informationexceptfor  andadditive error[3].

It would seemnaturalto obtain angle estimatesn a graph
“for free” using(approximategdistancesn , by analyzing
triangles in . Therearetwo problemswith this
approach.The rst problemis thattwo vertices in atriangle
may be much closerto eachotherthanto the third vertex , and



the multiplicative errorson distancesllow and to spinaround
eachotherandallow and to have ary angle. This problemcan
be surmountedy assuminghatthe ratio of lengthsbetweenary
two incident edgesis bounded. The second,more seriousprob-
lemis thatit is dif cult to decodethe orientationsof trianglesand
hencehesignsof theanglesusingpurelydistancenformation. We
conjecturethatthis informationcanbe decodedisingdistancesn

, because -connectedyraphshave
uniqgueembedding$14].

Evenwith justdistancanformation,the compleity of oneinter
estingvariationremainsunresoled. Given a graphthatis gener
ically uniquely embeddablein the sensethat almostary assign-
mentof edgeengthsnducesauniqueembeddingcanwe construct
the uniqgueembeddingor almostary assignmenbf edgelengths?
JacksorandJordan[14] recentlyshavedthat,in polynomialtime,
we cantestwhethera graphhasthis property but the proof is not
entirelyconstructve. Anotherexampleof anNP-hardproblemthat
canbe solved in polynomialtime almostalwaysis SubsetSum.
Our hardnesseductionsor embeddingarebasedon SubsetSum,
sothereis hopethatnongenerie@xamplesarethe only obstruction
to polynomial-timealgorithms.
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