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Abstract

We present a pure combinatorial problem whose solutionrahttes max-flow min-cut ratio for
directed multicommodity flows. In addition, this combina&b problem has applications in improving
the approximation factor of the greedy algorithm for the maxm edge disjoint path problem. More
precisely, our upper bound improves the approximatiorofaair this problem taD(n?/4).

1 Introduction

Leighton and Rao [5] first introduced a relation between minn sparsest cut and maximum concurrent
multicommodity flow in undirected graphs. This relation bagn used to develop novel tools for designing
divide-and-conquer approximation algorithms for NP-cteteproblems on undirected graphs (See Shmoys
[7] for a survey). The directed variant of the problem appeaauch harder (e.qg., it is NP-hard for= 2,

the case which can be solved in polynomial time in undiregteghhs). Despite persistent research efforts,
the current bounds for directed graphs are weak. To statbdtwed, we need to define the problem more
precisely. In a given directed grajh, with capacities on edges together with a listca§ource-sink pairs
of vertices calledcommodities we want to find a cut of minimum capacity called a minimamulticut
whose removal disconnects all source-sink pairs. In a tagerk, Saks et al. [6] construct a family &f
commodity networks, for alk ande > 0, where the minimum multicut to maximum sum multicommodity
flow ratio is no less thaik — ¢, in contrast with theD(log k) upper bound in the undirected case [5] (an
upper bound: is trivial.) However, in this instance, the number of veztids exponential itk. Cheriyan et

al. [2] obtain the upper boun@(+/n log k) for this ratio which is further improved t0(,/n) by Gupta [3].
However, still there is a big gap between the lower boflbg ) and the upper bounehin{O(\/n), k}.

In this paper, we mainly focus on distinguishing betweerylpgi(n) andn® for the max-flow min-cut
ratio in directed graphs which is indeed the integrality ghan LP. To this end, we introduce a pure combi-
natorial problem whose solution determines this ratio.dditon, we demonstrate how this combinatorial
problem has applications in improving the approximatioctda of the greedy algorithm for the maximum
edge disjoint pattproblem (EDP) on directed graphs in which given a gréphnd a set/ of £ source-
sink pairs, our objective is to connect a maximum number e$¢hpairs via edge-disjoint paths. Our upper
bound improves the approximation factor for this probleosnfrO(n*/5) [1] to O(n3/*). Guruswami et
al [4] showed that it is NP-hard to approximate EDP in dirddeaphs within arﬂ(nl/z‘ﬁ) factor for every
fixede > 0.

2 Cutting Far Pairs

In this paper, we consider a more convenient formulatiomefmulticut problem as follows. Given a set of
pairs7 = {(s1,t1),-.., (sk, tx)}, we want to pick a sef’ of vertices such that in the remaining graph there
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is no path froms; to t;, 1 < i < k. We note thaty, t1, ..., sk, tx can belong ta”. The LP relaxation for
this problem is as follows (below by dists;, t;), we mean the length of the shortest path frarno ¢; when
vertex-weights are,’s):

F = minimize Z T 1)
veV
subjectto Vi € {1,--- ,k} dist,(s;,t;) > 1
YoeV T, =0

The above LP is the dual of maximum sum multicommodity flow imak the goal is to maximize the
sum of flows from sources to the corresponding sinks suchtlieatiotal flow passing through each vertex
is at most one. Indeed, the integrality ratio of this LP istiex-flow min-cut ratio, which we discussed in
Section 1.

We are now ready to introduce our combinatorial problem. Théing Far Pairs (CFP)problem is
defined as follows. Let7(V, E') be a simple unit-capacity directed graph andZldve the set of all source-
sink pairs for which the distance i@ from each source to the corresponding sink is at Ikagthat is the
size of the smallest vertex-cut in termsrofind! that separates all pairs i?*

The next theorem shows how the CFP problem captures thedssdifithe integrality gap of LP (1).

Theorem 2.1. If there exists a graph for which any solution to CFP igIf(%)'**) for somel = O(n'~¢)
wherea, € > 0, then the integrality gap of LP (1) is ifR(n*). On the other hand, if the solution to CFP
for every graph; and for alll is in O(7polylog(n)), then the integrality gap of LP (1) is i@ (polylog(n)).

Proof. The first part is easy. Consider the graph instaGcenentioned in the statement of the theorem.
Suppose we set, = 1/ for eachv € V(G). Since this is a feasible solution to LP (1), we hdve< 7.
Since the integer solution is i((%)'*%), by settingl = O(n'~¢), the integrality gap is if2(n<*), as
desired.

We now consider the second part. Consider a solutioo LP (1). Suppose that for eache V(G),

we round upz, to the nearest multiple af—!. After this rounding process, we have a feasible solution

2/ such thatw is at mostl +nl = 2 (since F > 1). Now, in order, for each vertex with

xl, = 0 first we deletev from the graph and then for each pair of edgesv), (v, w) € E(G), we add an
edge(u,w) to the new graph and call the new gragh Also, if v was a source in a paiw,t) (a sink
in a pair (s, v)), we omit this pair and instead we add all pa(ts, ¢) ((s,w)) for which (v,w) € E(G)
((w,v) € E(G)) and there is a path fromv to ¢ (s to w) in G. Finally, for each vertex» which has
z!, > 0, we replacev by a path of length! /n=! (recall thatz’, is a multiple ofn=1). Call the new graph
G”. In the new graph we consider all pairs for which their disemith respect ta: is at leastl and
thus their distance i&:” is at leastn. Every cut of our new instance corresponds to a cut in thenalig
graphd. Also, ZUGV(G) z! = |V(G")|n~. By our assumption, we can cut all the far pairs by at most
O(—‘V(S””ponIog(\V(G”)\)) = O(—'V(S”)‘polylog(n)) vertices (V(G")| is at mostn?). Since this cut
[V (c")| n
corresponds to a cut in the original graghthe integrality gap of LP (1) is at mo&t(—= pglylog( ))
V(G| "
L polylogqv(a)
O( ZUGV(G) z,

) = O(polylog(n)) as desired. O

One can easily observe that if we have an instance for the @titepn with solution ir2((%)*) for
any lengthl’ = O(n'~¢), then by subdividing nodes as we did in the proof of Theoreln\@e can obtain

1The edge-cut version of CFP has been studied by Chekuri andriéh[1].



an instance fot = ©(n'~¢) with solution inQ((%)'*<). Thus this observation and Theorem 2.1 implicitly
say that the hardest case of CFP is the case in whiel® (n'~¢).

The next theorem shows how we can obtain an upper bdl{rijé) for the CFP problem.

Theorem 2.2. For any length/, the CFP problem has a solution of size@ﬁ?—;).

Proof. Here, we show that there exists a vertex-Cubf the desired size. First we initiaté with an empty
set. Then we add vertices € during a number of iterations. In the beginning of ittle iteration, if there
exists nos; — t; path in the residual grapfi (G will be updated after each iteration) whefeandt; consist

of a far pair in the original graph, we are done. Otherwiseoskaa far paifs, ¢) for which there exists a
path fromstotin G. Remove all vertices of G for which there exists no (simple) directed- t-path which
goes throughy. We call the remaining grapfi’. We now do a breadth-first search fronin graphG’ and
call the vertices at distanédrom s layer L;. Alsowe letX = L;ULyU- - -UL%, Y = LéHuLgu- . 'UL%
andZ = V(G') — X — Z. AssumelY'| = ¢;. Since the layers are disjoint, there exists a layer of size a
most% in Y. We add vertices of such a layer@band remove them froré. Clearly after the termination
of the algorithm, se€ is a directed multicut. We show tha®/| is in O(n?/1?). Let k' be the total number
of iterations of our algorithm. We double-count the numbefaob)-pairs inG for which there exists a path
from @ to b in G. This number is at mosi2. On the other hand, consider tfth iteration and a vertex
v € Y. After cutting the layer withinY’, either there is no path from to ¢, or there exists no path from
s to v. We consider the former case and the latter case has a veitgrsamalysis. We know that before
cutting, there is a (simple) path from s; to ¢; which goes through. Thus there are at least3 vertices

of path P in Z to which there were paths from but now there is no path. Similarly, in the latter case,
if there exists no path from to v, there ard /3 vertices inX from which there exists no path tonow,
but it was before. Thus faf; vertices inY’, we separate at Iea%? pairs of vertices that were connected

before thejth iteration. We now observe that the total number of vestiog”' is at mostzg?':1 3% subject
to E?’zl ‘%l < n2. In this case the maximum size [df| is in O(n?/1?) as desired. O

We note that in the proof of Theorem 2.2, the ratio of the nunab@airs which are disconnected (i.e.,
li?j) to the deleted vertices (i.6¢; /1), which can be considered as a notiorefffciency is in O(I?) which
is tight for some graphs (e.g., consider a souresd a sink among which there are/! disjoint paths of
length/ directed froms to ¢t and there are no more edges in the graph).

The main remaining open problem is closing the gap betweerritrial lower boundO(n/l) and the
upper bound)(n?/i?) in the worst case of the CFP problem.

Finally, it is worth mentioning that by the same method of diteen 2.2, we can improve the approxima-
tion factor of the EDP problem (see the definition in the idtration) fromO(n*/°) [1] to O(n3/*). Since
the submission date of this note, ad{n?/%) approximation factor has been improved¢n?/3 log?/> n)
by Varadarajan and Venkataraman 8]

Theorem 2.3. There exists am(n3/ 4)-approximation algorithm for the edge disjoint path prabl¢EDP)
in directed graphs.

Proof. The algorithm is a simple greedy algorithm which considées ghortest path length for each un-
routed pair(s;, t;) € 7 and connects a pair with minimum shortest path length vishitstest path.

The O(n3/4) approximation factor for the above algorithm can be obthibg plugging Lemma 2.4
below into the analysis of Chekuri and Khanna [1] (Lemma &.dn improvement to their Theorem 3.2).

2\aradarajan and Venkataraman [8] refer to our paper as éopiework.



Lemma2.4. LetG(V, E) be a simple unweighted directed graph andZebe the collection of all source-
sink pairs such that the distance din from each source to its corresponding sink is at ldasthen there
exists an edge-cut of sizeO(n?/i3) that separates all pairs iff .

Proof. The proof is essentially the same as that of Theorem 2.2 \withdifference that here we want
to delete edges instead of vertices to separate far pairspafition the layers defined in the proof of
Theorem 2.2 into blocks of two adjacent layers each suchtligaith block B; consists of vertices in the
layersLo; 11 and Ly;+o. Now in each iteration we add all edges within a block with imimm number of

2
vertices inY to the edge-cut 2 (the number of edges within this block is at mggﬁ since the number
of vertices in this block is at moq% 4). We can observe that the total number of edge€'iis at most

’ 2 . ’ ) . ..
> T subject toe; < n and>"*¥_, %' < n? We see thaC'| is maximized whemin{3n/, k'} of ¢;'s
aren and the rest are zero. In this caé8 is in O(n?/I3) as desired. O

O
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Swithout loss of generality, we assume thas divisible by6, since otherwise we can decredd® at most to obtain such a
property.

“Note that we could just remove all the edges going from thelfiser to the second layer of a block instead of removing all
the edges within the block. Here, we do not necessarily nlbkes best constants on desired bounds.
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