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Abstract

Thek-forest problenis a common generalization of both tkeMSTand thedensek-subgraphproblems.
Formally, given a metric space anverticesV, with m demand pairs V  V and a “targetk m,
the goal is to rbd argn_inimum cost subgraph that connexttieastk demand pairs. In this paper, we
give anO(minf" n; kg)-approximation algorithm fok-forest, improving on the previous best ratio
of O(n**logn) by Segev & SegeV [SS06].

We then apply our algorithm fdk-forest to obtain approximation algorithms for sevebél-a-Ride
problems. The basic Dial-a-Ride problem is the followingveg ann point metric space withm
objects each with its own source and destination, and a leehapable of carryingt mostk ob-
jects at any time, nd the minimum length tour that uses théhicle to move each object from its
source to destination. We prove that arapproximation algorithm for th&-forest problem implies
anO( . log3n)-approximation algorithm for Dial-a-Ride. Using our resulor k-forest, we get an
O(minf P n; kg log? n)-@pproximation algorithm for Dial-a-Ride. The only preusresult known
for Dial-a-Ride was arO(' k logn)-approximation by Charikar & Raghavachari [CR98]; our tesu
give a different proof of a similar approximation guarantde fact, when the vehicle capacity is
large, we give a slight improvement on their results.

The reduction from Dial-a-Ride to thle-forest problem is fairly robust, and allows us to obtain ap-
proximation algorithms (with the same guarantee) for tHeWing generalizations: (i) Non-uniform
Dial-a-Ride, where the cost of traversing each edge is atranpnon-decreasing function of the num-
ber of objects in the vehicle; and (ii) Weighted Dial-a-Ridéhere demands are allowed to have dif-
ferent weights. The reduction is essential, as it is undiear to extend the techniques of Charikar &
Raghavachari to these Dial-a-Ride generalizations.

1 Introduction

In the Steiner forest problem, we are given a set of verteésspand the goal is to nd a forest such that
each vertex pair lies in the same tree in the forest. This isrem@lization of the Steiner tree problem,
where all the pairs contain a common vertex called the rooth bhe tree and forest versions are well-
understood fundamental problems in network design [AKRS¥92]. An important extension of the
Steiner tree problem studied in the late 1990s waskWST problem, where one sought the least-cost
tree that connected arkyof the terminals: several approximations algorithms wevergfor the problem,
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culminating in the2-approximation of Garg [Gar05]; tHeMST problem proved crucial in many subsequent
developments in network design and vehicle routing [CGRTI3R03, BCK 03, BBCM04]. One can
analogously de ne thd&-forest problem where one needs to conmauy k of the pairsin some Steiner
forest instance: surprisingly, very little is known abohistproblem, which was rst studied formally as
recently as last year [HJ06, SS06]. In this paper, we givenpler and improved approximation algorithm
for the k-forest problem.

Moreover, just like thé&-MST variant, thek-forest problem seems to be useful in applications to nétwor
design and vehicle routing. In the second half of the paperskow a (somewhat surprising) reduction of
a well-studied vehicle routing problem called the Dial-adRproblem to thé-forest problem. In the Dial-
a-Ride problem, we are given a metric space with people basturces and destinations, and a bus of
some capacitk; the goal is to nd a route for this bus so that each person @taken from her source
to destination without exceeding the capacity of the buswtint, such that the length of the bus route
is minimized. We show how the results for tkeforest problem slightly improve upon existing results for
the Dial-a-Ride problem; in fact, they give the rst appnmdtion algorithms for some generalizations of
Dial-a-Ride which do not seem amenable to previous teclesiqu

1.1 Thek-Forest Problem

Our starting point is th&-forest problem, which generalizes both theMST and the densk-subgraph
problems.

De nition 1 (The k-Forest Problem) Given ann-vertex metric spacéV;d), anddemandd s;; t;g;
V V, nd the least-cost subgraph that connects at Idasiemand-pairs.

Note that thek-forest problem is a generalization of the (minimizatiomsien of the) well-studied dende-
subgraph problem, for which nothing better tharG(m=3 ) approximation is known. Thie-forest prob-
lemwas rstde nedin [HJO06], and the rst non-trivial appramation was given by Segev and Segev [SS06],
who gave an algorithm with an approximation guarante® @2 log n) for &ge che whek = O(poly(n)).
We improve the approximation guarantee of khforest problem t@(minf™ n;  kg); formally, we prove
the following theorem in Section 2.

Theorem 2 (Approximating k-forest) There is anO(minf P n %; P kg)-approximation algorithm for
the k-forest probIerB._Fﬁr_the case whémnis less than a polynomial in, the approximation guarantee
improves tadO(minf" n; kg).

Apart from giving an improved approximation guarantee, algorithm for thek-forest problem is
arguably simpler and more direct than that of [SS06] (whiklvased on Lagrangian relaxations for the
problem, and combining solutions to this relaxation). kualewve give two algorithms, both reducing the
forest problem to th&-MST problem in different ways and achieving different appmation guarantees—
we then return the better of the two answers. The rst algami{giving an approximation d(' k)) uses
the k-MST algorithm to nd good solutions on the sources and timksiindependently, and then uses the
Erdos-Szekeres theorem on monotone subsequences to gdal™ subset of these sources and sinks to
connect cheaply; details are given in Section 2.1. The sketgorithm starts off with a single vertex as
the initial solution, and uses tHeMST algorithm to repeatedly nd a low-cost tree that satis a large
number of demands which have one endpoint in the currenti@oland the other endpoint outside; this tree
is then used to greedily aBgment the current solution anckgich Choosing the parameters (as described in
Section 2.2) gives us @(' n) approximation.



1.2 The Dial-a-Ride Problem

In this paper, we use theforest problem to give approximation algorithms for thikdwing vehicle routing
problem.

De nition 3 (The Dial-a-Ride Problem) Given amn-vertex metric spacgV; d), a starting vertex (oroot) r,
aset ofm demands (s;; t;)g}, , and a vehicle of capacity, nd a minimum length tour of the vehicle start-
ing (and ending) at that moves each objectfrom its sources; to its destinatiort; such that the vehicle
carries at mosk objects at any point on the tour.

We say that an object freemptedf, after being picked up from its source, it can be left at sdntermediate
vertices before being delivered to its destination. In gaper, we will not allow this, and will mainly be
concerned with theon-preemptivd®ial-a-Ride problent.

The approximability of the Dial-a-Ride problem is not verghivunderstood: the previous best upper
bound is anO( k logn)-approximation algorithm due to Charikar and Raghavacf@R98], whereas
the best lower bound that we are aware of is APX-hardness(r8P, say). We establish the following
(somewhat surprising) connection between the Dial-a-Riu#k-forest problems in Section 3.

Theorem 4 (Reducing Dial-a-Ride tok-forest) Given an -approximation algorithm fok-forest, there is
anO( log? n)-approximation algorithm for the Dial-a-Ride problem.

In particular, combining Theorems 2 and 4 gives uOdmin f P k; P ng log? n)-approximation guarantee
for Dial-a-Ride. Of course, improving the approximatioragantee fok-forest would improve the result
for Dial-a-Ride as well.

Note that our results match the results of [CR98] up to a itlgaic term, and even give a slight im-
provement when the vehicle capadity n, the number of nodes. Much more interestingly, our algorith
for Dial-a-Ride easily extends to generalizations of thalfaiRide problem. In particular, we consider a
substantially more general vehicle routing problem whbeeviehicle has na priori capacity, and instead
the cost of traversing each edgés an arbitrary non-decreasing functiog(l) of the number of objectb
in the vehicle; settinge(l) to the edge-lengtde whenl  k, andcg(l) = 1 for | > k gives us back the
classical Dial-a-Ride setting. In Section 3.2, we show thi& generahon-uniform Dial-a-Ridgproblem
admits an approximation guarantee that matches the besinkioo the classical Dial-a-Ride problem. An-
other extension we consider is tiveighted Dial-a-Rideproblem. In this, each object may have a different
size, and total size of the items in the vehicle must be badibgethe vehicle capacity; this has been earlier
studied as theickup and deliverproblem [SS95]. We show in Section 3.3 that this problem areduced
to the (unweighted) Dial-a-Ride problem at the loss of ordpastant factor in the approximation guarantee.

As an aside, we consider the effect of preemptions in the®#lde problem (Section 4). It was shown
in Charikar & Raghavachari [CR98] that the gap between thienag preemptive and non-preemptive tours
could be as large a$ n'=3). We show that the real difference arises betweerm and one preemptions:
allowing multiple preemptions does not give us much addegepo In particular, we show in Section 16
that for any instance of the Dial-a-Ride problem, there isua that preempts each objextmost onceind
has length at mod(log® n) times an optimal preemptive tour (which may preempt eackatlin arbitrary
number of times). Motivated by obtaining a better guarambeeDial-a-Ride on the Euclidean plane, we

1A note on the parameters: a feasible non-preemptive toubeahort-cut over vertices that do not participate in anyatein
and we can assume that every vertex is an end point of somendearadn  2m. We may also assume, by preprocessing some
demands, than n? k. However in general, the number of demanadsnd the vehicle capacity may be much larger than the
number of vertices.



also study the preemption gap in such instances. We showe\hbatin this case, there are instances having
a gap of T n'™®) between optimal preemptive and non-preemptive tours.

1.3 Related Work

The k-forest problem: Thek-forest problem is relatively new: it was de ned by Hajiagh& Jain [HJO6].
An O(k23)-approximation algorithm for even the directedorest problem can be inferred from [CCYy@G8].
Recently, Segev & Segev [SS06] gave@n 2= log n) approximation algorithm fok-forest.

Densek-subgraph: Thek-forestproblem is a generalization of the derlssubgraph problem [FPKO01], as
shown in [HJ06]. The best known approximation guarante¢hiedensd«-subgraph problem i©(n'= )
where > 0is some constant, due to Feige et al. [FPKO01], and obtainingharoved guarantee has been a
long standing open problem. Strictly speaking, Feige dF&KO01] study a potentially harder problem: the
maximizationversion of densé&-subgraph, where one wants to pickrertices to maximize the number of
edges in the induced graph. However, nothing better is krexegn for theminimizationversion of densé-
subgraph (where one wants to pick the minimum number ofcegtihat induc& edges), which is a special
case ofk-forest. Thek-forest problem is also a generalizationkeMST, for which a 2-approximation is
known (Garg [Gar05]).

Dial-a-Ride: While the Dial-a-Ride problem has been studied extensivellie operations research litera-
ture, relatively Iitlsle_ is known about its approximabilitfhe currently best known approximation ratio for
Dial-a-Ride isO( klogn) due to Charikar & Raghavachari [CR98]. We note that theio@allgm assumes
instances with unweighted demands. Krumke et al. [KRWO0Q¢ @ 3-approximation algorithm for the
Dial-a-Ride problem on &ne metrig in fact, their algorithm nds a non-preemptive tour thashangth at
most 3 times the preemptive lower bound. (Clearly, the cbahmptimal preemptive tour is at most that of
an optimal non-preemptive tour.) Z5-approximation algorithm fosingle sourceversion of Dial-a-Ride
(also called the “capacitated vehicle routing” problem)svgaven by Haimovich & Kan [HK85]; again,
their algorithm output a non-preemptive tour with lengthhadst 2.5 times the preemptive lower bound.
For thepreemptiveDial-a-Ride problem, Charikar & Raghavachari [CR98] gawe ¢urrent-besD(log n)
approximation algorithm, and Ggrtz [rtz06] showed that hhard to approximate this problem to better than
(log ¥ n). Recall that no super-constant hardness results are krantinef non-preemptive Dial-a-Ride
problem.

2 Thek-forest problem

In this section, we study thie-forest problem, and give an approximation guarante® (@in f P n; P kg).
This result improves upon the previous b®$h2=3 log n)-approximation guarantee [SS06] for this problem.
The algorithm in Segev & Segev [SS06] is based on a Lagrangiaration for this problem, and suitably
combining solutions to this relaxation. In contrast, owoaithm uses a more direct approach and is much
simpler in description. Our approach is based on approximahe following “density” variant ok-forest.

De nition 5 (Minimum-ratio k-forest) Given am-vertex metric spacgV; d), m pairs of vertices s;; tigi2, ,
and a targetk, nd a tree T that connectat mostk pairs, and minimizes the ratio of the lengthToto the
number of pairs connected h.?

We,present two different %gorithms foninimum-ratiok-forest obtaining approximation guarantees of
O( k) (Section 2.1) and(' n) (Section 2.2); these are then combined to give the claimsdltrior the

2Even if we relax the solution to be any forest, we may assumaybraging) that theptimal ratiosolution is a tree.
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k-forest problem. Both our algorithms are based on subtleatgzhs to thek-MST problem, albeit in very
different ways.

As is usual, when we say that our algoritlyuesses parameter in the following discussion, it means
that the algorithm is run for each possible value of that ipeter, and the best solution found over all the
runs is returned. As long as only a constant number of pasmere being guessed and the number of
possibilities for each of these parameters is polynontia aigorithm is repeated only a polynomial number
of times.

21 An O(p k) approximation algorithm

In this section, we give a@(p k) approximation algorithm for minimum ratio-forest, which is based on a
simple reduction to thk-MST problem. The basic intuition is to look at the solut®mho minimum-ratiok-
forest and consider an Euler tour of this t@e-a theorem of Erdos & Szekeres on increasing subsequences
implies that there must be at leastjSj sources which are visited in the same order as the corresgpnd
sinks. We use this existence result to combine the sountessiirs to create an instance 0fSj-MST from
which we can obtain a good-ratio tree; the details follow.

Let S denote an optimal ratio tree, that coverdemands & has lengtB, and letD denote the largest
distance between any demand pair that is cover&l(moteD  B). We de ne a new metrit¢ on the set
f1, ;mgofdemands as follows. JThe distance between demiaawdj , l;; = d(s;;sj)+ d(ti;t;), where
(V;d) is the original metric. Th®©(' k) approximation algorithm rst guesses the number of demands
& the largest demand-pair distanEein the optimal treeS (there are at mosn choices for each off &
D). The algorithm discards all demand pa(ss;ti) such thatd(s;;t;) > D (all the pairs covered in the
Egtimal solutionS still remain). Then the algorithm runs the unrooke®1ST algorithm [Gar05] with target

qc, in the metricl, to obtain a tred on the demand paif8. FromT, we easily obtain trees; (on all
sources irP) andT, (on all sinks inP) in metricd such thad(T1) + d(T,) = I(T). Finally the algorithm
outputs the tred@® = T{[ T, [f eg, wheree is any edge joining a source ify to its corresponding
sink in T». Due to the pruning on demand pairs that have large distalfep, D and the length of C,
dT9 KT)+ D I(T)+ B.

We now argue that the cost of the solutidrfound by thek-MST algorithmI(T)  8B. Consider the
optimal ratio tree€S (in metricd) that hasg demandd (s1;t1);  ;(Sq;tg)9, and let denote an Euler tour
of S. Suppose that in a traversal ofthesourcesof demands i are seen in the ordes; ;Sq- Thenin
the same traversal, tlsnksof demands irg will be seen in the ordetr (1);  ;t (g), for some permutation

. The following fact is well known (see, e.g., [Ste95]).

Theorem 6 (Erdos & SzekeresEvery permutation ohl;, ;g has either an increasing subsequence of
lengthb™ gc or a decreasing subsequence of lengtigc.

Using Theorem 6, we obtain a 9dt of p = bP gc demands such that (1) the sourcedlirappear in increas-
ing order in a traversal of the Euler tourand (2) the sinks iM appear in increasing order in a traversal of
either or R (the reverse traversal o). Letjg <j 1 < <] p 1denote the demands M inincreasing
order. From statement (1) above,}ozo1 d(s(j i)F',s(j i+1))  d( ), where the indices in the summation are
modulop. Similarly, statement (2) implies that }“:01 dt(i);t(i+1)) maxfd( );d( R)g= d( ). Thus

we obtain:
9( 1

[d(s(i);s(i+1)) + d(t(i);t(Gi=a))] 2d( ) 4B
i=0
But this sum is precisely the length of the tgyrj1;  ;jp 1;jo in metricl. In other words, there is a tree



of length4B in metricl, that containsbp qc vertices. So, the cost of the solutidnfound by thek-MST
approximation algorithm is at mo8B . D
Now the nal solutionT®has length at mos{T)+ B 9B, and ratio that at mo:ﬂp q% 9

kE.
_ q
Thus we have aﬁ)(p k) approximation algorithm for minimum ratio-forest.

2.2 An O(p n) approximation algorithm

In this section, we show a@(p n) approximation algorithm for the minimum ratieforest problem. The
approach is again to reduce to théVIST problem; the intuition is rather different: either wad a vertex

v such that a large number of demand-pairs of the form) can be satis ed using a small tree (the “high-
degree” case); if no such vertex exists, we show that a regegieedy procedure would cover most vertices
without paying too much (and since we are in the “low-degieese, covering most vertices implies covering
most demands too). The details follow.

Let S denote an optimal solution to minimum ratkeforest, andq  k the number of demand pairs
covered irS. We de ne thedegree of S to be the maximum number of demands (among those covered in
S) that are incident at any vertex 81 The algorithm rst guesses the following parameters ofdpémal
solution S: its lengthB (within a factor 2), the number of pairs covergdthe degree , and the vertex
w 2 Sthat has demands incident at it. Although, there may be an exporemiimber of choices for
the optimal length, a polynomial number of guesses withinnany-search suf ce to get 8 such that
B d(S) 2 B. The algorithm then returns the better of the two proceddessribed below.

Procedure 1 (high-degree case)Since the degree of vertex in the optimal solutiorS is , there is tree
rooted atw of lengthd(S) 2B, that contains at least demands having one end pointvat We assign
a weight to each vertex, equal to the number of demands that have one end point atdhiexu and the
other end point alv. Then we run thé&-MST algorithm [Gar05] with rootv and a target weight of . By
the preceding argument, this problem has a feasible solafidength2B ; so we obtain a solutioi of
length at mostiB (since the algorithm of [Gar05] is a 2-approximation). Thea of solutionH is thus at
most4B= = 458
Procedure 2 (low-degree case)Sett = zi; notethay " andsda n=4. We maintain a current tree
T (initially just vertexw), which is updated in iterations as follows: shrihko a supernods, and run the
k-MST algorithm with roots and a target of new vertices. If the resulting-tree has length at moé4B,
include this tree in the current trdeand continue. If the resulting-tree has length more thai , or if all
the vertices have been included, the procedure ends. Simee vertices are added in each iteration, the
number of iterations is at mo$t so the length off is at mostiB. We now show thaT contains at least
g demands. Consider the s8n T (recall,S is the optimal solution). Itis clear thg nTj <t ; otherwise
the k-MST instance in the last iteration (with the currditwould haveS as a feasible solution of length
2B (and hence would nd one of length at mat ). So the number of demands coveredithat have
at least one end pointi®@n T isat mos§fSnT]j t = q=22(as isthe degree of solutio8). Thus
there are at leas}=2 demand<ontainedin S\ T, in particular inT. ThusT is a solution having ratio at
most4"B 2= 818

a- tqr
The better ratio solution amorid andT from the two procedures has ratio at moshf 49, ST”g % =
minf8t; &g B ¥ rn B &7 49 sothis algorithm is aﬁ)(p n) approximation to the minimum

. t9 q q q -
ratio k-forest problem.

2.3 Approximation algorithm for k-forest

Given the two algorithms for minimum ratlo-forest, we can use them in a standard greedy fashion (i.e.,
keep picking approximately minimum-ratio solutions unt# obtain a forest connecting at le&spairs);
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the standard set cover analysis can be used to sha(@amf P n; P kg logk)-approximation guarantee
for k-forest. A tighter analysis of the greedy algorithm (as dang., in Charikar et al. [CCy(98]) can be

used to remove the logarithmic terms and obtain the guaastéted in Theorem 2.

3 Applications to Dial-a-Ride problems

In this section, we study applications of tkeorest problem to the Dial-a-Ride problem (De nition 3))c
some generalizations. A natural solution-structure falfaiRide involves servicing demands in batches
of at mostk each, where a batch consisting of a Sedf demands is served as follows: the vehicle starts
out being empty, picks up each of tf§  k objects from their sources, then drops off each object at its
destination, and is again empty at the end. If we knew thabtienal solution has this structure, we could
obtain a greedy framework for Dial-a-Ride by repeatedlyimglthe best “batch' ok demands. However,
the optimal solution may involve carrying almdsibbjects at every point in the tour, in which case it can
not be decomposed to be of the above structure. In Theorera ghow that there is always a near optimal
solution having this “pick-drop in batches' structure. Bing on Theorem 7, we obtain approximation
algorithms for the classical Dial-a-Ride problem (Secfoh), and two interesting extensions: non-uniform
Dial-a-Ride (Section 3.2) & weighted Dial-a-Ride (Secti&f).

Theorem 7 (Structure Theorem) Given any instance of Dial-a-Ride, there exists a feasie t satisfy-
ing the following conditions:

1. can be split into a set of segmeritS;; ;Sig(i.e., = S; Sy, S;) where each segme®
services a seD; of at mostk demands such th&; is a path that rst picks up each demand @)
and then drops each of them.

2. The length of is at mostO(log m) times the length of an optimal tour.

Proof: Consider an optimal non-preemptive tourlet ¢( ) denote its length, angd j denote the number
of edge traversals in. Note that if in some visit to a vertexin there is no pick-up or drop-off, then
the tour can be short-cut over vertexand it still remains feasible. Further, due to trianglequnaity, the
lengthc( ) does not increase by this operation. So we may assume thategex visit in involves a
pick-up or drop-off of some object. Since there is exactlg pick-up & drop-off for each object, we have
i 2m + 1. De ne the stretchof a demand to be the number of edge traversals irbetween the
pick-up and drop-off of objedt The demands are partitioned as follows: for epch1; ;dlog(2m)e,
groupG; consists of all the demands whose stretch lie in the intd@all; 2 ). We consider each group
G; separately.

Claim 8 Foreachj =1; ;dog(2m)e, there is atour; that serves all the demands in groGp, satis es
condition 1 of Theorem 7, and has length at mbs¢( ).

Proof: Consider tour as a lineL, with every edge traversal in represented by a distinct edgelin
Number the vertices ih from 0 toh, whereh = | j is the number of edge traversals in Note that each
vertex inV may be represented multiple timeslin Each demand is associated with the numbers of the
vertices (inL) where it is picked up & dropped off.

Letr =21 1 and partitionG; as follows: forl = 1; ;d?e, setOy; consists of all demands iG;
that are picked up at a vertex numbered betw@enl)r andlr 1. Since every demand i@; has stretch
in the intervallr, 2r], every demand i©;; is dropped off at a vertex numbered betwéeand(l +2)r 1.
Note thatjOy;; j equals the number of demands@j carried over edgélr ~ 1;Ir) by tour , which is at
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mostk. We de ne segmeng;;; to start at vertex numbef  1)r and traverse all edges In until vertex
number(l+2)r 1(servicing all demands i®,; by rst picking up each demand between verti¢es 1)r
& Ir  1; then dropping off each demand between vertice& (I + 2)r 1), and then return (with the
vehicle being empty) to vertdr. Clearly, the number of objects carried over any edg8;jnis at most the
number carried over the corresponding edge traversal iAlso, each edge ih participates in at most 3
segmentsS; , and each edge is traversed at most twice in any segmenteSot#h length of all segments
Si;j isatmost6 c( ). We de ne tour j to be the concatenatidBy;;  Sg=rej. It is clear that this tour
satis es condition 1 of Theorem 7.

Applying this claim to each grou@; , and concatenating the resulting tours, we obtain the taatis-
fying condition 1 and having length at ma&&tog(2m) c¢( ) = O(logm) c( ).

Remark: The ratioO(log m) in Theorem 7 is almost best possible. There are instancembaERide (even
on an unweighted line), where every solution satisfyingditton 1 of Theorem 7 has length at least
(max f log%g‘m ' Togk g) times the optimal non-preemptive tour. So, if we only usetwohs of this structure,
then it is not possible to obtain an approximation factost(jm terms of capacitk) for Dial-a-Ride that
is better than( k=logk). The solutions found by the algorithm for Dial-a-Ride in [28 also satisfy
condition 1 of Theorem 7. It is interesting to note that whiem mnderlylgg metric is a hierarchically well-
separated tree, [CR98] obtaln a solution of such structaveng lengthO(" k) times the optimum, whereas

there is a lower bound of Iog k) even for the simple case of an unweighted line.

3.1 Classical Dial-a-Ride

Theorem 7 suggests a greedy strategy for Dial-a-Ride, base@peatedly nding the best batch kf
demands to service. This greedy subproblem turns out toéomthimum ratiok-forest problem (De ni-
tion 5), for which we already have an approximation algonitiThe next theorem sets up the reduction from
k-forest to Dial-a-Ride.

Theorem 9 (Reducing Dial-a-Ride to minimum ratiok-forest) A -approximation algorithm for mini-
mum ratiok-forest implies arO( log? m)-approximation algorithm for Dial-a-Ride.

Proof: The algorithm for Dial-a-Ride is as follows.
1. C=
2. Until there are no uncovered demands, do:

(a) Solve the minimum rati-forest problem, to obtain a trée coveringkc  k new demands.
(b) SetC C[ C.

3. For eachtre€ 2 C, obtain an Euler tour of to locally service all demands (pick up &l objectsinthe rst
traversal, and drop them all in the second traversal). Thenaul.5-approximate TSP tour on the sources, to
connect all the local tours, and obtain a feasible non-pptiemtour.

Consider the tour and its segments as in Theorem 7. If the number of uncovenethmgs in some
iteration ism® one of the segments inis a solution to the minimum ratik-forest problem of value at

most . Since we have a-approximation algorithm for this problem, we would nd agseent of ratio

at mostO( ) %} Now a standard set cover type argument shows that the &tgtH of trees irCis

at mostO( logm) d( ) O( log>m) OPT, whereOPT is the optimal value of the Dial-a-Ride
instance. Further, the TSP tour on all sources is a lower damOP T, and we use a 1.5-approximate
solution [Chr77]. So the nal non-preemptive tour outputstep 5 above has length at m@t log® m)
OPT.



This theorem is in fact stronger than Theorem 4 claimedezaitiis easy to see that any approximation
algorithm fork-forest implies an algorithm with the same guarantee forimmiim ratiok-forest. Note that,
m andk may be super-polynomial in. However, we show in Section 3.3 that with the loss of a cartsta
factor, the general Dial-a-Ride problem can be reduced &owinere the number of demands  n*.
Based on this and Theorem 9, aapproximation algorithm for minimum ratik-forest actually implies
anO( log? n) approximation algorithm for Dball-a- ide. Using the apgroation algorithm for minimum
ratio k-forest (Section 2), we obtain @(minf' n; kg log? n) approximation algorithm for the Dial-a-
Ride problem. D
Remark: If we use theO(' k) approximation fork-forest, the resulting non-preemptive tour is in fact
feasible even for a k capacity vehicle! As noted in [CR98], this property is alaeetof their algorithm,

which is based on an entirely different approach.
3.2 Non-uniform Dial-a-Ride

The greedy framework for Dial-a-Ride described above isalyt more generally applicable than to just the
classical Dial-a-Ride problem. In this section, we consitie Dial-a-Ride problem under a substantially
more general class of cost functions, and show hovwktf@rest problem can be used to obtain an approx-
imation algorithm for this generalization as well. In fatiie approximation guarantee we obtain by this
approach matches the best known for the classical Diada-Rioblem. Our framework for Dial-a-Ride
is well suited for such a generalization since it is a “primagproach, based on directly approximating a
near-optimal solution; this approach is not too sensitivéhé cost function. On the other hand, the Charikar
& Raghavachari [CR98] algorithm is a "dual' approach, basedbtaining a good lower bound, which
depends heavily on the cost function. Thus it is unclear dretheir techniques can be extended to handle
such a generalization.

De nition 10 (Non-uniform Dial-a-Ride) Given ann vertex undirected grapts = (V; E), a root vertex
r, a set ofm demands (s;; tj)gZ, , and a non-decreasing cost functiog: f0; 1, :mg! R* oneach
edgee 2 E (wherecg(l) is the cost incurred by the vehicle in traversing edgehile carryingl objects),
nd a non-preemptive tour (starting & ending a) of minimumtotal costthat moves each objectfrom s;
tot;.

Note that the classical Dial-a-Ride problem is a speciat easen the edge costs are given loy(l) = de

if I k& c(l) = 1 otherwise, wheral is the edge length in the underlying metric. We may assume
(without loss in generality) that for any xed valde2 [0; m], the edge costss(l) induce a metric ofv .
Similar to Theorem 7, we have a near optimal solution withaicl' structure for the non-uniform Dial-a-
Ride problem as well, which implies the algorithm in Theorg® The proof of the following corollary is
almost identical to that of Theorem 7, and is omitted.

Corollary 11 (Non-uniform Structure Theorem) Given any instance of non-uniform Dial-a-Ride, there
exists a feasible tour satisfying the following conditions:

1. can be split into a set of segmeritS;; ;Sig(i.e., = S;1 S S;) where each segmef$
services a seD; of demands such th&; is a path that rst picks up each demand @ and then
drops each of them.

2. The cost of is at mostO(log m) times the cost of an optimal tour.



Theorem 12 (Approximating non-uniform Dial-a-Ride) A -approximation algorithm for minimum ra-
tio k-forest ierIies arD( log® m)-approximation algorithm for non-uniform Dial-a-Ride. particular,
there is anO(" n log? m)-approximation algorithm.

Proof:. Corollary 11 again suggests a greedy algorithm for nonesmfDial-a-Ride based on the following
greedy subproblemnd a setT of uncovered demands and a paghthat rst picks up each object it
and then drops off each of them, such that the ratio of theafost to jTj is minimized. However, unlike
in the classical Dial-a-Ride problem, in this case the cogtath ¢ does not come from a single metric.
Nevertheless, the minimum ratieforest problem can be used to solve this subproblem asifsllo

1. Forevenk =1; ;m:

(a) De ne length functiordd® = ce(k) on the edges.

(b) Solve the minimum rati&-forest problem on metri¢V; d¥)) with targetk, to obtain treeT 0 covering
ng kdemands.

(c) Obtain an Euler toufy of T that services thesg demands, by picking up all demands in one traversal
and then dropping them all in a second traversal.

2. Return the toufk having the smallest rati&gk—k) (overalll k m).

Assuming a -approximation algorithm for minimum ratik-forest (for all values ok), we now show
that the above algorithm obtainslé -approximate solution to the greedy subproblem. The cosiwfTy
instep 3isc(Ty) 4 d(k)(Tf), sinceTy involves traversing a tour on tre'l'éJ twice and the vehicle carries

at mostn,  k objects at every point if. So the ratio of toufly is C(nTkk) 4d(k:](ka0) =4 ratio(TD).
Let denote the optimal path for the greedy subprobl&nhe set of demands that it services, ard jTj.
Let T; denote the Iasgt demands that are picked up, afgldenote the rst%t demands that are dropped
off. Itis clear thatT®= Ty \ T, has at least=2 demands; 1eT% T%be any subset witfiT %} = t=4.
Let 9denote the portion of between the}i—th pick up and the%t—th drop off. Note that when path

is traveﬁed, there are at Ie%sbbjects in the vehicle while traversing each edge 4nSo the cost of ,

c( ) o 0Ce(t=4). Since %contains the end points of all demandsTih T it is a feasible solution
(E)overing the demandB® to minimum ratiok-forest with targek = t=4 in the metricd™4), having ratio

( e oce(t:4))=}1 4°§ ). So the ratio of toull=4 (obtained from the -approximate treé’t‘i 4) is at most

4 ratio(Tf) 4 @ =16 @ Thus we have &6 -approximation algorithm for the greedy subproblem.

Based on Corollary 11, it can now be shown (as in Theorem 9pthdapproximation algorithm for the
greedy subproblem implies @ © log? m)-approximation algorithm for non-uniform Dial-a-Ride. ibg
the abovel6 -approximation for the greedy subproblem, we have the #mor

3.3 Weighted Dial-a-Ride

So far we worked with the unweighted version of Dial-a-Ridéere each object has the same weight. In
this section, we extend our greedy framework for Dial-aeRiolthe case when objects have different sizes,
and the total size of objects in the vehicle must be boundetidyehicle capacity. Here we only extend the

classical Dial-a-Ride problem and not the generalizatioBextion 3.2. The problem studied in this section

has been studied earlier as thiekup and deliverproblem [SS95].

De nition 13 (Weighted Dial-a-Ride) Given a vehicle of capacit® 2 N, ann-vertex metric spacgV;d),

a root vertexr, and a set ofn objectsf (s;; ti; w;i)gn, (with objecti having sources;, destinationt; & an
integer sizel w; Q), nd a minimum length (non-preemptive) tour of the vehstigrting (and ending)
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atr that moves each objectfrom its source to its destination such that the total sizelypécts carried by
the vehicle is at mo<) at any point on the tour.

The classical Dial-a-Ride problem is a special case whier= 1 for all demands and the vehicle
capacityQ = k. The following are two lower bourﬂpls for weighted Dial-a-Rica TSP tour on the set of
all sources & destinations (Steiner lower bound); anfl, wi d(si ti) (ow lower bound). In fact, as can be
seen easily, these two lower bounds are valid even for thengpéve version of weighted Dial-a-Ride; so
they are termegreemptive lower bounds

The main result of this section (Theorem 15) reduces weijBtial-a-Ride to the classical Dial-a-
Ride problem with the additional property that the numbedefmands ) is small (polynomial in the
number of vertices). This shows that in order to approximate weighted DialideRit suf ces to consider
instances of the classical Dial-a-Ride problem with a smathber of demands. The next lemma shows
that even if the vehicle is allowed to split each object oveitiple deliveries, the resulting tour isot
much shorter than the tour where each object is required sehed in a single delivery (as is the case in
weighted Dial-a-Ride). This lemma is the main ingredienti@ proof of Theorem 15. In the following, for
any instance of weighted Dial-a-Ride, we de ne theweighted instanceorresponding to it as a classical
Dial-a-Ride instance with vehicle capaciy, andw; (unweighted) demands each having sowscand
destinationtj (foreachl i m).

Lemma 14 Given any instancé of weighted Dial-a-Ride, and a solutionto the unweighted instance
corresponding td , there is a polynomial time computable solutiorl thaving length at mosD(1) d( ).

Proof: LetJ denote the unweighted instance correspondinig.tBe ne line L as in the proof of Theo-
rem 7 by traversing fromr: for every edge traversal in, add a new edge of the same length at the end of
L . For each unweighted object ih corresponding to demarndn | , there is a segment in(correspond-
ingly in L ) where it is moved frons; tot;. So each demand2 | corresponds tav; segments in (each
being a path frons; to tj). For each demanidin | , we assigp,to one of itsw; segments picked uniformly
at random: call this segmeht Foranedge 2 L , letNe = ., W; denote the random variable which
equals theaotal weightof demands whose assigned segments coetaiote that the expected value Nt
is exactly the number of unweighted objects carried Bhen traversing the edge corresponding.t&ince

is a feasible tour fod ,E[Neg] Qforalle2 L .

Consider a random instand® of Dial-a-Ride on lineL with vehicle capacityQ and demands as
follows: for each demandin | , an object of weighty; is to be moved along segmdn{chosen randomly as
above). Clearly, any feasible tourfﬁrcgresponds to a feasible tour foof the same Igngth. Note that the
ow lower bound for instanceR isF = | ded%e, and the Steiner lower bound is,, de = d( ).

Using linearity of expectatiort: [F ] oL de(E['(S'E] +1) 2 d( ). LetR denote the instance (on
line L ) obtained by assigning each demand | to its shortest length segment (among thesegments
corresponding to it). Clearly this assignment minimizes thw lower bound (over all assignments of
demands to segments). Bo has ow bound E[F] 2 d( ), and Steiner lower bound( ).

Finally, we note that the 3-approximation algorithm for BaaRide on a line [KRWO0O0] extends to
a constant factor approximation algorithm for the case wigighted demands as well (this can be seen
directly from [KRWOOQ]). Additionally, this approximatioguarantee is relative to the preemptive lower
bounds. Thus, using this algorithm 8n, we obtain a feasible solution toof length at mosO(1) d( ).

Theorem 15 (Weighted Dial-a-Ride to unweighted)Suppose there is aapproximation algorithm for in-
stances of classical Dial-a-Ride with at m@¢n*) demands. Then there is & )-approximation algo-

11



rithm for weighted Dial-a-Ride (with any number of demands) particular, there is anO(IO nlog?n)
approximation for weighted Dial-a-Ride.

Proof. Letl denote an instance of weighted Dial-a-Ride with objé¢;s;;tj): 1 1 mg,and an
optimal tour forl . LetP = f(s1;t1);  ;(si;t))g be the distinct pairs of vertices that have some demand
between them, and 6% denote the total size d@ll objects having sourcg and destinatior;. Note that

| n(n 1) LetPhgh = fi2P : T 20,Pow =i 2P : T, $g andP®= P n(Phigh [P iow)-

We now show how to separately service objectBjg),, Phigh & PO

Servicing Pjoy: The total size inPq,, Is at mostQ; so we can service all these pairs by traversing a
single 1.5-approximate tour [Chr77] on the sources andragiins. Note that the length of this tour is at
most 1.5 times the Steiner lower bound, hence at rivéstd( ).

Servicing Phigh : Let C be a 1.5-approximate minimum tour on all the sources. Thes paPpgn are
serviced by a tour; as follows. Traverse alonG, and when a sourcg in Pygn is visited, traverse the
direct edge to the corresponding destinatio& back, as few times as possible so as to move all the objects
betweens; andt;, as described next. Note that every object to be moved batgegndt; has size (the
original w; size) at mosQ, and the total size of such objeds Q=2. So these objects can be partitioned
such that the size of each part (except possibly the last) tisa interval[%; Q]. So the number of times
edge(s;; t;) is traversed to service the demands between them is aﬂdl%éﬂ—:‘ 2(% +1) 8%. Now,
the length of tour 1 is at mostd(C) + P (51:61)2P igh 8d(si;ti)% d(C)+8 P n w Note that
d(C) is at most 1.5 times the minimum tour on all sources (Stemeet bound), and the second term above
is the ow lower bound. So tour; has length at mo€d(1) times the preemptive lower bounds forwhich
is at mostO(1) d( ).

Servicing P% We know that the total siz& of each paiti in PPlies in the intervalQ=I; Q=2). Let| ©
denote the instance of weighted Dial-a-Ride with demdr{ds t;;Ti) : i 2 P % and vehicle capacit®;
note that the number of demandslifiis at most. The tour restricted to the objects corresponding to
pairs inPCis a feasible solution to thenweighted instanceorresponding td ° (but it may not feasible for
| Oitself). However Lemma 14 implies that the optimal valué 8fopt(I ) O(1) d( ).

Next we reduce instande’to an instancd of weighted Dial-a-Ride satisfying the following conditis:

() J has at mostdemands(ii) each object in has size at mo&, (iii) any feasible solution td is feasible
for 1 9 and(iv) the optimal valuept(J ) O(1) opt(1 9. IfQ 2,3 = I Oitself satis es the required
conditions. Suppos® 2, then de nep = b?—c; notethatQ | p Q | %. Round up each
sizeT; to the smallest integral multipi&® of p, and round down the capaci to Q°= | p. Since each
sizeT; 2 (|9; %), all sizesT?2 f p;2p;  ;Ipg. Now letl ®™denote the weighted Dial-a-Ride instance with
demandd (si;ti; T9 : i 2 P % and vehicle capacitR® = Ip. One can obtain a feasible solution fio?°
from any feasible solution for | by traversing a constant number of times: this follows fra@? %

& T? maxf2T;;QY.3 So the optimal value df °%s at mostO(1) opt(l 9. Now note that all sizes and
the vehicle capacity ih ®are multiples op: scaling down each of these quantitiesghyve get an instance
J equivalentto | ®where the vehicle capacity Is(and every demand size is at mépt This instance
satis es all the four conditions claimed above.

Now observe that the instande can be solved using-approximation algorithm assumed in the the-
orem. Since] has at most demands (each of size 2I), the unweighted instance correspondinglto

3In particular, consider simulating a traversal alongf a capacityQ vehicle (To) by 8 capacityQ® vehiclesT{: ;T2 each

running in parallel along . Whenever vehicld@, picks-up an objeci, one of the vehiclef;T,_g’ggzl picks-upi: if w; %, any

vehiclef Tggg-, that has free capacity picks-upif wi > 2, any vehiclef Tggi-s that is empty picks-up. It is easy to see that

if at some point none of the vehiclé§'g°g§=1 picks-up an object, there must be a capacity violatiofigin
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has at mos2l?  2n* demands. Thus, this unweighted instance can be solved tgngapproximation
algorithm for such instances, assumed in the theorem. Tsieg the algorithm in Lemma 14, we obtain a
solution toJ , of length atmos©( ) opt(J) O( ) opt(1 ) O() d( ). Since any feasible solution
toJ corresponds to one for® we have a tour servicing°of length at mosO( ) d( ).

Finally, combining the tours servicin@ow, Phigh & P9 we obtain a feasible tour fdr having length
O( ) d( ),which gives us the desired approximation algorithm.

Theorem 15 also justi es the assumptilmg m = O(log n) made at the end of Section 3. This is important
because in generat may be super-polynomial in.

4 The Effect of Preemptions

In this section, we study the effect of the number of preeomgtin the Dial-a-Ride problem. We mentioned
two versions of the Dial-a-Ride problem (De nition 3): indtpreemptive version, an object may be pre-
empted any number of times, and in the non-preemptive veidijects are not allowed to be preempted
even once. Clearly the preemptive version is least reistieind the non-preemptive version is most restric-
tive. One may consider other versions of the Dial-a-Ridélemm, where there is a speci ed upper bound
on the number of times an object can be preempted. Note thaade® = 0 is the non-preemptive version,
and the cas® = n is the preemptive version. We show that for any instance ef0fal-a-Ride prob-
lem, there is a tour that preempts each object at most orceR(i= 1) and has length at mo§(log? n)
times an optimal preemptive tour (i.d?, = n). This implies that the real gap between preemptive and
non-preemptive tours is between zero and one preemptionlpect. A tour that preempts each object at
most once is called &-preemptive tour

Theorem 16 (Many preemptions to one preemption)Given any instance of the Dial-a-Ride problem, there
is a 1-preemptive tour of length at ma3{log? n) OP Tpmt, WhereOP Ty is the length of an optimal
preemptive tour. Such a tour can be found in randomized pofyal time.

Proof: Using the results on probabilistic tree embedding [FRT0&] may assume that the given metric is
a hierarchically well-separatedree T. This only increases the expected length of the optimaltisolby
a factor ofO(log n). Further, treel hasO(log ‘jm#) levels, wheredmax anddnmin denote the maximum
and minimum distances in the original metric. We rst obsethat using standard scaling arguments, it
suf ces to assume th%@ is polynomial inn. Without loss of generality, any preemptive tour involvés a
most2m n edge traversals: each object is picked or dropped at Bmstnes (once at each vertex), and
every visit to a vertex involves picking or dropping at lease object (otherwise the tour can be shortcut
over this vertex at no increase in length). By retaining ordytices within distanc©P Tpm¢ =2 from the
rootr, we preserve the optimal preemptive tour and ensuredthgt OP Tpm¢ . Now consider modifying
the original metric by setting all edges of length smallent®P Tpmt =2mn? to length 0; the new distances
are shortest paths under the modi ed edge lengths. So anyipaidistance decreases by at .
Clearly the length of the optimal preemptive tour only dases under this modi cation. Since there are at
most2mn edge traversals in any preemptive tour, the increase ineagth in going from the new metric to
the original metric is at mogmn ozp Tr;’”;‘ OPT"”" . Thus at the loss of a constant factor, we may assume
that dmax =Ghnin 2mn3. Further, the reductlon in Theorem 14 also holds for preamRial-a-Ride; so
we may assume (at the loss of an additional constant fadtat)tie number of demanas O(n%). So
we havedmax =tmin ~ O(n’) and hence tre& hasO(log n) levels.

The treeT resulting from the probabilistic embedding has severah8tevertices that are not present in
the original metric; so the tour that we nd dh may actually preempt objects at Steiner vertices, in which
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case it is not feasible in the original metric. However aswsihby Gupta [Gup01], these Steiner vertices
can be simulated by vertices in the original metric (at ttes lof a constant factor). Based on the preceding
observations, we assume that the metric is a Trem the original vertex set havirig= O(log n) levels,
such that the expected length of the optimal preemptiveigoD(logn) OP Tyt .

We now partition the demands ih into | sets withD; (fori = 1; ;l) consisting of all demands
having their least common ancestor (Ica) in levelWe service eac; separately using a tour of length
O(OP Tpmt). Then concatenating the tours for each leyele obtain the theorem.

Servicing Di: For each vertex at leveli in T, let L, denote the demands iD; that havev as their
Ica. Consider an optimgbreemptivetour that services the demanfs. Since the subtrees under any
two different leveli vertices are disjoint and there is no demandinacross such subtrees, we may as-
sume that this optimal tour is a concatenation of disjoieepnptive tours servicing eath, separately. If
QPTpmt (v) denotes the length of an optimal preemptive tour servitipgvith v as the starting vertex,

v OP Tpmt (V) OP Tpmt .

Now consider an optimal preemptive toyrservicingL . Since thes; t; path of each demarjd2 L,
crosses vertex, at some point in tour, the vehicle is av with object; in it. Consider the tour, obtained
by modifying , so that it drops each objegtat v when the vehicle is at with objectj in it. Clearly
d( v) = d( v) = OPTpmt(v). Note that , is a feasible preemptive tour for tisngle source Dial-a-
Rideproblem with sinkv and all sources ih,. Thus the algorithm of [HK85] gives a hon-preemptive tour

9 that moves all objects ih, from their sources t@, having length at mos2:5d( ) = 2 :50P Tomt (V).
Similarly, we can obtain a non-preemptive toiythat moves all objects ib, from v to their destinations,
having length at mos2:50P Tyt (v). Now 9 0%s a 1-preemptive tour servicinlg, of length at most
5 OPTpme (V).

We now run a DFS o to visit all vertices in leveli, and use the algorithm described above for
servicing demagdk, whenv is visited in the DFS. This results in a toubserviciﬁg, having length at
most2d(T)+5 |, OP Tpmt (V). Here2d(T) is the Steiner lower bound, and,, OP Tom¢ (V)  OP Tpmt.
Thus the tour servicin®; has length at mo&t OP Ty .

Finally concatenating the tours for each lever 1; ;l, we obtain a 1-preemptive tour onh of
lengthO(logn) OP Tpmt, Which translates to a 1-preemptive tour on the originalrimétaving length
O(log®n) OP Tpmt.

Motivated by obtaining an improved approximation for Dé&Ride on the Euclidean plane, we next
consider the worst case gap between an optimal non-preeniptir and the preemptive lower bounds. As
mentioned earlier, [CR98] showed that there are instanidesmba-Ride where the ratio of the optimal non-
preemptive tour to the optimal preemptive tour(isn*=3). However, the metric involved in this example
was the uniform metric om points, which can not be embedded in the Euclidean plane. fdltosving
theorem shows that even in this special case, there can blgreopoal gap between non-preemptive and
preemptive tours, and implies that just preemptive lowemas do not suf ce to obtain a poly-logarithmic
approximation guarantee.

Theorem 17 (Preemption gap in Euclidean plane)There are instances of Dial-a-Ride on the Euclidean
plane where the optimal non-preemptive tour has Iengt%‘al;in) times the optimal preemptive tour.

Proof: Consider a square of side 1 in the Euclidean plane, in whi@t af$t demand pairs are distributed
uniformly at random (each demand point is geBerated indgtty and is distributed uniformly at random
in the square). The vehicle capacity is sekte ~ n. LetR denote a random instance of Dial-a-Ride ob-
tained as above. We show that in this case, the optimal nesagptive tour has lengtfi n=8) with high
probability. We rst show the following claim.
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Claim 18 The minimum length of a tree containikgairs inR is ( %) w.h.p.

Proof: Take any se§ of k = P n demand pairs. Note that the number of such Sets E . This setS has

2k points each of them generated uniformly at random. It is kntivat there argP 2 different labeled trees
onp vertices (see e.g. [vVLW92], Ch.2). The tetabeledemphasizes that we are not identifying isomorphic
graphs, i.e., two trees are counted as the same if and ontadtlg the same pairs of vertices are adjacent.
Thus there are at mo&2k)2¢ 2 such trees just on s& Consider any tre& among these trees and root it
at the source point with minimum label. Here we assumeThiads been generated using the “Principle of
Deferred Decisions”, i.e., nodes will be generated one leyamtording to some breadth- rst orderingTof
We say that an edge &hortif its length is at mostg- (cand 2 (0; %) will be xed later).

If Thas length at most itis clear that at most anfraction of its edges amotshort. S r[length(T)

c y Prledges in H are short], whereH in the summation ranges over all edge-subset3 in
with jHj (1 )2k. For a xed H, we boundP r[edges in H are short] as follows. For any edge
(v; parentv)) (note parertv) is well-de ned sinceT is rooted), assuming that parév is xed, the prob-
ability that this edge is short 3= (ki)z. So we can upper bound the probability that edgeare short
by pHi  p )2k Sowe havePr[length(T) ¢ 2% pd )2k asthe number of different edge sets
H is at most2%.

By a union bound over all such labeled tr@gghe probability that the length of the minimum spanning
tree onS is less thart is at mosi{(2k) % 22« p(t )2k Now taking a union bound over &ltsetsS, the prob-
ability thatpthe minimum length of a tree containikgairs is less than is at most | (2k)2k22pt )2k,
Sincek = " n, this term can be bounded as follows:

(ek)k(4k)2k 1 )2k(ki)(1 )4k 50d(k3k(ki)(l YAk — [500 (E)4 4 (%)1 4 ]k 2 k

1

The last inequality above holds when 1555 k'™ 3=(¢ 4). Setting = Bk

we get

1=4

. ini irs i k
8000 logk length tree containing pairs inR] 2

Pr[9

So, with probability at least 2 pﬁ, the minimum length of a tree containigpairs inR is at least
From Theorem 7, we obtain that there is a near optimal noerppéive tour servicing all the demands
in segments, where each segment (except possibly therastyes servicing a set cg t k demands.
Although the lower bound df=2 is not stated in Theorem 7, it is easy to extend the stateroentlude it.
This implies that any solution of this structure has at Igast k segments. Since each segment covers at
leastk=2 pairs, Claim 18 implies that each of these segments hadlgngt:8=logn). So the best solution

of the structure given in Theorem 7 has Iength%k). But since there is a near-optimal solution of this

structure, the optimal non-preemptive tour®rhas length( %Zs—nk).

On the other hand, the ow lower bound f& is at mostg = k, and the Stein%r lower bound is at most
O(p n) = O(k) (anO(' n) length tree on th@n points can be constructed using &n  2n gridding).
So the preemptive lower bounds are b@Xtk); now using the algorithm of [CR98], we see that the optimal
preemptive tour has length(k logn). Combined with the lower bound for non-preemptive tourspliin
the Theorem.

Acknowledgements:We thank Alan Frieze for his help in proving Theorem 17.
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