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Abstract

We considemistributedonlinealgorithmsfor maximizingthroughputn a net-
work of clientsandseners,modeledasa bipartitegraph. Unlike mostprior work
ononlineloadbalancingwe donotassume&entralizedcontrolandseekalgorithms
andlower boundsfor decentralizedlgorithmsin which eachparticipanthasonly
local knowledgeaboutthe stateof itself andits neighbors. Our problemcanbe
seenasanalogougo therecentwork on oblivious routingin [8, 14, 20], but with
theobjective of maximizingthroughputatherthanminimizing congestionin con-
trastto thatwork, we prove a stronglower bound(polynomialin n, thesizeof the
graph)on the competitive ratio of any oblivious algorithm. This is accompanied
by simple algorithmsachiezing upperboundswhich aretight in termsof k, the
maximumthroughputachiazableby anomniscientalgorithm.Finally, we examine
arestrictedmodelin which clients,uponbecomingactive, mustremainso for at
leastlog(n) time steps.In contrastto the primarily negative resultsin the oblivi-
ouscase herewe presentan algorithmwhich is constant-competite. Our lower
boundsjustify the intuition, implicit in earlierwork on the subject[2], thatsome
suchrestriction(i.e. requiringsomestability in the demandpatternover time) is
necessarin orderto achieve a constant— or evenpolylogarithmic— competitve
ratio.

1 Intr oduction

We considerdistributed online algorithmsfor maximizingthroughputin a network of
clientsandseners,modeledasa bipartitegraphG = (V_; Vr; E) with V| representing
theclients,Vi representingheseners,andE representingheclient-senerassignments
which are consideredadmissible,e.g. becauseof proximity constraints. Motivated
by Internetload-balancingapplications,suchasload-balancingdTTP connectionsn
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a contentdelivery network, we considerthe casewhereclient-serer connectionsare
extremely short-lived (lastingfor only one unit of time) andit is impossibleto getan
instantaneousnapshobf thedemandoattern.Ourfocusis on distributedalgorithmsin
which clientsmustmake decisionsknowing nothingaboutthe currentdemandpattern
otherthantheir own demandandsenersmustmake decisionsknowing nothingother
thanwhatthey learnfrom theiradjacentlients. (We alsoassumehatsenersmayreport
their load to the adjacentclients at the end of a round, thoughthis is not necessarily
predictve of theirloadin futurerounds.)This emphasin distributedalgorithmswith
a very limited amountof communicatioris what distinguisheghe presentpaperfrom
mostof the previouswork on onlineloadbalancing.

Our modelof onlineload-balancings completelystatelesssinceclient-serer con-
nectionslastfor only oneunit of time andthe demandpatternmay be completelydif-
ferentin the next round. Thus,if the demandpatternis allowedto vary arbitrarily and
adwersariallyover time, an online algorithm’'s competitive ratio over a sequencef T
stepswill generallybe no betterthanits competitve ratioin thecaseT = 1, i.e. aone-
shotgamebetweenthe algorithmandthe adwersary It may seemhopelesgo achiere
non-trivial upperboundson competitve ratio in sucha one-shotgame,sincethe al-
gorithmhasno time to learnary informationaboutthe demandpatternbeforemaking
its decisions. However, the recentresultof Racke [20] (andits subsequentonstruc-
tive resultsby Harrelson,Hildrum, and Rao[14] and Bienkowski, Korzeniavski and
Racke [8]) onobliviousroutingin undirectechetworksdemonstratéhatit is sometimes
possibleto achiere surprisinglystrongupperbounddor such*one-shot’loadbalancing
problems.Speci cally, for a multicommodity o w problemin an undirectedgraphG,
it is possiblefor eachcommodityto choosea o w withoutknowingthe demandof any
other commodity in sucha way that the maximumedgecongestionn G is within a
O(log?® nloglogn) factorof that of the congestion-minimizingo w for the given de-
mandpattern.

Much of thepresenpaperis devotedto analyzingthe analogougjuestiorfor client-
sener load-balancing.While it is possibleto achieze competitve ratios signi cantly
betterthanthe trivial O(n) boundfor this problem,we show thatit is impossibleto
achieze apolylog(n) competitveratio. A comparablystronglower boundfor oblivious
routing in bipartite directedgraphswasestablishedisinga simple constructionn [6].
Our lower boundrequiresa signi cantly more sophisticatectonstructionbecauseve
seeka lower boundon competitive ratio for throughputratherthan edgecongestion.
Thisis the rst polynomiallower boundon throughputfor obliviousrouting.

As a counterpointto theseprimarily negative results,we considera restrictedad-
versarialmodelin which clientshave f 0; 1g-valueddemanddi.e. they areeitheractive
or inactive), anda client who becomesactive mustremainactive for at leastr rounds
thereafter In this environment, we presentan algorithm whosecompetitve ratio is
O( %"); where isanupperbound(known to all parties)on thedegreeof ary client.
In particular the algorithmachiezesa constantcompetitve ratiowhenr = (log ) :



Our algorithmis structurallysimilar to the concurrentrouting algorithm of [2], with

two importantdifferencesthelatteralgorithmassumeshatclientsarenotenteringand
leaving the systemover time, andit requiresthe clientsto graduallyincreaseheir o w

until eventuallyreachingthe desiredevel of throughput.Our algorithmpermitsclients
to becomeactive andinactive over time (providedthata client, uponbecomingactive,
remainsactive for the next r steps),andit permitsthemto routetheir full demandn

eachroundin whichthey areactive (thoughthedemandnaynotbesatis ed, if it is sent
to acongestedener).

All of the algorithmspresentedn this paperarevery easyto implement,requiring
straightforvarddecision-makinggndcommunicatiorprotocolsonthe partof clientsand
seners.Someof thelowerboundproofs,ontheotherhand,arerelatively sophisticated.
We shaw that oblivious algorithmsfor throughputmaximizationcanbe obstructedoy
the presenceof substructuresn the bipartite graphwhich we call -focal matchings.
Thetaskof proving competitve-ratiolower boundss therebyreducedo a combinato-
rial problemof packingasmary -focal matchingsaspossibleinto a bipartitegraphof
sizen. Our constructionof suchgraphsinvolvesaninterestingmixture of combinato-
rial, algebraic,andprobabilistictechniques.Theselower boundtechniquesconstitute
oneof maincontributionsof this paperandwe believe it maybeinterestingo consider
whetherthey canbeusedto obtainlower boundsfor otherproblems.

2 Relatedwork

Recallthatthis paperconsiderdoad balancingfor a client-serer modelwhich hastwo
essentiatharacteristicsThe rst oneis thatour systemis fully dynamicandtheinput
canchangedrasticallyfrom onetime periodto the next. The secondneis thatthereis
no central‘dispatcher’in thesystenthatcouldcommunicatéheresultof themaximum
matchingcomputationto the clients, thusguiding their routing decisions.Indeed,the
interplay of thesetwo aspectglays an importantrole in this paper since otherwise
thereare mary algorithmsin the literaturefor modelspossessingnly one of these
characteristicsBelow, we review someof theseresults.

2.1 Centralized control

Findingamaximummatching,or its generalizatiotio maximum o w, is oneof theclas-
sical problemsin combinatorialoptimization. The fastesknown sequentiablgorithm
for the problemhasrunningtime closeto O(JEjjVj) [12]. For the moregeneralprob-
lem of solvingapositivelinearprogramto within a(1+ ) factorof optimality, Plotkin,
Shmas, and Tardos[19] presenta sequentiablgorithmwhich repeatedlyidenti es a
globally minimum weight path,and pushegnore o w alongthat path. The algorithm
of Plotkin etal. is furtherimproved by Gaig andKonemanr{10], who give fasterand
simpler primal-dualalgorithmsfor multicommodity o w and otherfractional packing



problemwith the sameapproximatiorfactor(1 + ). In addition,several (determinis-
tic andrandomized)arallelalgorithmsfor maximumbipartitematchingandmaximum
o w have beenproposedseee.g.[9, 12, 15]). Although thesealgorithmshave ef-
cientimplementationsthey areall centralizedalgorithmsandrequireglobal kowledge
of the demandpatternand global coordination,which make them unsuitablefor fast
distributedimplementatiorwith localinformation.

2.2 Distrib uted control with persistentdemands

Routing and admission control. Assumingthat the demandpatternremainsstable
for atleast (log n) roundsat atime, a distributedroutingand o w control algorithm
with a global objectve function hasbeengivenby AwerlbuchandAzar [2]. This work
is basedon fundamentakesultsfrom competitve analysis[1, 3] and assumeglients
cangraduallyincreasetheir o w; while the o w is still smallit could for examplebe
bufferedattheclient. In this case underthe assumptiorthatthereis a smallnumberof
routing paths they provide anO(log n)-competitive algorithmfor the routing problem,
which takesa polylogarithmicnumberof roundsto cornverge. AwerkuchandLeighton
[4, 5] have suggestedeneramethoddor distributedroutingandadmissiorcontrolthat
usea polynomialamountof buffer space.Our lower boundsdemonstrate¢hat at least
one of thesetwo assumption® persistencef demandsover time, or the ability to
buffer pacletsD is really requiredin orderto achiare a polylogarithmiccompetitve
ratio.

Distrib uted admissioncontrol alone. For the distributedadmissioncontrol problem
(in which clientsdo not choosea sener or routing path, but only their sendingrate)
Papadimitriouand Yannakakig18] initiated the studyof o w controlusingdistributed
routersbasedonly on local information. More precisely they presentec framewvork
for solving positive linear programsby distributedagents.Luby andNisan[16], Bar-
tal, ByersandRaz [7] and nally Gag andYoung[11] obtained(1 + )-competitve
algorithmscorvemingin a polylogarithmicnumberof rounds.

Eventhoughall of theseresultsare distributed, they corverge to their nal solu-
tion in a polylogarithmicnumberof rounds which makesthemunsuitablefor our fully
dynamicclient-sener model.

2.3 Distrib uted control without persistenceof demands

Onepossibleapproacho distributedload-balancings to usean “oblivious” solution.
Suchan oblivious algorithm exists for the congestiomrminimization problemin undi-
rectededge-capacitategraphse€g[20] andits subsequeritnprovementby Harrelson,
Hildrum, andRao[14]) andfor directedandnode-capacitategraphg13]. No suchso-
lution exists for the throughputproblem,thoughRacke andRosen(independenthand
concurrentlywith our work) gave a distributed online call control algorithmwhich is



closelyrelatedto oblivious throughputmaximizationin undirectedgraphs[21]. One
of the main resultsin our paperestablishesiearly tight upperand lower boundson
the performanceof obliviousrouting schemesn directedbipartite graphs in termsof
throughput. The performancegapbetweenthe optimal and oblivious solutionis poly-
nomial; our lower boundsshow thatthis gapis inherent.

3 Formal modeland statementof results

Our graphterminologyis asfollows. All the graphsin this paperaredirectedbipartite
graphswithout multiple edges. For sucha graphG = (V. ;Vr;E), we will referto
elementsof V. asclients and elementsof Vg asserves. The numberof clientsis
denotedby n, the numberof senersby m. Theedgesof E aredirectedfrom clientsto
seners. For avertex setS V. [ Vk we denotethe setof adjacentverticesby ( S),
the setof outgoingedgesby * (S), andthesetof incomingedgesby (S). WhenS
is a singletonsetf vg, thesewill beabbreviatedto ( v); *(v); (v). Thedegreeof a
vertex v will bedenotedby d(v).

The prototypicalproblemwe will analyzeis the following online throughputmax-
imizationproblem. In eachtime stept (1 t T), anadwersarydesignates setS;
of clients, calledthe activeclients Eachactie clienti generates requestand must
choosea (possiblyrandom)adjacentsener to which it will sendthis requestwithout
knowing which otherclientsareactive. Eachsener thatrecevesoneor morerequests
in roundt maychooseo satisfyary oneof them. Thegoalis to maximizethe expected
numberof satis ed requestsgalledthe throughput Thealgorithmis judgedaccording
to its competitveratio,i.e. theratio of its throughputo thatof theomniscienalgorithm
which chooses throughput-maximizingssignmenin eachperiod.

Whenthe problemis posedin this form, its online natureis essentiallyirrelevant.
Thisis becausany algorithmachiezing theoptimumcompetitveratioin theT = 1case
alsoachierestheoptimumcompetitveratio in thecaseof generall , by simplyignoring
pasthistoryandtreatingeachroundasif it werethe rst round.For thisreasonye will
focusmostof our attentiononthe T = 1 casewhich we call the one-shoimodel We
will usetheletterk to denotethethroughpuof the optimalassignmenti,e. the sizeof
amaximummatchingfrom theactive clientsto Vg.

Thefollowing variantsof the problemarealsoof interest.

Multicast model In contrasto the unicastmodeldescribedabore, we may considera
modelin which aclientmaysendits requesto ary subsebf theadjacenseners.
A sener receving oneor morerequestsnay chooseto satisfyarny oneof them,
but it mustmalke this choicewithoutarny knowledgeaboutthe setof active clients
otherthantheinformationcontainedn therequestdt receved. Thethroughpuis
de ned asthe numberof distinctclientswhoserequestaresatis ed,i.e. aclient
whoserequests satis ed by two or more senersstill contritutesonly 1 to the
throughput.



Fractional assignmentsinsteadof requiringeachactie clienti to chooseoneof its
adjacenteners,it may choosea fractionalload distribution amongits outgoing
edqgs.ln otherwords,eachclientchooses functionf; : *(i) ! [0; 1] satisfy-
ing o, .4 f(e) 1 Asaways.clienti mustspecifyf; withoutknowing which
otherclientsarein S. Theloadonasenerj, denotecy (—_; ), is equalto thetotal
loadonall incomingedges.Thethroughpuis de nedby ;,,, minf1;"(j)g:

Restricted adversary In therestricted-adersarymodel,we assumehatthe setsS; of
active clientssatisfythefollowing constraint:every client,uponbecomingactive,
mustremainactive for thenext r rounds.In otherwords,if i 2 S; thenthereexist
to;t; suchthatt, t ti,t; to r,andi 2 Sofortg t° t;. (Wecallr
the minimumactivity period) We alsoassumehatsernersmayreporttheir load
andcapacityto theadjacentlientsattheendof eachround.

In proving lowerboundsn this paperwe will assumehatthestructureof theentire
graphG is known to all clientsandseners,andthatthey have accesgo anunlimited
supplyof sharedandombits. In contrastourupperboundswill bebasednalgorithms
which requiremuch lessknowledgeon the part of the participants:eachvertex need
only know whichverticesareadjacento it. (In Section7 we mustalsoassumehatthey
sharea commonestimateof the maximumclientdegree, .)

Thefollowing theoremsummarizeour mainresults.

Theorem 1. In the unicastone-shotmodel,there is an algorithm whosecompetitive
ratiois O(' k), andthisboundis tight in termsof k, evenif thealgorithmis randomized
andis allowedto usefractionalassignmentdn termsof n, the competitiveratio of any

sud algorithmis ( n%103):

Theorem 2. In the multicastone-shotmodel,there is an algorithm whosecompetitive
ratio is O(k*™®), providedthat the serves know the degree of their adjacentclients
or that the clients can communicatehis informationin their requestheades. This
boundis tight in termsof k, evenif the clientsare allowedto put an arbitrary amount
of informationin the requestheader In termsof n, the competitiveratio of any suc

algorithmis ( n%069):

Theorem 3. In the restrictedadvesary modelwith fractional assignmentsnd with

minimumactivity periodr, if the clientsknowthevalueofr aswell asan upperbound
on the maximumdegree of any client, thenthere is an algorithm whosecompetitive

ratiois O( 5). In particular,if r = (log ) ;thecompetitiveratio is constant.

It is worthmentioningthattheproofsof Theoremd and2 alsoestablishight bounds
on the optimal competitive ratio in termsof m, the numberof seners. The optimal
competitve ratiois (m*™) in the unicastmodeland (m*3) in the multicastmodel.
Tighteningthe boundsin termsof n remainsanopenquestion.



4 Lower boundsfor the one-shotmodel

Ourlower boundsn theone-shomodeldependn nding matchingdM betweera set
of clientsM_ andsenersMg, suchthatremoring M from the edgesetof G leaves
M_ with avery smallsetof neighbors.We call suchstructures -focal matchingsthe
precisede nition is asfollows.

De nition 1. LetM bea matdingin G, andlet M ; Mr denotethe setsof left and
right endpointsyespectivelyof the matding edges. We call M a -focal matchingif
j ( ML)nMgj < jMj= andG containsnoedgesbetweerM | andMg otherthanthose
which belongto M .

Intuitively, the presenceof mary disjoint -focal matchingsin G is a barrier to
achiezing high throughputn anobliviousassignmenalgorithm,for the following rea-
son. Whenthe setof active client is equalto M| for some -focal matchingM, the
optimumthroughpuis jM j. Any assignmenachiezing throughputsigni cantly higher
thanjM j= mustsendmary requestalongtheedgesf M, becausell otheroutgoing
edgesfrom M leadto theset ( M) n Mg, whosecardinalityis only jMj= . Now
supposéhatM is choserat randomfrom amonga large setof disjoint -focal match-
ings. If every clienti hasmary outgoingedges.eachbelongingto a differentone of
thesematchingstheni is unlikely to sendits requestalongthe outgoingedgewhich
belongsto the chosemmatchingM , sinceit hasno informationaboutwhich matching
waschosemtherthanthefactthatit belongso M .

M
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Figurel: A -focal matching.



4.1 Unicastlower bounds

Let A denotethe setof all fractionalassignments G, i.e.

X
A=ff E! [0;1]j8i 2 Vi f(i:]) = 1g
j2.(0)

A setS of active clientsmay be representedy a functionD : vV, ! f0;1g mapping
Sto1landV. nS to O; we call this the demandpattern associateavith S. Givena
fractionalassignment , de ne theloadon senerj by

N /- X P .
()= f(i;7)D()
i2(})
andthethroughpubf f by
X
(f)= minf"(j); 1o:

j2VRr

We maythink of arandomizedassignmenalgorithmin the one-shomodelascomput-
ingafunctionA : f0;1g™ X ! A, whereX is aprobabilityspaceencapsulatingll
the randombits (both sharedand private) which the partiesmay usein their decision-
making. The fact that the assignments oblivious (i.e. thatclients mustchoosetheir
own assignmentvithout knowing which otherclientsareactive) is capturedy the fol-
lowing constraint:in the fractionalassignment = A(D;Xx), for ary edge(i; j ), the
valueof f (i; j ) mayonly dependon D (i) andx. In otherwords,if f °= A(D%x) and
DYi) = D(i), thenf qi; j) = f (i;j).

Theorem 4. Let G bea bipartite graphwhich is (d, ; dr)-biregular, i.e. everyi 2 V|
hasdeggreed, andeveryj 2 Vr hasdgyreedgr. Assumall serves haveunit capacity
If the edge setof G can be partitionedinto -focal matdingsof equalsize thenthe
competitiveratio of anyobliviousrandomizedractionalassignmenalgorithmfor G is
atleast; minfd.; g

Proof. Let A be ary oblivious randomizedfractional assignmenglgorithm, and let

thenumberof edgessatis essk = jJEj = d_n; whence

_ k.
=3

nwl|>o

LetthedemandpatternD : V! f0;1gbede nedby selectingamatchingM = M ()



seedx 2 X, andsettingD (i) = 1if i 2 M_, O otherwise. The throughputof the
assignment = A(D;x) satis es
X X
(f) = minf"(j); 1g+ minf(j); 19

j§<MR j2(ML)nMR

~ . x
)+ 1
B%MR j2 (M )nMg
f(e)+ k= :
e2M

LetD denotethedemandpatternin whichall clientsareactve,i.e.D (i) = 18i, and
letf = A(D ;x). By thede nition of “oblivious; we havethatf (i;j) = f (i;j) for
alli 2 M. Hence X
(f) k= + f (e):
e2M
Now let's take the expectationover therandomchoiceof x andM .

kK X
E[ (f)] —+ Pr(e2 M)E[f (e)]

e2E

X
= K17 e (o
SeZE 3
X X
= 5+ }E4 f (e)°
S 2V e2 * (i)
k n k k 2k
—+ - = -+ = —
S d. minfd_; ¢

The optimal assignmensendsthe k requestsalong the edgesof M, thus achiezing
throughpuk. Hencethecompetitveratio of A is atleast% minfd,_; g;asclaimed. O

Theorem 5. Theee exists a bipartite graph G sud that the competiti{ye_ratio of any
obliviousrandomizedractionalassignmenalgorithmfor G is at least k=2, whee k
is the maximunthroughputachievablein the givenprobleminstance

Proof. ThegraphG is de ned asfollows. Givena positive integerd, let Vg bethe set
f1;2;:::;d?°g; andlet V_ bethesetof all d-elemensubset®f Vk: Eachsuchseti 2 V,
is joined by an edgeto eachof its element§ 2 Vi. G is abiregular bipartite graph,
withd, = danddg = 4 !:

For each(d 1)-elementsubsetS Vg, let M (S) be the matchingcontaining,
for eachj 2 VR nS;anedgefromi = S| fjgtoj. Eachsuchmatchinghassize

d> d+ 1, andeachedge(i;j) 2 E belongsto exactly one suchmatchingM (S).
(NamelyS=infjg.)



We claim thateachmatchingM = M (S) is a d-focal matching. We have Mg =
Vkr NS, andeachi 2 M_ hasoneedgejoining it to Mg (namely the matchingedge)
andd 1edgegoiningit to S. ThusG containsno edgesbetweenM | andMg other
thanthematchingedgesand

J(My)nMgj < jMj=d;

becauseheleft sideis equaltod 1 while theright sideisequaltod 1+ 1=d
Applying Theoremd, we nd thatthe competitveratio of any oinvioHs_randomized

fractional assignmenalgorithmis at leastd=2, which is greaterthan k=2 because

k=d> d+ 1 O

Notethatthe proofof Theorenmb alsogivesalower boundof P m=2wherem is the
numberof seners. (We will seelaterthatthis boundis tight, up to a constantfactor
in termsof m.) However the numberof clientsin this example,n, is equalto ddz , SO
the competitve-ratiolower boundof d=2 only translatesnto a very weaklower bound
of (log n=loglogn) in termsof n. Thefollowing theoremdemonstratethata much

strongerdower boundis possible.

Theorem 6. Thee exists a bipartite graph G sud that the competitiveratio of any
obliviousrandomizedractionalassignmenélgorithmfor G is ( n%193),

Proof. Theconstructiorof thegraphG in this caseis quite complicated For a positive
integerd, let X bethering (F,)Y, i.e. the cartesianproductof d copiesof the eld
F, = f0;1g. ConsideringX asa vectorspaceover F,, let Y be alinear subspacef
dimensionbd (We will optimizethe value of the parameteb < 1 lateron.) Let Z
denotethe setof all z in X suchthatzy is non-zerofor all non-zeroy 2 Y. (If we
identify elementsof X with subsetof f 1;2;:::;dg, thenthe non-zeroelementof Y
constitutea setsystemandZ consistsof all hitting setsfor this setsystem.) We will
wantthe complementX n Z, to be assmallaspossible.Hereis a calculationwhich
boundgheexpectedsizeof X nZ whenY is arandomlinearsubspacef dimensiorbd
For ary non-zeroy 2 X, theprobabilitythatit belongsto Y is 2(° V¢ andthe number
of z suchthatzy = 0is 2¢ W) wherewt(y) denoteghe Hammingweightof y. This
meanghatanupperboundfor the expectedsizeof X nZ is givenby:

X
olb dpd wi(y) — obd 2 Wi(y)

y2X;y60 y2X;y60

N
w N

o
N/\
S W
R\
Q\_E.

|—\



Henceforthwe assumehatwe have chosena speci ¢ linear subspace¥ suchthatthe
cardinalityof X nZ is atmost‘g3 2> 1)d, Lateron, whenwe specifythevalueof b, it
will bethecasethat3 2° 1= " 3 (1+ o(1)), sothefractionof elementsof X which
arenotcontainedn Z is exponentiallysmallin d.

ThebipartitegraphG is de ned asfollows. We put

w =X Z
VR = X
E f((XL;2L);XR) ] Xr XL = yz. forsomey 2 Yg:

By aluseof notation,we will write an edgee with left endpoint(x, ;z ) andright
endpointxg asanorderedriple e = (X_;z_;Xgr). Notethatif xg X, = yz for some
y 2 Y, thenthisy is actuallyunique. (If yz. = y%_, then(y y%z = 0. Since
y y°2 Y andz 2 Z, thisimpliesy y°= 0.) Wewill referto this uniquevalueofy
asthetypeof edgee = (X ;2 ;XR):

We have seenthateach(x,;z ) 2 V. hasexactlyY|j outgoingedgesoneof each
typey 2 Y. Similarly, eachxg 2 Vg hasexactlyjY Zj incomingedges.Given
(y;z) 2 Y Z, onemay easilyverify thatthereis oneandonly one edgeof typey
joining X fzgtoxg, namelytheedgee = (Xr Yz;z;Xr). We have thusestablished
thatG is (2°¢; 2°¢ jZj)-biregular

We mustnow specifya partitionof theedgesetinto -focalmatchingsof equalsize.
For eachpair (x; y) wherex 2 X,y 2 Y, let

My =f(x+ (1 VYy)2);z;x+2)jz2Zg:

where“1” denotedhevector(1;1;1;:::;1) 2 X. Notethat(x + (1 y)z);z;x + 2)
is avalid edgeof typey in G, becausex + z=x+ 1 z=x+ ((1 y)z)+ yz:The
matchingsM (x; y) eachhave sizejZj. To seethat every edgebelongsto exactly one
suchmatchingobserethatif e = (x.;z ;Xgr) withxg  X_ = yz_, thene belongsto
M(Xg z.;Yy). Therecanbeno otherM (x%y9 containinge, sincey® mustequalthe
typeof eandx’mustequalxg  z_ in orderfor e to belongto M (x% y9).

Next, we wish to seethateachsuchmatchingM = M (x;y) is -focal for area-
sonablylarge (i.e. exponentialin d) valueof . To doso,wewill rst shov thatevery
edgebetweenM | andthesetMg = x+ Z = fx+ zj z 2 Zgbelongsto M. Let
e = (X_;z.;Xr) besuchanedge,with xg X, = y% for somey® 2 Y. Since
(XL;z0) 2 M, wehavex, = x+ (1 y)z ;whencexg = x+ (1+Yy° y)z .Ify’=y
thene 2 M. If y°6 y, thenwe usethefactthatevery elementw of thering X satis es
w(l w) = 0: Applyingthiswithw =y y° weseethat(ly Y91 +y° y)z = 0.
Asy ylisanon-zercelemenbf Y, wemayconcludehat(1+ y°® y)z 62Z,whence
Xr 62 + Z. Finally, obsenethat

(M) nMgj  jVenMgj=jX n(x+2)j (3 2*»He



RecallingthatjMj = jZj= (1 0(1))2%; we seethatM is -focalwith
=@ oQ) 223"

Applying Theorem4, we nd that no oblivious randomizedractionalassignment
algorithmachiezesa competitve ratio betterthan

1 1 n d 0
émim‘dL; g= émin 2°d: 22 b=3 T(1  o(1))

This approximatelymaximizedwhen2® = 22 =3, i.e. whenb= 1 3log,(3) =
0:2075::: (Of course,b mustbe roundedto the nearesmultiple of 1=d, sincebd the
dimensionof the vectorspaceY, mustbe aninteger) Recallingthatn = jX Zj <
224: we seethat the lower boundof (2 ) on competitive ratio may be expressecdhs
( nb:Z) - ( n0:103)_ ]

4.2 Multicast lower bounds

Proving lower boundsin the multicastmodelis slightly moredif cult thanin the uni-
castmodel,becauselientsmaybroadcastheir requesto every adjacensener if they
wish. If thesetof active clientsis equalto M for some -focal matchingM , andeach
client choosedo broadcastts requesto all adjacentseners,theneachsenerin Mg
will receve exactly onerequestandwill satisfyit, leadingto a throughputof jM j, the
optimumthroughputor the designatedetof active clients. Neverthelessit is possible
to use -focal matchingsto prove lower boundsin the multicastmodel, by combining
themwith anotherdevice which we call a smolesceen A smolescreers simply a
randomsetof clientswhosesizeis smallrelative to thesizeof thematchingandwhose
purposeis to confusethe senersin Mr by makingit dif cult for themto distinguish
whichincomingrequesis comingfrom M .

We will begin by formalizing the classof protocolswhich we will be considering.
We will assumenceagainthatthereis a probabilityspaceX encapsulatingherandom
bits (bothsharedandprivate)availableto the partiesin their computation.Thereis also
a(notnecessarilynite) messagspaceMSGencapsulatingll themessagethatclients
may sendto seners.A protocolis speci ed by acommunicatiorfunction

A :f0o;lg X! MSG®
for eachclienti andadecisionfunction
B, :MSGD X1 ()

for eachsenerj. Thevalueof A;(D;x) speci esthe d(i)-tuple of messagewhich i
will sendonits outgoingedgesf its demands D andtherandomseeds x. Thevalue



randomseedis x andj receves messagesii; my;:::;Myj) ON its incoming edges.
We will call sucha protocolf A;; B;g an oblivious assignmenprotocol for G in the
multicastmodel

Withoutlossof generalitywe mayassumehatMSG= f 0; 1g andthateachcommu-
nicationfunction A; is simply the functionA;(D;x) = D. In otherwords,eachclient
simply informsall adjacensenerswhetherit is active or not. This assumptions with-
out loss of generalitybecausdor ary otherprotocol P = fA; B g, we canconstruct
aprotocolP = fA;;B;g with A; de ned asabove, andwith B; de ned asfollows.
For eachclienti 2 (J) Bj(mq;:::; Mygy; X) simulatesA; (m.,x) to determinewhat
messageh; would have beensentfroml to ) underthe protocolP, andit thencom-
putesB; (rhy; : : :; My(); X) to determinevhatrequesit would have satis ed. This new
protocolP haspremselythesameoutcomeasIﬁ.

Basedon this reduction,we will assum&rom now on that eachsener's decision
functionis a mappingB; : f0;1g()) X ! (j) which choosesfor eachsubset
S (), arandomelementB;(S;x) 2 ( j) determinedoy therandomseedx. The
notionthatsenershave dif culty distinguishingelementf M| from elementsof the
smolescreens capturedoy thefollowing lemma.

Lemma 1. Let bea setof d elementsand considerany functionB : 2 !
Supposarandomelement 2 is sampledaccoding to the uniformdistribution, and

a randomsetS nfig is sampledby choosingead elementindependentlywith
probability p. ThenPr(B(S[ fig)=1i)=0 p—ld :
Proof. Forany non-emptysetT of cardinalityt, we have

ifB(T)2T

1
Pr(B(T) = ikS[ fig=T) = 0 otherwise

Thisis obviousif B(T) 62T. AssumingB (T) 2 T, it holdsbecausdor every element
02T,

Pr(i = ip » S= T nfiyg) = % Pl @ pt
Denotingthis probability by po, we have
X
Pr(S[ fig=T) = Pr(i = ip » S= T nfioQ) = tpo;
i02T

and

Pr(i = B(T) » S=TnfB(T)g) _ po

Pr(B(T)=ikS[ fig=T) = Pr(S[ fig= T) " tpo




Summingoverall t, we have

X
PrB(S[ fig=1i) = = PrGs[ figi=1)

t=1

. _ 2 . _
Pr(jSj < p(d 1)=2)+ m Pr(jSj p(d 1)=2)
2 1

o —
p(d 1) pd

wherethe last line follows from the Chernof bound[17] and from the fact that the
expectationof jSjisp(d 1). O

< e Pd DB

Theorem7. Let G bea bipartite graphwhich is (d,_; dr)-biregular. If theedge setof G
canbe partitionedinto -focal matdingsof sizek = ( m),thenthecompetitbveratio
of anyobliviousassignmenprotocolfor G in themulticastmodelis (min f ;" d_g):

andlet the setof active clientsS bede ned asfollows. Everyclienti 2 M belango
S, andin addition,everyi 2 V|, nM | joins S independentlyvith probabilityp =

m .
drn -
ThesetQ = SnM, isreferredto asthesmolesceen

In the discussiompreceding.emmal, we arguedthatonecanassumavithoutloss
of generalitythatthe protocoloperatessfollows: eachclient broadcast#s requesto
all adjacensseners;eachsenerj recevesrequestfrom a setT; ( j) andchooses
which requestto satisfy by computinga function B; (T;; x) which dependsn T; and
the (sharedyandomseedx.

Sinceeachclientin Q andeachsenerin ( M) nMg contributesat mostoneunit
of throughputwe have the following boundon the expectedtotal throughput (where
the expectations overtherandomchoiceof S aswell astherandomseedx):

X
E@(QI)+ E( (ML) nMgj) + Pr(j 2 Mg ™ Bj(Tj;x) 2 M)
X i2Vr
pn+ k= + Pr(B;(T;;x) 2 M kj 2 Mg):
i2Vr

We may boundPr(B; (T;;x) 2 M_ kj 2 Mg) usingLemmal. Thekey obsenation
is that, conditionalontheeventj 2 Mg, thesetof active clientsadjacentoj consists
of oneelementi of M, uniformly distributedin ( j), aswell asa randomsubsetf
( j) nfigsampledoy includingeachelemenindependentlyvith probabilityp. Thus

r r
1 n 1

Pr(B;(Ti;x)2 M_ kj2MrR) =0 — =0 =0 —
(J(J ) L J R) pdq de d|_




wherethe last stepfollows from the factthatmdg = jEj = nd_: We areassuming
k= ( m),so

P —

pn+ k= +O(m 1=d)
=k @) @ + 1 + di
4 L T
n
= 0 — + =+ a
p
= 1= + 1=d
n p (0}
= max 1= ; 1= ;
andthe competitveratiok= is (min f ;pﬁg): O

Theorem 8. Thee existsa graph G sud that the competitiveratio of any oblivious
assignmenprotocolfor G in themulticastmodelis ( k*2):

Proof. For anarbitrarypositiveintegerd, let Vg = f1;2;:::;d%g, andlet V, betheset
of all d?>-elemensubset®f V. De ne theedgesetby joining suchaseti to anelement
j 2 VR if j isanelemenbfi, asin theproofof Theorenb. Asin thatproof,theedgeset
may be partitionedinto matchingsM (S), whereS runsoverall (d°>  1)-subset®f Vg
andM (S) isthematchingcontainingfor eachj 2 Vg nS, theedgefromi = S[ fjgto
j . Eachsuchmatchinghassizek = d® d?+ 1, satisesj ( M )nMgj = jSj = d® 1,
and hasthe propertythat G containsno edgesbetweenM | and My otherthanthe
edgesof M (S). ThusM (S) isa(d 1)-focal matching,for eachS. The matchings
M (S) alsosatisfyjM (S)j,= ( m) sincem = d. We maythusapply Theorem7 with
=d 1= (k¥® and d. = d= ( k¥®);toobtainthedesiredowerbound. O

As above, the proof of Theorem8 alsoestablishes lowerboundof ( m*™) onthe
competitveratio of the optimalassignmenprotocolin the multicastmodel,andwe will
later seea matchingupperbound. However, asbefore,this graphgivesusonly a very
weaklowerbound, (log n=loglogn), in termsof n. For a polynomiallower boundin
termsof n, we mayusethe sameconstructioraswasusedin Theorem6.

Theorem 9. Thee existsa graph G sud that the competitiveratio of any oblivious
assignmenprotocolfor G in the multicastmodelis ( n%069):

Proof. ThegraphG is de ned by the sameconstructiorasin the proof of Theorem6,
but this time we chooseb by roundingoff (4=3) (2=3) log,(3) = 0:27669 :: to the
nearestultiple of 1=d. (Notethatthis valueof bstill satises3 2° ! < 1.) We have
alreadyprovedthatthe edgesetof G maybe partitionedinto -focal matchingsof size



k = jZj. Herem = 2 andjzj 2¢ 3 221%= (1 o)m, sok = ( m) as
requiredby Theorem?. Recallthatfor this graphG,

(1 o) 2% =3¢
d|_ = Zbd

We have chosenb sothat 22 = 1+ O § 22 =3 so P d. and areequalup
to ﬁonstanlfactors,andthe competitve ratio of ary oblivious assignmenprotocolis
( d) = 2042 Recallingthatn = 2%, this meansthe competitive ratio is

nb=4 — ( n0:069): =

5 Algorithm for the unicast model

In this sectionwe presentanalgorithmwhich is O(p k)-competitive, wherek denotes
the maximumthroughputachievable for the given demandpattern. We will initially
work in the fractionalassignmenmodel. Later we will show that a simple random-
izedroundingof thefractionalassignmenyields anintegral assignmentvith the same
expectedthroughputup to a constanfactor

Theorem10. Therexistsanobliviousfractionalassignmenalgorithmwhichis O(p k)-
competitivewith the optimumfractionalassignmentfor everydemandpatternD.

Proof. Theobliviousfractionalassignmenalgorithmis extremelysimple. Eachactive
clienti sendsd(l—i) unitsof o w into eachof its outgoingedgesgpachinactive clientsends
Zeroow.

For a sener j, recall thatthe load "(j ) is de ned asthe sumof the o ws on all
incoming edges.With the o w de ned accordingto the algorithmspeci ed, let  be
thesgtof full seners,i.e. thosewith "(j) 1. Let, = j. We considertwo caseslf

k, thenthe algorithm*sthroughputiﬁ atleast k andwe aredone.

Now considerthecasein which < ° k. Let A bethesetof active clientsi with
(1) , andlet B bethe setof all otheractie clients. Notethatk | j + jBj,
sinceevery unit of o w in the optimal assignmenpassepasseshrough or B. Our
algorithmachiezesa throughputof 1 from eachsenerin , anda throughputof “(j)
fromeachsenerj 2 Vrn . Thereforeto nish proving thetheoremit sufces to shav

that X B
Q) P (1)

j2VRn d ke

To doso,wewill showv thateachclienti 2 B contrimtesatleastlzdp keto theleft side
of (1). Notethateachi 2 B hasatleastmaxf1;d(i)  gneighborsvhich arenot!'p_ ,
soi contritutesatleastmaxf 1=d(i); 1  =d (i)gtotheleft sideof (1). If d(i) < d ke,



then 1=d(i) 1:dp ke: If d(i) dIO ke; thenusingthe fact that dIO ke 1we
obtain p_
_ d ke 1 A
d(i) d ke d ke
asdesired. O

Theorem5 demonstratethatno algorithmcanachieve a bettercompetitve ratio in
termsof k thanour simplealgorithm,up to constantfactors. An obvious crgrollary of
Theorem10 is that our algorithm's competitve ratio, in termsof n, is O(" n). This
boundis tight in termsof n for Oblr algorithm, i.e. thereexist instancedor which
the algorithm's throughputis O(k=" n).! We do not know if thereexists analgorithm
achiezing a bettercompetitve ratio in termsof n; the bestknown lower boundis the
onespeci edin Theoremb.

5.1 Rounding fractional to integral assignments

We wishto demonstratéhatfor any obliviousfractionalassignmenalgorithmA achie/-

ing competitve ratio R, thereis arandomizedntegral assignmenalgorithmA°achies-

ing competitveratio O(R). If f is thefractionalassignmentomputedoy A for agiven
demandpatternjet A°selectarandomintegral assignmenasfollows: eachactive client
i choosesa randomoutgoingedgeindependentlof the otherclients' randomchoices,
with f (€) representinghe probability of choosingedgee.

Lemma 2. Let (A); (A9 denotethe throughputof A; A% respectivelyon the given
demandpattern.ThenE( (A% 1 I (A):

e

Proof. (A9 isequalto theexpectechumberof senerswhichreceve atleastonepaclet
whenanassignmenis sampledat randomaccordingo A. Now,

Y
Pr(j recevesnopaclety = 1 f(e)
eZY ()
< e f®
<P 1
X -
= exp@ f(eA =e 0): (2)

e2  (j)

1ConsidersetsA, B, andC, wherejAj = n, jBj = n, andjCj = pﬁ. LetV. = AandVg = B[ C.
Theedgesetof graphG consistof a perfectmatchingjoining Apto B andacompletebipartitesubgraph
joining A to C. In this exampleeachclient hasdegreeatleast n. Now, if the adwersarychoose® as

the setof %ct'we clients,thenthe optimumthroughputk, is equalto n, while our algorithm's throughput
isonly O(" n).



If °(j) 1, therightsideof (2)is atmostl=¢ andif "(j) < 1, theright sideis atmost

1 1 %‘(j),usingtheinequalityeX 1 (1 x)+ % X, whichfollows from

the corvexity of thefunctione *. Thus,
. : 1 . <
Pr(j recevesapaclet) 1 o minfl; (j)g:

Summingoverj,weobtainE( (A9) 1

[l

(A): O

Corgllary 1. Thee existsa randomizedbliviousintegral assignmenélgorithmwhich
isO( k)-competitiven expectatiorwith theoptimumassignmengi.e., maximunmatd-
ing) for everydemandoattern.

6 Algorithm for the multicast model

In this section,we describea simple algorithmwhich achiezesa competitve ratio of
O(k*3) the multicastmodel, whereclients are allowed to sendtheir requestto more
thanonesener, anda sener may selectary oneof the requestst recevesandsatisfy
thisrequest.The algorithmrequiresno sharedrandombits, nor doesit requirethe par
tiesto know the structureof the graphG. The clientsneedonly know which seners
are adjacentio them, andthe senersneedonly know the degreesof the adjacentac-
tive clients. (If necessarythe active clientsmay communicatehis informationin their
requesheaders.)

Theorem 11. Thee exists an oblivious assignmeniprotocol in the multicast model
which is O(k¥™®)-competitivewith the optimumassignmenti.e., maximummatding)
for everydemandpattern.

Proof. The algorithmis asfollows. Eachclient broadcaststs requestto all adjacent
seners.If i isaclientwhosedegreein thebipartitegraphis d(i), thenasenerreceving
arequesftromi assignSNeightTli) to thisrequestAfter receving all requestsa sener
choosedo satisfyarandomrequeswith probability proportionalto its weight.

For asenerj, de ne its weightw(j ) to bethe sumof the weightsof all requestst
receves. Let M bea speci c maximummatchingfrom the setof active clientsto Vi;
asusualwe denotethe size of this matchingby k. For every edgee = (i;j) in M, at
leastoneof thefollowing musthold:

1. d@i)w() k*¥3

2. w(j)>k =

3. d(i) > k=S,
Thusoneof thethreepossibilitiesis applicableto at leastk=3 of theedgesn M. We
dealwith themcase-by-case.



In casel, for eachmatchingedgee = (i; j ) satisfying(1), we have
Pr(j selectgherequesfromi) = (1=d(i))=w(j) = 1=(d(i)w(j)) k =

Therearek=3 suchedgesgachhasat leastak =3 chanceof beingsatis ed,andeach
of themcorrespond$o a distinctclient. Hencethe expectedhumberof satis ed clients
is ( k¥3) asdesired.

In case?, let S denotethesetof senerswhichareright endpointof matchingedges
satisfying(2). By assumptionthereare ( k) suchseners. The factthatthey satisfy
( k?2) distinctrequestsin expectationjs aconsequencef thefollowing lemmawhich
we alsousefor case3.

Lemma 3. For anyrealnumberO< r 1, let S denotethe setof serves of weightat
leastr. Theexpectechumberof distinctrequestsatis edbytheservesin S is at least
aISi.

Proof. For eachsenerj in S, ip anindependentoin and color senerj red with
probabilityr. Considerthefollowing two events:

E1 : j iscoloredred.
E2 : Theclienti whoserequestvassatis edby|j did nothave
its requestatis ed by any redsener otherthan; .

It is clearthatE 1 andE 2 areindependen(E 1 depend®nly onj's choiceof color, E 2
dependsnly on | 's choiceof job andon the randomchoicesmadeby otherseners.)
The probabilityof E1 is r. We claim thatthe probabilityof E2 is atleastl=e To see
this, let d = d(i). For eachelementj®2 S nfjg adjacento i, the probability thatj ©
satis edi's requests at mostﬁ, andthe probability thatit wascoloredredisr, so
thereis atmosta 1=d(i) chancehatj “wascoloredredandsatis edi'srequestThusthe
probabilitythatj °is notaredsener satisfyingi'srequesis 1  1=d(i). Multiplying
atmostd(i) 1 suchtermstogetheywe getaprobabilitywhichis atleastl=e
Thustheexpectechumberof element®f S satisfyinge 1 andE 2 is atleast(r =¢)|S;.
No client can be satis ed by more than one suchsener, so altogetherthe expected
numberof distinctclientssatis edby S is atleast(r =€) S;. O

Finally, we addresscase3. Partition the senersinto two sets,A andB, whereA
consistsof all senerswhoseweightis at leastl, andall othersbelongto B. Let X
denotethesetof clientsi which satisfy

1. i istheleft endpointof anedgein the matchingM ;
2.d(i) k=,

By hypothesisjX j is at leastk=3. For eachsenerj, let wYj) denotethe total weight
of the requestst recevesfrom elementsof X . Thesumof wYj) over all seners;j is
simplyjXj (sinceeachclient contributesexactly oneunit of weight,in total), henceone
of thefollowing sub-caseapplies:



P . .

3.1, WY)  jXj=2 k=6
P oy

320 ,pwW{) Xj=2 k=6

We handlethetwo sub-caseseparatelyFor case3.1, notethatwYj ) is boundedabove
by k'3, becausg is adjacento atmostk elementf X , andeachof themcontritutes
atmostk 2= unitsof weightto wYj ). Soin orderfor (3:1) to hold, it mustbethecase
thatjAj  k?2=6. Applying thelemmaabove with r = 1, we nd thatthe expected
numberof distinctclientssatis edby senersin A is ( k?2) asdesired.For case3.2,at
least3=4 of theclientsin X have atleast1=3 of their neighbordn B. (Otherwisethese
clientswould contritute lessthanjX j=4 to the sumon the left side of (3.2), andthe
remainingjX j=4 clientswould contribute at mostj X j=4 to thatsum.) For a client with
1=3 of its neighborsn B, the probability of its requesbeingsatis edis boundedelow
by aconstantnamelyl e . To seethis, leti besuchaclientandj any neighborof
i in B. Theprobabilitythatj satis esi'srequests d(i)iv(j) ﬁ sotheprobabilitythat
j doesnotsatisfyi'sjobisatmostl 1=d(i). Multiplying atleastd(i)=3 suchterms
together we geta failure probability which is lessthane 3. So,in case3.2,we nd
thatthe expectednumberof elementf X whoserequesis satis ed by an elementof
B isatleast(l e %) (3=4) jXj = ( k) which easilybeatstherequired ( k>3)
bound. O

Theorem8 demonstratethatno algorithmcanachiere a bettercompetitve ratio in
termsof k thanour algorithm,up to constantfactors. An obvious corollary of Theo-
rem11is thatouralgorithm's competitiveratio, in termsof n, is O(n*=2). This boundis
tight in termsof n for our algorithm, i.e. thereexist instancegor which thealgorithm's
throughputis O(k=n'"%). 2 We do not know if thereexists an algorithm achiesing a
bettercompetitive ratio in termsof n; the bestknown lower boundis the onespeci ed
in Theoremo.

7 Restricted adversary model

Returningfrom the settingof one-shot(oblivious) algorithmsto the online setting,we
now considemnlinefractionalassignmerdlgorithmsfor asequencef demandatterns
D: : VL ! f0;1g, which maybe adwersariallyspeci ed subjectto therestrictionthat
when a client becomesactive, it remainsactive for the next r rounds,wherer is a
positive integerknown to all clients. (As always,we referto a clienti asactive attime

2Considera bipartitegraphG whoseleft verticesare partitionedinto two setsA, B andwhoseright
verticesarepartitionedinto two setsC,D, suchthatjAj = k, jBj = k?73,jCj = k, jDj = k?73. A andC
arejoinedby a perfectmatching,B andC arejoined by a completebipartitegraph,A andD arejoined
by a completebipartitegraph,andthereareno edgesrom B to D. If eachclientis active, thenit is an
exerciseto checkthatthe algorithmspeci ed above satis esonly O(k?=3) = O(k=n%"®) distinctjobsin
expectation.



tif D¢(i) = 1, inactive otherwise.)We do not assumehatary of the partiesknow the
structureof the graphG; the only requirements that clients shouldknow the setof
adjacenseners,andthey shouldhave commonknowledgeof anumber whichis an
upperboundon the degreeof ary client. (Suchanupperboundis ofteneasyto obtain.
For example,if thenumberof senersm is commonknowledge,thisis a suitablevalue
for )

Unlike previous sectionswhich assumedtachsener hasunit capacity we assume
herethateachsenerj hasanon-n@atve capacityc;. No upperboundonc; is assumed,
but the capacitiesare assumedo remain constantover time. The throughputof an
assignments de ned to be the sum,overall senersj, of minf "(j); ¢;g, where'(j) as
alwaysdenotegheloadonsenerj .

Our algorithmrunsin a seriesof synchronousgoncurrentrounds. In eachround,
eachclient assigndoadfractionallyamongthe adjacenseners.(As in Lemma2, such
a fractionalassignmentnay be corvertedinto an integral assignmenby randomized
rounding,decreasinghe expectedthroughputby only a constantfactor) Eachsener
sumsthe assignedoadsandreportsits load/capacityratio backto the adjacentlients.
Thisis theonly communicationn eitherdirection.

7.1 Algorithm

The algorithmdividestime into windows of lengthdr =2e. Eachactive client maintains
a fractionalassignmenof load on its outgoingedges.Whena client of degreed be-
comesactive, it waits for the startof the next window andtheninitializesits fractional
assignmenby sendingl=dunitsof o w oneachoutgoingedge.While a clientremains
active, it updatests fractionalassignment attheendof eachround,usingthefeedback
from the adjacentsenersasfollows. Let = (2) ": A seneris de ned to be“un-
dersupplied,“comfortable’; or “oversupplied, accordingo whetherthecorresponding
sener's load/capacityratiois < 1= ,isin theinterval [1= ;1], oris > 1, respectely.
We will referto edgesasundersuppliedgomfortable or oversuppliedaccordingto the
statusof the correspondingener, andfor a clienti we will denotethe total ow on
undersuppliedcomfortable andoversuppliededgesby f ,(i); fc(i); fo(i); respectrely.
A clienti with dy(i) oversuppliedbutgoingedgess called“unhappy” if

0<(  Dfu@i) <foi) do(i)=2 ;

otherwise'happy”. A happy clientretainsthe same o w distributionin the next round.
An unhappy client redistributes o w from the oversuppliededgego the undersupplied
ones,soasto multiply theamountof o w on eachundersuppliectdgeby . In doing
so,the o w oneachoversuppliecedgemaynotdropbelow Zi (Theconditionde ning
anunhappy clientensureshatsucharedistritutionis possible.)



7.2 Analysis

In atime window W, call a client eligible if it is active in every roundbelongingto
W. De ne amodi ed sequencef demanddd,(i) by specifyingthat D,(i) = 1if i is
eligible in the window containingroundt, O otherwise.The analysisof the algorithm
dependson proving thatit is O( )-competitve with the throughputof the optimum
sequencef assignmenttor themodi ed demandsThefollowing lemmaexplainswhy
thisis sufcient.

Lemma 4. Let ;" denotethe throughputof the optimumsequencef assignmentor
theoriginal demandsindthemodi ed demandstespectivelyThen”  =3:

original demandsD;. We may assumehat eachf; assignsto senerj aload "¢(j)
which is at mostc;. (If not, we may adjustf; by reducingthe ow on someof the
incomingedgedo senerj withoutreducingthethroughput.)Now constructasequence

active but not eligible attimet, it mustbethe casethateither:

i becameactive duringthewindow W containingt. If so,i is eligible in the next
window, W + 1. Lett%= t + dr=2e:

I ceasedo beactveduringW. If so,i iseligiblein theprecedingvindow, W 1.
Lett®=t dr=2e

Now adjustf" by changingfo(€) to f1(e) + f1o(e) for eachoutgoingedgee from i, and

suchthat:
Theout ow from ineligible clientsis zeroin eachround.

Theout ow from aneligible clienti is atmost1. (In the original assignments;,
theout ow from i wasatmost1 in eachround.In f;, theout ow fromi attimet
is boundedabove by theaverageout ow in roundst; t  dr=2e;t + dr=2e of the
originalassignment.)

Thein ow to asenerj is atmostgc . (In theoriginal assignments$;, thein o w
toj wasatmostc in eachround.In f}, thein ow to] attimet is boundecabove
by theaveragen o win roundst;t dr=2e;t+ dr=2e of theoriginalassignment.)

The throughputis =3. (We initialized f; to f,=3, andwe subsequentlghifted
o w without changingthe combinedthroughput.)

By de nition, thethroughpubf f;:::;ft isatmost”™. Thus”  =3. O

Theorem 12. Thealgorithmspeci edin Section7.1is O( 5")-competitive



Proof. For atime window W, let A(W) be the optimumthroughputachiezable by an
assignmenbf the eligible clientsonly. By the precedinglemma,we know that it is
sufcient to prove that the algorithm's throughputduring W is ( (W)= ): For the
remainderof the analysis,we will limit our attentionto the time roundswhich belong
toW.

First, we notethattheload on a sener cannotincreaseby a factorof morethan
in arny round, becausehe load on eachedgecannotincreaseby a factorof morethan

. If aseneris comfortable,the load on its incoming edgesdoesnot changeat all.

Thereforea sener maynotbecomeoversuppliedn thenext roundunlesst wasalready
oversuppliedn the currentround.

Secondwe notethatfor anedgee = (i; j), the ow f (e) doesnot increasewhile
j is oversupplied;if j ever ceasego be oversuppliedjn eachsubsequentoundf (e)
eitherincreasedy afactorof or remainsthe same.Moreover, the numberof rounds
in whichf (€) increasess at mostr=6 because "*® = 2 , andf (e) is neverlessthan
5 andnever morethan.

For eachedgee = (i; j ) in eachroundt, oneof thefollowing applies:

1. i washapy in roundt.
2. ] wasnhotundersuppliedn roundt.
3. Theloadoneincreasedy afactorof attheendof roundt.

We have alreadyarguedthatthethird caseappliesto at mostr =6 of the dr =2e roundsin
W. Thereforegitherthe rst or thesecondcaseis satis ed by edgee in at leastr =6 of
theroundsint 2 W.

Callaclient“satis ed” if it is hapyy in atleastr =6 of theroundsin W; let X bethe
setof all suchclients. Call asener“satis ed” if it is oversuppliedbr comfortablein at
leastr =6 roundsof W ; let Y bethesetof all suchseners.Above, we have proventhat
every edgehaseitherits left endpointin X or its right endpointin Y. Thereforejn the
maximum-throughpu w, every unit of o w goesthrougheithera satis edclientor a
satis ed sener, resultingin thebound

W) st e 3
a=e oy G (3)
However, it follows from the de nition of “satis ed” thatthe algorithm's throughput
satis es: ( )
ma Ak 2 g @
r=6 2 ’

P j2y
The lower bound(1= ) i G is immediatefrom the factthata senerj which is not
undersuppliethasthroughputtleastc; = . Thelowerbound(1=2 )jXj maybederived
asfollows. If aclienti is hapgy in roundt we have: ( D) o) %;whence,

fo(i)y+ fei) ( DF)+ Fu(i)+Fe(i)  (Fo(i) + fuli) + (i) ézé;



Everyunitof o wwhichi senddoanundersuppliedr comfortablesenercontributesto
thethroughpuin roundt. Thereforeahapyy clientcontritutesatleastf ,(i)+ f (i) zi
unitsof throughpuin roundt, whichjusti es (4).

. . P dr=2 N .
Finally, puttingtogether(3), (4), weobtain:18 <= (W): O
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