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Abstract

Weconsiderdistributedonlinealgorithmsfor maximizingthroughputin anet-
work of clientsandservers,modeledasa bipartitegraph.Unlike mostprior work
ononlineloadbalancing,wedonotassumecentralizedcontrolandseekalgorithms
andlower boundsfor decentralizedalgorithmsin which eachparticipanthasonly
local knowledgeaboutthe stateof itself andits neighbors.Our problemcanbe
seenasanalogousto therecentwork on oblivious routing in [8, 14, 20], but with
theobjectiveof maximizingthroughputratherthanminimizingcongestion.In con-
trastto thatwork, we prove a stronglower bound(polynomialin n, thesizeof the
graph)on the competitive ratio of any oblivious algorithm. This is accompanied
by simplealgorithmsachieving upperboundswhich aretight in termsof k, the
maximumthroughputachievableby anomniscientalgorithm.Finally, weexamine
a restrictedmodelin which clients,uponbecomingactive, mustremainso for at
leastlog(n) time steps.In contrastto theprimarily negative resultsin theoblivi-
ouscase,herewe presentanalgorithmwhich is constant-competitive. Our lower
boundsjustify the intuition, implicit in earlierwork on thesubject[2], thatsome
suchrestriction(i.e. requiringsomestability in thedemandpatternover time) is
necessaryin orderto achieveaconstant— or evenpolylogarithmic— competitive
ratio.

1 Intr oduction

We considerdistributedonline algorithmsfor maximizingthroughputin a network of
clientsandservers,modeledasa bipartitegraphG = (VL ; VR ; E) with VL representing
theclients,VR representingtheservers,andE representingtheclient-serverassignments
which are consideredadmissible,e.g. becauseof proximity constraints. Motivated
by Internetload-balancingapplications,suchas load-balancingHTTP connectionsin
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a contentdelivery network, we considerthe casewhereclient-server connectionsare
extremelyshort-lived(lastingfor only oneunit of time) andit is impossibleto get an
instantaneoussnapshotof thedemandpattern.Our focusis ondistributedalgorithmsin
which clientsmustmake decisionsknowing nothingaboutthecurrentdemandpattern
otherthantheir own demand,andserversmustmake decisionsknowing nothingother
thanwhatthey learnfrom theiradjacentclients.(Wealsoassumethatserversmayreport
their load to the adjacentclientsat the endof a round,thoughthis is not necessarily
predictiveof their loadin futurerounds.)This emphasison distributedalgorithmswith
a very limited amountof communicationis whatdistinguishesthepresentpaperfrom
mostof thepreviouswork ononlineloadbalancing.

Ourmodelof onlineload-balancingis completelystateless,sinceclient-servercon-
nectionslast for only oneunit of time andthedemandpatternmaybecompletelydif-
ferentin thenext round. Thus,if thedemandpatternis allowedto vary arbitrarily and
adversariallyover time, an online algorithm's competitive ratio over a sequenceof T
stepswill generallybeno betterthanits competitiveratio in thecaseT = 1, i.e. a one-
shotgamebetweenthe algorithmandthe adversary. It mayseemhopelessto achieve
non-trivial upperboundson competitive ratio in sucha one-shotgame,sincethe al-
gorithmhasno time to learnany informationaboutthedemandpatternbeforemaking
its decisions.However, the recentresultof Räcke [20] (and its subsequentconstruc-
tive resultsby Harrelson,Hildrum, andRao[14] andBienkowski, Korzeniowski and
Räcke [8]) onobliviousroutingin undirectednetworksdemonstratethatit is sometimes
possibleto achievesurprisinglystrongupperboundsfor such“one-shot”loadbalancing
problems.Speci�cally, for a multicommodity�o w problemin anundirectedgraphG,
it is possiblefor eachcommodityto choosea �o w withoutknowingthedemandof any
other commodity, in sucha way that the maximumedgecongestionin G is within a
O(log2 n loglogn) factorof that of the congestion-minimizing�o w for the given de-
mandpattern.

Muchof thepresentpaperis devotedto analyzingtheanalogousquestionfor client-
server load-balancing.While it is possibleto achieve competitive ratiossigni�cantly
betterthan the trivial O(n) boundfor this problem,we show that it is impossibleto
achieveapolylog(n) competitiveratio. A comparablystronglowerboundfor oblivious
routing in bipartitedirectedgraphswasestablishedusinga simpleconstructionin [6].
Our lower boundrequiresa signi�cantly moresophisticatedconstructionbecausewe
seeka lower boundon competitive ratio for throughputratherthanedgecongestion.
This is the�rst polynomiallowerboundon throughputfor obliviousrouting.

As a counterpointto theseprimarily negative results,we considera restrictedad-
versarialmodelin which clientshave f 0; 1g-valueddemands(i.e. they areeitheractive
or inactive), anda client who becomesactive mustremainactive for at leastr rounds
thereafter. In this environment,we presentan algorithm whosecompetitive ratio is
O(� 6=r ); where� is anupperbound(known to all parties)on thedegreeof any client.
In particular, thealgorithmachievesa constantcompetitive ratio whenr = 
(log �) :



Our algorithm is structurallysimilar to the concurrentrouting algorithm of [2], with
two importantdifferences:thelatteralgorithmassumesthatclientsarenotenteringand
leaving thesystemover time,andit requirestheclientsto graduallyincreasetheir �o w
until eventuallyreachingthedesiredlevel of throughput.Ouralgorithmpermitsclients
to becomeactive andinactive over time (providedthata client, uponbecomingactive,
remainsactive for the next r steps),andit permitsthemto routetheir full demandin
eachroundin whichthey areactive(thoughthedemandmaynotbesatis�ed,if it is sent
to acongestedserver).

All of thealgorithmspresentedin this paperarevery easyto implement,requiring
straightforwarddecision-makingandcommunicationprotocolsonthepartof clientsand
servers.Someof thelowerboundproofs,ontheotherhand,arerelatively sophisticated.
We show that obliviousalgorithmsfor throughputmaximizationcanbe obstructedby
the presenceof substructuresin the bipartitegraphwhich we call 
 -focal matchings.
Thetaskof proving competitive-ratiolower boundsis therebyreducedto a combinato-
rial problemof packingasmany 
 -focal matchingsaspossibleinto a bipartitegraphof
sizen. Our constructionof suchgraphsinvolvesan interestingmixtureof combinato-
rial, algebraic,andprobabilistictechniques.Theselower boundtechniquesconstitute
oneof maincontributionsof thispaper, andwebelieve it maybeinterestingto consider
whetherthey canbeusedto obtainlowerboundsfor otherproblems.

2 Relatedwork

Recallthatthis paperconsidersloadbalancingfor a client-servermodelwhich hastwo
essentialcharacteristics.The�rst oneis thatour systemis fully dynamicandtheinput
canchangedrasticallyfrom onetimeperiodto thenext. Thesecondoneis thatthereis
nocentral“dispatcher”in thesystemthatcouldcommunicatetheresultof themaximum
matchingcomputationto the clients,thusguiding their routing decisions.Indeed,the
interplay of thesetwo aspectsplays an importantrole in this paper, sinceotherwise
thereare many algorithmsin the literaturefor modelspossessingonly one of these
characteristics.Below, we review someof theseresults.

2.1 Centralized control

Findingamaximummatching,or its generalizationto maximum�o w, is oneof theclas-
sicalproblemsin combinatorialoptimization. The fastestknown sequentialalgorithm
for theproblemhasrunningtime closeto O(jE jjV j) [12]. For themoregeneralprob-
lemof solvingapositivelinearprogramto within a (1 + � ) factorof optimality, Plotkin,
Shmoys, andTardos[19] presenta sequentialalgorithmwhich repeatedlyidenti�es a
globally minimumweightpath,andpushesmore�o w alongthatpath. The algorithm
of Plotkin et al. is further improvedby Garg andKonemann[10], who give fasterand
simplerprimal-dualalgorithmsfor multicommodity�o w andotherfractionalpacking



problemwith thesameapproximationfactor(1 + � ). In addition,several (determinis-
tic andrandomized)parallelalgorithmsfor maximumbipartitematchingandmaximum
�o w have beenproposed(seee.g. [9, 12, 15]). Although thesealgorithmshave ef�-
cient implementations,they areall centralizedalgorithmsandrequireglobalkowledge
of the demandpatternandglobal coordination,which make themunsuitablefor fast
distributedimplementationwith local information.

2.2 Distrib uted control with persistentdemands

Routing and admission control. Assumingthat the demandpatternremainsstable
for at least
(log n) roundsat a time, a distributedroutingand�o w controlalgorithm
with a globalobjective functionhasbeengivenby AwerbuchandAzar [2]. This work
is basedon fundamentalresultsfrom competitive analysis[1, 3] andassumesclients
cangraduallyincreasetheir �o w; while the �o w is still small it could for examplebe
bufferedat theclient. In this case,undertheassumptionthatthereis asmallnumberof
routingpaths,they provide anO(logn)-competitivealgorithmfor theroutingproblem,
which takesa polylogarithmicnumberof roundsto converge. AwerbuchandLeighton
[4, 5] havesuggestedgeneralmethodsfor distributedroutingandadmissioncontrolthat
usea polynomialamountof buffer space.Our lower boundsdemonstratethatat least
oneof thesetwo assumptionsÐ persistenceof demandsover time, or the ability to
buffer packetsÐ is really requiredin orderto achieve a polylogarithmiccompetitive
ratio.

Distrib uted admissioncontrol alone. For the distributedadmissioncontrol problem
(in which clientsdo not choosea server or routing path,but only their sendingrate)
PapadimitriouandYannakakis[18] initiatedthestudyof �o w controlusingdistributed
routersbasedonly on local information. More precisely, they presenteda framework
for solvingpositive linear programsby distributedagents.Luby andNisan[16], Bar-
tal, ByersandRaz [7] and�nally Garg andYoung[11] obtained(1 + � )-competitive
algorithmsconverging in apolylogarithmicnumberof rounds.

Even thoughall of theseresultsaredistributed, they converge to their �nal solu-
tion in a polylogarithmicnumberof rounds,which makesthemunsuitablefor our fully
dynamicclient-servermodel.

2.3 Distrib uted control without persistenceof demands

Onepossibleapproachto distributedload-balancingis to usean “oblivious” solution.
Suchan oblivious algorithmexists for the congestionminimizationproblemin undi-
rectededge-capacitatedgraphs(see[20] andits subsequentimprovementby Harrelson,
Hildrum, andRao[14]) andfor directedandnode-capacitatedgraphs[13]. No suchso-
lution exists for the throughputproblem,thoughRäcke andRosen(independentlyand
concurrentlywith our work) gave a distributedonline call control algorithmwhich is



closely relatedto oblivious throughputmaximizationin undirectedgraphs[21]. One
of the main resultsin our paperestablishesnearly tight upperand lower boundson
theperformanceof obliviousroutingschemesin directedbipartite graphs, in termsof
throughput.Theperformancegapbetweentheoptimalandoblivioussolutionis poly-
nomial;our lowerboundsshow thatthisgapis inherent.

3 Formal modeland statementof results

Our graphterminologyis asfollows. All thegraphsin this paperaredirectedbipartite
graphswithout multiple edges. For sucha graphG = (VL ; VR ; E), we will refer to
elementsof VL as clients and elementsof VR as servers. The numberof clients is
denotedby n, thenumberof serversby m. Theedgesof E aredirectedfrom clientsto
servers. For a vertex setS � VL [ VR we denotethesetof adjacentverticesby �( S),
thesetof outgoingedgesby � + (S), andthesetof incomingedgesby � � (S). WhenS
is a singletonsetf vg, thesewill beabbreviatedto �( v); � + (v); � � (v). Thedegreeof a
vertex v will bedenotedby d(v).

Theprototypicalproblemwe will analyzeis the following online throughputmax-
imizationproblem. In eachtime stept (1 � t � T), anadversarydesignatesa setSt

of clients,calledthe activeclients. Eachactive client i generatesa requestandmust
choosea (possiblyrandom)adjacentserver to which it will sendthis request,without
knowing which otherclientsareactive. Eachserver thatreceivesoneor morerequests
in roundt maychooseto satisfyany oneof them.Thegoalis to maximizetheexpected
numberof satis�ed requests,calledthethroughput. Thealgorithmis judgedaccording
to its competitiveratio,i.e. theratioof its throughputto thatof theomniscientalgorithm
which choosesa throughput-maximizingassignmentin eachperiod.

Whenthe problemis posedin this form, its online natureis essentiallyirrelevant.
Thisisbecauseany algorithmachieving theoptimumcompetitiveratioin theT = 1case
alsoachievestheoptimumcompetitiveratio in thecaseof generalT, by simplyignoring
pasthistoryandtreatingeachroundasif it werethe�rst round.For this reason,wewill
focusmostof our attentionon theT = 1 case,which we call theone-shotmodel. We
will usetheletterk to denotethethroughputof theoptimalassignment,i.e. thesizeof
amaximummatchingfrom theactiveclientsto VR .

Thefollowing variantsof theproblemarealsoof interest.

Multicast model In contrastto theunicastmodeldescribedabove,we mayconsidera
modelin whichaclientmaysendits requestto any subsetof theadjacentservers.
A server receiving oneor morerequestsmaychooseto satisfyany oneof them,
but it mustmakethischoicewithoutany knowledgeaboutthesetof activeclients
otherthantheinformationcontainedin therequestsit received.Thethroughputis
de�ned asthenumberof distinctclientswhoserequestsaresatis�ed, i.e. a client
whoserequestis satis�ed by two or moreserversstill contributesonly 1 to the
throughput.



Fractional assignmentsInsteadof requiringeachactive client i to chooseoneof its
adjacentservers,it maychoosea fractionalloaddistribution amongits outgoing
edges.In otherwords,eachclient choosesa functionf i : � + (i ) ! [0; 1] satisfy-
ing

P
e2 � + (i ) f (e) � 1. As always,clienti mustspecifyf i withoutknowingwhich

otherclientsarein S. Theloadonaserver j , denotedby `(j ), is equalto thetotal
loadonall incomingedges.Thethroughputis de�ned by

P
j 2 VR

minf 1; `(j )g:

Restrictedadversary In therestricted-adversarymodel,we assumethat thesetsSt of
activeclientssatisfythefollowing constraint:everyclient,uponbecomingactive,
mustremainactivefor thenext r rounds.In otherwords,if i 2 St thenthereexist
t0; t1 suchthat t0 � t � t1, t1 � t0 � r , andi 2 St0 for t0 � t0 � t1. (We call r
theminimumactivity period.) We alsoassumethatserversmayreporttheir load
andcapacityto theadjacentclientsat theendof eachround.

In proving lowerboundsin thispaper, wewill assumethatthestructureof theentire
graphG is known to all clientsandservers,andthat they have accessto anunlimited
supplyof sharedrandombits. In contrast,ourupperboundswill bebasedonalgorithms
which requiremuchlessknowledgeon the part of the participants:eachvertex need
only know whichverticesareadjacentto it. (In Section7 wemustalsoassumethatthey
sharea commonestimateof themaximumclientdegree,� .)

Thefollowing theoremssummarizeourmainresults.

Theorem 1. In the unicastone-shotmodel,there is an algorithm whosecompetitive
ratio is O(

p
k), andthisboundis tight in termsof k, evenif thealgorithmis randomized

andis allowedto usefractionalassignments.In termsof n, thecompetitiveratio of any
such algorithmis 
( n0:103):

Theorem 2. In themulticastone-shotmodel,there is an algorithmwhosecompetitive
ratio is O(k1=3), provided that the servers know the degree of their adjacentclients
or that the clients can communicatethis information in their requestheaders. This
boundis tight in termsof k, evenif theclientsare allowedto put an arbitrary amount
of informationin the requestheader. In termsof n, the competitiveratio of any such
algorithmis 
( n0:069):

Theorem 3. In the restrictedadversary modelwith fractional assignmentsand with
minimumactivity periodr , if theclientsknowthevalueof r aswell asan upperbound
� on themaximumdegreeof anyclient, thenthere is an algorithmwhosecompetitive
ratio is O(� 6=r ). In particular, if r = 
(log �) ; thecompetitiveratio is constant.

It is worthmentioningthattheproofsof Theorems1and2alsoestablishtightbounds
on the optimal competitive ratio in termsof m, the numberof servers. The optimal
competitive ratio is � (m1=2) in the unicastmodeland� (m1=3) in the multicastmodel.
Tighteningtheboundsin termsof n remainsanopenquestion.



4 Lower boundsfor the one-shotmodel

Our lowerboundsin theone-shotmodeldependon �nding matchingsM betweenaset
of clientsM L andserversM R , suchthat removing M from the edgesetof G leaves
ML with a very smallsetof neighbors.We call suchstructures
 -focal matchings;the
precisede�nition is asfollows.

De�nition 1. Let M be a matching in G, and let M L ; MR denotethe setsof left and
right endpoints,respectively, of the matching edges. We call M a 
 -focal matchingif
j�( M L ) nMR j < jM j=
 andG containsnoedgesbetweenM L andMR otherthanthose
which belongto M .

Intuitively, the presenceof many disjoint 
 -focal matchingsin G is a barrier to
achieving high throughputin anobliviousassignmentalgorithm,for thefollowing rea-
son. Whenthe setof active client is equalto M L for some
 -focal matchingM , the
optimumthroughputis jM j. Any assignmentachieving throughputsigni�cantly higher
thanjM j=
 mustsendmany requestsalongtheedgesof M , becauseall otheroutgoing
edgesfrom M L leadto the set �( M L ) n MR , whosecardinality is only jM j=
 . Now
supposethatM is chosenat randomfrom amonga largesetof disjoint 
 -focal match-
ings. If every client i hasmany outgoingedges,eachbelongingto a differentoneof
thesematchings,theni is unlikely to sendits requestalongthe outgoingedgewhich
belongsto thechosenmatchingM , sinceit hasno informationaboutwhich matching
waschosenotherthanthefactthatit belongsto M L .

M

M M

V \ MV \ M

L R

L L R R

Figure1: A 
 -focalmatching.



4.1 Unicast lower bounds

Let A denotethesetof all fractionalassignmentsin G, i.e.

A = f f : E ! [0; 1] j 8i 2 VL

X

j 2 �( i )

f (i; j ) = 1g:

A setS of active clientsmaybe representedby a functionD : VL ! f 0; 1g mapping
S to 1 andVL n S to 0; we call this the demandpatternassociatedwith S. Given a
fractionalassignmentf , de�ne theloadon server j by

`(j ) =
X

i 2 �( j )

f (i; j )D(i )

andthethroughputof f by

� (f ) =
X

j 2 VR

minf `(j ); 1g:

We maythink of a randomizedassignmentalgorithmin theone-shotmodelascomput-
ing afunctionA : f 0; 1gVL � X ! A , whereX is aprobabilityspaceencapsulatingall
the randombits (bothsharedandprivate)which thepartiesmayusein their decision-
making. The fact that the assignmentis oblivious(i.e. that clientsmustchoosetheir
own assignmentwithout knowing which otherclientsareactive) is capturedby thefol-
lowing constraint:in the fractionalassignmentf = A(D; x), for any edge(i; j ), the
valueof f (i; j ) mayonly dependon D(i ) andx. In otherwords,if f 0 = A(D 0; x) and
D 0(i ) = D(i ), thenf 0(i; j ) = f (i; j ).

Theorem 4. Let G bea bipartite graphwhich is (dL ; dR)-biregular, i.e. every i 2 VL

hasdegreedL andeveryj 2 VR hasdegreedR . Assumeall servers haveunit capacity.
If the edge setof G can be partitionedinto 
 -focal matchingsof equalsize, thenthe
competitiveratio of anyobliviousrandomizedfractionalassignmentalgorithmfor G is
at least 1

2 minf dL ; 
 g:

Proof. Let A be any oblivious randomizedfractional assignmentalgorithm, and let
M (1) ; : : : ; M (s) be a partition of E into 
 -focal matchingsof equalsizek. Note that
thenumberof edgessatis�essk = jE j = dL n; whence

n
s

=
k
dL

:

Let thedemandpatternD : VL ! f 0; 1g bede�nedby selectingamatchingM = M (r )

uniformly at randomfrom f M (1) ; : : : ; M (s)g, independentlyof thealgorithm's random



seedx 2 X , andsettingD(i ) = 1 if i 2 M L , 0 otherwise. The throughputof the
assignmentf = A(D; x) satis�es

� (f ) =
X

j 2 M R

minf `(j ); 1g +
X

j 2 �( M L )nM R

minf `(j ); 1g

�
X

j 2 M R

`(j ) +
X

j 2 �( M L )nM R

1

�
X

e2 M

f (e) + k=
 :

Let D � denotethedemandpatternin which all clientsareactive, i.e. D � (i ) = 18i , and
let f � = A(D � ; x). By thede�nition of “oblivious,” we have that f (i; j ) = f � (i; j ) for
all i 2 M L . Hence

� (f ) � k=
 +
X

e2 M

f � (e):

Now let's take theexpectationover therandomchoiceof x andM .

E[� (f )] �
k



+
X

e2 E

Pr(e 2 M )E[f � (e)]

=
k



+
1
s

X

e2 E

E[f � (e)]

=
k



+
1
s

E

2

4
X

i 2 VL

X

e2 � + (i )

f � (e)

3

5

�
k



+
n
s

=
k



+
k
dL

�
2k

minf dL ; 
 g
:

The optimal assignmentsendsthe k requestsalong the edgesof M , thus achieving
throughputk. Hencethecompetitiveratioof A is at least1

2 minf dL ; 
 g; asclaimed.

Theorem 5. There exists a bipartite graph G such that the competitiveratio of any
obliviousrandomizedfractionalassignmentalgorithmfor G is at least

p
k=2, where k

is themaximumthroughputachievablein thegivenprobleminstance.

Proof. ThegraphG is de�ned asfollows. Givena positive integerd, let VR betheset
f 1; 2; : : : ; d2g; andlet VL bethesetof all d-elementsubsetsof VR : Eachsuchseti 2 VL

is joined by an edgeto eachof its elementsj 2 VR . G is a biregular bipartitegraph,
with dL = d anddR =

� d2 � 1
d� 1

�
:

For each(d � 1)-elementsubsetS � VR , let M (S) be the matchingcontaining,
for eachj 2 VR n S; an edgefrom i = S [ f j g to j . Eachsuchmatchinghassize
d2 � d + 1, andeachedge(i; j ) 2 E belongsto exactly onesuchmatchingM (S).
(Namely, S = i n f j g.)



We claim that eachmatchingM = M (S) is a d-focal matching.We have M R =
VR n S, andeachi 2 M L hasoneedgejoining it to M R (namely, thematchingedge)
andd � 1 edgesjoining it to S. ThusG containsno edgesbetweenM L andMR other
thanthematchingedges,and

j�( M L ) n MR j < jM j=d;

becausetheleft sideis equalto d � 1 while theright sideis equalto d � 1 + 1=d.
Applying Theorem4,we�nd thatthecompetitiveratioof any obliviousrandomized

fractional assignmentalgorithm is at leastd=2, which is greaterthan
p

k=2 because
k = d2 � d + 1.

Notethattheproofof Theorem5 alsogivesa lowerboundof
p

m=2 wherem is the
numberof servers. (We will seelater that this boundis tight, up to a constantfactor,
in termsof m.) However thenumberof clientsin this example,n, is equalto

� d2

d

�
, so

thecompetitive-ratiolower boundof d=2 only translatesinto a very weaklower bound
of 
(log n=loglogn) in termsof n. Thefollowing theoremdemonstratesthata much
strongerlowerboundis possible.

Theorem 6. There exists a bipartite graph G such that the competitiveratio of any
obliviousrandomizedfractionalassignmentalgorithmfor G is 
( n0:103).

Proof. Theconstructionof thegraphG in this caseis quitecomplicated.For a positive
integer d, let X be the ring (F2)d, i.e. the cartesianproductof d copiesof the �eld
F2 = f 0; 1g. ConsideringX asa vectorspaceover F2, let Y be a linear subspaceof
dimensionbd. (We will optimize the valueof the parameterb < 1 later on.) Let Z
denotethe setof all z in X suchthat zy is non-zerofor all non-zeroy 2 Y. (If we
identify elementsof X with subsetsof f 1; 2; : : : ; dg, thenthenon-zeroelementsof Y
constitutea setsystemandZ consistsof all hitting setsfor this setsystem.)We will
want the complement,X n Z , to be assmall aspossible.Hereis a calculationwhich
boundstheexpectedsizeof X nZ whenY is arandomlinearsubspaceof dimensionbd.
For any non-zeroy 2 X , theprobabilitythatit belongsto Y is 2(b� 1)d, andthenumber
of z suchthatzy = 0 is 2d� wt(y) , wherewt(y) denotestheHammingweightof y. This
meansthatanupperboundfor theexpectedsizeof X n Z is givenby:

X

y2 X ; y6=0

2(b� 1)d2d� wt(y) = 2bd
X

y2 X ; y6=0

2� wt(y)

= 2bd
dX

j =1

�
d
j

�
2� j

= 2bd
�
(3=2)d � 1

�

< (3 � 2b� 1)d



Henceforthwe assumethatwe have chosena speci�c linearsubspaceY suchthat the
cardinalityof X n Z is at most(3 � 2b� 1)d. Lateron,whenwe specifythevalueof b, it
will bethecasethat3 � 2b� 1 =

p
3 � (1 + o(1)), sothefractionof elementsof X which

arenotcontainedin Z is exponentiallysmallin d.
ThebipartitegraphG is de�ned asfollows. Weput

VL = X � Z

VR = X

E = f ((xL ; zL ); xR ) j xR � xL = yzL for somey 2 Yg:

By abuseof notation,we will write an edgee with left endpoint(xL ; zL ) and right
endpointxR asanorderedtriple e = (xL ; zL ; xR ). Notethatif xR � xL = yzL for some
y 2 Y, then this y is actuallyunique. (If yzL = y0zL , then(y � y0)zL = 0. Since
y � y0 2 Y andz 2 Z , this impliesy � y0 = 0.) We will referto this uniquevalueof y
asthetypeof edgee = (xL ; zL ; xR ):

We have seenthateach(xL ; zL ) 2 VL hasexactly jY j outgoingedges,oneof each
type y 2 Y. Similarly, eachxR 2 VR hasexactly jY � Z j incomingedges.Given
(y; z) 2 Y � Z , onemay easilyverify that thereis oneandonly oneedgeof type y
joining X � f zg to xR , namelytheedgee = (xR � yz; z; xR ). Wehavethusestablished
thatG is (2bd; 2bd � jZ j)-biregular.

Wemustnow specifyapartitionof theedgesetinto 
 -focalmatchingsof equalsize.
For eachpair (x; y) wherex 2 X , y 2 Y, let

M (x; y) = f (x + ((1 � y)z); z; x + z) j z 2 Zg:

where“1” denotesthevector(1; 1; 1; : : : ; 1) 2 X . Notethat(x + ((1 � y)z); z; x + z)
is a valid edgeof typey in G, becausex + z = x + 1 � z = x + ((1 � y)z) + yz: The
matchingsM (x; y) eachhave sizejZ j. To seethat every edgebelongsto exactly one
suchmatching,observe that if e = (xL ; zL ; xR ) with xR � xL = yzL , thene belongsto
M (xR � zL ; y). Therecanbeno otherM (x0; y0) containinge, sincey0 mustequalthe
typeof e andx0mustequalxR � zL in orderfor e to belongto M (x0; y0).

Next, we wish to seethat eachsuchmatchingM = M (x; y) is 
 -focal for a rea-
sonablylarge(i.e. exponentialin d) valueof 
 . To do so,we will �rst show thatevery
edgebetweenM L andthe setMR = x + Z = f x + z j z 2 Zg belongsto M . Let
e = (xL ; zL ; xR ) be suchan edge,with xR � xL = y0zL for somey0 2 Y. Since
(xL ; zL ) 2 M L , wehavexL = x + (1� y)zL ; whencexR = x + (1+ y0� y)zL . If y0 = y
thene 2 M . If y0 6= y, thenwe usethefactthateveryelementw of thering X satis�es
w(1 � w) = 0: Applying thiswith w = y � y0, weseethat(y � y0)(1 + y0� y)zL = 0.
As y � y0 is anon-zeroelementof Y, wemayconcludethat(1+ y0� y)zL 62Z , whence
xR 62x + Z . Finally, observe that

j�( M L ) n MR j � jVR n MR j = jX n (x + Z)j � (3 � 2b� 1)d:



RecallingthatjM j = jZ j = (1 � o(1))2d; we seethatM is 
 -focalwith


 = (1 � o(1))
�
22� b=3

� d
:

Applying Theorem4, we �nd that no oblivious randomizedfractionalassignment
algorithmachievesacompetitiveratio betterthan

1
2

minf dL ; 
 g =
1
2

min
n

2bd;
�
22� b=3

� d
(1 � o(1))

o
:

This approximatelymaximizedwhen2b = 22� b=3, i.e. whenb = 1 � 1
2 log2(3) =

0:2075: : : (Of course,b mustbe roundedto the nearestmultiple of 1=d, sincebd, the
dimensionof thevectorspaceY, mustbean integer.) Recallingthatn = jX � Z j <
22d; we seethat the lower boundof 
(2 bd) on competitive ratio may be expressedas

( nb=2) = 
( n0:103).

4.2 Multicast lower bounds

Proving lower boundsin themulticastmodelis slightly moredif�cult thanin theuni-
castmodel,becauseclientsmaybroadcasttheir requestto every adjacentserver if they
wish. If thesetof activeclientsis equalto M L for some
 -focalmatchingM , andeach
client choosesto broadcastits requestto all adjacentservers,theneachserver in M R

will receive exactly onerequestandwill satisfyit, leadingto a throughputof jM j, the
optimumthroughputfor thedesignatedsetof activeclients.Nevertheless,it is possible
to use
 -focal matchingsto prove lower boundsin themulticastmodel,by combining
them with anotherdevice which we call a smokescreen. A smokescreenis simply a
randomsetof clientswhosesizeis smallrelative to thesizeof thematching,andwhose
purposeis to confusethe serversin M R by makingit dif�cult for themto distinguish
which incomingrequestis comingfrom M L .

We will begin by formalizing theclassof protocolswhich we will beconsidering.
Wewill assumeonceagainthatthereis aprobabilityspaceX encapsulatingtherandom
bits (bothsharedandprivate)availableto thepartiesin their computation.Thereis also
a(notnecessarily�nite) messagespaceMSGencapsulatingall themessagesthatclients
maysendto servers.A protocolis speci�edby acommunicationfunction

A i : f 0; 1g � X ! MSGd(i )

for eachclient i andadecisionfunction

B j : MSGd(j ) � X ! �( j )

for eachserver j . The valueof A i (D ; x) speci�esthe d(i )-tupleof messageswhich i
will sendon its outgoingedgesif its demandis D andtherandomseedis x. Thevalue
of B j (m1; m2; : : : ; md(j ) ; x) speci�eswhich client's requestwill be served by j if the



randomseedis x and j receivesmessagesm1; m2; : : : ; md(j ) on its incoming edges.
We will call sucha protocol f A i ; B j g an obliviousassignmentprotocol for G in the
multicastmodel.

Withoutlossof generalitywemayassumethatMSG= f 0; 1g andthateachcommu-
nicationfunctionA i is simply thefunctionA i (D ; x) = D. In otherwords,eachclient
simply informsall adjacentserverswhetherit is activeor not. Thisassumptionis with-
out lossof generalitybecausefor any otherprotocol P̂ = f Â i ; B̂ j g, we canconstruct
a protocolP = f A i ; B j g with A i de�ned asabove, andwith B j de�ned as follows.
For eachclient i 2 �( j ), B j (m1; : : : ; md(j ) ; x) simulatesÂ i (mi ; x) to determinewhat
messagêmi would have beensentfrom i to j underthe protocolP, andit thencom-
putesB̂ j (m̂1; : : : ; m̂d(j ) ; x) to determinewhatrequestit wouldhavesatis�ed. Thisnew
protocolP haspreciselythesameoutcomeasP̂ .

Basedon this reduction,we will assumefrom now on that eachserver's decision
function is a mappingB j : f 0; 1g�( j ) � X ! �( j ) which chooses,for eachsubset
S � �( j ), a randomelementB j (S;x) 2 �( j ) determinedby therandomseedx. The
notionthatservershave dif�culty distinguishingelementsof M L from elementsof the
smokescreenis capturedby thefollowing lemma.

Lemma 1. Let � be a set of d elements,and considerany function B : 2� ! � .
Supposea randomelementi 2 � is sampledaccording to theuniformdistribution,and
a randomsetS � � n f ig is sampledby choosingeach elementindependentlywith

probabilityp. ThenPr(B(S [ f ig) = i ) = O
�

1
pd

�
.

Proof. For any non-emptysetT � � of cardinalityt, wehave

Pr(B(T) = i k S [ f ig = T) =
�

1
t if B (T) 2 T
0 otherwise:

This is obviousif B (T) 62T. AssumingB(T) 2 T, it holdsbecausefor everyelement
i0 2 T,

Pr(i = i 0 ^ S = T n f i 0g) =
1
d

� pt � 1 � (1 � p)d� t :

Denotingthisprobabilityby p0, wehave

Pr(S [ f ig = T) =
X

i 02 T

Pr(i = i 0 ^ S = T n f i 0g) = tp0;

and

Pr(B(T) = i k S [ f ig = T) =
Pr(i = B(T) ^ S = T n f B(T)g)

Pr(S [ f ig = T)
=

p0

tp0
=

1
t
:



Summingoverall t, wehave

Pr(B(S [ f ig) = i ) =
dX

t=1

1
t

� Pr(jS [ f igj = t)

� Pr(jSj < p(d � 1)=2) +
2

p(d � 1)
Pr(jSj � p(d � 1)=2)

< e� p(d� 1)=8 +
2

p(d � 1)
= O

�
1
pd

�
;

wherethe last line follows from the Chernoff bound[17] and from the fact that the
expectationof jSj is p(d � 1).

Theorem 7. LetG bea bipartitegraphwhich is (dL ; dR)-biregular. If theedgesetof G
canbepartitionedinto 
 -focal matchingsof sizek = 
( m), thenthecompetitiveratio
of anyobliviousassignmentprotocolfor G in themulticastmodelis 
(min f 
 ;

p
dL g):

Proof. Let M (1) ; : : : ; M (s) beapartitionof theedgesetinto 
 -focalmatchingsof sizek,
andlet thesetof activeclientsS bede�ned asfollows. Everyclient i 2 M L belongsto
S, andin addition,everyi 2 VL nM L joinsS independentlywith probabilityp =

q
m

dR n :

ThesetQ = S n M L is referredto asthesmokescreen.
In thediscussionprecedingLemma1, we arguedthatonecanassumewithout loss

of generalitythat theprotocoloperatesasfollows: eachclient broadcastsits requestto
all adjacentservers;eachserver j receivesrequestsfrom a setTj � �( j ) andchooses
which requestto satisfyby computinga function B j (Tj ; x) which dependson Tj and
the(shared)randomseedx.

Sinceeachclient in Q andeachserver in �( M L ) n MR contributesat mostoneunit
of throughput,we have thefollowing boundon theexpectedtotal throughput� (where
theexpectationis over therandomchoiceof S aswell astherandomseedx):

� � E (jQj) + E (j�( M L ) n MR j) +
X

j 2 VR

Pr(j 2 MR ^ B j (Tj ; x) 2 M L )

� pn + k=
 +
X

j 2 VR

Pr(B j (Tj ; x) 2 M L k j 2 MR ):

We mayboundPr(B j (Tj ; x) 2 M L k j 2 MR ) usingLemma1. Thekey observation
is that,conditionalon theeventj 2 M R , thesetof active clientsadjacentto j consists
of oneelementi of M L , uniformly distributedin �( j ), aswell asa randomsubsetof
�( j ) n f ig sampledby includingeachelementindependentlywith probabilityp. Thus

Pr(B j (Tj ; x) 2 M L k j 2 MR ) = O
�

1
pdR

�
= O

� r
n

mdR

�
= O

� r
1
dL

�
;



wherethe last stepfollows from the fact that mdR = jE j = ndL : We areassuming
k = 
( m), so

� � pn + k=
 + O(m
p

1=dL )

� =k � O
�

pn
m

+
1



+

r
1
dL

�

= O
� r

n
mdR

+
1



+

r
1
dL

�

= O
�

1=
 +
p

1=dL

�

= O
�

max
n

1=
 ;
p

1=dL

o�
;

andthecompetitiveratio k=� is 
(min f 
 ;
p

dL g):

Theorem 8. There existsa graph G such that the competitiveratio of any oblivious
assignmentprotocolfor G in themulticastmodelis 
( k1=3):

Proof. For anarbitrarypositive integerd, let VR = f 1; 2; : : : ; d3g, andlet VL betheset
of all d2-elementsubsetsof VR . De�ne theedgesetby joining suchaseti to anelement
j 2 VR if j is anelementof i , asin theproofof Theorem5. As in thatproof,theedgeset
maybepartitionedinto matchingsM (S), whereS runsoverall (d2 � 1)-subsetsof VR

andM (S) is thematchingcontaining,for eachj 2 VR nS, theedgefrom i = S[ f j g to
j . Eachsuchmatchinghassizek = d3 � d2 + 1, satis�esj�( M L ) nMR j = jSj = d2 � 1,
and hasthe propertythat G containsno edgesbetweenM L and MR other than the
edgesof M (S). ThusM (S) is a (d � 1)-focal matching,for eachS. The matchings
M (S) alsosatisfyjM (S)j = 
( m) sincem = d3. We maythusapplyTheorem7 with

 = d � 1 = 
( k1=3) and

p
dL = d = 
( k1=3); to obtainthedesiredlowerbound.

As above,theproofof Theorem8 alsoestablishesa lowerboundof 
( m1=3) on the
competitiveratioof theoptimalassignmentprotocolin themulticastmodel,andwewill
laterseea matchingupperbound.However, asbefore,this graphgivesusonly a very
weaklowerbound,
(log n=loglogn), in termsof n. For apolynomiallowerboundin
termsof n, wemayusethesameconstructionaswasusedin Theorem6.

Theorem 9. There existsa graph G such that the competitiveratio of any oblivious
assignmentprotocolfor G in themulticastmodelis 
( n0:069):

Proof. ThegraphG is de�ned by thesameconstructionasin theproof of Theorem6,
but this time we choosebby roundingoff (4=3) � (2=3) � log2(3) = 0:27669: : : to the
nearestmultiple of 1=d. (Notethat this valueof b still satis�es3 � 2b� 1 < 1.) We have
alreadyprovedthattheedgesetof G maybepartitionedinto 
 -focal matchingsof size



k = jZ j. Herem = 2d andjZ j � 2d �
�
3 � 2b� 1

� d
= (1 � o(1))m, sok = 
( m) as

requiredby Theorem7. Recallthatfor thisgraphG,


 = (1 � o(1))
�
22� b=3

� d

dL = 2bd

We have chosenb so that 2b=2 =
�
1 + O

�
1
d

��
22� b=3, so

p
dL and 
 are equalup

to constantfactors,andthe competitive ratio of any oblivious assignmentprotocol is

(

p
dL ) = 


�
2bd=2

�
: Recalling that n = 22d, this meansthe competitive ratio is



�
nb=4

�
= 
( n0:069):

5 Algorithm for the unicastmodel

In this sectionwe presentanalgorithmwhich is O(
p

k)-competitive,wherek denotes
the maximumthroughputachievable for the given demandpattern. We will initially
work in the fractionalassignmentmodel. Later we will show that a simple random-
izedroundingof thefractionalassignmentyieldsanintegral assignmentwith thesame
expectedthroughput,up to aconstantfactor.

Theorem10. Thereexistsanobliviousfractionalassignmentalgorithmwhich is O(
p

k)-
competitivewith theoptimumfractionalassignment,for everydemandpatternD.

Proof. Theobliviousfractionalassignmentalgorithmis extremelysimple.Eachactive
client i sends 1

d(i ) unitsof �o w into eachof its outgoingedges;eachinactiveclientsends
zero�o w.

For a server j , recall that the load `(j ) is de�ned as the sumof the �o ws on all
incomingedges.With the �o w de�ned accordingto the algorithmspeci�ed, let � be
thesetof full servers,i.e. thosewith `(j ) � 1. Let � = j� j. We considertwo cases.If
� �

p
k, thenthealgorithm's throughputis at least

p
k andwearedone.

Now considerthecasein which � <
p

k. Let A be thesetof active clientsi with
�( i ) � � , and let B be the setof all otheractive clients. Note that k � j� j + jB j,
sinceevery unit of �o w in theoptimalassignmentpassespassesthrough� or B . Our
algorithmachievesa throughputof 1 from eachserver in � , anda throughputof `(j )
from eachserver j 2 VR n� . Therefore,to �nish proving thetheoremit suf�ces to show
that X

j 2 VR n�

`(j ) �
jB j

d
p

ke
: (1)

To doso,wewill show thateachclient i 2 B contributesat least1=d
p

keto theleft side
of (1). Notethateachi 2 B hasat leastmaxf 1; d(i ) � � g neighborswhicharenot in � ,
soi contributesat leastmaxf 1=d(i ); 1 � �=d (i )g to theleft sideof (1). If d(i ) < d

p
ke,



then1=d(i ) � 1=d
p

ke: If d(i ) � d
p

ke; thenusingthe fact that � � d
p

ke � 1 we
obtain

1 �
�

d(i )
� 1 �

d
p

ke� 1

d
p

ke
�

1

d
p

ke
;

asdesired.

Theorem5 demonstratesthatno algorithmcanachieve a bettercompetitive ratio in
termsof k thanour simplealgorithm,up to constantfactors.An obviouscorollaryof
Theorem10 is that our algorithm's competitive ratio, in termsof n, is O(

p
n). This

bound is tight in termsof n for our algorithm, i.e. thereexist instancesfor which
thealgorithm's throughputis O(k=

p
n).1 We do not know if thereexistsanalgorithm

achieving a bettercompetitive ratio in termsof n; the bestknown lower boundis the
onespeci�edin Theorem6.

5.1 Rounding fractional to integral assignments

Wewishtodemonstratethatfor any obliviousfractionalassignmentalgorithmA achiev-
ing competitiveratioR, thereis a randomizedintegralassignmentalgorithmA0achiev-
ing competitiveratioO(R). If f is thefractionalassignmentcomputedby A for agiven
demandpattern,let A0selectarandomintegralassignmentasfollows: eachactiveclient
i choosesa randomoutgoingedgeindependentlyof theotherclients' randomchoices,
with f (e) representingtheprobabilityof choosingedgee.

Lemma 2. Let � (A); � (A0) denotethe throughputof A; A0, respectively, on the given
demandpattern.ThenE(� (A0)) �

�
1 � 1

e

�
� (A):

Proof. � (A0) is equalto theexpectednumberof serverswhichreceiveatleastonepacket
whenanassignmentis sampledat randomaccordingto A. Now,

Pr(j receivesno packets) =
Y

e2 � � (j )

(1 � f (e))

<
Y

e2 � � (j )

e� f (e)

= exp

0

@�
X

e2 � � (j )

f (e)

1

A = e� ` (j ) : (2)

1ConsidersetsA, B , andC, wherejAj = n, jB j = n, andjCj =
p

n. Let VL = A andVR = B [ C.
Theedgesetof graphG consistsof a perfectmatchingjoining A to B anda completebipartitesubgraph
joining A to C. In this exampleeachclient hasdegreeat least

p
n. Now, if theadversarychoosesA as

thesetof active clients,thentheoptimumthroughput,k, is equalto n, while our algorithm's throughput
is only O(

p
n).



If `(j ) � 1, theright sideof (2) is at most1=e, andif `(j ) < 1, theright sideis at most
1 �

�
1 � 1

e

�
`(j ), usingtheinequalitye� x � 1 � (1 � x) +

�
1
e

�
� x, which follows from

theconvexity of thefunctione� x . Thus,

Pr( j receivesapacket) �
�

1 �
1
e

�
min f 1; `(j )g:

Summingover j , we obtainE(� (A0)) �
�
1 � 1

e

�
� (A):

Corollary 1. Thereexistsa randomizedobliviousintegral assignmentalgorithmwhich
is O(

p
k)-competitivein expectationwith theoptimumassignment(i.e., maximummatch-

ing) for everydemandpattern.

6 Algorithm for the multicast model

In this section,we describea simplealgorithmwhich achievesa competitive ratio of
O(k1=3) the multicastmodel,whereclientsareallowed to sendtheir requestto more
thanoneserver, anda server mayselectany oneof therequestsit receivesandsatisfy
this request.Thealgorithmrequiresno sharedrandombits,nor doesit requirethepar-
ties to know the structureof the graphG. The clientsneedonly know which servers
areadjacentto them,andthe serversneedonly know the degreesof the adjacentac-
tive clients. (If necessary, theactive clientsmaycommunicatethis informationin their
requestheaders.)

Theorem 11. There exists an oblivious assignmentprotocol in the multicastmodel
which is O(k1=3)-competitivewith the optimumassignment(i.e., maximummatching)
for everydemandpattern.

Proof. The algorithmis asfollows. Eachclient broadcastsits requestto all adjacent
servers.If i is aclientwhosedegreein thebipartitegraphis d(i ), thenaserverreceiving
a requestfrom i assignsweight 1

d(i ) to this request.After receiving all requests,aserver
choosesto satisfya randomrequestwith probabilityproportionalto its weight.

For a server j , de�ne its weightw(j ) to bethesumof theweightsof all requestsit
receives. Let M bea speci�c maximummatchingfrom thesetof active clientsto VR ;
asusualwe denotethesizeof this matchingby k. For every edgee = (i; j ) in M , at
leastoneof thefollowing musthold:

1. d(i )w(j ) � k1=3

2. w(j ) > k� 1=3

3. d(i ) > k2=3.

Thusoneof the threepossibilitiesis applicableto at leastk=3 of theedgesin M . We
dealwith themcase-by-case.



In case1, for eachmatchingedgee = (i; j ) satisfying(1), wehave

Pr(j selectstherequestfrom i) = (1=d(i ))=w(j ) = 1=(d(i )w(j )) � k � 1=3:

Therearek=3 suchedges,eachhasat leasta k � 1=3 chanceof beingsatis�ed,andeach
of themcorrespondsto a distinctclient. Hencetheexpectednumberof satis�edclients
is 
( k2=3) asdesired.

In case2, let S denotethesetof serverswhichareright endpointsof matchingedges
satisfying(2). By assumption,thereare
( k) suchservers. The fact that they satisfy

( k2=3) distinctrequests,in expectation,is aconsequenceof thefollowing lemmawhich
wealsousefor case3.

Lemma 3. For anyreal number0 < r � 1, let S denotethesetof servers of weightat
leastr . Theexpectednumberof distinctrequestssatis�edby theservers in S is at least
r
ejSj.

Proof. For eachserver j in S, �ip an independentcoin and color server j red with
probabilityr . Considerthefollowing two events:

E1 : j is coloredred.

E2 : Theclient i whoserequestwassatis�edby j did nothave

its requestsatis�edby any redserverotherthanj .

It is clearthatE1 andE2 areindependent(E1 dependsonly on j 's choiceof color, E2
dependsonly on j 's choiceof job andon the randomchoicesmadeby otherservers.)
Theprobabilityof E1 is r . We claim that theprobabilityof E2 is at least1=e. To see
this, let d = d(i ). For eachelementj 0 2 S n f j g adjacentto i , theprobability that j 0

satis�ed i 's requestis at most 1
d(i )r , andtheprobability that it wascoloredred is r , so

thereis atmosta1=d(i ) chancethatj 0wascoloredredandsatis�edi 'srequest.Thusthe
probabilitythatj 0 is nota redserversatisfyingi 's requestis � 1 � 1=d(i ). Multiplying
atmostd(i ) � 1 suchtermstogether, wegetaprobabilitywhich is at least1=e.

Thustheexpectednumberof elementsof S satisfyingE1andE2 is atleast(r=e)jSj.
No client can be satis�ed by more than one suchserver, so altogetherthe expected
numberof distinctclientssatis�edby S is at least(r=e)jSj.

Finally, we addresscase3. Partition the serversinto two sets,A andB, whereA
consistsof all serverswhoseweight is at least1, andall othersbelongto B. Let X
denotethesetof clientsi which satisfy

1. i is theleft endpointof anedgein thematchingM ;
2. d(i ) � k2=3.

By hypothesis,jX j is at leastk=3. For eachserver j , let w0(j ) denotethe total weight
of the requestsit receivesfrom elementsof X . Thesumof w0(j ) over all serversj is
simply jX j (sinceeachclientcontributesexactlyoneunit of weight,in total),henceone
of thefollowing sub-casesapplies:



3.1:
P

j 2 A w0(j ) � jX j=2 � k=6.

3.2:
P

j 2 B w0(j ) � jX j=2 � k=6.

We handlethetwo sub-casesseparately. For case3.1,notethatw0(j ) is boundedabove
by k1=3, becausej is adjacentto at mostk elementsof X , andeachof themcontributes
at mostk� 2=3 unitsof weightto w0(j ). Soin orderfor (3:1) to hold, it mustbethecase
that jAj � k2=3=6. Applying the lemmaabove with r = 1, we �nd that the expected
numberof distinctclientssatis�edby serversin A is 
( k2=3) asdesired.For case3.2,at
least3=4 of theclientsin X haveat least1=3 of their neighborsin B. (Otherwisethese
clientswould contribute lessthan jX j=4 to the sumon the left sideof (3.2), and the
remainingjX j=4 clientswould contributeat mostjX j=4 to thatsum.)For a client with
1=3 of its neighborsin B, theprobabilityof its requestbeingsatis�edis boundedbelow
by aconstant,namely1 � e� 1=3. To seethis, let i besuchaclientandj any neighborof
i in B . Theprobabilitythatj satis�esi 'srequestis 1

d(i )w(j ) � 1
d(i ) , sotheprobabilitythat

j doesnot satisfyi 's job is at most1 � 1=d(i ). Multiplying at leastd(i )=3 suchterms
together, we geta failureprobabilitywhich is lessthane� 1=3. So, in case3.2,we �nd
that theexpectednumberof elementsof X whoserequestis satis�edby anelementof
B is at least(1 � e� 1=3) � (3=4) � jX j = 
( k) which easilybeatsthe required
( k2=3)
bound.

Theorem8 demonstratesthatno algorithmcanachieve a bettercompetitive ratio in
termsof k thanour algorithm,up to constantfactors. An obvious corollary of Theo-
rem11is thatouralgorithm'scompetitiveratio, in termsof n, is O(n1=3). Thisboundis
tight in termsof n for our algorithm, i.e. thereexist instancesfor which thealgorithm's
throughputis O(k=n1=3). 2 We do not know if thereexists an algorithmachieving a
bettercompetitive ratio in termsof n; thebestknown lower boundis theonespeci�ed
in Theorem9.

7 Restrictedadversary model

Returningfrom thesettingof one-shot(oblivious)algorithmsto theonlinesetting,we
now consideronlinefractionalassignmentalgorithmsfor asequenceof demandpatterns
D t : VL ! f 0; 1g, which maybeadversariallyspeci�ed subjectto therestrictionthat
when a client becomesactive, it remainsactive for the next r rounds,wherer is a
positive integerknown to all clients. (As always,we referto a client i asactiveat time

2Considera bipartitegraphG whoseleft verticesarepartitionedinto two setsA, B andwhoseright
verticesarepartitionedinto two setsC,D , suchthatjAj = k, jB j = k2=3, jCj = k, jD j = k2=3. A andC
arejoinedby a perfectmatching,B andC arejoinedby a completebipartitegraph,A andD arejoined
by a completebipartitegraph,andthereareno edgesfrom B to D. If eachclient is active, thenit is an
exerciseto checkthatthealgorithmspeci�edabovesatis�esonly O(k2=3) = O(k=n1=3) distinct jobsin
expectation.



t if D t (i ) = 1, inactive otherwise.)We do not assumethatany of thepartiesknow the
structureof the graphG; the only requirementis that clientsshouldknow the setof
adjacentservers,andthey shouldhave commonknowledgeof a number� which is an
upperboundon thedegreeof any client. (Suchanupperboundis ofteneasyto obtain.
For example,if thenumberof serversm is commonknowledge,this is a suitablevalue
for � .)

Unlike previoussections,which assumedeachserver hasunit capacity, we assume
herethateachserverj hasanon-negativecapacitycj . No upperboundoncj is assumed,
but the capacitiesare assumedto remainconstantover time. The throughputof an
assignmentis de�ned to bethesum,over all serversj , of minf `(j ); cj g, where`(j ) as
alwaysdenotestheloadon server j .

Our algorithmrunsin a seriesof synchronous,concurrentrounds. In eachround,
eachclient assignsloadfractionallyamongtheadjacentservers.(As in Lemma2, such
a fractionalassignmentmay be convertedinto an integral assignmentby randomized
rounding,decreasingthe expectedthroughputby only a constantfactor.) Eachserver
sumstheassignedloadsandreportsits load/capacityratio backto theadjacentclients.
This is theonly communicationin eitherdirection.

7.1 Algorithm

Thealgorithmdividestime into windows of lengthdr=2e. Eachactiveclient maintains
a fractionalassignmentof load on its outgoingedges.Whena client of degreed be-
comesactive, it waits for thestartof thenext window andtheninitializesits fractional
assignmentby sending1=dunitsof �o w oneachoutgoingedge.While aclient remains
active,it updatesits fractionalassignmentf at theendof eachround,usingthefeedback
from theadjacentserversasfollows. Let � = (2�) 6=r : A server is de�ned to be “un-
dersupplied,” “comfortable,” or “oversupplied,” accordingto whetherthecorresponding
server's load/capacityratio is < 1=� , is in theinterval [1=� ; 1], or is > 1, respectively.
We will referto edgesasundersupplied,comfortable,or oversuppliedaccordingto the
statusof the correspondingserver, andfor a client i we will denotethe total �o w on
undersupplied,comfortable,andoversuppliededgesby f u(i ); f c(i ); f o(i ); respectively.
A client i with do(i ) oversuppliedoutgoingedgesis called“unhappy” if

0 < (� � 1)f u(i ) < f o(i ) � do(i )=2� ;

otherwise“happy”. A happy client retainsthesame�o w distribution in thenext round.
An unhappy client redistributes�o w from theoversuppliededgesto theundersupplied
ones,soasto multiply theamountof �o w on eachundersuppliededgeby � . In doing
so,the�o w oneachoversuppliededgemaynotdropbelow 1

2� . (Theconditionde�ning
anunhappy client ensuresthatsucha redistribution is possible.)



7.2 Analysis

In a time window W, call a client eligible if it is active in every roundbelongingto
W. De�ne a modi�ed sequenceof demandsD̂ t (i ) by specifyingthat D̂ t (i ) = 1 if i is
eligible in thewindow containingroundt, 0 otherwise.The analysisof thealgorithm
dependson proving that it is O(� )-competitive with the throughputof the optimum
sequenceof assignmentsfor themodi�ed demands.Thefollowing lemmaexplainswhy
this is suf�cient.

Lemma 4. Let � ; �̂ denotethethroughputof theoptimumsequenceof assignmentsfor
theoriginal demandsandthemodi�ed demands,respectively. Then�̂ � � =3:

Proof. Let f 1; f 2; : : : ; f T bea throughput-maximizingsequenceof assignmentsfor the
original demandsD t . We may assumethat eachf t assignsto server j a load ` t (j )
which is at most cj . (If not, we may adjustf t by reducingthe �o w on someof the
incomingedgesto server j withoutreducingthethroughput.)Now constructasequence
of assignmentŝf 1; f̂ 2; : : : ; f̂ T asfollows. Initially, f̂ t = f t=3. For eachclient i which is
activebut not eligibleat time t, it mustbethecasethateither:

� i becameactiveduringthewindow W containingt. If so,i is eligible in thenext
window, W + 1. Let t0 = t + dr=2e:

� i ceasedto beactiveduringW. If so,i is eligible in theprecedingwindow, W � 1.
Let t0 = t � dr=2e:

Now adjustf̂ by changingf̂ t0(e) to f̂ t (e) + f̂ t0(e) for eachoutgoingedgee from i , and
settingf̂ t (e) to zero. In this way, we obtaina sequenceof assignmentŝf 1; f̂ 2; : : : ; f̂ T

suchthat:

� Theout�ow from ineligible clientsis zeroin eachround.

� Theout�ow from aneligible client i is atmost1. (In theoriginalassignmentsf t ,
theout�ow from i wasatmost1 in eachround.In f̂ t , theout�ow from i at time t
is boundedaboveby theaverageout�ow in roundst; t � dr=2e; t + dr=2e of the
originalassignment.)

� Thein�o w to a server j is at mostcj . (In theoriginal assignmentsf t , the in�o w
to j wasatmostcj in eachround.In f̂ t , thein�o w to j at time t is boundedabove
by theaveragein�o w in roundst; t � dr=2e; t + dr=2eof theoriginalassignment.)

� The throughputis � =3. (We initialized f̂ t to f t=3, andwe subsequentlyshifted
�o w withoutchangingthecombinedthroughput.)

By de�nition, thethroughputof f̂ 1; : : : ; f̂ T is atmost�̂ . Thus�̂ � � =3.

Theorem 12. Thealgorithmspeci�edin Section7.1 is O(� 6=r )-competitive.



Proof. For a time window W, let �̂ (W) be the optimumthroughputachievableby an
assignmentof the eligible clientsonly. By the precedinglemma,we know that it is
suf�cient to prove that the algorithm's throughputduring W is 
( �̂ (W)=� ): For the
remainderof theanalysis,we will limit our attentionto the time roundswhich belong
to W.

First, we notethat the loadon a server cannotincreaseby a factorof morethan�
in any round,becausethe loadon eachedgecannotincreaseby a factorof morethan
� . If a server is comfortable,the load on its incomingedgesdoesnot changeat all.
Thereforeaservermaynotbecomeoversuppliedin thenext roundunlessit wasalready
oversuppliedin thecurrentround.

Second,we notethat for anedgee = (i; j ), the �o w f (e) doesnot increasewhile
j is oversupplied;if j ever ceasesto be oversupplied,in eachsubsequentroundf (e)
eitherincreasesby a factorof � or remainsthesame.Moreover, thenumberof rounds
in which f (e) increasesis at mostr=6 because� r =6 = 2� , andf (e) is never lessthan

1
2� andnevermorethan1.

For eachedgee = (i; j ) in eachroundt, oneof thefollowing applies:

1. i washappy in roundt.
2. j wasnotundersuppliedin roundt.
3. Theloadon e increasedby a factorof � at theendof roundt.

Wehavealreadyarguedthatthethird caseappliesto atmostr=6 of thedr=2eroundsin
W. Therefore,eitherthe�rst or thesecondcaseis satis�edby edgee in at leastr=6 of
theroundsin t 2 W.

Call aclient “satis�ed” if it is happy in at leastr=6 of theroundsin W; let X bethe
setof all suchclients.Call a server “satis�ed” if it is oversuppliedor comfortablein at
leastr=6 roundsof W; let Y bethesetof all suchservers.Above,we haveproventhat
every edgehaseitherits left endpointin X or its right endpointin Y . Therefore,in the
maximum-throughput�o w, everyunit of �o w goesthrougheithera satis�edclient or a
satis�edserver, resultingin thebound

�̂ (W)
dr=2e

� jX j +
X

j 2 Y

cj : (3)

However, it follows from thede�nition of “satis�ed” that thealgorithm's throughput�
satis�es:

�
r =6

� max

(
1

2�
jX j;

1
�

X

j 2 Y

cj

)

(4)

The lower bound(1=� )
P

j cj is immediatefrom the fact that a server j which is not
undersuppliedhasthroughputatleastcj =� . Thelowerbound(1=2� )jX j maybederived
asfollows. If aclient i is happy in roundt wehave: (� � 1)f u(i ) � f o(i ) � 1

2 ; whence,

� f u(i ) + � f c(i ) � (� � 1)f u(i ) + f u(i ) + f c(i ) � (f o(i ) + f u(i ) + f c(i )) �
1
2

=
1
2

:



Everyunitof �o w whichi sendstoanundersuppliedorcomfortableservercontributesto
thethroughputin roundt. Thereforeahappy clientcontributesatleastf u(i )+ f c(i ) � 1

2�
unitsof throughputin roundt, which justi�es (4).

Finally, puttingtogether(3), (4), weobtain:18�
�

dr =2e
r

�
� � �̂ (W):
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[20] H. RÄCKE, Minimizingcongestionin general networks, in Proceedingsof the43rd
SymposiumonFoundationsof ComputerScience,IEEEComputerSociety, 2002,
pp.43–52.
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