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Abstract

In order to have a better understanding of finite random matrices
with non-Gaussian entries, we study the 1/N expansion of local eigenvalue
statistics in both the bulk and at the hard edge of the spectrum of random
matrices. This gives valuable information about the smallest singular
value not seen in universality laws. In particular, we show the dependence
on the fourth moment (or the kurtosis) of the entries. This work makes
use of the so-called complex deformed GUE and Laguerre ensembles.

1 Beyond Universality

The desire to assess the applicability of universality results in random matrix
theory has pressed the need to go beyond universality, in particular the need
to understand the influence of finite n and what happens if the matrix deviates
from Gaussian normality. In this note, we provide exact asymptotic correction
formulas for the smallest singular value of complex matrices and bulk statistics
for complex Wigner matrices.

“Universality,” a term found in statistical mechanics, is widely found in
the field of random matrix theory. The universality principle loosely states
that eigenvalue statistics of interest will behave asymptotically as if the matrix
elements were Gaussian. The spirit of the term is that the eigenvalue statistics
will not care about the details of the matrix elements.

It is important to extend our knowledge of random matrices beyond univer-
sality. In particular, we should understand the role played by

e finite n and
e non Gaussian random variables.

From an applications viewpoint, it is very valuable to have an estimate for the
departure from universality. Real problems require that n be finite, not infinite,
and it has long been observed computationally that co comes very fast in ran-
dom matrix theory. The applications beg to know how fast. From a theoretical
viewpoint, there is much to be gained in searching for proofs that closely follow
the underlying mechanisms of the mathematics. We might distinguish “mech-
anism oblivious” proofs whose bounds require n to be well outside imaginably



useful ranges, with “mechanism aware” proofs that hold close to the underlying
workings of random matrices. We encourage such “mechanism aware” proofs.

In this article, we study the influence of the fourth cumulant on the local
statistics of the eigenvalues of random matrices of Wigner and Wishart type.

On one hand, we study the asymptotic expansion of the smallest eigenvalue
density of large random sample covariance matrices. The behavior of smallest
eigenvalues of sample covariance matrices when p/n is close to one (and more
generally) is somewhat well understood now. We refer the reader to |11], [29],
[13], [4], [5]. The impact of the fourth cumulant of the entries is of interest here;
we show its contribution to the distribution function of the smallest eigenvalue
density of large random sample covariance matrices as an additional error term
of order of the inverse of the dimension.

On the other hand, we consider the influence of the fourth moment in the
local fluctuations in the bulk. Here, we consider Wigner matrices and prove a
conjecture of Tao and Vu [27] that the fourth moment brings a correction to
the fluctuation of the expectation of the eigenvalues in the bulk of order of the
inverse of the dimension.

In both cases, we consider the simplest random matrix ensembles that are
called Gaussian divisible, that is whose entries can be describe as the convo-
lution of a distribution by the Gaussian law. To be more precise, we consider
the so-called Gaussian-divisible ensembles, also known as Johansson-Laguerre
and Johansson-Wigner ensembles. This ensemble, defined hereafter, has been
first considered in [19] and has the remarkable property that the induced joint
eigenvalue density can be computed. It is given in terms of the Itzykson-Zuber-
Harich-Chandra integral. From such a formula, saddle point analysis allows to
study the local statistics of the eigenvalues. It turns out that in both cases
under study, the contribution of the fourth moment to the local statistics can
be inferred from a central limit theorem for the linear statistics of Wigner and
Wishart random matrices. The covariance of the latter is well known to depend
on the fourth moments, from which our results follow.

2 Discussion and Simulations

2.1 Preliminaries: Real Kurtosis

Definition 1. The kurtosis of a distribution is
R
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where kY is the fourth cumulant of the real part, 0% is the variance of the real

part, and py is the fourth moment about the mean.

note: From a software viewpoint, commands such as randn make it natural
to take the real and the imaginary parts to separately have mean 0, variance 1,
and also to consider the real kurtosis.

Example of Kurtoses v for distributions with mean 0, and o2 = 1:



DISTRIBUTION | 7 [ UnivariaTE CODE \

normal 0 randn

Uniform [,\/g, \/3] -1.2 | (rand -.5)*sqrt(12)
Bernoulli -2 | sign(randn)

Gamma, 6 rand(Gamma()) - 1

For the matrices themselves, we compute the smallest eigenvalues of the
Gram matrix constructed from (n+v) x n complex random matrices with Julia
[6] code provided for the reader’s convenience:

| RM \ CoMPLEX MATRIX CODE \
normal randn(n+v,n)+im*randn(n+v,n)
Uniform ((rand (n+v,n)-.5)+im*rand (n+v,n) -.5))*sqrt(12)
Bernoulli sign(randn(n+rv, n))+im*sign(randn(n+v,n))
Gamma (rand(Gamma () ,n+r,n)-1) + im*(rand(Gamma() ,n+vr,n)-1)

2.2 Smallest Singular Value Experiments

Let A be a random n + v by n complex matrix with iid real and complex entries
all with mean 0, variance 1 and kurtosis . In the next several subsections
we display special cases of our results, with experiment vs. theory curves for
vr=20,1, and 2.

We consider the distribution

F(z) =P (2 < nAmin(ATA)) =P (x <n (amm(A))Q) ,

where opin(A) is the smallest singular value of A. We also consider the density

f@) = L)

In the plots to follow we took a number of cases when n = 20,40 and
sometimes n = 80. We computed 2,000,000 random samples on each of 60
processors using Julia [6], for a total of 120, 000, 000 samples of each experiment.
The runs used 75% of the processors on a machine equipped with 8 Intel Xeon
E7-8850-2.0 GHz-24M-10 Core Xeon MP Processors. This scale experiment,
which is made easy by the Julia system, allows us to obtain visibility on the
higher order terms that would be hard to see otherwise. Typical runs took
about an hour for n = 20, three hours for n = 40, and twelve hours for n = 80.

We remark that we are only aware of two or three instances where parallel
computing has been used in random matrix experiments. Working with Julia
is pioneering in showing just how easy this can be, giving the random matrix
experimenter a new tool for honing in on phenomena that would have been
nearly impossible to detect using conventional methods.



2.3 Example: Square Complex Matrices (v = 0)

Consider taking, a 20 by 20 random matrix with independent real and imaginary
entries that are uniformly distributed on [,\/g, \/3]

((rand(20,20)-.5) + im*(randn(20,20)-.5))*sqrt(12).

This matrix has real and complex entries that have mean 0, variance 1, and
kurtosis v = —1.2.

An experimenter wants to understand how the smallest singular value com-
pares with that of the complex Gaussian matrix

randn(20,20) + im*randn(20,20).

The law for complex matrices [10,[11] in this case valid for all finite sized
matrices, is that nA\my, = no?, is exactly exponentially distributed: f(z) =
1e7%/2. Universality theorems say that the uniform curve will match the Gaus-
sian in the limit as matrix sizes go to co. The experimenter obtains the curves

in Figure 1 (taking both n = 20 and n = 40).

Universality Law vs Experiment

— Empirical PDF: N=20

— Empirical PDF: N=40

=+ Universality Law exp(—z/2)/2

0.5

15 20

Figure 1: Universality Law vs Experiment: n = 20 and n = 40 already resemble
n = 0o

Impressed that n = 20 and n = 40 are so close, he or she might look at
the proof of the universality theorem only to find that no useful bounds are
available at n = 20, 40.



1** Order Correction

The results in this paper gives the following correction in terms of the kur-

tosis (when v = 0):
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Figure 2: Correction for square matrices Uniform, Bernoulli, (v = 0). Monte
carlo simulations are histogrammed, Oth order term subtracted, and result mul-
tiplied by ne®/? /7. Bottom curve shows convergence for n = 20, 40,80 for a
distribution with positive kurtosis.



On the bottom of Figure 1, with the benefit of 60 computational processors,
we can magnify the departure from universality with Monte Carlo experiments,
showing that the departure truly fits 2 (4 — %)e‘z/ 2. This experiment can be
run and rerun many times, with many distributions, kurtoses that are positive
and negative, small values of n, and the correction term works very well.

2.4 Example: n+ 1 by n complex matrices (v = 1)

The correction to the density can be written as

flz)=e"/? (;Ig(s) + 1;;17 (sI1(s) — 33[2(8))> + O(%),

where I (z) and Iz(z) are Bessel functions and s = v/2z.

Uniform (v=1,y=-1.2) Bernoulli (v=1,y=-2)

1" Order Correction
1 Order Correction

Normal (v=1,y=0) Gamma (v=1,7=6)

0.30[/ — Experiment: N—20
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Figure 3: Correction for » = 1. Uniform, Bernoulli, normal, and Gamma,;
Monte carlo simulations are histogrammed, Oth order term subtracted, and re-
sult multiplied by ne®/? /(1 + ~). Bottom right curve shows convergence for
n = 20, 40, 80 for a distribution with positive kurtosis.

2.5 Example: n+ 2 by n complex matrices (v = 2)

The correction to the density for v = 2 can be written



) = 572 (1306) = B+ 252 (@4 01 (6) = 2550 ()1 6) = (2 = 213 9)]).

where Iy, I1, I, and I3 are Bessel functions, and s = v/2x.

Uniform (v=2,y=-1.2) Bernoulli (v=2,y=-2)
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Figure 4: Correction for v = 2. Uniform, Bernoulli, normal, and Gamma,;
Monte carlo simulations are histogrammed, Oth order term subtracted, and re-
sult multiplied by ne®/2/(2 + ~). Bottom right curve shows convergence for
n = 20,40, 80 for a distribution with positive kurtosis.

3 Models and Results

In this section, we define the models we will study and state the results. Let
some real parameter a > 0 be given. Consider a matrix M of size p X n:

M=W+aV
where

o V = (Vij)i<i<p;i<j<n hasii.d. entries with complex N¢(0, 1) distribution,
which means that both RV;; and SVj; are real i.i.d. N(0,1/2) random
variables,



o W = (Wij)i<i<pii<j<n is a random matrix with entries being mutually in-
dependent random variables with distribution F;;,1 < j < n independent
of n and p, with uniformly bounded fourth moment,

e W is independent of V',
e v:=p—n >0is a fixed integer independent of n.
We then form the Johansson-Laguerre matrix:

%M*M: (\}E(W-i-av))* (\}E(WJraV))- (1)

When W is fixed, the above ensemble is known as the Deformed Laguerre
Ensemble.

We assume that the probability distributions P;; satisfies

1
/zde,k(z) =0, /\zz*\dPLk(z) =o0? = 1 (2)

Hypothesis ensures the convergence of the spectral measure of H*H to the
Marchenko-Pastur distribution with density

21—z
T r
Condition implies also that the limiting spectral measure of %M *M is then

given by Marchenko-Pastur’s law with parameter 1/4 + a?; we denote p = p,
the density of this probability measure.

p(z) (3)

For technical reasons, we assume that the entries of W have sub-exponential
tails: There exist C, ¢, 6 > 0 so that for all 4,5 € N2, all t > 0

Pz > t) < Ce (4)

This hypothesis could be weakened to requiring enough finite moments.

Finally we assume that the fourth moments do not depend on j, k and let
k4 be the difference between the fourth moment of P;; and the Gaussian case,
namely in the case where 8 = 2

R4 = / |ZZ*|2de’k — 8_1

(Thus, with the notation of Definition |1} x4 = 2yog = 2k3.)
Then our main result is the following. Let o := v/4~! + a2.

Theorem 3.1. Let g, be the density of the hard edge in the Gaussian case with
entries of constant complex variance o> = 2(T§e :

90(5) =P (Ain > =)



Then, for all s > 0, if our distribution has complex fourth cumulant ry = 2K},

then

S 59,,(5) 1
o> — ) = + == +o(—).
P <>\mzn = ’I’L) gn(s) 0'47’l R4 O(’I’L)

We note that this formula is scale invariant.
As a consequence, we obtain:

Corollary 3.2. For the v for which Conjectures|l| and |9 are true (see section
:

P ()\min > %) = goo(8) + (v + %)SQ{ZA + 0(%).

Note:  Conjectures [1] and [2| were verified for v = 0, ..., 25 thanks to mathe-
matica and maple.

Note: The g, formulation involves Laguerre polynomials and exponentials.
The g formulation involves Bessel functions and exponentials.
For the Wigner ensemble we consider the matrix

1
= Tn
where W a Wigner matrix with complex independent entries above the diagonal

with law g which has sub exponential moments: there exists C,c > 0, and o > 0
such that for all t > 0

p(lz] > t) < Cexp{—ct“},
and satisfies
[adut) =0, [ lePduto) = 1/4, [ aduta) <o
The same assumptions are also assumed to hold true for p’. V is a GUE random

matrix with i.i.d. Ng(0,1) entries. We denote by A1 < Ay < -+ < ), the
ordered eigenvalues of M,,. By Wigner’s theorem, it is known that the spectral

measure of M,
1 n
=— O,
Hn n Z A
=1
converges weakly to the semi-circle distribution with density

1
ose(T) Vo2 — x2]1|1,|§20;02 =1/4+a*. (5)

T 27102

This is the Gaussian-divisible ensemble studied by Johansson [19]. We study
the dependency of the one point correlation function p,, of this ensemble, given



as the probability measure on R so that for any bounded measurable function

f

B> f00] = [ f@pa(a)ds

as well as the localization of the quantiles of p,, with respect to the quantiles of
the limiting semi-circle distribution. In particular, we study the 1/n expansion
of this localization, showing that it depends on the fourth moment of p. Define
N,(z) = %ﬁ{z})\i <z}, with A; < A < --- < A\, and Ngo(2) = ffoo dose(u),

with o4, defined in Let us define the quantiles 4; (resp. ;) by

i int {1 BN () = £ | resp. l(-00,9) = i/

We shall prove that

Theorem 3.3. Let ¢ > 0. There exists functions C,D on [—2 4+ ¢,2 — ¢],
independent of the distributions p, p', such that for all x € [-2 +¢,2 — €]

pule) = 0ucl@) + ~C(x) + haD() + ol )

For all i € [ne,n(1 —¢€)] for some € > 0, there exists a constant C; independent
of k4 so that
~ Ci KR4

Yi— Y = +

Sy P09 ) o). (©

This is a version of the rescaled Tao-Vu conjecture 1.7 in [27] (using the fact
that the variance of the entries of W is 1/4 instead of 1) where E[)\;] is replaced
by 4;. A similar result could be derived for Johansson-Laguerre ensembles. We
do not present the detail of the computation here, which would ressemble the
Wigner case.

4 Smallest Singular Values of n+v by n complex
Gaussian matrices

Theorem [3.1] depends on the partition function for Gaussian matrices, which
itself depends on v and n. In this section, we investigate these dependencies.

4.1 Known exact results

It is worthwhile to review what exact representations are known for the smallest
singular values of complex Gaussians.

We consider the finite n density fY(z), the finite n distribution F¥ (z) (which
was denoted g, in the previous section when the variance could vary), and their
asymptotic values f2 (z) and FY (z). We have found the first form in the list

10



below useful for symbolic and numerical computation. In the formulas to follow,
we assume Ué = 1 so that a command such as randn () can be used without mod-
ification for the real and imaginary parts. All formulas concern nAyi, = nafnin
and its asymptotics. We present in the array below eight different formulations
of the exact distribution F.

1. Determinant: v by v [14[15]

2. Painléve III (14, Eq. (8.93)]
3. Determinant: n by n 18]

4. Fredholm Determinant [7,28]

5. Multivariate Integral Recurrence [11,/15]

6. Finite sum of Schur Polynomials (evaluated at I) 19]

7. Hypergeometric Function of Matrix Argument 19]

8. Confluent Hypergeometric Function of Matrix Argument | [24]

Table 1: Exact Results for smallest singular values of complex Gaussians (small-
est eigenvalues of complex Wishart or Laguerre Ensembles)

Some of these formulations allow one or both of v or n to extend beyond
integers to real positive values. Assuming v and n are integers |11, Theorem
5.4], the probability density f¥(z) takes the form 2*e~%/2 times a polynomial
of degree (n — 1)v and 1 — FY(z) is e=*/? times a polynomial of degree nuv.

Remark: A helpful trick to compare normalizations used by different authors
is to inspect the exponential term. The 2 in e~%/2 denotes total complex variance
2 (twice the real variance of 1). In general the total complex variance 0% = 205
will appear in the denominator.

In the next paragraphs, we discuss the eight formulations introduced above.

4.1.1 Determinant: v by v determinant

The quantities of primary use are the beautiful v by v determinant formulas
for the distributions by Forrester and Hughes [15] in terms of Bessel functions
and Laguerre polynomials. The infinite formulas also appear in |14, Equation
(8.98)].

Fgo(l‘) =1- 6_1/2 det[Ii_j(\/ﬂ)}M:lw,l,.
FL(@) = Yo/ det iy (VIR ..o
FY(z) =1 — /2 det [L(j—” }(fx/2n)]

nti=j ig=1,...,v

v v (n=1)! g4 j—i+2
Fie) = (35)" e/ det [LUED (—a/om)]
Recall that I;j(z) = I_;(x). To facilitate reading of the relevant v by v

11



determinants we provide expanded views:

Iy I I
I Iy I
det[l,_;(V22)|ijmr,..o=| 2 DT Do
Iu—l IV—Q Iu—3
I, It I
Is I, I,
det[I2+Z',j(\/ 2x)]i,j:1,..‘,u = I4 Il 12
Iy I, I,4
1
Ly, LY,
-1
x L’SL+1) Ln
S —| ;-2 (1)
det |:Ln+z—]( o) A 2 LY
. 1—v . 2—v
L£L+u—)1 L’I(’L"FV—)Q
Ln271 L51332
Ly L?,
(G—i+2) x _
det [Ln—1+i—j(_%)hj:lmy = | Lpy1 LY
3—v . 4—v
L’E’L+V—)2 L7(’L+V—)3

Bessel functions evaluated at v/2z

X

3
IV74
L/ff)
I Bessel functions evaluated at v2z
2 v—1
Lgy,—)2 L’EL*le
1 v—2
Lgpf)l L;ful2
v—3
Lo I,
(3—v)
LoioZs Ly evaluated at —z/2n
4 v+1
LY, Lty
3 v
L’El—)2 L'I('L—)y+1
2 v—1
LY, Ly,
R )
Lyvv—e Ly evaluated at —xz/2n

The following Mathematica code symbolically computes these distributions

Mix_, v_] = Table[ BesselI[Abs[i - j], x], {i,v}, {j,v}];

mlx_, v_] = Table[ BesselI[Abs[2 + i - jl, x], {i,v}, {j,v}]

Mlx_, n_, v_] := Table[ LaguerreL[n+i-j, j - i, -x/(2*n)], {i,v}, {j,v}];
m[x_, n_, v_] := Table[ LaguerreL[n-1+i-j,j-i+2, -x/(2*n)], {i,v}, {j,v}];
Flx_, v_ ] = 1 - Expl[-x/2]1#Det [M[Sqrt[2 x], vl]

flx_, v_] = (1/2)*Exp[-x/2]*Det [m[Sqrt[2 x], v]]

Flx_, n_, v_.] := 1 - Exp[-x/2]*Det [M[x,n,v]]

flx_, n_, v_.] := (x/(2 n))"vx((n - 1)!/(2 (n+v-1)!))*Exp[-x/2]*Det [m[x,n,v]]

12



4.1.2 Painléve III
According to |14, Eq. (8.93)], |7, p. 814-815], [28l]29] we have the formula valid

forallv >0
2t dS
FY () = exp (— / o<s>) ,
0 S

where o(s) is the solution to a Painléve III differential equation. Please consult
the references taking care to match the normalization.

4.1.3 n by n determinant:

Following standard techniques to set up the multivariate integral and applying
a continuous version of the Cauchy-Binet theorem (Gram’s Formula) [22] e.g.,
Appendix A.12] or |30, e.g. Eqs. (1.3) and (5.2) ] one can work out an n x n
determinant valid for any v, so long as n is an integer [8].

_det(M(m,v,z/2))

E @) = e, v,0))
where
I'(v+1,z) I'(v+2,z) I'(v+3,z) I'(v+m,x)
I'(v+21) I'(v+3,1) I'v+4,x) o Tv+m+1,2)
M(m,v,z) = I'(v+3,x) I'(v+4,x) I'(v+5,x) oo Tlv4+m+22)
'v+m,z) Tw+m+1l,z) Tv+m+2,2) --- Tv+2m-—1,x2)

4.1.4 Remaining Formulas in Table 1

The Fredholm determinant is a standard procedure. The multivariate integral
recurrence was computed in the real case in [11] and in the complex case in [15].
Various hypergeometric representations may be found in [9], but to date we are
not aware of the complex representation of the confluent representation in [24]
which probably is worth pursuing.

4.2 Asymptotics of Smallest Singular Value Densities of
Complex Gaussians

A very useful expansion extends a result from |15, (3.29)]

Lemma 4.1. Asn — oo, we have the first two terms in the asymptotic expan-
ston of scaled Laguerre polynomials whose degree and constant parameter sum

to n: L) () {M _ L (W> O <1>}

/2 on \ pk—2)/2 n2

13



Proof. We omit the tedious details but this (and indeed generalizations of this
result) may be computed either through direct expansion of the Laguerre poly-
nomial or through the differential equation it satisfies.

We can use the lemma above to obtain asymptotics of the distribution
F,ﬁ”) (z). As aresult, we have ample evidence to believe the following conjecture:

Conjecture 1. (Verified correct for v =0,1,2,...,25) Let EY (x) be the dis-
tribution of no2,. of an n+ v by n complex Gaussian. We propose that

14 14 v 14 1
F (@) = FO() + -2 f (@) + 0(-g)

note: The above is readily checked to be scale invariant, so it is not necessary
to state the particular variances in the matrix as long as they are equal.
In light of Lemma [4.1] our conjecture may be deduced from

Conjecture 2. Consider the Bessel function (evaluated at x) determinant

Iy I I, - I,

I IO Il | )

L L L - L
Iu—l Iu—2 IV—S e IO

We propose that the following determinant equation is an equality for v > 2,
where the first/second determinant below on the left side of the equal sign is
identical to the above except for the first/second column respectively.

I I, Iy -1, Iy I Iy---I, I, I, Ip---
I3 Iy Iy -1, o L I, Iy--1,5 I3 I, Iy---
1y I Iy --Dy—s |\y| Io I3 Io--Ty—s |—p| Lo L Iy
IIJ+1 II/—2 IV—S"' IO Il/—l IIJ IV—3"' IO Il/-'rl L/ IV—l"'

Proof. This may be obtained by comparing the asymptotics of FY(z) using
Lemma and taking the derivative of the determinant for F% (z), using the
derivative of L1 (2) = 1(I;11(2z)+1;—1(z)) and the usual multilinear properties
of determinants.
Remark: This conjecture has been verified symbolically for v = 2,...,25
symbolically in Mathematica and Maple, and numerically for larger values.
Our main interest in this conjecture is that once granted it would give the

following corollary of Theorem (Verified at this time for v < 25.)

Conjecture 3. Suppose we have a non-Gaussian n + v by n random matriz
with real kurtosis v. Then with Ayin as the square of the smallest singular value,

Poin 2 2) = FL(@) + =02, 2) + 01 /)

14



5 The smallest eigenvalue in Johansson-Laguerre
ensemble

5.1 Reminder on Johansson-Laguerre ensemble

We here recall some important facts about the Johansson-Laguerre ensemble,
that we use in the following.

Notations: ~ We call p,,, the law of the sample covariance matrix 1 A*M
defined in . We denote by A1 < Ay < --- < A, the ordered eigenvalues of the
random sample covariance matrix %M *M. We also set

and denote the distribution of the random matrix H by P,,. The ordered eigen-
values of HH™* are denoted by y1(H) < yo(H) < --- < y,(H).

We can now state the known results about the joint eigenvalue density (j.e.d.)
induced by the Johansson-Laguerre ensemble. By construction, this is obtained
as the integral w.r.t. P, of the j.e.d. of the Deformed Laguerre Ensemble . The
latter has been first computed by [16] and [18].

We now set

s = —.
n

Proposition 5.1. The symmetrized eigenvalue measure on RY induced by p,,
has a density w.r.t. Lebesque measure given by

T e‘yi(gﬂj i (H )z xj
/dP”(H)Aé,((H)*))det( TR y(t) >(yi(H))

where t = 9= = 5, and A(z) = [[,; (@ — 2;).

[MN

9(x1,. .., Tp)

n
).
1,5=1

From the above computation, all eigenvalue statistics can in principle be
computed. In particular, the m-point correlation functions of yi, , defined by
Ry (U1, ..y ty) = (nfi;n)' fRifm g(uy, ..., un) [T, du; are given by the in-
tegral w.r.t. to dP,(H) of those of the Deformed Laguerre Ensemble, i.e. the
covariance matrix n~!M, M} when H is given. Let R,,(u,v;y(H)) be the m-
point correlation function of the Deformed Laguerre Ensemble (defined by the

fixed matrix H). Then
Proposition 5.2.

Rm(ul,...,um):/ dPn(H)Rm(ulyaumvy(H))
Mp n(C)
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The second remarkable fact is that the Deformed Laguerre Ensemble induces
a determinantal random point field, that is all the m-point correlation functions
are given by the determinant of a m x m matrix involving the same correlation
kernel.

Proposition 5.3. Let m be a given integer. Then one has that

R (ur, ... um;y(H)) = det (K (ui, ujsy(H)))]

where the correlation kernel K,, is defined in Theorem [5.4) below.

There are two important facts about this determinantal structure. The
fundamental characteristic of the correlation kernel is that it depends only on
the spectrum of HH* and more precisely on its spectral measure. Since we
are interested in the determinant of matrices with entries K, (z;,z;;y), we can

consider the correlation kernel up to a conjugation: K, (z;,x;) ;gjg This has
J
no impact on correlation functions and we may use this fact later.

Theorem 5.4. The correlation kernel of the Deformed Laguerre Ensemble (H
is fized) is also given by

1 ) ) 1/2 9 1/2 v
K, (u,v;y(H)) = —=e"7™ dwdzwzKpg = , wo e
iTs? rJy s

o w? — yi(H) w? — 2 . yi(H)
A= S e )
)

where the contour I' is symmetric around 0 and encircles the £+/y;(H), 7 is the
imaginary axis oriented positively 0 — +00, 0 — —o0, and Kp is the kernel
defined by

S

I, (x)1,(y) — yI,(y)1,(z)
.TQ _ y2 .

Kp(z,y) = (9)

For ease of exposition, we drop from now on the dependency of the correla-
tion kernel K, on the spectrum of H and write K, (u, v) for K, (u,v;y(H)). The
goal of this section is to deduce Theorem [3.I] by a careful asymptotic analysis
of the above formulas.

5.2 Asymptotic expansion of the partition function at the
hard edge

The main result of this section is to prove the following expansion for the par-
tition function at the hard edge: Set o = 0%/4 with o = \/1/4 + a2.

Theorem 1. There exists a non-negative function g2, depending on n, so that

)

P (hmin = 55) = 92(5) + 05289 a-1. [ dPu(H) (B0 () + of
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where

-1
Ap(H) = ——— X, (vF

with X, (z) = > i, m —nmg(z), mo(z) = [(z—2)" p(dz) is the Stieltjes

transform of the Marchenko-Pastur distribution p, (yi)i1<i<n are the eigenvalues

of H, and v¥ = (wF)? where

w¥ = +i(R—1/R)/2, R:=+/1+ 4a2.
We will estimate the term [ dP,(H)[A,(H)] in terms of the kurtosis in the
next section. We prove Theorem [1]in the next subsections.

5.2.1 Expansion of the correlation kernel

Let zF be the critical points of
1 n
F,(w) :=w?/a®>+ =) In(w? —y,), 10
()= /a4 3 nfw? - ) (10)

where the y; are the eigenvalues of H*H. Then we have the following Lemma.
Let K, be the kernel defined in Theorem

Lemma 5.5. There exists a smooth function A such that for all x,y

2 Ko (uan™ van% y(H)) =

n2
A(u,v)
n

— 0
Kp(u,v) +

+ ((2e/we)? — 1)% ﬂzlﬂk;(ﬁ%ﬁv) + 0(%)-

where f(\; 1s the usual Bessel kernel
Kp(u,v) == " Kg(ivu,ivv)

with Kp defined in @

Proof
To focus on local eigenvalue statistics at the hard edge, we consider

a? \’ a? \’
u = T, v= y, where ro will be fixed later.
2nrg 2nrg

As v = p—n is a fixed integer independent of n, this readily implies that the
Bessel kernel shall not play a role in the large exponential term of the correlation
kernel. In other words, the large exponential term to be considered is F}, defined
in . The correlation kernel can then be re-written as

1 12 ,001/2 v
K, (u,v) = ﬁe”’“//dwdzszB(zx 7wy ) (E)
ins rJ, o To 2
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X exp {nFy (w) = nF,(2)}3(w, 2), (11)

n 2 / /

~ ) Ys a®* wF) (w) — zF) (2)
= = 1 — = — .

§(w,z) := a”g(w, 2) Szizl (w2 — ) (22 —y;) 2 w? — 22

We note that F,(w) = H,(w?) where H,(w) = w/a® + = 37" | In(w — y;).

We may compare the exponential term F,, to its "limit”, using the conver-
gence of the spectral measure of H*H to the Marchenko-Pastur distribution p.
Set

F(w) := w?/a® + /ln(w2 —y)dp(y).

It was proved in [5] that this asymptotic exponential term has two conjugated
critical points satisfying F’(w) = 0 and which are given by

wE =+i(R—1/R)/2, R:=+/1+ 4a2.

Let us also denote by zF the true non real critical points (which can be seen to
exist and be conjugate [5]) associated to F,. These critical points do depend
on n but for ease of notation we do not stress this dependence. These critical
points satisfy

Fl(z5)=0,2] = 2

and it is not difficult to see that they are also on the imaginary axis.
We now refer to the results established in [5] to claim the following facts:

e there exist constants C' and & > 0 such that
|zF —wi| < Cn~t.

This comes from concentration results for the spectral measure of H es-
tablished in |17] and [2].

e Fix 6 > 0. By the saddle point analysis performed in [5], the contribution
of the parts of the contours vy and T' within {|jw — zF| > nfn=1/2} is
O(e_“‘"e) for some ¢ > 0. This contribution ”far from the critical points
7 is thus exponentially negligible. In the sequel we will choose § = 1/11.
The choice of 1/11 is arbitrary.

e We can thus restrict both the w and z integrals to neighborhoods of width
n'/Mn=1/2 of the critical points zZF.

Also , we can assume that the parts of the contours I and - that will contribute

to the asymptotics are symmetric w.r.t. z=. This comes from the fact that the

initials contours exhibit this symmetry and the location of the critical points.

A plot of the oriented contours close to critical points is given in Figure [5.2.1
Let us now make the change of variables

w= 2z} + snTH2 2= Z2 + tn~1/2;

18
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r. 2]
N
I Ze

Figure 5: Contours close to the critical points

where 2! 22 = z* and the + depends on the part of the contours vy and T

under consideration and s, t satisfy |s|, [t| < n'/*. Then we perform the Taylor
expansion of each of the terms arising in both z and w integrands. Then one
has that

enF(zf#»sn*l/Q)an(zf:)

1" 52 5 3 si
— E) 5+, F )(Zci)w(l + O(n723/22))

30+
— €FH(Z$)§ 1 eF”(zci)é F (Zc )S
nl/2 6
e1(s) )
L pritya? (F(4)(zf)s4 F3(2F) 36) Lo pratye2
e ’ TR s 5 ) tolg)e =
e2(s)

(12)

as |s| < n'/1. For each term in the integrand, one has to consider the con-
tribution of equal or opposite critical points. In the following, we denote by
Ze, 2L, 22 any of the two critical points (allowing z. to take different values with
a slight abuse of notation). We then perform the Taylor expansion of each of

the functions arising in the integrands.

1
1,2 —1/2(..2 1
wz = 2122 +nY (szc—l—tzc)—kﬁ st

vi(s,t) va(s:t)
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t FU(2) 1/ 98 9
) =g la=zt f( e +t7@)9(m1’x2)’zg,zg

g1(s,t)

+l (S o g(x x)+ﬁa—2+8t672) (x x)‘ +0(1)
n \'2 8 12 2 0z3 022011 g\F1, L2 1,2 n’

CZC

92(s,t)
v v — v vs
(3) = G2y +n 2 Gl (5 - 5

r1(s,t)

vV — 82 v\v 2 1/28
l(zl/ 2)u< ( 1) + ( +1)t . t> %

1/2

1T xoyl/? 1
Ko (P52 P00 ) o). (19
ZesZe To To n

1 (s> 0* t* 0 s
+n(25)§+ o7 7 8x18x2>

hQ (S,t)

In all the lines above, 2} /22 = 41 depending on equal or opposite critical points.
Also one can note that the o are uniform as long as |s|, [t| < n/1,

We now choose
+

o = |wc |
Combining the whole contribution of neighborhoods of a pair of equal critical
points e.g., denoted by K, (u,v)equal, we find that it has an expansion of the

form

4
a
WKn(uav)equal = Z

0 ze=zF

2

+ // |2 zext/? zoyl/? hi(s,t) 1
— e dsdt Kg( , )+ _ +o(—)
dim r Jir g lwd| T |wd | 1:21 ni/? n

"( % ri(s
(F Zgl 1/2 n)) (1+Z Z,,Ei/’2) +0(%))
x(1+ Zvi(s,t)n‘i/%;z)(exp {F"(z¢)(s* = 7)/2}(1 + 0(%))
i=1
+n712(ey(s) —er(t)) + %(_el(s)el(t) + e2(s) — 62(t)))7 (14)
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where h;, e;, r;,v; and g; defined above have no singularity.

It is not difficult also to see that hy, g1,71, €1 are odd functions in s as well as
in t: because of the symmetry of the contour, their contribution will thus van-
ish. The first non zero lower order term in the asymptotic expansion will thus
come from the combined contributions hig1, g171,71h1, h1e1, g1€1,71€1, 7107 ...
and those from hs, go, 72, €2, v5. Therefore one can check that one gets the ex-
pansion

@@ ey T ] st e L
nz n n27n2 equa 2 |wzc‘ ‘wg,‘ ) |wj| n ?
(15)

where a; is a function of z*, z, y only. a; is a smooth and non vanishing function
a priori.

We can write the first term above as (%)2@((%)2x1/2,(z' )2y*/?) so
that we deduce that

R

z'mr( Zci )QKB('ZZEJ: thy)
jwe | w'| Jwe |

- s .
= Rao) + (250 = 1) 00K 0. fu)lms + o(:Z — u).

One can do the same thing for the combined contribution of opposite critical
points and get a similar result. We refer to [5] for more detail about this fact.

5.2.2 Asymptotic expansion of the density
The distribution of the smallest eigenvalue of M, is defined by

as

P (Amin > ﬁ) = /dPn(H) det(l - Kn)L2(0,s)a

where K, is the rescaled correlation kernel LKy (ran™?,yan™?). In the above
we choose a = (a?/2r9)?. The limiting correlation kernel is then, at the first
order, the Bessel kernel:

Kp(z,y) = " Kp(ivz, iY)-

The error terms are ordered according to their order of magnitude: the first
order error term, in the order of O(n~!), can thus come from two terms in ,
namely
-the deterministic part that is a;(zF;z,y). These terms yield a contribution in
the order of % However it is clear that as a; is smooth

a1 (z552,y) = a1 (wF;z,y) + o(1).

As a consequence there is no fourth moment contribution in these % terms. We
denote the contribution of the deterministic error from all the combined (equal
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or not) critical points by A(z,y)/n.
-the kernel (arising 4 times due to the combination of critical points)

v Z(j_ 2 Zj_ — Iz:r/w:r| o
(o) KB (Ve V) = K (w.y) + /1 557K (Br. B)ds.

Combining all the arguments above, one then gets the following;:

a _ .
ﬁKn(xom 2 yan™?)

— Az, 1
= Ralo) + A8 4 ( fuf P -1 | 9Ra(Be. o)+ ol ).
The Fredholm determinant can be developed to obtain that
det([ - IN(’!‘L)L2(0,S)

,1)16 - . k

Xk: /[o,s]k det (Kn(:z:,, ]))i,jzl
(,

>

k! [0,5] B\Zq, Lj i1 i1 25)); =1

(16)
where we have set
-1
k
G(ajl’ x]) (KB (@i, xj))lgz,jgk (B($i7 xj))i7j:1
with
Az, z; 1
Bawey) = 2ot a0 2] 5K (80, Bn) + o).
— k
The matrix (K Bz, :I:J)) ) is indeed invertible for any k.
W=
Therefore, up to an error term in the order o( ) at most,
det([ — KTL)LQ(O7S)
= det (I — F) + Z (=" / det (f{v(:c x))k Tr (G(zi, ;) ., da
B - k! 0.]¢ B\&Li,dLj i1 3 ) ), 5=1
(17)

now if we just consider the term which is linear in (z./w. — 1) which will bring

the contribution depending on the fourth cumulant we have that the correction
is

(-1)* e oV s k
Z i /[0 " det (KB(:ci,xj))i . Te(Kp 0sBKp(Lxi, ij))i,jzld‘ﬂﬁ:l
k 8 '
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:852(_
k

As Kp is trace class, we can write

k . k —
/[ . det (KB(xi,xj)) - Tr(logﬁKB(ﬂxi,ﬁxj))ﬁjzldx“g:l.
0,s

)=

— — k
Te(log A p(Bri, fa,)f o = logdet (8Kp (i, fr)))
(-1 = ¢
= 85 g %l .o det (ﬂKB (ﬁxi, BCL'])) ;e dl‘|5:1
_ (-1 78z 8
= 03 g 0 Jou det (ﬁKB(ﬁxl, ij))m:l dx|g=1

(—1)’“/ 7 g
= 9 det (K5 (yi, v dyi|p—
5D s ( 5y yg))m,:l Yilp=1

k
= Jgdet(I — E)Iﬂ(o,sﬁ)‘ﬁ,l

(18)

Hence, since det([—fK\;)Lz(o’sm is the leading order in the expansion of P ()\min > %)

plugging into shows that there exists a function g% (whose leading or-
der is det(I — Kp)r2(0,55)) so that

2 (Amin = 55) = 62(5) + 05289 a1 [ PR =1+ 0(1) - (19)

P+

5.2.3 An estimate for (Z;r)2 -1

We

Let

n

=

=1 Yi =

— nmo(z)

where z € C\R. Let us express (z)? — (w})? in terms of X,,. The critical point
2T of F, lies in a neighborhood of the critical point w} of F. So ul = (2})? is
in a neighborhood of v} = (w})2. These points are the solutions with positive
imaginary part of

1 1 1 1 1

a2+nzu§—yi ’ a2+/vc yp()

Therefore it is easy to check that

/Md()—l—lX("')— (l(+_ +))
(vj y) n n(V, —on7 2 w,

which gives

(Zd g L1y ) +o(d) (20)
=) —1l=—————X,(v]) +0(—).
wa vjmg(vér)n n

The proof of Theorem [I] l is therefore complete. In the next section we estimate
the expectation of X,,(v]) to estimate the correction in
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5.3 The role of the fourth moment

In this section we compute E[X,,(v})], which with Theorem [1} will allow to
prove Theorem [3.1]

5.3.1 Central limit theorem estimate

In this section we compute the asymptotics of the mean of X, (z). Such type of
estimates is now well known, and can for instance be found in Bai and Silverstein
book [3] for either Wigner matrices or Wishart matrices with x4 = 0. We refer
to [3, Theorem 9.10] for a precise statement. In the more complicated setting
of F-matrices, we refer the reader to [31]. In the case where x4 # 0, the
asymptotics of the mean have been computed in [23]. To ease the reading,
we here show how this computation can be done, following the ideas from [25]
and [3]. We shall prove the following result.

Proposition 1. Under hypothesis[f], we have

lim E[X,(2)] = A(z) — k4 B(z)

n—oo
with A independent of k4, and if mo(z) = [(x — z) " tdp(x),

my(2)?
(14 moT(Z))z(z + %0(2))

B(z) =

Proof. We recall that the entries of W have variance %. We thus write WW* =
%X X* where X has standardized entries. Let z be a complex number with
positive imaginary part and set v, = £. We recall [21] that

1. ww*
mo(z) := lim —Tr(

— )7t

is uniquely defined as the solution with non negative imaginary part of the
equation

1
——— = —zmp(2). 21
We now investigate the fluctuations of m,(z) = %T‘r(% — 207t wart.

mg. We denote for each k = 1,...,p by Xj the kth column of X. Using formula
(16) in [20], one has that

1< 1
1 = - —

w1y O
T+ Imn(s) | n ; A+ Tmn(2) + )1+ Tmn(2))’
(22)

:"}/n
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where R%) = (£ (XX* — X, X;) — 2I)"" and

1 . 1
o = EX,CR(’“)X,C = 3 (2)-
We next use the fact that the error term J; can be written

_ I ¢ 2 w, 1 < ) Lo
b= - Z (1Xif? = 1) B + o | Z X Xy Ry + —Te(R®) — R).
i=1 i#jyij=1
We first show that supy, |6, — 0 a.s. By (4), it it clear that one can fix C' large
enough so that

» 1
P (3i,4,|X;5] > Clnn) < =

Hence, up to a negligible probability set, one can truncate the entries X;; —
Xijlix,,|<cmn- Then it can be shown that Esupy, [6x° < (C'lnn)?n~=? so that
supy, |6k| — 0 as. This follows from Lemma 3.1 in [26].

Plugging the above into , we obtain

R (R o S S
L+ 2mu(z) = T+ Lo (o) +n;(1+imn(z))2
_ Ok or
. (1 AT Tmn(2) T 0+ T () T o0(1 1mn<z>>> - @)

Set now
= E(|Xu|? — 1)

We are interested in the asymptotics of the expected value of the right hand
side of in terms of the fourth moment of the entries of W or equivalently
in terms of 4. First observe that

1

< (24)

B3| = [E- (Te(RY) — R))| <

by Weyl’s interlacing formula. In fact, we have the following linear algebra
formula

1
R® — R= —RX; X;RW®
4n

which shows the more precise estimate

!/
E(5) ~ g Tr(R?) + () = "0 4 o 1)
is independent of 84 at first order. The second moment satisfies
E() = i(R(’“) L el + L ® _ R))”
K= 162 ( ) ki +IE (Tr(R R))
i=1 i#]
(ZR (1Xpl? = 1) Z X Xn R )>Tr(R Ry . (25)
i#7,1,j=1
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Lemma 5.6. For all z € C\R

E— ! (Tr(R( ) — R)) < Cte——

n2 n2gz2’

and

%(ZR“ (Xl = 1) + Z Xy X R ) TeR

1#5,4,5=1

The first inequality follows from whereas the second is based on the use
of the same formula together with

E | RY(1Xul? - 1) Z X X R
[

L 1#£7,1,j=1

i 27 2
< E ZR“ (IXki|? = 1) Z X Xi R

i#£7,1,j=1
1
< CE[TY R® 2}2 < yn
< (RO < X7
Moreover, as Vi = 1,...,n, |R1(f) — mo(2)| goes to 0 (as can be checked by

concentration inequalities, invariance by permutations of the indices of E[Rff )],
and our estimate on m,,), we have

RYE 1 Smo(z) 1
E ~ —Tr(RR*) — — 2(2) ~ - — 2
; Ton2 "~ Tonz TR~ g Imol™ () ~ Teay — Ten Mol )
Denote by k;,(z) the solution of the equation
In
14+ zkn(2) =y — ——————,
B = T

which satisfies Sk, (z) > 0 when Sz > 0. Then we have proved that m,,(2)
satisfies a similar equation:

Tn
14+ z2mp(2) = v, — + By,
(2) = — 7 T (a)
where the error term FE,, satisfies
Bamo(z)? 1

EE,=c¢, — — -t
16n(1 4+ imo)3 n
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Cn_4 (1+mo())2 (Z)_lﬁn(l-i-mOT(z))S( S —|m0(z)| )—|—0( )
Thus,
(mn(2) = kn(2)) (z + 1 —4% + Z(mn(z) + kn(z))> = E,(1+ imn(z))_ (26)

From this we deduce that (for the term depending on the fourth cumulant)

c(z)  Ba mo(2)? 1 o 1
n  16n (1+ tmo(2))? z+zmo(z)/2+ (n)

E(mn(2) = kn(2)) =

where ¢(z) is independent of 8. Since

Bs = B(1X;;[> — 1) = E(4|Wy;[* — %)
= 4%(ky +1/16)

we have completed the proof of Proposition |1} since k,, — mqo(z) is of order %
and independent of k4.

O
5.3.2 Estimate at the critical point
We deduce from Proposition [1| that for z = v,

B4 a4 1
16 (1 + 10722 0d (1+ 3a—2)

nE[mn (vf) = mo(vh)] = c(vl) -

C

+o(1).

Moreover we know that mo(v}) = a=2, and that

a* 4a?

4—|—a2 __1—&—4(12.

+
C

Also by , after taking the derivative, we have

mo(2)(1 + mo(2)/4)
2(1+mg(2)/2)

() =

so that at the critical point we get

2 2
fooan (da +1)
mo(ve) = 16a(a2 + 1)’
1+4a2) (1+ 2)
’UJ,rm/ U+ ( _ 4a
c 0( c) ( 2) 1+ 2(112
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Therefore, with the notations of Theorem ], we find constants C' independent
of B4 (and which may change from line to line) so that

1
/dPn(H)[An(H)} = —WE[n(mn(vj)—m0(vc+))}+0(1)
c Mp\Ve
B l+55 B a? 1 1+4a?
B _a*2(1+ﬁ)176(1+ﬁ)21+ﬁ 4at +C+o(l)
1/16
~ T O = O )

Rescale the matrix M by dividing it by o so as to standardize the entries. We
have therefore found that the deviation of the smallest eigenvalue are such that

*

)2 5 ) = (o) + s o)+l

2n n

MM
P (Amin(

where ~ is the kurtosis defined in Definition . At this point g,, is identified
to be the distribution function at the Hard Edge of the Laguerre ensemble with
variance 1, as it corresponds to the case where v = 0.

6 Deformed GUE in the bulk

Let W = (W;;)7;—; be a Hermitian Wigner matrix of size n. The entries Wj;
1 <i < j<narei.i.d. with distribution . The entries along the diagonal are
i.i.d. real random variables with law p’ independent of the off diagonal entries.
We assume that p has sub exponential tails and satisfy

/xdu(w) - O,/\x|2du(x) - 1/4,/x3du(x) —0.

The same assumptions are also assumed to hold true for p’. Let also V be
a GUE random matrix with i.i.d. ANg(0,1) entries and consider the rescaled

matrix
1

vn
We denote by A1 < Ay < --- < A, the ordered eigenvalues of M,,. By Wigner’s
theorem, it is known that the spectral measure of M,

1 n
Hn = 525&

converges weakly to the semi-circle distribution with density

1
Ose(T) Vio? — 221 5)<20; o? =1/4+d> (27)

T 27102

M, (W +aV).
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This is the Deformed GUE ensemble studied by Johansson [19]. In this
section, we study the localization of the eigenvalues \; with respect to the
quantiles of the limiting semi-circle distribution. We study the % expansion of
this localization, showing that it depends on k4, and prove Theorem [3.3]

The route we follow is similar to that we took in the previous section for
Wishart matrices: we first obtain a % expansion of the correlation functions of
the Deformed GUE. The dependency of this expansion in the fourth moment of
1 is then derived.

6.1 Asymptotic analysis of the correlation functions

Let p, be the one point correlation function of the Deformed GUE. We prove in
this subsection the following result, with zF,w¥ critical points similar to those
of the last section, which we will define precisely in the proof.

Proposition 6.1. For all e > 0, uniformly on u € [—20 + €,20 — €|, we have

pn(u) = oge(u) —|—E[(;m — 1>]USC(U) I C’éu) + 0(%),

where the function uw — C'(u) does not depend on the distribution of the entries
of W whereas z} depends on the eigenvalues of W.

Proof of Proposition Denote by y; < yo < --- < g, the ordered
eigenvalues of W/\/n. [19, (2.20)] proves that, for a fixed W/\/n, the eigenvalue
density of M, induces a determinantal process with correlation kernel given by

(u—v)zn

[L n 1—e a?
K : —_ = n(Fy(w)—Fy(2))
n(u7’U7y(\/ﬁ)) (227_(_)2 /Fdz/ydwe Z(U — U) gn(2’7w),

where ( 2
zZ—0 1
Fy(z) = 55—+ > In(z - ya),
e Fy(2) = Fyw)
v\%) — Iy (w
In(z,w) = Fy(2) + 22—
The contour I' has to encircle all the y;’s and + is parallel to the imaginary axis.
We now consider the asymptotics of the correlation kernel in the bulk, that is
close to some point ug € (—20+6, 20 —0) for some § > 0 (small). We recall that

we can consider the correlation kernel up to conjugation: this follows from the
fact that det (K, (z;,2;;y)) = det (Kn(a:i,a?j;y) h(x'i)) , for any non vanishing

h(z;)
function h. We omit some details in the next asymptotic analysis as it closely
follows the arguments of [19] and those of Subsection
Let then u, v be points in the bulk with

u = ug + %,v =ug + %;uo =1+ 4a?cos(by),0p € (2¢,m — 2¢).  (28)
n n
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The constant a will be fixed afterwards. Then the approximate large exponential
term to lead the asymptotic analysis is given by

(= = v)?

By =0 / In(z - y)dp(y),

2a2

where p is the semi-circle distribution with support [—1,1]. In the following we
note Ry = V1 + 4a? = 20.

We recall the following facts from [19], Section 3. Let ug = v/1 + 4a? cos(fy)
be a given point in the bulk.

e The approximate critical points, i.e. the solutions of 1*:’;0 (z) = 0 are given

by
1
- 2.
RO 619“ )/

The true critical points satisfy F, (z) = 0. Among the solutions, we
disregard the n —1 real solutions which are interlaced with the eigenvalues
Y1,---,Yn. The two remaining solutions are complex conjugate with non
zero imaginary part and we denote them by zF(ug). Furthermore [19)
proves that

wf(uo) = (Roewc +

|20(u0)+ - w0(u0)+| <n¢
for any point ug in the bulk of the spectrum.

e We now fix the contours for the saddle point analysis. The steep de-
scent/ascent contours can be chosen as :

y= 2f(v)+it,teR,
L= {zf(r),r = Rocos(0),0 € (e wfe}U{z (Rocos(€)) + x,x > 0}
U{z —Ry cos(e)) — z,z > 0}.
It is an easy computation (using that RF; (w) > 0 along 7) to check that

the contribution of the contour yN|w—z; ( )| > n'/12=1/2 is exponentially
negligible. Indeed there exists a constant ¢ > 0 such that

‘/ . "R (Fug ()= Fug (25 (0)) gop| < g=en
,mefzc (v)‘2n1/12—1/2

Similarly the contribution of the contour I' N |w — 2z (v)| > n!/1271/2 is of
order e="""® that of a neighborhood of zE (v).

1/6

For ease of notation, we now denote z.(v) := 2 (v). We now modify slightly
the contours so as to make the contours symmetric around z(v). To this aim
we slightly modify the T’ contour: in a neighborhood of width n'/12=1/2 we
replace ' by a straight line through zF(v) with slope z.(v). This slope is well

defined as )

FY/(2e(v))

z(v) =

£0,
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Figure 6: Modification of the I' contour

using that |z (v) — wF (ug)] < n~¢. We refer to Figure to define the new
contour I'V which is more explanatory.

Denote by E the leftmost point of TN{w, |w—z.(v)| = n'/12=1/2}. Then there
exists vy such that E = z.(v1). We then define e by e = z.(v) + z.(v)(v1 — v).
We then draw the segment [e, z.(v)] and draw also its symmetric to the right of
zc(v). Then it is an easy fact that

|E —e| < Cn'/*?7Y2 for some constant C.

Furthermore, as e, E both lie within a distance n'/'2=1/2 from z.(v), it follows
that

Vz € [e, E], ‘%(an(z) - nFU(E))‘ < Cp31/12-1/2) — Opi << pl/s,

This follows from the fact that |F’(z)| = O(n'/*2=1/2) along the segment [e, E].
This is now enough as RnF,(E) > RnF,(z.) + cn'/® to ensure that the defor-
mation has no impact on the asymptotic analysis.

We now make the change of variables z = 2 (v)+ ﬁ, w=zF(v)+ 5 where

|s], |t| < n'/*271/2] We examine the contributions of the different terms in the
integrand. We first consider g,. We start with the combined contribution of
equal critical points, e.g. z and w close to the same critical point. In this case,
using , we have that

(3)
2l2 B a)) + (F T

2 NG (s+6)+ zc(v>1F;'<zc<v>>t>

1 F1g4) z2e(V)), o o F!'(z.(v))t? 1F7j(3) ze(V)) 5
(B g B L)

oz — ) 1

2a2nz.(v) T O(n)
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On the other hand when w and z lie in the neighborhood of different critical
points, one gets that

gn(w,2) _alw=7)  F/@)t  F2EEE)E=RYCE0)s )1
z nzz 2a\/n 2(zd — 28 )v/n n
where the O(2) depends on the third derivative of F, only. One also has that
43

exp{nF,(2)} = exp{nF, (=) + F)/ (22)1%/2 + F{P (=)

IV o(1/v/n)}.

Consider for instance the contribution to %Kn (u,v; y(%)) of contours close to
the same critical points z, w ~ z.(v) : this yields

) (ze(v "(ze(v
Gz [ s [ (F;'(zc(v))+1 (F Celo)) (s 1 gy 4 Lol ”t) +O(1/n)>

v Ze(v)
33 numv)ze (04t R(u—v)
9 22 ®) st —e .
exp{ P (2e(0)(s* = )/2 + P9 a0(0) S + 01 m)} = —
(u=v)ze(v)n
+11—e o=
S + o), )

- 2ir n(u—w)

where we used the symmetry of the contours on s, t to obtain that the O(1/v'N)
vanishes. Note that n(u — v) is of order 1. We next turn to the remaining term
in the integrand (which is not exponentially large) and which depends on z only,
namely

(u—v)zn

1—e a2
One has that

—Zzi

~ —2 . = -2
c =1— e(m—m)aa ERz:rez:I:(rc—:c)om, SZC.

1— e(:c—.fc)(m
We do the same for the contribution of non equal critical points. One may
note in addition that F,(z.) = F,(zd). Due to the fact that g,, vanishes at
different critical points, we see that the contribution from different critical terms
is in the order of 1/N. Furthermore it only depends on z.(v).
Combining the whole, apart from constants, one has that

—i) Rt T
ele—2) g Rz] (ei(m—fl)%gzj,E_i(z_i)%%zj>+M 1

© Ko v 9()) = : o),

Vn
The function C(z,Z) does not depend on the detail of the distributions wu, p’
of the entries of W. We now choose o« = asc(uo)*l where o, is the density
of the semi-circle distribution defined in . It has been proved in [19] that
Sw (ug) = ma?os.(up). Setting then

B =3z (u0) /S(w (uo))

2im(x — T)
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we then obtain that

! W\ _aiyen,t sinmfBlx—z) C'(x,%) 1

-K, c( (z—%) H Rz _ J el
The constant C’(x,Z) does not depend on the distribution of the entries of W.
This proves Proposition since by taking the limit where T — x e.g.

).

1 w
= g 00 o
= Gucluo) + oucluo)E[(B — 1)] + C/Ej;x) ol2).

6.2 An estimate for z, — w, and the role of the fourth mo-
ment

We follow the route developed for Wishart matrices, showing first that the
fluctuations of zF(ug) around w(ug) depend on the fourth moment of the
entries of W.

We fix a point u in the bulk of the spectrum.

Proposition 6.2. There exists a constant Cp, = Cy,(u) independent of the dis-
tribution p and | = l(u) € R such that nC,, — 1 such that

Crn + Bamo(we)"/(16n) + o(i).

(a=2 + my(we)) (we + mo(we)/2) n

E[ZC(U) - WC(U)] =

As a consequence, for any € > 0 uniformly on u € [-20 +¢,20 — €],

pn(u) = oge(u) + @ + H4%u) + 0(%)7 (30)

where D(u) is the term uniquely defined by

E[S(z.(u) — we(u ’
n [S(ze(w) _ ()] _ nE[(B(u) — 1)]osc(u) = C'(u) + kaD(u) + o(1), (31)

Ta

where C'(u) is a constant independent of .

Proof of Proposition We first relate critical points z. and w. to the
difference of the Stieltjes transforms m,, —mg. The true and approximate critical
points satisfy the following equations:

Ze — U We — U

—my(z.) = 0; —mp(we) = 0.

a? a?

Hence,
1 1
( ) (32)

—my(we))(ze — we) = My (we) —mo(we) + O(E
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where we have used that m,, — mg is of order % Indeed, the estimate will
again rely on the estimate of the mean of the central limit theorem for Wigner
matrices, see |3, Theorem 9.2]. For the sake of completeness we recall the main
steps. Using Schur complement formulae (see [1] Section 2.4 e.g.) one has that

mp(z) = 1

1
n < —z 4+ Win= 12 — ;RO (2)h;’

where h; is the ith column of W//n with ith entry removed and R is the
resolvent of the (n—1) x (n—1) matrix formed from W/4/n by removing column

and row ¢. Copying the proof of Subsection we write

1 1 & Sn
n(2)+ —F—= =~ =: En,
M (2) z+ima(z) n ; (z 4+ tmn(2))(z + tmn(2) + 65,)

where 6,, = Wyn=1/2 + imn — h;‘R(i)(z)hi. Again a Central Limit Theorem can
be established from the above. We do not give the details as this uses the same
arguments as in Subsection One then finds that

64m0(2)2 + 0(1)7 (33)

EE,) =+ —F—7"——
(] 16n(z + $mo)? n

where the sequence ¢,, = ¢,,(2) is given by

1 , 1 Smo(z)

hn=———""——mh(2)—
dn(z + LOAL(Z))2 o(2) 16n(z + LOAL(Z))3 Sz

We recall that the limiting Stieltjes transform satisfies

1
mo(z) + m =0.
As a consequence , we get
(mn(z) — mo(2))(z + {(ma(2) + mo(z)) = Bulz + gma(z)), (34)

from which we deduce (using that m,(z) — mg(z) — 0 as n — o0) that

E[(mn(2) —mo(2)](z +mo(2)/2) ~ E[E.](z+ 1mo(?f))

4
= fen+ 2o 4 Lmo(2) + o).
(5o

Combining (33), and and using the fact that |z.(v)T — w.(v)T| <
n~¢ for any point v in the bulk of the spectrum, we deduce the first part
of Proposition [6.2l Using Proposition the expansion for the one point
correlation function follows.

34



6.3 The localization of eigenvalues

We now use to obtain a precise localization of eigenvalues in the bulk of the
spectrum. A conjecture of Tao and Vu (more precisely Conjecture 1.7 in [27])
states that (when the variance of the entries of W is %), there exists a constant
¢ > 0 and a function  — C’(z) independent of k4 such that

1 Vi
E(\ —~: - - 4
(A —74) nose(2) Jo C (x)dm +

K4
2n

(29 ~7) +O(—7)  (36)

where v; is given by Ny.(v;) = i/n if Ngo(z) = ffoo dos.(u). We do not prove the
conjecture but another version instead. More precisely we obtain the following
estimate. Fix § > 0 and an integer ¢ such that 6 < i/n < 1 — 4. Define also

1
Nn(l‘) = Eﬂ{l,)\z S .Z‘}, with /\1 S )\2 S S )\n;
(37)

Let us define the quantile 4; by

v )
i := inf {%/ pn(x)dz = n} .

By definition EN,,(;) = i/n. We prove the following result.

Proposition 6.3. There exists a constant ¢ > 0 and a function x — C'(x)
independent of k4 such that

1 Vi K4
Yi— v = ——— C'(x)d =2 —~)+0
R nose(vi) Jo (w)de + 2n( v ) (n1+6

) (38)

The main step to prove this proposition is the following.

Proposition 6.4. Assume that i > n/2 without loss of generality. There exists
a constant ¢ > 0 such that

~ ) 1 Vi 1
Yi = Vi = Vn/2) T Vn/2] = m/ [on(2) — 0sc(2)]dx + O(n1+0)~ (39)
sc\ Iz Viny/2]

Note here that v, 2) = 0 when n is even.
Proof of Proposition [6.4 The proof is divided into Lemma [I] and Lemma
Bl below.

Lemma 1. For any € > 0, there exists ¢ > 0 such that uniformly on i €
[eN, (1 —¢)N]

1 1

Vi =% = E(Na(%) = Nec(%i)) —— + O(m) (40)
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Proof of Lemma Under assumptions of sub exponential tails, it is proved
in [12] (see also Remark 2.4 of [27]) that given n > 0 for n large enough

P < max |y — N| > n”_l) <n~leen (41)

eN<i<(l—e)n

Note that the \; have all finite moments, see e.g. [1, 2.1.6]. In particular this
implies that

— A < nL 42
v = dlsn (42)

From the fact that EN,,(9;) = Nsc(7:), we deduce that
ENn('AYl) - Nev('%) = N§c('7i) - Nep(’AYv)
Vi u
= NG =30 - [ Nis)as. (43)

i Vi

Using that N{.(z) = 5 102 V402 — 221 51<9, and that both v; and 4; lie within
(=20 + €,20 — ¢€) for some 0 < € < 20, we deduce that

ENp (i) = Nse(3i) = 0se(vi) (vi — 4i) + O(vi — ’%)2
We now make the following replacement.

Lemma 2. Let € > 0. There exist a constant ¢ > 0 such that uniformly on
i € [en, (1 —¢e)n],

E(Na(30) ~ Nae3)) = E(Nay) = Nee3) +O() . (44)

Proof of Lemma 2t We write that

E(Nn('%) - NSC(%))

We show that the second term in is negligible with respect to n~!. In fact,
for £ > 0, there exists ¢ > 0 such that for any i € [en, (1 — )n,

E (Na(51) = Na(7) = Noo(45) + Nec(7) |

IN

2
| [ 0@~ ota)aa]
Vi 1 1
1—mn S
ni+—=" nit

1
< n' 1— r1\46)
2

In the last line, we have used . This finishes the proof of Lemma
Combining Lemma [T] and Lemma [2] yields Proposition

R R 1 Vi 1
o=~ V) + g = / on() = 02l + O( )

USC 77/2]

% 1
= x) + kaD(z))de + O(—r)
TL(ISC % [Y[n/z] ntt
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1 v o 1
— W/o (C'(z) + kaD(z))dx + O(nl-i-c)

NOsc

(47)

where we used that 7y, /2] vanishes or is at most of order 1/n. This formula will

be the basis for identifying the role k4 in the % expansion of 4;. We now write
for a point z in the bulk (—R(1 — 4), R(1 — §)) that

z =1+ 4a?cosb.
We also write that ~; = v/1 + 4a? cosfy. We then have that

cosf  2a® |, _ 2
e mg(we(x)) = Himoge(z) — Tz

R R ’
By combining Proposition and , we have that

we(z) =

Clx)=¢S

mo(we(x))*
(16<wc<x> Cmo(we@)r 0“”) ‘ (48)

When a — 0, we then have the following estimates
iy 2 . .
x ~ cosb; mo(we(x)) ~ =27 o(x) ~ = sinb; we + mo(w.)/2 ~ isinb.
T

Using and identifying the term depending on k4 in the limit a — 0, we
then find that

Vi — Y — V2] + Yn/2)

1 Vi , 1
= - D _—
nose(Vs) /0 (C(@) + ruD(z))de + O(n1+c)
_ 1 LA Ky T ™/2 cos(46) 1
- nose(v) Jo ¢(w)de + n 2sin b /90 T o+ O(n1+c)
_ L T i w)dr — B cosBo(2cos? 0y — 1) + O(——),  (49)
= ot ), @)dz — o cosfo(2cos” by )

where in the last line we used that 1 sin(46) = sin 6 cos 6 cos(26). Thus we have
that

Vi — i — Vin/2) + Yn/2)
1 7
- / C'(a)dx —
nUSC(%’) 0

K4
2n

1
3
(27 ) +O(1). (50
We finally show that
Bim 7 (=2 + Anyg) =0

which completes the proof of Proposition [6.3
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To that end, let us first notice that for any C® function f which is supported

in [—3, ], we have
Jim B 1)) = mlh)+we [ FOT0 s = ma (). ()

with Ty the fourth Tchebychev polynomials and m(f) a linear form independent
of k4. This is an extension of the formulas found in |3, Theorem 9.2, formula
(9.2.4)] up to the normalization (the variance is 1 here) to C® functions. We
can extend the convergence to functions which are only C® by noticing
that the error in still goes to zero uniformly on Sz > n~'/7 and then using
that for f C® compactly supported, we can find by [1, (5.5.11)] a function ¥ so
that W(t,0) = f(¢) compactly supported and bounded by |y|® so that for any

probability measure

9%/000 dy/dx\ll(x,y)/ﬁd,u(t) :/\Il(t, 0)du(t)

]E[Z F)] —nose(f) = ?R/OOC dy/dxllf(x, y)n(my(x +iy) — mo(z +iy)) .

Hence,

Applying the previous estimate for y > n='/7 and on y € [0,n~'/7] simply
bounding [n(my, (x+iy) —mo(z+iy))| < 2ny~? s well as [¥|(z,y) < Lyej—amay®
provide the announced convergence .

Next we can rewrite in terms of the quantiles 4; as

mey(f) = n / F(@)pn()dz + o(1)

Z f() + Z f'(3i) Figr = 4i) + o(1)

where we used that ;1 — 4; is of order n=! by . Now, again by
Y16 = Y500+ Y006~ )+ Ol
where we used that 7}, /2) — Y[n/2) = O(n"=1) by . Moreover
S 60 = 0 [ f@ow(e)ds = 31000~ 70+ o)

Noting that the first term in the right hand side vanishes we deduce that

me, (f) = Z () Bt — % — Yigr + % + % — %) +o(1)

K2
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where ;41 — 4 — Yit1 + i is at most of order n=2 by . Hence, we find that
“me(f) = (0 — A+ o(1)
1 / ~ 1 f,( 1) i /
= 2 0l = Sl £ 53 _—cl / C'(a)da
t5m 2@ =) +o(1)
— [ r@o.la)dalntyins ~ i) + [ 1@ / C'(y)dyd
v / F(@)(25° — 2)ose(@)dz + o(1)

We finally take f’ even, that is f odd in which case the last term in x4 vanishes,
as well as the term depending on k4 in m,, as Ty is even and f odd. Hence, we
deduce that there exists a constant independent of k4 such that

(/2] = Yny21) = C-

In fact, this constant must vanish as in the case where the distribution is sym-
metric, and n even, both 7, /9 and 4, /2] vanish by symmetry.
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