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Sato-Tate in genus 1

Let E/Q be an elliptic curve.
Lett, = p+ 1 — #E(FF,) denote the trace of Frobenius.

Consider the distribution of

a1 = —t/\p € [-2.2]

as p < N varies over primes of good reduction.

What happens as N — ~o?

http://math.mit.edu/~drew
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Sato-Tate distributions in genus 1

1. Typical case (no CM)

Elliptic curves E/Q w/o CM have the semi-circular trace distribution.
(This also holds for E/k when k is a totally real number field).

[Clozel, Harris, Shepherd-Barron, Taylor, Barnet-Lamb, and Geraghty].

2. Exceptional cases (CM)

Elliptic curves E/k with CM have one of two distinct trace distributions,
depending on whether k contains the CM field or not.

[classical]
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Sato-Tate groups in genus 1

The Sato-Tate group of E is a closed subgroup G of SU(2) = USp(2)
that may be derived from the /-adic Galois representation of E.

The generalized Sato-Tate conjecture implies that the normalized trace
distribution of E converges to the distribution of the traces in G given
by the Haar measure (the unique translation-invariant measure).

Each such distribution is uniquely determined by its moment sequence.

G G/G° Example curve k E[d%], E[a?], E[a‘l‘]
U(l) Ci yY=x+1 Q(+v-3) 1,2,6,20,70,252,.
N(U(1)) G, yV=x+1 Q 1,1,3,10,35,126,.
SU(2) C V=x4+x+1 Q 1,1,2,5,14,42,.

Three Sato-Tate groups, two of which arise for curves defined over Q.
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Normalized Euler factors (L-polynomials)

Let A be an abelian variety of dimension g > 1 over a number field k.
Let pe: G — Autg, (Ve(A)) = GSp,, (Q,) be the Galois representation
arising from the action of G, on the ¢-adic Tate module V,(A).

For each prime p of good reduction for A, let ¢ = ||p|| and define

Ly(T) = det(1 — Pe(FTObp) )
Ly(T) = Ly(T/\/q) = Z“t

The polynomial L,(T) is real, monic, symmetric, and unitary.

Every such polynomial occurs as the characteristic polynomial of a
unique conjugacy class in the compact Lie group USp(2g).

Andrew V. Sutherland (MIT) Sato-Tate distributions in genus 2 November 28, 2011 5/20



The Sato-Tate group ST

Let G}( be the kernel of the cyclotomic character x,: Gy — Q.
Let G,*" be the Zariski closure of p,(G}) in GSp,,(Q).
Choose an embedding :: Q; — C and let G! = Gé’zar ®, C.

Definition [Serre]

ST4 C USp(2g) is a maximal compact subgroup of G! C Sp, (C).
For each prime p of good reduction for A, let s(p) denote the
conjugacy class of ||p||~/2p,(Frob,) € G' in STy4.

The characteristic polynomial of s(p) is L, (7).

Andrew V. Sutherland (MIT) Sato-Tate distributions in genus 2 November 28, 2011 6/20



The refined Sato-Tate conjecture

Let ust, denote the image on Conj(ST4) of the Haar measure on ST,.

Conjecture [Serre]
The conjugacy classes s(p) are usr,-equidistributed.

In particular, the distribution of A’s normalized Euler factors L, (T)
matches the distribution of characteristic polynomials of random
matrices in STy.
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The refined Sato-Tate conjecture

Let ust, denote the image on Conj(ST4) of the Haar measure on ST,.

Conjecture [Serre]
The conjugacy classes s(p) are usr,-equidistributed.
In particular, the distribution of A’s normalized Euler factors L, (T)

matches the distribution of characteristic polynomials of random
matrices in STy.

We can test this numerically by comparing statistics of the coefficients
ai,...,ay of Ly(T) over ||p|| < N to the predictions given by usr, .

http://math.mit.edu/~drew
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The Sato-Tate axioms (weight 1 case)

A subgroup G of USp(2g) satisfies the Sato-Tate axioms if:
@ G is aclosed.

@ (Hodge condition) There exists a homomorphism 6: U(1) — G°
such that §(u) has eigenvalues u and »~! with multiplicity g.

© (Rationality condition) For each component H of G and each
irreducible character x of GL,,(C) we have E[x(v) : v € H] € Z.

Note: for any fixed g, the set of subgroups of USp(2g) that satisfy the
Sato-Tate axioms is finite (up to conjugacy).
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The Sato-Tate axioms (weight 1 case)

A subgroup G of USp(2g) satisfies the Sato-Tate axioms if:

@ Gis aclosed.

@ (Hodge condition) There exists a homomorphism 6: U(1) — G°
such that §(u) has eigenvalues u and »~! with multiplicity g.

© (Rationality condition) For each component H of G and each
irreducible character x of GL,,(C) we have E[x(v) : v € H| € Z.

Note: for any fixed g, the set of subgroups of USp(2g) that satisfy the
Sato-Tate axioms is finite (up to conjugacy).

Proposition
For g < 3, the group ST, satisfies the Sato-Tate axioms. J

Conjecturally, this holds for all g.
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Sato-Tate groups in genus 2

Theorem 1 [FKRS]

Up to conjugacy, there are exactly 55 closed subgroups of USp(4)
that satisfy the Sato-Tate axioms:

Uu(l): Cy,Cp,C5,Cq,Cs,Dy,D3,Dy, D6, T, O,
J(C1)7J(C2)7J(C3)7J(C4)7J(C6)’
J(DZ)aJ(D3)7J(D4)aJ(D6)7J(T)’J(0)a
C2,1,C4,1,Ce,1,D2,1,D32,D4,1,D4,D¢ 1, Dg 2, O

SU(2): E,Es, Es, E4,Eg,J(E1),J(Ez), J(E3), J(Es), J(Ee)
U(l) XU(I) FaFaaFC7Fa,b7Fab7Fa67Fab,c;Fa,b,c
U(1) x SU2):  U(1) x SU(2), N(U(1) x SU(2))
SU(2) x SU(2):  SU(2) x SU(2), N(SU(2) x SU(2))
(4)

USp(4)
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Sato-Tate groups in genus 2

Theorem 1 [FKRS]

Up to conjugacy, there are exactly 55 closed subgroups of USp(4)
that satisfy the Sato-Tate axioms:

Uu(l): Cy,Cp,C5,Cq,Cs,Dy,D3,Dy, D6, T, O,
J(C1)7J(C2)7J(C3)7J(C4)7J(C6)’
J(DZ)aJ(D3)7‘](D4)7J(D6)7J(T)’J(O)a
C2,1,C4,1,Ce,1,D2,1,D32,D4,1,D42, D¢ 1, Dg 2, O

SU(2): E,E,, Es,Es,Ee,J(E1),J(Ez), J(E3), J(Es), J(Ee)
U(l) X U(l) FaFaachFa,b7Fab7FaL'7Fab,c;Fa,b,c
U(1) x SU(2):  U(1) x SU2), N(U(1) x SU(2))
SU(2) x SU(2):  SU(2) x SU(2), N(SU(2) x SU(2))

USp(4): USp(4)

Of these, 52 can and do arise as ST4 for some abelian surface A,
of which 34 can and do occur with A defined over Q.
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Sato-Tate groups in genus 2 with G° = U(1).

d ¢ G G/G° a2 M[a?] M[a]

i T ¢ C, 0 0,0,0,0,0 8,96,1280, 17920 4, I8, 88, 454
1 2 G c, 1 0,0,0,0,0 4,48, 640, 8960 2,10, 44,230
1 3 G C; 0 0,0,0,0,0 436,440, 6020 2,8, 34, 164
1 4 G C 1 0,0,0,0,0 436,400, 5040 2,8,32,150
1 6 G G 1 0,0,0,0,0 436,400, 4900 2,8,32, 148
1 4 D D, 3 0,0,0,0,0  2,24,320,4480 1,6,22, 118
1 6 Dy Ds 3 0,0,0,0,0 2,18,220,3010 1,5,17,85

1 8 D Dy 5 0,0,0,0,0 2,18,200,2520 1,5,16,78

1 12 Dg D 7 0,0,0,0,0 2,18,200,2450 1,5,16,77
12 Je) o 1 1,0,0,0,0 4,48, 640, 8960 1,11, 40,235
1 4 JG) D 3 1,0,0,0,1  2,24,320,4480 1,7,22,123
1 6 J(G) Cg 3 1,0,0,2,0  2,18,220,3010 1,5, 16,85

1 8 J(C;) C4xCp, 5 1,0,2,0,1  2,18,200,2520 1,5,16,79
112 J(C) CexC, T 1,2,0,2,1  2,18,200,2450 1,5,16,77

1 8 JD) DyxC 7 1,0,0,0,3 1,12,160,2240 1,5,13,67
112 J(D;) Dg 9  1,0,0,2,3 1,9,110,1505 1,4, 10,48
116 J(Dy) DyxC, 13  1,0,2,0,5 1,9,100,1260 1,4,10,45

1 24 J(Dg) DgxCh 19 1,2,0,2,7 1,9,100, 1225 1,4, 10,44

1 2 O @ 1 0,0,0,0,1 4,48, 640, 8960 3,11,48,235
1 4 Cyy (O 3 0,0,2,0,0  2,24,320,4480 1,5,22, 115
1 6 Cen Cs 3 0,2,0,0,1  2,18,220,3010 1,5,18,85

1 4 Dy, D, 3 0,0,0,0,2  2,24,320,4480 2,7,26,123
1 8 Dy, Dy 7 0,0,2,0,2 1,12,160,2240 1,4,13,63

1 12 Dy, Dy 9 0,2,0,0,4 1,9,110,1505 1,4, 11,48

1 6 Di, D3 3 0,0,0,0,3 2,18,220,3010 2,6,21,90

1 8 Dy, D) 5 0,0,0,0,4  2,18,200,2520 2,6,20, 83

1 12 Dg, D 7 0,0,0,0,6  2,18,200,2450 2,6,20,82

1 12 T ™ 3 0,0,0,0,0 212,120, 1540 1,4,12,52

1 24 o0 Sy 9 0,0,0,0,0 212,100, 1050 1,4,11,45

1 24 o Sy 15 0,0,6,0,6 1,660,770 1,3,8,30

1 24 J(T) Ay xCy 15 1,0,0,8,3  1,6,60,770 1,3,7,29

1 48  J(O) S4xC 33  1,0,689 1,650,525 1,3,7,26
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Sato-Tate groups in genus 2 with G° % U(1).

d ¢ G G/ 3 n M[d3] Mlay]
31 E @ 0 0,0,0,0,0 432,320,358 3, 10,37, 150
3 2 B < 1 0,0,0,0,0 2,16,160,1792  1,6,17,78
303 B @ 0 0,0,0,0,0 2,12,110,1204  1,4,13,52
3 4 E Ch 1 0,0,0,0,0 2,12,100,1008  1,4,11,46
36 E @5 1 0,0,0,0,0 2,12,100,980  1,4,11,44
3 2 J(E) © 1 0,0,0,0,0 2,16,160,1792  2,6,20,78
3 4 J(E) D, 3 0,0,0,0,0 1,880,896 1,4,10,42
3 6 J(E) D 3 0,0,0,0,0 1,655,602 1,3,8,29
38 J(Ey) D, 5 0,0,0,0,0 1,650,504 1,3,7,26
312 J(E) Dy 7 0,0,0,0,0 1,6,50,490 1,3,7,25
2 1 F Ci 0 0,0,0,0,0 4,36,400,4900  2,8,32, 148
2 2 R () 0 0,0,0,0,1 3,21,210,2485  2,6,20,82
2 2 F C, 1 0,0,0,0,0 2,18,200,2450 1,5, 16,77
2 2 Fy (© 1 0,0,0,0,1 2,18,200,2450 2,6, 20,82
2 4 Fg Ca 30,0,2,0,1  1,9,100,1225  1,3,10,41
2 4 Fy, D, 1 0,0,0,0,3 2,12,110,1260 2,5, 14,49
2 4 Fy. D, 30,0,0,0,1  1,9,100,1225  1,4,10,44
2 8 Fup, Dy 5 0,0,2,0,3 1,655,630 1,3,7,26
4 1 G4 € 0 0,0,0,0,0 3,20,175,1764  2,6,20,76
4 2 NG 0 0,0,0,0,1 2,11,90,889 2,5, 14,46
6 1 G € 0 0,0,0,0,0 2,10,70,588 2,5, 14, 44
6 2 NG C 1 0,0,0,0,0 1,5,35,29 1,3,7,23
10 1 Usp#) ¢ 0 0,0,0,0,0 1,3,14,84 1,2,4,10
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Galois types

Let A be an abelian surface defined over a number field k.
Let K be the minimal extension of & for which End(Ax) = End(Ag).
The group Gal(K /k) acts on the R-algebra End(Ax)r = End(Akx) ®z R.

The Galois type of A is the isomorphism class of [Gal(K /k), End(Ak)r].
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Galois types

Let A be an abelian surface defined over a number field k.
Let K be the minimal extension of & for which End(Ax) = End(Ag).
The group Gal(K /k) acts on the R-algebra End(Ax)r = End(Akx) ®z R.

The Galois type of A is the isomorphism class of [Gal(K /k), End(Ak)r].

An isomorphism [G, E] = [G', E'] is an isomorphism G = G’ of groups
and an equivariant isomorphism E = E’ of R-algebras.

Note that one may have G = G’ and E = E’ but [G,E] # |G, E'].
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Galois types and Sato-Tate groups

Theorem 2 [FKRS]

Up to conjugacy, the Sato-Tate group G of A is uniquely determined
by its Galois type, and vice versa.

Moreover, G° is uniquely determined by the isomorphism class of
End(Ak)r, and vice versa:

U(1) M;(C) U(1) xSU(22) CxR
SU(2) My(R) SU(2) x SU(2) R xR
U(l) xU() CxC USp(4) R

We also have G/G° = Gal(K /k).
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Twisted Lefschetz groups

The Lefschetz group L, is defined as
Ly = {7 € Spy,: v 'ay = aforall o € End(Ak)qg}°.
For each 7 € Gy define
La(7) = {7 € Spy, : v lay = 7(a) forall a € End(Ag)g}.

The twisted Lefschetz group is defined as TLy = Urcg, La (7).

Theorem [Banaszak-Kedlaya]
Assume g < 3. Then ST, is @ maximal compact subgroup of TL4 ®q C.J
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Exhibiting Sato-Tate groups in genus 2

For each Sato-Tate group G that can occur for an abelian surface
defined over Q, we can exhibit a curve C/Q for which STy, ) = G.

This accounts for 34 of the 52 Sato-Tate groups in genus 2.
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The remaining 18 groups all arise as subgroups of these 34.
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Exhibiting Sato-Tate groups in genus 2

For each Sato-Tate group G that can occur for an abelian surface
defined over Q, we can exhibit a curve C/Q for which STy, ) = G.

This accounts for 34 of the 52 Sato-Tate groups in genus 2.
The remaining 18 groups all arise as subgroups of these 34.

By extending the field of definition of a suitable curve C/Q,
we can address the remaining 18 cases.

In fact, one can realize all 52 groups using just 9 curves.

http://math.mit.edu/~drew
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Genus 2 curves realizing Sato-Tate groups with G° = U(1)

Group Curvey = f(x) k K
C B Q(v=3) Q(v=3)
(e ©—x Q(v=2) Q(i, v2)
G L) Q(v=3) Q(v/=3,V2)
@ X4 —5n —5 —x+1 Q(v/—2) @(‘/72,11);;4“ + 17a*> 4 68 = 0
Cs X 42 Q(v=3) Q(v=3,V72)
D, x4 ox Qv=2)  Q(, v2,V3)
Dy 24108 —2 Q(v/=2) Q(v/—3,v=2)
Dy o 43 Qv=2)  Q(,Vv2,V3)
Ds 438 4108 — 152 + 15x — 6 Q(v/=3) (z,f V3,4);8* +3a —2=0
T 2 4 65 — 20x* + 20 — 20x> — 8x + 8 Q(v/-2) —2,a,b);
a —7a+7*b‘+4b2+8b+8:0
0 2 — 5t 108 — 52 42— 1 Q(v/=2) Q(,/ ,V/—11,4a,b);
a —4a+4*b4+22b+2270
J(C) X —x Q(i) Q(i, v2)
() X —x Q(i, v2)
J(G) x4 100 — 2 Q(v=3) Q(v=3,vV=2)
J(Cy) D e e e | Q see entry for C,
J(Cs) X —15xt — 200 4+ 6x + 1 Q Q(i, V3,a);a® +3a* —1 =0
J(Dy) X9 Q Q(i, V2, V3)
J(Ds) 2 4108 — 2 Q Q(v=3,vV=2)
J(Dy) X+ 3k Q Q(i, vV2,V3)
J(Dg) X438 41087 — 152 + 158 — 6 Q see entry for D
J(T) 2+ 6x° — 200" + 208 — 202> — 8x + 8 Q see entry for 7
J(0) 2 — 5t 108 — 52 42— 1 Q see entry for O
(o K41 Q Q(v=3)
Cut ® + 2 Q) Q(i, v2)
Co,1 2+ 62 — 302t + 200° + 156 — 12x + 1 Q Q(v/=3,a);d> —3a+1=0
Dy, £ +x Q Q(i, V2)
Dy, x4 2x Q Q(i, V2)
Dy, 20 4 607 — 30x* — 400 4 60x* 4+ 24x — 8 Q Q(v/=2,v—3,a);a®> —9a+6 =0
D3 X 44 Q Q(v/=3,V2)
Dy, N4 108 52 4x—2 Q Q(v/—2,a);a* — 14a* + 28a — 14 = 0
Ds, 42 Q Q(v/=3,v2)
0, 2478 4 100 4 108 + 15 + 17x + 4 Q Q(v/—2, a, b);
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Genus 2 curves realizing Sato-Tate groups with G° # u(l)

Group Curve y> = f(x) k K

F Srat 21 QG,v2)  Q, V2)

Fa Ot 42— Qi) Q(i, V2)

Fap St 2 -1 Q(v2) Q, v2)

Fac © +1 Q Q(a); a* + 54> +5 =0
Fub Bt 21 Q QG, v2)

Ey 4t 42 Q Q

Ey x6+x5+3x4+3x2—x+1 Q Q(ﬁ)

Es x5+x4—3x3—4x2—x Q Q(a);a3—3a+1:0
Ey x5+x4+x27x Q Q(a);a475a2+5:0
Eg x5+2x47x373x27x Q Q(\ﬁ,a);a377u77:0
J(Ey) L +2+x Q Qi)

J(E,) £+ —x Q Q(i, V2)

I(E) L4 4 Q Q(v/=3,2)

J(Ey) X+ 2+ 2 Q Q(i, V2)

J(Es) S+ -2 Q Q(v=3,¥=2)

Gis St -2 Q) Q)

N(G3) 043t -2 Q Q)

G35 O 1 Q Q

N(Gs3) O+x+x-1 Q Q)

USp(4) ©—x+1 Q Q

herland (MIT)
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Searching for curves
We surveyed the L-polynomial distributions of genus 2 curves
y2 =X+ C4x4 + C3x3 + cz)c2 + c1x + co,

y2 = x5 + C5x5 + C4x4 + C3x3 + chz + c1x + co,
with integer coefficients |c;| < 128, over 2* curves.

We specifically searched for curves with zero trace density z; > 1/2,
which accounts for all cases not already addressed in [KS09].
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Searching for curves

We surveyed the L-polynomial distributions of genus 2 curves
y2 =X+ C4x4 + C3x3 + czx2 + c1x + co,

y2 =0+ C5x5 + C4x4 + 03x3 + chz + c1x + co,
with integer coefficients |c;| < 128, over 2* curves.

We specifically searched for curves with zero trace density z; > 1/2,
which accounts for all cases not already addressed in [KS09].

We found over 10 million non-isogenous curves with exceptional
distributions, including at least 3 apparent matches for each of our
target Sato-Tate groups.

Representative examples were computed to high precision N = 23°.
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Searching for curves

We surveyed the L-polynomial distributions of genus 2 curves
y2 =X+ C4x4 + C3x3 + czx2 + c1x + co,

y2 =0+ C5x5 + C4x4 + 03x3 + C2x2 + c1x + co,
with integer coefficients |c;| < 128, over 2* curves.

We specifically searched for curves with zero trace density z; > 1/2,
which accounts for all cases not already addressed in [KS09].

We found over 10 million non-isogenous curves with exceptional
distributions, including at least 3 apparent matches for each of our
target Sato-Tate groups.

Representative examples were computed to high precision N = 23°.

For each example the field K was then determined, allowing the Galois
type, and therefore the Sato-Tate group, to be provably identified.

Andrew V. Sutherland (MIT) Sato-Tate distributions in genus 2 November 28, 2011 19/20



Sato-Tate distributions in genus 2

Andrew V. Sutherland

Massachusetts Institute of Technology

November 28, 2011

http://math.mit.edu/~drew

Andrew V. Sutherland (MIT) Sato-Tate distributions in genus 2 November 28, 2011 20/20


http://math.mit.edu/~drew

