Bush 18.02A pset 4, part II solutions, fall 2006

Problem 1

Method 1, substitution and brute force: This will work, but is more painful and error-
prone than method 2.

Method 2, chain rule and product rule (applied all over the place):
f(z,y) = e"cosy.

= g:i(ezcosy):e’”cosyd—x—exsiny@. =
dt  dt dt dt
d?f d, ., dr . dy
p7 i a(e cosy — —e smya)
= e’ cosy dz 2exsinydydx+emcosy2xe’”sinydwdyezcosy<y>2exsinyd2y
dt dt dt dt? dt dt dt dt?

= e®cosy (4t?) — e®siny (2t)(—3t%) + e cosy(2) — ¥ siny (2t)(—3t%) — % cosy (9t?) — % siny (—6t)
= e cosy (—9t! + 4% 4 2) + e siny (123 + 6t).
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Problem 3

a)i)z=rcosf = w=(r2—r%cos?0)/? = (r? sin?0)1/2 = rsinf = <(Zl;}> = sin 6.
0

ow 1 Ox
YO —(r2 _ 2)1/2 _ L2 212 _
ii) First, w=(r*—2z%)"/* = ((% )9 5 (r—z*) <2r 2z <8r>9>'

Second, = =rcosf = (8:1:) = cosf.
ar ),

OwY _ Lz 217209,
= <8r>9_2(r x%) (2r — 2x cos ).

Writing in terms of r and 6:

1 1
(g:lj) ey (2r)(1 — cos®f) =sinf (which agrees with part (i)).
0

b) Intermediate variables: z, r, independent variables z, 6.

We want to show (8w> s + w,-.
or )y 7Tz
aﬂ — @ + & — @ + (*)
or e_wx or ), Yr\ or e_wx or ), wr
To find (?;U) we differentiate r = r(x,0) implicitly:
/e

oy _ fory (o0

or), “\or), "\ or 0

We know ((%) =1 and <89> =0. = 1=7r, ((9:):) = ((9:):) :i.
or /), ar ), ar ), or), T

0 1
Substitute this in (x) = ((;:) =w; — +w,. QED
0

T
Applying this to the problem: w, = —#, Wy = ;, r=—— = r;=—":.
(r2 — x2)1/2 (r2 — x2)1/2 cost cost)
ow x cos 0 r 7 cos? r rsin? 6 .
(&")ez(ﬂ—x?)lﬂ (r2 — 22)1/2 T rsing | rsing  rsind = sind. (Same
as above.)
c) We know w = y. Y A
The picture shows that (holding 6 constant) Aw/Ar = siné. 7| Aw

(continued)
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Problem 4
Equation of top plane: z = ax + by + c.
Intercepts xq, yo, c. p
Yo
Vol = //sz / / ax + by + ¢ dy dx. €
b 2
Inner: azxy + b = —I— cy = ayoxr + =2 + cyp.
0
xo b 2 b
Outer: / ayox + 70 +cypdx = aa:;)yo + x;yo + cxoyo
0
axg  byo Yo
= l'OyO(T + o +c). | e S Y
Length of four legs: ¢, axg + ¢, byg + ¢, axg + byg + ¢ x(,
= average = ¢+ axo/2 + byp/2. z

= volume = (area base)- (average of legs). QED
Problem 5
The original integral is over the triangular region shown.

Changing the order of integration we need to break it into two
pieces.

Piece 1: y : 0 to 1; For fixed y,  : 0 to y.

Piece 2: y: 1 to 2; For fixed y, x : 0 to 2 — y. Y
2=Y
= integral = //dmdy—i—// —dxdy
T=y—2
Inner; = 2y 0 - 5 piece,
22—y S B g
2 — 2
Innery = r :ﬂ:,_2+y. piece;
2y 1o 2y (] 2
1 €r =Y
2
Y 1
Outer; = =| = -
uteryp 1 . 1 .

1
Outery = 21ny—2y+yZ —2m2—d+1+2- 7.

1

Integral = outer; + outers =| 2In2 — 1.

You could do this double integral in the order given, but it involves more difficult integrals.



